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PREFACE  TO  THE  FIRST  EDITION. 


TT  is  not  without  apprehension  that  I  give  to  the  public  my 
'^  elementary  treatise  upon  the  Mechanics  of  Engineering  and 
of  the  Construction  of  Machines.  Although  I  can  say  to  myself 
that^  in  preparing  this  manual,  I  haye  gone  to  work  with  all  pos- 
sible care  and  attention^  yet  I  fear  that  I  have  not  been  able  to 
satisfy  the  wishes  of  every  one.  The  ideas,  wishes  and  require- 
ments of  the  public  are  so  various,  that  it  is  not  possible  to  do 
sa  Some  may  find  the  treatment  of  a  particular  subject  too 
detailed,  others  perhaps  too  short ;  some  will  desire  a  more 
scientific  discussion  of  certain  subjects,  while  others  would  prefer 
one  more  popular.  Many  years  of  study,  much  experience  in 
teaching  and  very  varied  observations  and  ezx>eriment8  have  led 
me  to  adopt,  as  most  suitable  to  the  object  in  view,  the  method, 
according  to  which  this  work  has  been  arranged.  My  principal 
effort  has  been  to  obtain  the  greatest  simplicity  in  enunciation 
and  demonstration,  and  to  treat  all  the  important  laws,  in  their 
practical  applications,  without  the  aid  of  the  higher  mathematics. 
If  we  consider  how  many  subjects  a  technical  man  must  master  in 
order  to  accomplish  any  thing  very  important  in  his  profession, 
we  must  make  it  our  business  as  teachers  and  authors  for  techni- 
cal men  to  fadUtate  the  thorough  study  of  science  by  simplicity 
of  diction,  by  removing  whatever  may  be  unnecessary,  and  by  em- 
ploying the  best  known  and  most  practicable  methods.  For  this 
reason  I  have  entirely  avoided  the  use  of  the  Calculus  in  this 
work.  Although  at  the  present  time  the  opportunities  for  ao- 
quiring  a  knowledge  of  it  are  no  longer  rare,  yet  it  is  an  unde- 
niable fact  that,  unless  we  are  constantly  making  use  of  it,  we 
soon  lose  that  facility  of  calculation,  which  is  indispensable ;  for 
this  reason  so  many  able  engineers  can  no  longer  employ  the  Cal- 
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cuius  which  they  learned  in  their  youth.  As  I  do  not  agree  with 
those  authors^  who  in  popular  treatises  enunciate  without  proof 
the  more  difficult  laws,  I  have  preferred  to  deduce  or  demon- 
strate them  in  an  elementary,  although  sometimes  in  a  somewhat 
roundabout,  manner. 

Formulas  without  proof  will  therefore  seldom  be  found  in  this 
work.  We  will  assimie  that  the  reader  has  a  general  knowledge 
of  certain  principles  of  natural  philosophy  and  a  thorough  knowl- 
edge of  the  elements  of  pure  mathematics.  My  attention  has 
been  especially  directed  to  preserving  the  proper  mean  between 
generalization  and  specialization.  Although  I  appreciate  the  ad- 
vantages of  generalization,  yet  it  is  my  opinion  that  in  this  work, 
as  in  all  elementaiy  treatises,  too  much  generalization  is  to  be 
avoided.  The  simple  is  oftener  met  with  in  practice  than  the 
complex.  It  is  also  undeniable  that  in  considering  the  general 
case  we  often  fail  to  attain  a  more  profound  knowledge  of  the 
special  one,  and  that  it  is  often  easier  to  deduce  the  complex  from 
the  simple  than  the  simple  from  the  complex.  The  reader  must 
not  expect  to  find  in  this  work  a  treatise  upon  the  construction 
of  machines,  but  only  an  introduction  to  or  preparation  for  it 
Mechanics  should  bear  the  same  relation  to  the  construction  of 
machines  that  Descriptive  Geometry  does  to  Mechanical  Drawing. 
When  the  pupil  has  acquired  sufficient  knowledge  of  Mechanics 
and  of  Descriptive  Geometry,  it  appears  better  to  combine  the 
course  of  Construction  of  Machines  v?ith  that  of  Mechanical 
Drawing. 

It  may  be  doubted  whether  it  was  ad-vi^ble  to  divide  my  sub* 
ject  into  two  parts,  theoretical  and  applied.  If  we  remember  that- 
this  work  is  intended  to  give  instruction  upon  all  the  mechanical 
relations  of  the  construction  and  of  the  theory  of  machines,  the 
advantage,  or  rather,  the  necessity,  of  such  a  division  becomes 
evident  In  order  to  judge  of  a  structure  or  of  a  machine,  we 
must  have  a  knowledge  of  mechanical  principles  of  a  very  varied 
character,  E.0.,  those  of  friction,  strength,  inertia,  impact,  efflux, 
&C. ;  the  material  for  the  mechanical  study  of  a  structure  or  of  a 
machine  must,  therefore,  be  gathered  from  almost  all  the  divis- 
ions of  mechanics.  Now,  since  it  is  better  to  study  all  the  me- 
chanical principles  of  a  machine  at  once  than  to  collect  them  from 
all  the  different  parts  of  mechanics,  the  advantage  of  such  a  di- 
vision is  apparent 

Having  practical  application  alvmys  in  view,  I  have  endeav- 
ored, in  preparing  my  work,  to  illustrate  the  principles  laid  down 
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in  it  by  examples  taken  from  cnrery-daj  life.  I  am  justified  in 
aoBorting  that  this  work  contrasts  favorably  ivith  any  other  of  the 
Same  character  in  the  number  of  appropriate  examples,  which  are 
solTcd  in  it.  I  also  hope  that  the  great  number  of  carefolly^pre- 
pared  figures  will  contribute  to  the  object  in  Tiew.  My  thanks 
are  due  to  the  publishers  for  having  given  the  book  in  all  respects 
the  best  appearance.  Particular  care  has  been  taken  to  hare  the 
calculations  correct ;  generally  eyezy  example  has  been  calculated 
three  times,  and  not  by  the  same  person.  It  is,  therefore,  im* 
probable  that  any  gross  errors  will  be  found  in  them.  In  the  ex* 
amples,  as  in  the  formulas,  I  hare  employed  the  Prussian  weights 
and  measures,  as  they  are  probably  familiar  to  the  majority  of  my 
readers.  The  printing  (in  this  case  so  difficult)  is  open  to  little 
complaint.  The  mistakes  in  copying,  or  of  impression,  which 
have  been  obserred,  are  noted  at  the  end  of  the  book. 

I  do  not  think  that  many  additions  to  this  list  need  be  made. 
An  attentiTC  examination  of  the  illustrations  will  show  that  they 
have  been  prepared  with  care.  The  larger  illustrations,  particu- 
lar^ those  representing  bodies  in  three  dimensions,  are  drawn 
according  to  the  method  of  Axanomebic  Projection^  fijrst  treated  by 
me  (see  Polytechn.  Mittheilungen  Band  L  Tubingen,  1845). 
This  method  of  drawing  possesses  all  the  advantages  of  Isometric 
Projection,  while  in  addition  the  pictures,  which  it  furnishes,  are 
not  only  more  beautifnl  in  themselyes,  but  more  easily  awaken  in 
US  distinct  conceptions  of  the  objects  represented.  The  drawings 
in  this  work  are  made  in  such  a  way  that  the  dimensions  of  the 
width  or  depth  appear  but  one-half  as  large  as  those  of  the  height 
and  length  of  the  same  size.  I  cannot  omit  thanking  Mr.  Ernest 
Boting,  student  at  the  academy  in  Freiberg,  whose  revision  has 
essentially  contributed  to  the  accuracy  of  the  work 

It  is  necessary  to  inform  the  reader  that  he  will  find  much 
new  matter,  which  is  peculiar  to  the  author.  Without  stopping  to 
mention  many  small  articles,  which  occur  in  almost  every  chapter, 
I  would  call  attention  to  the  following  comprehensive  discussions : 
A  general  and  easy  determination  of  the  centre  of  gravity  of  plane 
surfaces  and  of  polyhedra^  limited  by  plane  surfaces,  will  be  found 
in  paragraphs  107, 112,  and  113 ;  an  approximate  formula  for  the 
catenary  in  paragraph  148 ;  additional  remarks  upon  the  friction 
of  axles  in  paragraphs  167, 168,  169, 172,  and  173.  Important 
additions  to  the  theory  of  impact  have  been  made,  particularly 
in  paragraphs  277  and  278 ;  for  heretofore  the  impact  of  imper- 
fectly elastic  bodies  has  been  too  little  considered,  and  that  of  a 
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perfectly  elastic  "witli  an  imperfeoily  elastio  body  has  not  been 
treated  at  alL  Very  important  additions,  and  in  some  cases  en- 
tirely new  laws,  will  be  found  in  the  chapter  upon  hydraulics,  a 
subject  to  which  I  have  for  a  number  of  years  devoted  special 
study.  The  laws  of  incomplete  contraction,  first  observed  by  the 
author,  will  be  found  for  the  first  time  in  a  manual  of  mechanics. 
The  author  has  also  incorporated  in  it  the  principal  results,  so 
important  in  practice,  of  his  experiments  upon  the  efflux  of  water 
through  obUque  short  pipes,  elbows,  curved  and  long  pipes,  etc., 
although  the  third  number  of  his  '*  Untersuchungen  im  Gebiete 
der  Mechanik  imd  Hydraulik  '*  has  not  yet  appeared.  The  chap- 
ter upon  running  water,  upon  hydrometry  and  upon  the  impact 
of  water  contains  some  original  matter*  The  theories  of  the  re- 
action of  water  .discharging  from  a  vessel  and  of  the  impact  of 
water,  which  are  treated  according  to  the  principle  of  mechanical 
effect,  are  original 

I  cannot,  however,  conceal  from  the  reader  that,  since  the  vol- 
ume has  been  finished,  I  have  wished  that  some  few  subjects  had 
been  treated  differentiy ;  but  I  must  add  that  as  yot  I  have  ob- 
served no  great  imperfections.  If  iCt  times  the  reader  should 
miss  something,  he  is  referred  to  the  second  volume,  which  will 
supply  both  the  accidental  and  the  intentional  omissions,  as  has 
been  noted  in  many  places  in  the  first  volume. 

The  printing  of  the  second  volume  will  now  go  on  without  in- 
terruption, so  that  we  may  expect  the  complete  work  to  be  in  the 
hands  of  the  reader  before  the  end  of  the  year.  The  pocket-book, 
the  ^  Ingenieur,"  cited  in  the  Mechanics,  which  contains  a  collec- 
tion of  formulas,  rules  and  tables  of  arithmetic,  geometry  and 
mechanics,  will  soon  appear. 

It  will  be  a  source  of  great  pleasure  and  satisfaction  to  me,  if 
I  have  accomplished  the  purposes  for  which  this  work  has  been 
undertaken,  namely,  to  give  to  the  practical  man  a  useful  coun- 
sellor in  questions  of  application,  to  the  teacher  of  practical 
mechanics  a  serviceable  text-book  for  instruction,  and  to  the  stu- 
dent of  engineering  a  welcome  aid  in  the  study  of  mechanics. 

JUUUS  WEISBACH. 
Fbbibbbo,  March  19ih,  1848. 
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n^HE  present  (second)  edition  of  the  Mechanics  of  Engineering 
~^  and  of  the  Oonstmciion  of  Machines  has  undergone  no  es- 
sential alterations  either  in  method  or  arrangement.  The  inter- 
nal oonstmction  of  the  work  has  been  changed  in  many  places, 
and  its  size  has  been  considerably  increased.  The  author  has 
also  endeavored,  as  much  as  possible,  to  correct  the  errors  and 
omissions  of  the  first  edition.  The  great  increase  in  size  is 
mainly  due  to  three  additions.  The  first  consists  of  a  condensed 
Introduction  to  the  Calcnlus,  which  has  been  made  as  popular  as 
possible,  and  has  been  prefixed  to  the  main  work.  The  object  of 
introducing  it  was  to  avoid  too  complicated  and  too  artificial  de- 
monstrations by  means  of  the  lower  mathematics,  and  also  to 
render  the  reader  more  independent  in  his  study  of  mechanics, 
and  to  place  him  upon  a  higher  stand-point  in  this  important 
branch  of  science.  By  making  use  of  the  principles  explained  in 
tbo  Introduction,  it  was  possible  to  discuss  many  subjects  of  great 
practical  importance,  which  previously  we  could  not  treat  at  all, 
or,  at  least,  only  imperfectly  with  the  aid  of  elementary  algebra 
^  imd  geometry.  In  order  to  avoid  interruptions  to  those  who 
have  not  made  themselves  familiar  with  the  Elements  of  the  Cal- 
culus, prefixed  to  the  work,  all  the  paragraphs,  in  which  it  is  ap- 
plied, are  designated  by  a  parenthesis  (  ). 

The  second  addition  consists  of  a  new  chapter  on  Hydrostatics, 
in  which  the  molecular  action  of  water  is  treated.  Since  a  knowl- 
edge of  the  molecular  forces  (capillarity)  is  of  importance  in  ex- 
periments and  observations  in  hydraulics  and  pneumatics,  the 
author  has  thought  it  advisable  to  treat  the  fundamental  prind- 
ples  of  these  forces  in  a  separate  chapter.  Finally,  a  chapter  has 
been  added  to  the  work  in  the  form  of  an  appendix,  which  treats 
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of  oscOlation  and  wave  motion*  The  author  found  himself  com- 
pelled to  do  this  in  consequence  of  the  importance  to  the  engineer 
of  a  more  accurate  knowledge  of  the  theory  of  oscillation.  The 
great  influence  of  vibration  upon  the  working  and  durabiliiy  of 
machines  is  a  subject  to  which  too  much  attention  cannot  be 
given.  It  is  also  to  observations  of  oscillations  that  we  owe  the 
latest  determination  of  the  modulus  of  elasticity,  which  is  of  such 
importance  in  practice.  I  have  mentioned  in  the  Appendix  the 
magnetic  f  orce,  principally  because  it  is  of  great  use  to  the  engi- 
neer in  determining  directions  in  mines,  where  the  access  to  day- 
light is  not  easy.  The  theory  of  water-waves,  which  closes  the 
volume,  is  a  part  of  hydraulics ;  its  presence  in  this  work  requires, 
therefore,  no  explanation.  Unfortunately,  it  is  far  from  complete. 
The  changes  in  the  other  parts  of  the  work  are  the  following : 
the  chapter  upon  elasticity  and  strength  has  been  much  extended 
and  altered,  the  subject  of  hydraulics  has  been  treated  more  at 
length,  and  some  modifications  in  it  have  been  made,  in  conse- 
quence of  the  continued  experiments  of  the  author. 

I  trust  that  the  present  edition  vrill  be  received  with  the  same 
favor  as  the  last,  by  which  the  author  was  encouraged  to  continue 
his  preparation  of  the  work. 

JDUUS  "WEISBACH. 

FBB(BBBa,  May  15<A>  1860. 
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rpHE  third  edition  of  the  first  Yolmne  of  my  Mechanics  of  En- 
-*-  gineering  and  of  the  Constmction  of  Machines,  which  I  now 
giye  to  the  pnbh'c,  has,  compared  with  its  predecessors,  not  only 
been  improved,  but  also  augmented  and  completed.  The  changes 
are  due  principally  to  the  advance  of  science,  and  in  some  cases 
to  the  results  of  more  recent  investigations.  When  not  withheld 
by  some  good  reason,  I  have  endeavored,  so  far  as  possible,  to 
satisfy  the  wishes  which  have  been  conmiunicated  to  me  from 
different  quarters  in  regard  to  the  work.  From  the  extraordi- 
nary &vor,  with  which  it  has  been  received  both  in  and  out  of 
Germany,  on  this  as  well  as  on  the  other  side  of  the  Atlantic,  I 
flatter  myself  that  it  has  suited  both  in  method  and  size  the 
greater  portion  of  the  public  for  whom  it  was  intended,  and  my 
efforts  in  preparing  the  new  edition  have  been  natnraUy  directed  to 
removing  any  errors  or  omissions,  that  have  been  observed,  and 
to  incorporating  in  it  the  latest  experiments,  treated  in  the  same 
manner  and  as  concisely  as  possible.  I  am  sorry  to  be  obliged  to 
remark  that  the  work  has  been  subjected  to  unjust  criticism. 
Thus,  iLG.,  Professor  Wiebe,  of  Berlin,  in-  a  remark  upon  pages 
245  and  246  of  his  work  upon  ''  die  Lehre  von  der  Befestigung 
der  Machinentheile,"  (Berlin,  1854),  states  that  I  have  given 
coefficients  of  torsion  for  square  shafts  in  my  Mechanics  (first 
edition),  as  well  as  in  the  '' Ingenieur,"  16  times  greater  than 
those  given  by  Morin.  The  Professor  has  here  committed  an 
oversight ;  for  in  my  formulas,  as  is  expressly  stated  in  both 
works,  the  fourth  power  of  the  half  length  of  the  side  occurs, 
while  the  formulas  of  Morin  and  Wiebe,  as  well  as  those  of  my 
second  edition,  contain  the  fourth  power  of  the  whole  length  of 
the  side  of  the  cross-section.     Now  since  2*  is  equal  to  16,  the 
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error  obeenred  by  Professor  Wiebe  proceeds  from  a  mistake  on 
his  part 

I  shaill  make  no  reply  to  the  partial  criticism  contained  in 
Oraneri'8  Archiv  der  MathemaJtilCy  as  I  do  not  wish  to  enter  upon 
a  useless  controversy  here.  Besides,  Professor  Grunert  has 
already  printed  in  his  Archiv  enough  nonsense  about  Physics 
and  I^actical  Mechanics  (as  I  can  easily  proTC)  to  demonstrate 
his  unfitness  for  criticising  works  on  those  subjects. 

It  would  have  been  easier  for  me  to  have  given  my  book  a 
more  scientific  form ;  but  it  would  then  have  met  with  less  fevor, 
as  it  is  intended  for  practical  men. 

From  another  stand-point  also  the  book  can  easily  and  with 
equal  injustice  be  found  fault  with.  Any  one,  who  has  had  some 
practical  experience,  will  have  observed  how  little  theory  is  made 
use  of,  and  how  often  it  is  put  in  the  back-ground  and  looked 
upon  with  disfavor  by  practical  men.  The  fault  of  this  is  no 
doubt  due  in  great  measure  to  that  method  of  instruction,  which 
condemns  the  study  of  sdenjce  for  the  sake  of  its  applications. 

This  edition,  which  has  been  augmented  principally  by  the 
revision  of  the  theory  of  elasticity  and  strength,  and  by  the  in- 
troduction of  the  latest  hydraulic  experiment,  excels  its  prede- 
cessors not  only  in  substance,  but  also  in  appearance,  all  the 
illustrations  being  new.  The  printing  of  the  second  volume  will 
continue  uninterruptedly. 

JTJUUS  WEISBACH. 

Fbeibebg,  Jvly,  1856, 
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rpHE  fourth  edition  of  my  Mechanics  of  Engineering  and  of 
the  Constniction  of  Machines  has  undergone  no  change  either 
in  method  or  arrangement.  As  three  hirge  editions  have  been  ex- 
hausted in  a  comparatively  short  time,  as  two  have  been  published 
in  the  English  language,  one  in  England  and  one  in  North  Amer- 
ica, and  as  the  work  has  been  translated  into  Swedish,  Polish,  and 
Bussian,  I  may  well  hope  that  this  manual  has  met  the  wishes  and 
needs  of  that  great  practical  pnbUc  for  whom  it  is  intended.  I 
have,  therefore,  in  preparing  this  edition,  endeavored  simply  to 
remove  any  errors  or  omissions,  which  may  have  been  observed, 
and  to  mtroduce  the  results  of  the  latest  practically  important 
experiments,  together  with  the  newest  developments  of  theory. 
Thus,  S.O.,  in  the  chapter  upon  friction  I  have  included  the  results 
of  the  latest  experiiaents  by  Bochet,  aud  the  section  upon  elasti- 
diy  and  strength  has  been  rewritten  in  accordance  with  the 
present  stand-point  of  science,  in  doing  which  I  have  made  use  of 
the  recent  works  of  Lam6,  Bankine,  Bresse,  etc  The  section 
upon  hydraulics  has  been  augmented,  improved  and  completed. 
The  later  researches  of  the  author  are  here  discussed.  I  will  men- 
tion more  particularly  the  experiments  upon  the  efflux  of  water 
under  great  and  very  great  pressures,  as  weU  as  upon  the  heights 
of  jets,  those  upon  the  efflux  of  air,  and  the  comparative  experi- 
ments upon  the  impact  of  streams  of  air  and  water.  The  chapter 
upon  the  efflux  of  air  has  been  entirely  revmtten,  as  the  author  is 
of  the  opinion  that  the  ordinary  formulas  for  the  efflux  of  air 
under  high  pressures  do  not  represent  the  law  of  efflux.  The 
formulas  obtained  are  very  simple,  since,  without  materially  affect- 
ing its  accuracy,  I  have  substituted  in  the  well-known  formula 
for  heat 
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1  +  (Jt         \y/ 
O96O  instead  of  the  exponent  0,42,  by  which  I  obtain 

1-^4?  =  V|  (-  5  461). 

The  practical  value  of  a  formnla  does  not  depend  upon  its  cor- 
rectness even  at  extreme  limits,  but  rather  upon  the  fact  that, 
within  given  limits,  it  furnishes  values  which  agree  sufficiently 
well  with  the  results  of  experiment. 

Several  new  paragraphs,  in  which  Phoronomics  and  Aerosta- 
tics are  treated  with  the  aid  of  the  Calculus,  have  been  added.  In 
hydraulics  the  pressure  of  water  flowing  through  pipes,  on  account 
of  its  practical  importance,  has  been  treated  separately  in  two  new 
paragraphs  (§  439  and  §  440).  In  the  chapter  upon  the  force  and 
resistance  of  water  I  have  treated  the  theory  of  the  simple  reaction 
wheel,  as  well  as  its  application  as  an  instrument  for  proving  the 
theory  of  the  impact  and  resistance  of  water.  The  more  recent 
gas  and  water  meters  are  also  discussed,  since  these  instruments 
are  set  in  motion  by  the  reaction  of  the  issuing  fluid,  the  intensity 
of  which  can  easily  be  determined  by  the  foregoing  theory. 

Finally,  the  Appendix  has  been  slightly  augmented  by  the  in^ 

troduction  of  the  report  of  the  recent  experiments  of  Oeh.  Ober- 

baurath  Hagen  ux>on  waves  of  water. 

*         4k         *         *         nini%%%%mm 

In  answer  to  the  criticism,  which  has  been  made  in  some 
quarters,  that  a  more  scientific  treatment  of  the  subject,  based 
upon  the  Calculus,  would  have  been  more  in  accordance  with  the 
object  of  the  book,  I  would  state  that  my  book  is  intended  for 
the  use  of  practical  men,  who  often  do  not  possess  either  the 
requisite  knowledge  of  the  Calculus  or  sufficient  facility  in  the  use 
of  ii  Having  labored  during  upwards  of  thirty  years  as  instructor 
in  a  technical  institution,  during  which  time  I  have  been  engaged 
in  practical  works  of  various  kinds  and  have  made  many  journeys 
for  the  purpose  of  technical  studies,  I  can  confidently  give  an 
opinion  upon  this  subject 

As  I  consider  my  reputation  as  an  author  of  much  more 
importance  than  any  mere  pecuniary  advantage,  it  is  always  a 
pleasure  to  me  to  find  my  ''Mechanics"  made  use  of  in  works  of 
a  similar  character  ;  but  when  vmters  avail  themselves  of  it  with- 
out the  slightest  acknowledgment^  I  can  only  appeal  to  the  judg- 
ment of  the  public.  

JULIUS  WEISBACH- 

FBEiBiEBG,  Jfoy,  1808. 
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^T^HE  &yor,  with  which  both  the  English  and  American  editions 
of  the  Mechanics  of  Engineering  and  of  the  Construction  of  Ma- 
chines were  receiyed,  would  sufficiently  justify  the  appearance  of  a 
new  one,  even  if  the  original  wor&  had  undergone  no  change.  But 
as  the  first  two  yolumes  ^f  the  last  (fourth)  German  edition  contain 
more  than  twice  as  much  matter  as  those  of  the  firsts  and  since  a 
third  yolume  of  about  fifbeen  hundred  pages  has  been  added,  the 
translator  feels  not  only  that  the  work  may  be  considered  a  new 
one,  but  also  that,  in  offering  it  to  the  public,  he  is  supplying  a 
real  want  The  text  of  this  edition  has  been,  to  a  great  extent^ 
rewritten  and  rearranged,  and  the  translation  is  entirely  original. 

Weisbach's  Mechanics  is  now  so  well  known,  wbereyer  that  sci- 
ence 19  taught,  that  any  eubgy  on  our  part  would  be  superfluous. 
A  large  number  of  typographical  errors,  obseryed  in  the  Qerman 
edition,  haye  been  corrected  with  the  approbation  of  the  author, 
who  has  also  communicated  to  the  translator  some  slight  modifica- 
tions In  the  text.  The  work  of  translation  was  begun  with  the 
author's  approyal,  while  the  translator  was  a  student  of  the  Mining 
Academy  at  Freiberg,  but  the  work  was  delayed  by  his  professional 
engagements.  He  hopes  that  it  will  now  appear  without  interrup- 
tk>n« 

At  the  suggestion  of  the  author,  an  Appendix  has  been  added 
containing  an  account  of  the  articles  upon  the  subjects  treated  in 
this  yolume,  which  haye  been  published  by  him  since  the  appear- 
ance of  the  last  German  edition. 
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All  the  tables^  formulas^  examples,  etc.,  in  which  the  PruBsian 
weights  and  measures  occur,  haye  been  transformed  so  as  to  be  ap- 
plicable to  the  English  system.  Where  the  metrical  system  was 
employed  in  the  original  work,  it  has  been  retained  in  the  transla- 
tion, as  the  meter  is  now  much  used  both  in  England  and  America. 

The  "  Ingenieur,"  which  is  so  often  quoted  in  this  work,  has, 
unfortunately,  not  been  translated  into  English,  but  all  the  refer- 
ences to  it  have  been  preserred,  as  the  work  is  a  valuable  one,  even 
to  those  who  have  little  or  no  knowledge  of  German,  and  perhaps 
an  English  edition  of  it  may  be  published. 

A  list  of  errors  and  omissions  obseryed  in  this  volume  will  be 
given  in  the  succeeding  one,  and  the  translator  will  be  glad  to  be 
informed  of  any  typographical  errors. 

He  would  call  attention  to  the  illustrations,  which  are  printed 
from  electrotype  copies  of  the  wood-cuts  prepared  for  the  German 
edition,  and  his  thanks  are  due  to  the  publisher  and  stereotypers 
for  the  excellent  appearance  of  the  work. 

BGKLEY  B.  COXE. 


PREFACE  TO  THE  REVISED  EDITION. 

The  only  changes  in  the  text  of  this  edition  have  been  the 
corrections  of  iypographical  and  other  errors.  A  list  of  the  im- 
portant errors  in  the  first  edition,  which  have  been  corrected  in 
this,  is  in  preparation,  and  will  be  furnished,  upon  application  to 
the  publisher,  to  those  who  have  that  edition. 

The  translator  wishes  to  return  his  thanks  to  Pro£  Sheldon,  of 
Brooklyn,  and  to  Prof.  Frank  and  Mr.  R  H.  Sanders,  of  Philadel- 
phia, for  the  corrections  they  have  sent  him. 

A  list  of  the  errors  in  this  edition  win  be  given  in  the  second 

volume. 

EOKLET  B.  COXE. 
July  5,  187a 
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THEOEETICAL   MECHANICS. 


INTRODUCTION 


TO 


THE    CALCULUS. 


Abt.  1.  The  dependence  of  a  quantity  y  upon  another  quan- 
tity x  is  expressed  by  a  mathematical  formula:  b.g.,  y  =  3a:',  or 
y  ^aaf^y  etc.  We  write  y  =f  {x)  or  «  =  ^ (y)  etc.,  and  we  call  y  a 
function  of  ar,  and  z  a  function  of  y.  The  symbols/ and  <t>,  etc.,  in- 
dicate in  general  that  y  is  dependent  upon  a;,  or  z  upon  y,  but  leave 
the  dependence  of  these  quantities  upon  one  another  entirely  un- 
determined, and  do  not  give  the  algebraical  operation  by  which  y 
can  be  deduced  from  a:,  or  z  from  y.  A  function  y=jf{x)  is  an* 
indeterminate  equation ;  it  gives  an  unlimited  number  of  values  for  x 
and  y,  which  correspond  to  it  If  one  of  them  (x)  is  given,  the  other 
(y)  is  determined  by  the  function,  and  if  one  of  them  is  changed,  the 
other  also  undergoes  a  change.  Therefore  the  indeterminate  quan- 
tities X  and  y  are  called  Variables,  or  variable  quantities ;  and  the 
quantities  which  are  given,  or  are  to  be  regarded  as  given,  and  in- 
dicate the  operation  by  which  y  is  to  be  deduced  from  x,  are  called 
Constants,  or  consl^nt  quantities.  That  one  of  the  variables 
which  can  be  chosen  at  pleasure  is  called  the  independent  variable, 
and  the  other,  which  is  determined  by  means  of  a  given  operation 
from  the  first,  is  called  the  dependent  variable.  In  y=a  o^yO  and 
m  are  constants,  x  is  the  independent  and  y  the  dependent  va- 
riable. 

The  dependence  of  z  upon  two  other  quantities,  x  and  y,  is  ex- 
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pressed  by  the  equation  z=f{x,  y).  In  this  case  z  is  at  the  same 
time  a  function  of  x  and  y,  and  we  have  here  two  independent 
vdriailes. 

Akt.  3*  Every  dependence  of  a  quantity  y  upon  another  quan- 
tity Xy  expressed  by  a  function  or  formula  y—f(x)  can  be  repre- 
sented by  means  of  a  curve,  A  P  Qy  Fig.  1  and  Fig.  2. 


Fig.  1. 


Fig.  2. 


M    N 


M    N 


The  different  values  of  the  independent  variable  x  answer  to  the 
abscissas  A  M^  A  Ny  etc.,  and  the  different  values  of  the  dependent 
variable  to  the  ordinates  MPy  NQy  etc.,  of  the  curve.  The  co-or- 
dinates (abscissas  and  ordinates)  represent  then  the  two  variables 
of  the  function. 

The  graphic  representation  of  a  function,  or  the  referring  of  the 
same  to  a  curve,  presents  several  advantages.  It  furnishes  us  in 
the  first  place  with  a  general  view  of  the  connexion  between  the 
two  variable  quantities ;  secondly,  it  replaces  a  table  or  summary  of 
every  two  values  of  the  function  belonging  together ;  and  thirdly,  it 
affords  us  a  knowledge  of  the  different  properties  and  relations  of  the 
junction.     If  with  the  radius  C  A^  C  B  —  r  we  describe  a  circle 

AD B  «(Fig.  3),  corresponding  to  the  function  y  =  i/2  r  x  —  x^ 

where  x  and  y  indicate  the  co-ordinates  A  My 
M  Py  this  curve  affords  us  not  only  a  general 
view  of  the  different  values  that  the  function 
can  assume,  but  also  makes  us  acquainted 
with  other  peculiarities  of  this  function,  for 
the  properties  of  the  circle  have  also  their 
meaning  in  the  function.  We  know,  E.G., 
without  farther  research,  that  y  becomes  equal 
to  zero,  not  only  when  a;  =  0  but  also  when 

flp  =  2  r,  and  that  y  is  a  maximum  and  =  r  when  a;  =  r. 
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Fig.  4. 


Ajekt.  3.  The  Laws  of  Nature  can  generally  be  expressed  by 
functions  between  two  or  more  quantities,  and  are  therefore  in 
most  cases  capable  of  a  graphic  representation. 

(1)  When  a  body  falls  freely  in  vactw,  we  have  for  the  ve- 
locity y,  which  corresponds  to  the  height  of  fall  x,y—  V  %  g  Xj 

but  this  formula  corresponds  to  the  equation  y  =  Vp  x  of  the  para- 

bola>  when  the  parameter  (/?)  of  the  latter 
is  made  equal  to  the  double  acceleration 
(2  g)  of  gravity.  We  can  therefore  repre- 
42  sent  graphically  the  laws  of  the  free  fall 
of  a  body  by  the  parabola  APQ  (Fig.  4), 
whose  parameter  p=  2g.  The  abscissas 
o  AM,  A  Ny  of  this  curve  are  the  space 
traversed  by  the  body  in  its  fall,  and  the 

ordinates  M  Py  and  NQ,  the  corresponding  velocities. 

(2)  If  a  is  a  certain  volume  of  air  under  the  pressure  of  one 
atmosphere,  we  have  according  to  Marriotte's  Law,  the  volume  of 

.h.  «..».»  of  ^  .na.  .  p^„.  of  «  ^»p„o.e.  ,  =  » 
and  we  have,  for  a?=l,  y  =  a;  for  a;  =  2,  y  =  ^,  for  a:  =  4,  y  =  -, 
for  ar=10,  y=jt^\  forii;=100,y=  ~^,  foric=  oo,y=0. 


10 


100' 


We  see  in  this  manner  that  the  volume  becomes  smaller  as  the  ten- 
sion becomes  greater,  and  that  if  the  law  of  Marriotte  were  correct 
for  all  tensions  an  infinitely  great  tension  would  correspond  to  an 
infinitely  small  volume. 


Further,  for  re  =  ^,  we  have  y=  2a;  forrr=^,  we  havey  =^4a; 

"      y-lOa;    "  a;=0,       "       y=ooa; 


^  =  tV 


so  that  the  smaller  the  tension,  the  greater  the  volume  becomes ; 
and  if  the  tension  is  infinitely  small  the  volume  is  infinitely 
great. 

The  curve  which  corresponds  to  this  law  is  drawn  in  Fig.  5. 
A  M,  A  Ny  are  the  tensions  or  abscissas  x,  MP,  N  Q,  the  corre- 
sponding volumes  or  ordinates  y.  We  see  that  this  curve  ap- 
proaches gradually  the  axes  A  X  and  A  I^  without  ever  reaching 
them. 

(3)  The  dependence  of  the  expansive  force  of  saturated  steam 
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upon  its  temperature  x  can  be  expressed,  at  least  within  certain 
limits,  by  the  formula 

and  by  experiment  we  have  within  certain  limits  a  =  75,  S  =  175, 

and  w= 6.    If  we  put 

/754-a:V 

y  =  (-i7r) 

Fig.  6. 


FiQ.  5. 


M     2    N    3 


M  uoo      N       200 


u    „>  .^ 


x^      50' 


and  assume  the  formula  to  bp  correct  without  limit,  we  obtain 

j^  I   =    1,000  atmosphere, 

,.  ,  =  (Jiy  =  0,133 

«  a;  =       0',  y  -  (^|)'  =  0,006 

«  a;  =  -76«,  y  =  (j^)'  =  0,000 

«  a;=    120',  y  =  (J-^)' =  1,914 

«  a;  =    150',  y  =  (g|)'  =  4,517 

«  a:  =    200%  y  =  (j|-g)'  =  15,058 

P  ^,  Fig.  6,  presents  to  the  eye  the  corresponding  curve.    It 
passes  at  a  distance  A0=-  —   75  from  the  origin  of  co-ordinates 


« 


« 


« 
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A  throogh  the  axie  of  abscissas  and  at  a  distance  A  S=  0,006 
cats  the  axia  of  ordinate;  au  abscissa  .4  if  <  100  corresponds  ta 
an  ordinate  JfP  <  1,  and  an  abscissa  A  N  >  100  belongs  to  an 
ordinate  I^Q>  I;  and  we  can  also  see  that  not  only  y  aagmcnti 
as  X  increases  to  infinity,  but  also  that  the  curve  becomes  steeper 
and  steeper  as  x  becomes  greater. 

Art.  4.  A  function  z  =/  (a;  j)  with  two  independent  varia- 
bles can  be  represented  by  means  of  a  curved  surface  BCD,  Fig. 
7,  in  which  the  independent  variables  x  and  y  are  given  by  the 
abscissas  A  M  and  A  Noa  the  axes  A  X  and  A  Y,  and  the  de- 
pendent variable  z  by  the  ordinate  OP  oi  a  point  P  in  the  surface 
ABO.  If  for  a  definite  valne  of  a:  we  give  different  values  to  y,the 
values  of  z  deduced  famish  us  with  the  ordinates  of  the  pointa  of  a 
curve  £'Pf  parallel  to  the  co-ordinate  plane  YZ;  if  on  the  contra- 
ry for  a  given  value  of  t/  we  take  different  values  of  x,  we  determine 
the  ordinates  z  of  the  pointo  of  a  curve  0  P  H  paraf  lei  to  the  co-or- 
dinate plane  XZ.  We  can  consequently  consider  the  whole  curved 
surface  B  CD  as  the  union  of  a  series  of  curves  parallel  to  the  co-or- 
dinate planes.    The  law  of  Marriotte  and  Gay-Lnssac  z  =  '^'   "'"    ^\ 

by  means  of  which  we  can  calculate  the  volume  *  of  a  mass  of  air 
from  the  pressure  x  aud  the  temperature  y,  is  graphically  repre- 
sented by  the  curved  surface  C  KPH,  Fig.8.    A  Mis  the  pres- 


sure X,  A  Not  MO  the  temperature  y,mA  0  P  the  correspond- 
ing v<rinme  t :  the  co-ordinates  of  the  curve  PGH  give  the  vol- 
umes for  a  temperature  A  N=y,  and  those  of  the  right  Une  K  P 
the  volumes  for  the  same  pressure  A  M=x, 
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Art.  tS«  When  we  increase  the  independent  variable  of  a  func- 
tion or  the  abscissa  AM^x  (Fig. 9  and  Fig.  10)  of  the  correspond- 
ing curve  an  inlinitely  small  quantity  M  iV,  which  we  will  in  future 
designate  by  d  x,  the  corresponding  dependent  variable  or  ordinate 
MP  =  y  becomes  NQ=y',  being  increased  by  an  infinitely  small 
quantity  RQ^zNQ  —  MPyUyhti  designated  by  d  y.  Both  these 
increments  dx  and  dy  of  x  and  y  are  called  the  DiflFerentials  of  the 
Variables  or  Co-ordinates  x  and  y^  and  our  principal  problem  now 
is  to  determine  for  the  functions  that  most  commonly  occur  the 
differentials,  or  rather  the  ratio  of  the  differentials  of  the  varia- 
bles X  and  y  belonging  together.  If  in  the  function  y  =/ (a;), 
where  x  represents  the  abscissa  A  My  and  y  the  ordinate  MP^  we 
substitute,  instead  of  a;,  re  +  rfa:  =  ^  if  +  MN^  A  N^  we  obtain, 
instead  oiy^y  -V  dy  =^  MP  -h  R  Q  =  NQ;  therefore 

y  +  dy=f(x-\-  dx), 

and  subtracting  the  first  value  of  y  from  %  the  differential  of  the 
variable  y  remains^  i.  e. 

dy  =  df{x)  =f{x  +  dx)-'f(x) 


Fig.  9. 


Fig.  10. 


M    N 


This  is  the  general  rule  for  the  determination  of  the  differential  of  a 
function,  which  when  applied  to  different  functions  furnishes  sev- 
eral rules  more  or  less  general:  kg.,  if  y  =  x*,  we  have 

dy  —  {x  +  dxy  —  a^ 
(x-^dxy  =  Qf  +  2xdx-\-da? 
dy=^2xdx  +  dsif  =  (2x-{-dx)dx; 

and  more  simply  since  d  x,  being  infinitely  small  compared  to  2  a;, 
disappears,  or  since  2  a;  is  not  sensibly  changed  by  the  addition 
of  d  X,  and  the  latter  can  therefore  be  disregarded, 

dy  —  d  {xy  =:2xdx. 


N 

P  ( 

D 

C 
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The  fonnula  y  =  z*  corresponds  to  the  contents  of  a  sqnai'e^ 

A  B  CD,  Fig.  11,  whose  side  is  ^  J?  =  ^  Z>  =  a:. 

Pro   11  '       D         '  ' 

and  we  see  firom  the  figure  that^  by  the  addition  to 
the  side  of  J?  Jf  =  D  N=-  d  Xy  the  square  is  in- 
(j  creased  by  two  rectangles  £  Oand  I)  F  =  2xdsc, 
and  by  a  square  {d  x*),  so  that  by  an  infinitely 
small  increase  dx  oi  x  the  square  y  =  a:*  is  in- 
creased by  the  differential  quantity  %xdx, 
"BM  Abt.  6.  The  right  line,  T  P  Qy  Fig.  9  and 

Fig.  10,  passing  through  two  points  P  and  Q  of 
the  curve,  which  are  at  an  infinitely  small  distance  from  each  other, 
is  called  the  Tangent  to  this  curve,  and  determines  the  direction 
of  the  curve  between  these  two  points.  The  direction  of  the  tan- 
gent is  given  by  the  angle  P  Tif  =  o  at  which  the  axes  of  abscis- 
sas ^  X  is  cut  by  the  line.  When  the  curve  is  concave,  aa  AP  Qy 
Fig.  9,  the  tangent  lies  beyond  the  curve  and  the  axis  of  abscissas; 
but  when  it  is  convex,  va  A  P  Qy  Fig.  10,  the  line  lies  between  the 
curve  and  the  axis  of  abscissas. 

In  the  infinitely  small  right-angled  triangle  P  Q  R  (Fig.  9  and 
Fig.  10),  with  the  base  PR  =  dxy  and  the  altitude  R  Q  =  dy,  the 
angle  QP Ria  equal  to  the  tangential  angle  P  TM=  a,  and  we 

whence  __^y. 


tang.  <*  =  ;t 


X 


therefore  the  ratio  or  quotient  of  the  two  differentials  d  y  and  d  x 
gives  the  trigonometrical  tangent  of  the  tangential  angle ;  £.0.,  for 
the  parabola  whose  equation  is  y'= J^  x  we  have,  putting  y' = ^  a:=«, 

d%  =■  {y  +  dyy  -y*  =  y' +  2y  dy  -^  dy' --y' =  2y  dy  +  dy\ 

or  eis  dy*  vanishes  before  2ydy,  or  what  is  the  same  thing,  dy 
before  2y, 

dz  =  2ydyy 
and  also 

dz=p(x  +  dx)  —pxy 

therefore  2ydy  ^pdxy  whence  for  the  tangential  angle  of  the 
parabola  we  have 

tana,  a  =  -^  =  -^  =  JlL  =  JL 
^  dx      2y      2xy      2x 
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The  definite  portion  P  T  of  the  tangent  between  the  point  of 
tangency  P  and  the  point  T  where  it  cuts  the  axes  of  abscissas 


Fig.  12. 


Fio.  18. 
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X  A 


M   N 


is  generally  called  the  Tangeni,  and  the  projection  T  M  oi  the 
same  upon  the  axes  of  abscissas  the  Sufhtang&nt ;  hence  we  haye^ 

mbtang.  =  PMcot.  P  TM 

=:y  cot  a  z=:y-— 


2x 


dy" 


£.0^  for  the  parabola^  mbiang,'=y  —  =z%x* 

The  subtangent  is  therefore  equal  to  the  double  abscissa,  and 
from  it  the  position  of  the  tangent  for  any  point  P  of  the  para- 
bola is  easily  found. 

For  the  curved  surface  BCD,  Pig.  7,  the  angles  of  inclina- 
tion a  and  (i  of  the  tangents  P  T  and  P  C/"  at  a  point  P  are 
determined  by  the  formulas : 

tang.  /3  = 


d  z 

tang,  a  =  — 

a  X 


dy 


The  plane  P  T  i7  passing  through  P  Tand  P  i7is  the  tan- 
gent'plane  of  the  curved  surface. 

Aix.  7,  For  a  function  y  —  a  •\-  mf  {x)  we  have 

rfy  =  [a  +  mf  {x  4-  dx)]  —  [a  +  mf  (a;)] ; 
^a  —  a  '\-  mf  {x  -i-  dx)  —  mf  {x 
=  in[f{x-¥dx)-f(x)]', 
i.  e. 

L) d[a-¥  mf  (x)]  —  mdf  (x), 

B.G.,d(5  +  SX')  =  S[{x  -h  dxy  —x']  =  3  .  2xdx=:6xdx. 
In  like  manner:. 
rf(4-  1  a;'),  =  -  id{xy  =  -  t  [(a;  +  dxY^-x^] 

=  -^(^  +  ^^*dx  -{-Sxdx"  -\-  d:^  --a^) 
=  —  ^  .  3rc'  dic=  —  ^a^dx. 
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Hence  we  can  establish  the  following  important  mle :  The  con- 
stant member  {a,  5)  of  a  function  disappears  by  differentiation^  and 
the  constant  factors  remain  unchanged. 

The  correctness  of  this  rule  can  be  graphically  represented. 
For  the  curve  A  P  Q,  Pig.  14,  whose  co-ordinates  in  one  case  are 


Fig.  14 


Fio.  15. 


Ml     Ni 


AM=  X  and  MP  =  y  =/  (ar),  and  in  the  other  AxM^z^x  and 
Jf, P  =  a  +  y  =  a  +  f{x)y  we  have  P  R  =  dx  and  R  Qz=dy  = 
df  (x)  and  also  =  rf  (a  +  y)  =  rf  [a  -f  /  («)] ;  and  for  the  curves 
A  Pi  Qi  and  A  P  Q,  Pig.  15,  whose  corresponding  ordinates  M  P, 
and  M  P  OS  well  as  ^V  Qi  and  iV  Q  have  a  certain  relation  to  one 
another,  the  relation  between  the  differentials  i?i  Qi  =  N  Qi  — 
MPi  and  RQ=NQ  —  MPiB  the  same ;  for  if  we  put  MPi  =  m . 
JfPand  NQi  =  m  .  iV^CjitfoDows  thatiZ,  Ci  =  ^Qi  -  MPi  =  m. 
(NQ  -  MP)  =  m.QR. 

ue.  d  \mf  (a?)]  =mdf  {x). 

If  y  =:u  4-  V,  or  the  sum  of  two  variables  u  and  v,  we  have 

dy  =  u-{-  dti  +  V  +  rfv  —  (w  +  v),  u  e.,  according  to  Art  5. 

n.)    .    .    .    d  (u-^v)  =  du  4-  dvy  and  in  like  manner, 
d[f{x)-^<t>  (X)]  =  df{x)  +  rf0  (x). 

The  differential  of  the  sum  of  several  functions  is  then  equal 
to  the  sum  of  the  differentials  of  the  separate  function ;  e.g. 

d{2x  +  daf-^lx')  =  2dx^  Oxdx  -  |  a?Va:  =  (2  +  0 re  -  ?  a^)dx. 

The  correctness  of  this  formula  can  also  be  made  evident  by  the 
consideration  of  the  curve  A  P  Q,  Pig.  15.  If  M P=f{x)  and 
PPiZ=ip  (x)  we  have 

Jf  P,  =  y  =/  (x)  +  0  (x)  and 

dy=:RxQi=:Ri8'\-8Qi  =  RQ-hSQ,  =  df(x)-\-di>{x)] 
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for  P,  S  can  be  drawn  parallel  to  P  ft  and  therefore  we  can  put 

Art.  8.  If  y  =  uv  or  the  product  of  two  variables,  e.g.  the 
contents  of  the  rectangle  A  B  CD,  Fig.  16,  with  the  variable  sides 
AB  =  u  and  B  0=  v,  we  have 

dy  =  (u  +  du){v  -^  dv)  —  uv^uv  -{■  udv  +  vdu  +  dudv—uv^ 
=:  udv  '\-  vdu  -^dudv^udv  -hiv  •{■  dv)  du. 

But  in  V  '\-  dv.  dv  18  infinitely  small  com- 
pared  to  v,  and  we  can  put 

V  +  dv=  Vy  and  {v  +  dv)  du  =  vduy 
and  also 

udv  •{-  {v  -\-  dv)du  =  udv  +  vdu, 
•g^    so  that 

III.)    •    .    .    d{uv)  =  udv  +  vdu, 

it  follows  therefore  that 

d[f{x).(l>{x)]z=f(x)d<t>{x)  +  ^{x)df{x). 
The  differential  of  the  product  of  two  variables  is  then  equal  to 
the  sum  of  the  products  of  each  variable  by  the  differential  of  the 

other. 

When  the  sides  of  the  rectangle  A  B  C  D  are  increased  by 
BM=  rfttand  D  0^  rfr  its  contents  y  ^  AB  y.  -4  Z>  =  i*  vis  aug- 
mented by  the  rectangles  0  0  =  udv  and  CM=  vdu  and  OP 
z=i  dudvy  the  latter,  being  infinitely  small,  compared  with  the  oth- 
ers, disappears  ;  the  differential  of  this  surface  is  only  equal  to  the 
sum  udv  +  vduoiiYiQ  contents  of  the  two  rectangles  O  0  and  OM. 
In  conformity  with  this  rule  we  have  for  y  =  re  (3  a?'  +  1) : 
dy^-xd{^x^-¥l)  +  (3ar'  +  1)  da;  =  3a:d(a:*)  +(3a;'  +  l)da? 
=  3rc.  2xdx  +  ^x^  dx  +  dx=  {9x*  4-1)  dx. 
Fui-ther,  if  w  be  a  third  variable  factor,  we  have 

d  (uvw)  =  ud{vw)  +  vwdu, 
or  since  d  {vw)  =  vdw  +  wdv, 

d  {ti  V  w)=u  V  d w +u  w  d  V  -{-v  w  dUf  Bui  in  like  manner 
d {uvwz)  =  uvwdz  +  u  vzdw-\'Uwzdv  +  vwzdu; 
ifw=v=w=Zy  it  follows  that  d (w*)=4t*'  du,  and  in  general 
IV.)    .    .    .    d  (xr)=m  aT"*  dar,  if  m  is  a  positive  integer,  kg. 

d[x')^lafdxy    d^x*'=6x'  dx. 
If  y  =  ar",  m  being  again  a  positive  integer,  we  have  also 
y  af*  =  1  and  d  {yoT)  =  0,  t.  e. 
yd{sr)-\-ardy  =  0,  and  therefore 

yd{3r)_x^mar-'dx_      ^<,.-«^i^^ 
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or,  if  we  put  —  m  =  n, 

d{sr)  =nar-'dx. 

The  Eale  IV.  applies  also  to  powers,  whose  exponents  are  neg- 
ative whole  numbei-s,  as  E.G., 

d(ar*)  =  —  3ar*£fa:= ^,  and 

d(3z'  +  l)-  =  -2(3x'  +  ir'd{3x')  =  _i|^4^? 

If  in  y  =  a;",  "^  is  a  fraction  whose  denominator  n  and  whose 

numerator  m  arc  integers,  we  have  also  y''=ar  and  d  (y") = d  {oT),  le., 
w  y"""*  dy  =  mar^'  dx,  therefore 

,         mx^^^dx      m  of^^dx      m     "«, , 
dy  = ;_,     = —  =  —  a  •    dx. 

« 

171 

If  we  put  —  =  «,  it  follows  that 

r        ^         try 

dy^d  (of)  =  p  af"'  dxy  which  agrees  with  Eule  FV.,  which 
can  now  be  considered  as  general. 

Also  d  (?//')  =  p  u^^  d  Uf  when  u  denotes  any  function  de- 
pendent upon  X. 

Hence  we  have,  E.G.,rf(  Va:')=eZ(a:S  )=^a?J  dx=^  Vx^dx, 

d  V2rx-x'=dVu=d(y'^)  =  lu-^du 
_.  1  d{2  rx  —a^)  _  2rdx  —  2xdx  _  (r  '-x)dx 

'^  «**  ^~Vu  V2rx^' 

u 
In  order  to  find  the  differential  of  a  quotient  y  =  -,  we  put  u  = 

r y,  whence  du  =  vdy  +  ydv,  and 

,  ,  du dv 

4y=du--i,dv_  V 

V.)     d(«)=!L^2^-^, 

According  to  this  Bale,  E.0^ 
,/a^\  _  (z  +  2)  g  (a^  -  1)  -  (jg*- 1)  d(a;  +  2) 
Vx+27  (a;+2)' 

_(!g  +  2)  .%xdx  -{a?-l).dx  _  /a;' +  4a!  +  1\  , 
""  0»^h2)'  V    (a: +  2)'   T^ 
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We  have  also : 

.(!)  =  -  «4Vo,4i)  =  -  i^<^  =  -  '-p. 

Abt.  9.  The  function  y  =  of  is  the  most  important  in  the 
whole  analysis,  for  we  meet  it  in  all  researches.  When  we  give  the 
exponent  n  all  possible  values,  positive  and  negative,  whole  and 
fractional,  etc.,  it  furnishes  the  dilBEerent  kinds  of  curves,  which  are 
represented  in  Fig.  17.  A  is  here  the  point  of  origin  of  the  co-ordi- 
nates, JTX  the  axis  of  abscissas,  and  Y  Y  that  of  the  ordinates. 

If  on  both  sides  of  the  co-ordinate  axes  at  the  distances  re  =  ±  1 

and  y  =  ±  1  from  the  point  A  we  draw  the  parallels  Xi  JTi, X,  X„ 
Yx  jT,  ,  ri  y,  to  the  axes,  and  join  the  points  Pi,  Pty  Pty  and  P4, 

where  they  cut  each  other,  by  means  of  the  diagonals  ZZ,  Zi  Zi,  we 
obtain  a  diagram  which  contains  all  the  curves,  given  by  the  equa- 
tion y  =  af*.  For  every  point  on  the  axis  of  abscissas  X  X  we  have 
y  =  0,  and  for  every  point  on  the  axis  of  ordinates  Y  YyX  =  0; 
and  for  the  points  in  the  axes  JT,  Xi  and  Xj  Xa,  y  =  dtzl,  and 

for  the  points  in  the  axes  Yi  Yi  and  Yt  JTj,  a?  =  ±1. 

If  in  the  equation  y  =  af  we  put  «  =  1,  we  obtain  for  all 
possible  values  of  n,  y  =  1,  and  for  certain  values  of  »,  also 
y  =  —  1 ;  consequently  all  the  curves  belonging  to  the  equa- 
tion y  ^  of  pass  through  the  point  Pi,  whose  co-ordinates  are 
A  M  =^1  and  AN^l.     If  we  take  n  =  1  we  have  y  =  a?  and  we 

obtain  the  right  line  Z  A  Z,  which  is  equally  inclined  to  the  two 

axes  XX  and  Y  Y]  and  which  rises  on  one  side  of  A  at  an  angle 

of  46''  (  T  )>  and  on  the  other  side  dips  at  the  same  angle.    On  the 

contrary,  for  y  =  — -  a?  we  obtain  the  right  line  Z^  A  Z,  which  dips 
on  one  side  of  A  at  an  angle  of  45"",  and  rises  on  the  other  side  at 
the  same  angle. 

If,  however,  ti  >  1,  y  =  af*  becomes  smaller  for  a;  <  1,  and  for 
a:  >  1  greater,  than  x,  and  when  ?*  <  1,  y  =  a;"  is  greater  for  a?  <  1 
and  smaller  for  a;  >  1  than  x.  The  first  case  (»  >  1)  corresponds 
to  convex  curves,  which  run  in  the  beginning  under,  and  from  Pi 

over  the  right  line  {Z  A  Z),  and  the  second  case  (w  <  1)  to  concave 
curves,  where  the  reverse  takes  place. 

When,  in  the  first  case,  we  take  n  smaller  and  smaller  until  at 
^ast  it  disappears,  or  becomes  equal  to  zero,  the  ordinates  approach 
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tiie  constant  T&ltie  y  =  2*  =  1  and  the  corresponding  curve  ap- 
proaches more  and  more  to  the  broken  line  A  NP,  Xi;  if,  on  the 
contrary,  in  the  second  case,  n  becomcB  greater  and  greater,  the 
Talnes  of  the  ordinatcs  approach  the  limit  y  =  x'  =  a^  =  00,  and 
Fio.  17. 


those  of  the  abscissas,  on  the  oontrary,  approach  the  value  x=y*=l, 
and  the  corresponding  cnrre  approximates  more  and  more  to  the 
broken  line  A  M  P^  Y,. 

If  we  take  n=  —  1,  whence  y  =  ar'  =  -,  for  a  =  0,  we  have  y 
=  00 ,  and  for  a:  =  qo  ,  y  =  0  and  we  obtain  curve,  which  has  boon 
discnssed  in  Art  3,  and  drawn  in  Fig.  5  (1  P\);  it  approaches 
on  one  side  the  axes  of  ordinates,  and  on  the  other  the  ases  of  ab- 
scissas without  ever  reaching  them. 

If  the  exponent  (—n)  of  the  function  y  =  i -"  =—  is  a  proper 
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fraction,  for  a;  <  1,  we  have  y  <  ->  and  on  the  contrary  for  a;  >  1, 
y  >-,  and  if  this  exponent  is  greater  than  unity,  we  haye  on  the  con- 
trary for  a;  <  1,  y  >  -,  and  for  a?  >  1,  y  <  -.    The  curve  corre- 

ar  a? 

spending  to  y  =  Tr*^  according  as  w  is  greater  or  smaller  than  unity, 
runs  in  the  beginning  below  or  above,  and  from  P,  above  or  below, 

the  curve  y  =  or^  z=z  -,    While  those  curves,  which  correspond 

to  the  positive  values  of  w,  are  placed  in  the  beginning  below, 
and  from  Pi  on  above,  the  right  line  X,  JT,,  the  curves  of  the  negar 

tive  exponents  (—  w)  run  first  above,  and  from  P,  on  below,  Xx  X,. 
For  the  former  curves  we  have,  for  y  =  0,  a?  =  0,  and  for  a;  =  oo, 
y  =  00 ,  and  for  the  latter,  for  a;  =  0,  y  rr  oo ,  and  for  a?  =  oo, 
y  =  0.  While  the  former  diverge  more  and  more  from  the  co-or- 
dinate axes  X  X  and  Y  Y,  the  farther  we  follow  them  from  the 
origin  ^„  the  latter  approach  more  and  more  on  one  side  the  axis 

X  X,  and  on  the  other  axis  Y  Y,  without  ever  reaching  them. 

The  last  system  of  curves  approach  nearer  and  nearer  the 
broken  hue  Y  N  Pi  X^  or  the  broken  line  Fi  P,  if  JTas  the  expo- 
nent approaches  nearer  and  nearer  the  limit  tj  =  0  or  w  =  oo. 

If  in  y  =  a;*" ,  w  is  an  entire  uneven  number  (1, 3, 6,  7  . .  .)>  y 
and  X  have  the  same  sign.  Positive  values  of  x  correspond  to  positive 
values  of  y,  and  negative  values  of  x  to  negative  values  of  y.  If  on 
the  contrary  m  is  an  entire  even  number  (2,  4,  6,  etc.),  y  becomes 
positive  for  all  values  of  x,  positive  or  negative.     Therefore  the 

curves  in  the  first  case,  as  E.G.,  (3  P,  A  Pj  3)  or  (1  Pi  1, 1  P,  1), 
run  on  one  side  of  the  axis  of  ordinates  above,  and  on  the  other  side 

below,  the  axis  of  abscissas  X  A  X ;  on  the  contrary  the  curves  in 

the  second  case,  as  E.G.,  (2  Pi  A  P^  2)  or  (2  P,  2,  2  P^  2),  are  placed 
above  the  axis  of  abscissas  only,  and  are  contained  in  the  first  and 
fourth  quadrants ;  the  former  corresponds  for  m  =  ±  oo  to  the  limit- 
ing lines  YiM  A  Jf,  Y^  and  JT  if  F, ,  X  Mi  F,,  the  latter  on  the 
contrary  to  the    limiting    lines  Fi  if  ^  ifi  Y^  and  X  M  Yi 

XMY^ 

If  we  have  y  ==  a;*  *,  w  being  an  entire  uneven  number,  y  and 
X  have  the  same  signs,  and  if  n  is  an  entire  even  number,  every 
positive  value  of  x  gives  two  equal  values  for  y,  one  of  which 
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is  positive  and  the  other  negative,  and  on  the  contrary  for  every 
negative  value  of  x,  y  is  imaginary  or  impossible.  The  curves, 
as  B.Q.  (J  Pi  -4  P,  J),  which  correspond  to  the  first  case,  are  found 
only  in  the  first  and  third  quadrants,  and  the  curves  of  the  second 
case,  as  b.g.  (^  P,  A  P,  J),  only  in  the  first  and  second  quad- 
rants: the  former  become  for  w  =  oo  the  limiting  hnes  Xi  JV 

A  I^i  Xt  and  Xi  N  J",  Xi  N^  Yy  and  the  latter  the  limiting  lines 

Xi  N  A  N,  X,  and  X,  N  T,  X,  N^  Y. 

Since  y  =  x*"  involves  x  =  y**,  it  follows,  that  the  latter  sys- 
tem of  cnrves  \y  =  a;  */  differs  from  the  former  ( y  =  a:*'")  in  its 
position  only,  and  that  by  causing  them  to  revolve,  the  curves  of 
one  system  may  be  made  to  coincide  with  those  of  the  other. 

-  =  (  -Y         - 

Since  y  z=z  x'*  \x*)  =  (a?*)"  we  can  always  give  from  what 
has  gone  before  the  general  course  of  a  curve.  E.G.,  the  curve 
for 

y  =  xi  =  (xiy  =  (y^y 

has,  for  both  positive  and  negative  values  of  x,  positive  ordinates ; 
on  the  contrary,  the  curve  for 

y  =  xl  =  (x^Y  =  (^y 

has,  for  positive  values  of  x  only,  real  ordinates,  and  they  are  equal 
in  magnitude,  but  with  opposite  signs.    Further,  for  the  curve 

y  =  a^  =  yyxj, 

y  and  x  have  the  same  sign,  since  neither  the  fifth  root  nor  the 
cube  causes  a  change  of  sign. 

Finally,  the  curves,  which  correspond  to  the  equation  y  = 

—a?",  differ  from  those  of  the  equation  y  =  ar"  only  by  their  reversed 

position  in  regard  to  the  axis  of  abscissas  X  X,  and  they  form  the 
symmetrical  halves  of  a  complete  curve. 

Art.  I O.  From  the  important  formula  d  (af )  =  n  af  ~*  dxwe 
obtain  the  formula  for  the  tangential  angle  of  the  corresponding 
carves  represented  in  Fig.  18.    It  is 
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and  therefore  we  liave  the  eubtangent  of  these  curves 
_     dx  _    af       _  X 
^ dy  ~  n  3f~^  ~  n 
Hence,  for  the  so-called  parabola  of  Neil,  the  equation  of  which 

ia  a  y"  =  3^^  or  y  =  r  — ,  we  haTc 

aad  the  enbtangent  =  %x. 

Farther,  for  the  curve  already  discussed  y  =  —  ^  t^  st"', 

and  the  subtangcnt  :=—-  =  —  a:.    (See  Fig.  5.) 
Fio.  18. 
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Gonseqnently^  we  have  for  a?  =  0,  tang,  o  =  —  oo  and  a  =  90**, 

for  a?  =  a,  tang,  a  =  —  1  and  a  =135** 
and  for  a  =  oo,  tang,  a  =  0  and  a  =  0%  etc. 
Abt.  1 1.  When  a  right  line  A  0,  Fig.  19,  cuts  the  axis  of  ab- 
scissas at  an  angle  0  A  X=^  a^  and  is  at  a  distance  C K  =:  n  from 
the  origin  of  co-ordinates  (7,  the  equation  between  the  co-ordinates 
C M  =z  N P  =  X  and  C N  =  MP  =  y  of  a  point  in  the  same  is 
y  COS.  a  —  X  sin.  a  =l  ny  since  n^MR  —  MLyMR^y  cos.  a 
and  M  L  =^  X  sin.  a. 

ft 

For  a;  =  0,  y  becomes  C  B  =  i  =  ,  therefore  we  haye  n= 

^  COS.  a' 

b  COS.  <iy  and  y  cos.  a  —  a;  sin.  a  =  h.  cos.  a  or 

y  =  b  +  X  tang.  a. 

Generally  the  lines  C  A  and  C  By  which  measure  the  distances 

from  the  points  where  the  line  cuts 

the  co-ordinate  axes  C  X  and  C  Y 

to  the  origin  of  co-ordinates,  are 

called  the  parameters  of  the  line^ 

and  are  designated  by  the  letters  a 

and  b.      According  to   the  figure 

C7  -4  =  —  a,  therefore 

CB         b 
tang.a^.^^  =  ^~y 

and  consequently  the  equation  of 


the  straight  line  becomes 


y  =  J  -  -a?,or-+|  =  l. 
a         a     0 


y_ 


(See  Ingenieur,  page  164.) 

When  a  curve  approaches  more  and  more  a  line,  which  is  sit- 
uated at  a  finite  distance  from  the  origin  of  co-ordinates,  without 
ever  attaining  it^  the  line  is  called   the  Astmftote    of   the 

CUKVE. 

The  asymptote  can  be  considered  as  the  tangent  to  a  point 
of  the  curve  situated  at  an  infinite  distance.  Its  angle  of  inclina- 
tion to  the  axis  of  abscissas  can  be  determined  by 

tang,  a  =  ^ 

and  its  distance  n  from  the  origin  of  co-ordinates  by  the  equation 
n  =  y  COS.  a  —  X  sin.  a  z=:  {y  —  x  tang,  a)  cos.  a 
^     y  —  xtang.a    _ 


VI  +  (tang,  a) 


S>4-H)V>-d-^: 
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as  well  as  by  the  formula  »=CV  cotq.  a— a;)  sin,  a  =   ^     ^' 


4ff-')^/TT0 


when  we  substitute  x  and  y  =  oo  in  them. 

In  order  that  a  tangent  to  a  point  infinitely  distant  can  be  an 
asymptote,  it  is  necessary,  that  for  :v  or  y  ==  co,y  —  x  tang,  a  or 
y  COS.  a  -^  X  shall  not  become  infinitely  great. 

1 


For  a  curve  whose  equation  is  y  =  ar"  = 


af 


tang. a  =  —  ^^^  and y  —  a;  tang,  a  =z  x^+  —  = 


x' 


X  X 

and  also    y  cotg.  o  —  a?= «=  —  (wi  +  1)  — ,  therefore 

1)  for  a;  =  00 ,  y  =  0,  tang,  a  =  0,  y  —  «,  tang,  a  =  0  and  n  =  0, 

■ 

and  2)  for  y  =  oo,  a?  =  0,  tang,  a  =  oo,  y  cotg.  —  a?  =  0  and  »  =  0. 

The  axis  of  abscissas  XX  corresponds  to  the  conditions  tang,  a 

=  00  and  n  =  0,  the  axis  of  ordinates  Y  Y  \o  the  conditions 
tang,  a  =  0  and  n  =  0 ;  therefore  these  axes  are  the  asymptotes 
of  the  curve,  corresponding  to  the  equation  y  =  ar^.     (Compare 

the  curves  1  P,  1,  2  Pi  2j  and  i  Pj  J  in  Pig.  18,  page  48.) 

Aet.  12.  The  equation  of  an  ellipse  A  D  Ai  Di,  Fig.  20,  can 

be  deduced  from  the  equation 

rr"  +  y«j  =  a* 

of  the  circle  AJB  Ax  Bx^  whose  ra- 
dius  is  C7^  =  C5=  (7P  =  a 
and  whose  co-ordinates  sre  C  M 
=  X  and  M  F  =  yx,  when  we 
consider,  that  the  ordinate  MQ 
=  y  of  the  ellipse  is  to  the  ordi- 
nate if  P  =  y,  of  the  circle,  as  the 
lesser  semi-axis  (7  2>  =  J  of  the  el- 
lipse is  to  the  greater  semi-axis, 
which  is  equal  to  the  radius  of  the 
circle  C  B  ^  a.    We  have  then 


-^  =  -,  whence  i/x  =  t  V  and  a:*  +  -^r  y*  =  «*>  i-^. 
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If  we  snbstitate  in  this  equation  for  +  Vj  —  Vy  we  obtain  the 


equation 


which  is  that  of  the  hyperbola  formed  by  the  two  branches  P  A  Q 
and  P,  A,  Q,,  Fig.  21. 
When  in  the  formula 


^      a 
deduced  from  the  latter  equation  we  take  x  infinitely  great,  a*  dis- 
appears before  a^,  and  we  have 

y  =  -  V^  =  ±  —  =  ±  xtang.  a, 

the  equation  of  two  right  lines  C  V  and  C  F  passing  through  the 
origin  of  co-ordinates  C.    Since  the  ordinates 

±  *  ar  =  -  i^'  and  -  f^"=^' 


tend  to  become  equal  as  x  becomes  greater,  it  follows  that  the  right 
lines  C  UtaA  t7  Fare  the  asymptotes  of  the  Hyperbola. 

If  we  take  C  A  ^  a^  the  perpendicular  ^  ^  =  -h  J  and 
-4  2?  =  —  J,  we  can  determine  the  two  asymptotes ;  for  the  tan- 
gent of  the  angle  ±  a,  formed  by  the  asymptotes  with  the  axis  of 
abscissas,  is 

A  B  h 

tang.  A  C B  ■=^  ~n~A^  ^"^  tang.  «  =  ->  and 

in  like  manner 

tang.  A  CD  =  7^-^,  lb.  tang.  (—  a)  = . 

If  we  take  the  asymptotes  JT"  F  and  F  F  as  axes  of  co-ordi- 
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nates,  and  put  the  abscissa  or  co-ordinate  0  ^ia  the  direction  of 
the  one  axis  =  u,  and  the  ordinate  or  co-ordinate  IfP  in  the  di- 
rection of  the  other  =  v,  we  have,  since  the  direction  of  u  varies 
from  the  axis  of  abscissas  by  the  angle  a,  and  that  of  v  by  the 
angle  —  a 

C  M  =:  X  =  C  Ncos,  a  -\'  N  P  cos.  a  =  (w  +  v)  cos,  a,  and 
MP  r=  y  z=z  C  N sin.  a  —  N  P  sin,  a  ~  (u  —  v)  sin,  a. 

If  we  designate  the  hypothenuse  C  B  =  V  a^  •{-  Vhj  e^ 

.   ,  a       ^    ,  h 

we  have  cos,  a  =z  —  and  sin,  a  =  — , 

e  e 

-                  ,,      cos,  a      sin,  a       1        . 
and  consequently    =  — r —  =  — ,  and 

— r  —  4i  =  ^ = C09'  ^  —  ^^ -' ^^'  * 

a         0 


a 


V 


t*'  +  2  w  v  4-  r'        u*  —  2  uv  +  v^       4  w  v 


=  1. 


e'  e'  e 

From  the  latter  we  obtain  what  is  known  as  the  equation  of  the 
hyperbola  referred  to  its  asymptotes 


6  $ 

uv  =  -rOTV  =  -. — . 

4  4:U 


According  to  this  it  is  easy  to  draw  the  hyperbola  between  the 
two  given  asjrmptotes. 


e 


The  co-ordinates  of  the  vertex  A  are  0  JE  =  E  A  =  -^,  and 

Fig.  22, 


e 


the  co-ordinates  for  the  point  Kare  0  B  =  e  and  B  K  =:  -j-;  fur- 

C  6 

ther,  for  the  abscissas  Z  e,3  e,ie,  etc.,  the  ordiuates  are  ^  -j-,  ^  — , 


i  4-.  etc. 
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Akt.  13.  If  in  the  ratio  of  the  differentials  ^^  or  in  the  for- 
mula for  the  tangent  tang,  a  of  the  tangential  angle,  we  substitute 
successiyely  the  different  yalues  of  x^  we  obtain  all  the  different  po- 
sitions of  the  tangent  to  the  corresponding  curve.  If  we  take  a?=0, 
we  obtain  the  tangent  of  the  tangential  angle  at  the/ origin  of  co- 
ordinates, and  if  on  the  contrary  we  take  a;  =  oo,  we  have  the  same 
for  a  point  infinitely  distant  The  most  important  points  are  those 
where  the  tangent  to  the  curve  runs  parallel  to  one  or  other  of  the 
co-ordinate  axes,  because  here  one  or  other  of  the  co-ordinates  x  and 
y  have  their  greatest  or  smallest  value,  or,  as  we  say,  is  a  maximum 
or  minimum.  When  the  curve  is  parallel  to  the  axis  of  abscissas  we 
have  a  =r  0,  and  tang,  a  =  0 ;  when  paraUel  to  the  axis  of  ordinates 
a  =  90**,  or  tang,  a  z=  co^  whence  we  deduce  the  following  Rule : 
To  find  the  values  of  the  abscissa  or  independent  variable  x, 

which  correspond  to  the  maximum  or  mini- 
mum value  of  the  ordinate  or  dependent  va- 
riable y,  we  must  put  the  ratio  of  the  differ- 

d  y 
entials  -=-^  =  0,  or  =  oo  and  resolve  the  result- 
d  X 

ing  equation  in  regard  to  a;;  E.O.,  for  the 
equation  y  =  6a;  —  -Ja^+a:*,  which  corre- 
sponds to  the  curve  ^  P  ^  ^  in  Fig.  23. 

^  =  6-9a?  +  3a^  =  3(2-.3«  +  a:')  = 
a  X 

3(l-a;)(2-«); 

consequently,  in  placing  -^  =  0,  we  have 

a  X 

1  — a;  =  0and2--a;=0, 
LE.  a;  =  1  and  a;  =  2. 

Substituting  these  values  in  the  formula 

y  =  6  a;  —  5  a;'  +  re*, 
we  have  the  maximum  value  of  y,  If  P  =  6  —  5  +  l  =  j,  and 
the  minimum  value,  JV  ^  -  12  —  18  +  8  =  2. 

Farther,  for  the  curve  X  0  P  Q  R,  Fig.  24,  whose  equation  is 

y  =  a;  +  "^{x  —  1)',  we  have 

2 
which  becomes  =  0,  for    ,  =  —  1,  lb.  for  J  Jf  =  a:  =  1  — 

3^^a:-l 

(§)»  =  Jf  =  0.7037,  and  on  the  contrary  =  oo,  for  ^  JV^  =  a;  =  1. 
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The  firet  case  corresponds  to  the  maximum  yalne, 

MP  =  y^=l^(^y  +  ay  =:  -3i  =  1.148, 
and  the  last  to  the  minimum  value,  j^  Q  =z  y^  z=  l. 

We  have  also  A  0  =  y 
=  1  for.jT  =  0,  and  y  =  0 
for  the  abscissa  A  X=  x, 
corresponding  to  the  cubic 
equation  a;'  +  a:*  —  2  «  4- 1, 
whose  value  is  a;  =  —  2.148. 
Abt.  I4f  Since  in  the 
equation  of  a  curve  which 
starts  from  the  origin  of 
co-ordinates  A,  and  rises 
X  above  the  axis  of  abscissas, 
y  increases  with  x,  d  y  is 
always  positive,  and  since 
when  the  curve  on  the  contrary  descends  towards  that  axis,  y  de- 
creases when  X  increases,  d  y  becomes  negative.  Finally  at  the 
point  where  the  curve  runs  parallel  to  the  co-ordinate  axis  A  X, 
d  y  becomes  equal  to  zero,  and  the  differentials  of  the  ordinates, 
corresponding  to  the  equal  differentials  dx  =  M lf=  N 0  =  P  S 
=.  Q  7  of  the  abscissas,  are 

S  Q  =  P  8 tang.  Q  P  8,  le.,  dyi  =  dx  tang,  a, , 
TR=^  Q  T tang.  R  Q  T,  le.,  dyi  =  dx  tang,  a, ,  eta 
The  tangential  angles  a, ,  a,  ^  etc.,  also  increase  for  a  convex 
curve  APR,  Fig.  25,  and  decrease  for  a  concave  curve  APR, 


Fia.24 
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Fig.  27. 


M    N    O 


M    N    O 


A  M     N    O 

Fig.  26 ;  consequently  in  the  first  case 

d  {tang,  a)  =  d  y^^J  is  positive, 

and  in  the  second   d  (tang,  a)  =  d  ij^)  is  negative,  and  for  the 
points  of  inflexion  Q,  Fig.  27,  lb.  for  the  places  Q  where  the  con- 
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yentj  changes  into  ooncaTity^  or  where  the  contrary  takes  place, 
we  have  8  Q  =  TB,  and  therefore  d  (tang,  a)  =  d  (~j  =  0. 

Hence  we  have  the  following  Bule : 

If  the  differential  of  the  tangetUial  angle  is  positive,  the  curve  is 
convex,  if  it  is  negative,  the  curve  is  concave,  and  if  it  is  equal  to 
zero  we  have  a  point  of  inflexion  of  the  curve  to  deal  with.  From 
the  foregoing  we  can  easily  make  the  following  deductions : 

The  place,  where  the  curre  runs  parallel  with  the  axis  of  abscis- 
sas and  for  which  tang,  a  =  0,  corresponds  either  to  a  minimum  or 
to  a  maximum,  or  to  a  point  of  inflexion  of  the  curve,  according  as 
the  curve  is  convex,  concave,  or  neither,  ia,  as  d  {tang,  a)  ib  pos- 
itive, negative,  or  eqtuil  to  zero.  On  the  contrary,  the  point,  where 
the  curve  runs  parallel  with  the  axis  of  ordinates  and  for  which  we 
have  tang,  a  =  oo,  corresponds  to  a  minimum,  or  maximum,  or  to  a 
point  of  inflexion  of  the  curve,  according  as  the  latter  is  concave, 
convex,  or  in  part  concave,  or  in  part  convex :  lb.,  as  d  {tang,  a) 
is  negative  or  positive  on  each  side  of  this  point,  or  has  a  different 
sign  on  different  sides  of  it. 

A  portion  of  a  curve  with  a  point  of  inflexion  of  the  first  kind 
is  shown  in  Fig.  28,  and  a  curve  with  one  of  the  second  kind  in 
Fig.  29.  We  perceive  that  the  corresponding  ordinate  N  QiB  nei- 
ther a  maximum  nor  a  minimum,  for  in  this  case  both  of  the 
neighboring  ordinates  M  P  and  0  jB  are  larger  or  smaller  than 
N  Q.    In  Geometry,  Physics,  Mechanics,  etc.,  the  determination 


Fie.  28. 


Fig.  20 


Fig.  80. 
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of  the  maximum  and  minimum,  or  the  so-called  eminent,  values  of  a 
function,  is  often  of  the  greatest  importance.  Since  in  the  course 
of  this  work  various  determinations  of  such  values  of  functions  will 
be  met  with,  we  will  here  treat  only  the  following  geometrical 
problem. 

To  determine  the  dimensions  of  a  circular  cylinder  A  N,  Fig. 
30,  which  for  a  given  contents  V  has  the  smallest  surface  0,  let  us 
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designate  the  diameter  of  the  base  of  the  cylinder  by  x  and  the 
height  of  the  same  by  y ;  here  we  have 

and  the  snr£Etee  or  the  area  of  the  two  bases. plus  that  of  the 
curved  portion 

0  =  — ^  +  TT  a;  y, 

but  from  the  first  equation  we  have 

4  V 
TT y  =  -—^  or  TT xy  =  4:  Var^ 

substituting  this  value  oinxy^  we  obtain 

0  =  ^  +  4:  Far', 

and  since  we  can  treat  0  and  x  as  the  co-ordinates  of  a  coire,  we  hare 

^  ax 

Putting  this  quotient  equal  to  zero,  we  obtain  the  equation  of  con- 
dition 

4  V 
n  X  =  -~j-  or  TT  iT*  =  4  V. 
of 

Besolving  the  equation  in  reference  to  x,  we  have 


=V^*^ 


a;  =  y ,  and 


4  F        */  64  r       ff*  1/TV 

Since  d  {tang,  a)  =  i  tt  h ~\  dxis  positive,  the  value  found 

furnishes  the  required  minimum.  We  can  employ  the  same 
method  when  we  wish  to  determine  the  dimensions  of  a  cylindri- 
cal vessel  which  for  a  given  contents  will  need  the  smallest  amount 
of  material.  They  are  already  determined  directly  when  the  vessel 
besides  its  circular  bottom  is  to  have  a  circular  cover,  but  when 
the  latter  is  not  needed  we  have 

TT  aj* 
0  =  —T — h  4  F  x''\  consequently 

-rr-  =  — r-,  whcncc  it  follows  that 
2  or 


'AF  VF"    n*         V  F 

a;  =  2  y  —  andy  ==  y -r.  ™  ==  y  —  =  i  a:. 


n  "        ^    n'     y^        '     n 
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While  in  the  first  case  we  mnst  make  the  height  equal  to  the 
width  of  the  cylinder^  in  the  second  we  must  make  it  but  one-half 
the  width  of  the  latter. 

Asi.  15.  By  successiTe  differentiations  of  a  function  y  =zf(x), 
we  obtain  a  whole  series  of  new  functions  of  the  independent  va- 
riable Xy  which  are 

J'^^^-^dx"    dx 

E,G^  for       y  "=-  f  (a?)  =  a1,  we  have 

/i  {^)  =  I  ^J.  {X)  =  H^TTXJ,  {x)  =  -  i?  art,  etc. 

For  a  function  which  is  developed  according  to  a  series  of  the 
ascending  powers  of  x 

y  =/(a:)  =  -4o  +  J,  a;  +  -4t  a:*  +  -4,  ic*  +  ^4  a^  +  etc.,  we  have 
/,  (a;)  =  ^,  4-  2  -4,  a;  +  3  J,  a;'  +  4  J4  «•  +  etc. 

/,  (a:)  =  2  J,  +  2  .  3  -4,  a:  +  3  .  4  ^4  «"  +  etc 
/,  (a?)  =  2  .  3  -4,  +  2  .  3  .  4  J4 «   +  etc. 

Substituting  in  these  series  a;  =  0  we  obtain  a  series  of  expres- 
sions suitable  for  the  determination  of  the  constants  A^A^^A^..,  viz. 

/(O)  =  ^o,/i  (0)  =  1  A,,f,  (0)  =  2  A,  J,  (0)  =  2  .  3  .  ^., 
etc,  whence  we  deduce  these  co-efficients  themselves. 

A,  =/(0),  A,  =/,  (0),  A,  =  i/.  (0),  A,  =  ^/.  (0), 

Thus  we  can  develop  a  function  into  the  following  series,  known 
IS  McLaurin's. 

fix)  =/(0)  +/.  (0)  .  ?  +/.(0) .  3^  +/.  (0)  .  j-|^ 


1.2.3.4 

For  the  binomial  function  y  =  /  (a;)  =  (1  +  a:)"  we  have 

/,  (x)  =  n  (1  +  xY-\f,  {x)  =  n  (w  -  1)  (1  +  xy 
/,  (x)  =  n  (»  —  1)  (w  -  2)  (1  +  x)"-*,  etc. 

When  we  put  a:  =  0,  we  obtain 

/(O)  =  1,/.  (0)  =  n,/,  (0)  =  n  (n  -  1) 

/i  (0)  =  n  (n  —  1)  (w  —  2),  etc.,  whence  the  binomial  seriea 
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L){l  +  xY  =  l  +  jx  +  -y;^ «•  +     ^    1,2.3 ^"^  ^*^ 

We  have  also 

(1  -  *)- =  1  - -^  *  +  -1-^  «;•  - -i-3-JA__ V  +  eta, 

as  well  as 

1  rr 

Farther,  putting  1  +  a;  =  (1  —  «)""*  =  r -,  we  have  ir =r—; —  and 

1  —  Si  1  t-a? 

W  (7t  +  1)   (;^  +  2)  (^\\ 
^  1.2.3  \l  4-  a;/  "^  •  • 

The  series  L  is  finite  for  entire  positive  values  of  n,  and  the 
series  II.  for  entire  negative  values  of  the  same. 

E.G.,  {1  +  xy  =  1  +  6  X  +  10  x^  +  10  of  +  6  31^  +  a^,  and 

+  =  (rr-J-  (rT^)"- 

Since  a  +  a?  =  a  (l  +  -],  it  follows  also  that 

n(«-l)/g\'  -I 

m.)    (a  +  «)"  =  rf- +  J  AT-' «  +  ^^^  ar-' a^ 


Abt.15.]  introduction  TO  THE  CALCULUS.  69 

E.G.,  Vl009"*  =  (1000  +  9)»  =  100  (1  +  0,009)1 

=  100  (l  +  I  .  0,009  +  ^  ^^  ^  ^^  .  (0,009)'  +  . . .    ) 

=  100  (1  +  0,006  -  0,000009)  =  100,5991. 
We  have  also 

{x-{-lY  =  ixr+  nsT-'  +  ^(^-J^)  ar-'  +  . .  .etc 

and  approximately  for  very  great  values  of  x, 

{x  +  ly  =  of  -h  n  7r-\ 
From  this  it  follows  that 

(a;  +  1)"  —  of'  -,    ,, 

aT"*  =  ' — ^^—- ,  further 

n 


-.x^i     7r-{x  -  1) 

{x  —  1)*-'  = 


«N    t       (a^  -  1)   -  (a?  -  2) 
(x  -  2)"-'  =  ^ ^ '- 


n 

9 


ft 


^  '  n 


2'—  1" 
and  finally  1*~*  = ; 

adding  the  two  mcmhers  of  these  equations  together,  we  have 
af-*  +  {x  -  l)*^*  +  {x-  2)"-*  +  {x-  3)-*  +  •..  +  ! 

—  (a?  +  1)"  —  1" 
n 

or,  putting  «  —  1  =  w,  and  writing  the  series  in  the  reversed 
order,  we  have 

1-  +  2"  +  3-  +  . . .  +  (X  -  1)-  +  af  =  ^    ^    V-.       ' 

Now  since  x  is  very  great,  or  properly  infinitely  great,  we  can 
put  {x  +  1)""*^*  =  af*^*,  and  we  then  obtain  the  sum  of  the  powers 
of  the  natural  series  of  numbers. 

IV.)  !"•  +  2'"  +  S"*  +  . . .  +  af  =  — — -, 

B.O.,    Vqi  +  Vy«  +  Vli  +  V15  +  . . .  +  Viooi?  approximately 

_  1000^  _  g  1/ 1000'  =  60000. 
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Fig.  81. 
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Art.  16.  The  ordinate  0  P  =  y^  Fig.  31,  corresponding  to 
the  abscissa  A  0  =  x,  can  be  considered  as  composed  of  an  infinite 

number  of  unequal  elements  d  y,  as 

FB,  0  Cy  HDy  KE which  cor- 

respond  to  the  equal  differentials  dx^= 
AF,=^PL  =  LM=:  MN ....  of 
the  abscissa.     If  therefore  dy  =  <l>{x). 
d  X  were  given,  we  could  determine  y 
by  summing  all  the  values  of  d  y,  which 
we  obtain,  by  substituting  successively 
in  0  (x)  dx{or  x,dxy2  dx,3  dx . . . . 
O   ton  dx  =  X.    This  summing  is  indi- 
cated by  the  so-called  sign  of  integral 
Hon  /,  which  is  placed  before  the  general  expression  of  the  differ- 
ential to  be  sunmied.    Thus  we  write,  instead  of 

y  =^[<t>{dx)  +  <l>{2dx)  +  <t>{3dx)  +  ...  -h  <t>{x)]dx, 
y  =  f  <t>(x)  dx. 

In  this  case  we  call  y  the  integrcU  of  <!>  (x)  d  x^  and  <!>  (x)  dx  the 
differential  of  y.  Sometimes  we  can  obtain  the  integral  /(t>(x)dx, 
by  really  summing  up  the  series  ^  (d  x),  <!>  (2  d  x),  ^  (3  rf  x),  etc. ; 
but  it  is  always  simpler  in  the  determination  of  an  integral  to  em- 
ploy one  of  the  Rules  of  what  is  known  as  the  Integral  Calculus, 
which  will  be  the  next  subject  treated. 

If  n  is  the  number  of  differentials  dxofx,  we  have  x  =  n  dx 

or  dx  =  -,  and  we  can  put 

Thus  for  the  differential  d  y  =^  ax  d  Xy^e  have 
y=z/axdx=^adx{dx  +  2  dx  -f  d  d  x  +  ...  +  n  dx) 
=^{l  +  2  +  d+...  +  n)adx', 
or  since  according  to  Art  15,  IV.,  for  ;j  =  oo  we  have  the  sum  of 
the  natural  series  of  numbers 

1  +  2  +  3  +  4  +  5. ..  +  »  =  ^  71*  and  da^  =  —^ 


n 


y  =z  /  ax d X  =  ^  n*  a  -li  =  ^  a  x'. 


n 
In  a  similar  way  we  find,  if  re  =  w  <Z  «  or  if  a;  is  composed  of  n 

elements  d  Xy 

y==/0(a:)tZ«=/^  -=r((&)'  +  (2rfa;)'  +  (3(«r)»+...+(m&)'1  — 

a        ^  mj  a 

=  (l  +  2*  +  3-+^...  +  n-)— . 

'  a 
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But  from  §  15,  IV./for  »  =  oo ,  we  have 


1  +  2'  +  3'  +  .  .r . .  +  n*  =  -r^,  whence  it  follows  that 


/ 


a  3  *    a  3  a  3  a* 


Art.  17.  From  the  formula  d  (a  +  fnf{x))  =  w df{x\  we 
obtain  by  inyersion 

fmdf  (ic)  =  a  +  m/  (a;)  =  a  +  mf  df  {x),  or  putting 

rf / (a?)  =z  il>(z)  .dx 

I.)       /fn(l>{x)dx=^a-hm/i>(x)da^ 

and  hence  it  follows  that  the  constant  fiustor  m  remains,  in  the  In^ 
tegration  as  in  the  Differentiation,  unchanged,  and  that  a  constant 
member  such  as  a  can  not  be  determined  by  mere  integration; 
the  integration  furnishes  only  an  indefinite  integral. 

In  order  to  find  the  constant  member,  a  pair  of  corresponding 
Taluesof  a;andy  =  /0  (a;)  da;  must  be  known.  If  fora;  =  c,y  =  k, 
and  we  have  found  y  =  /  0  (x)  d  x  =:  a  -{-  f  (x)  then  we  must 
also  have  k  =i  a  +  f  (c),  and  by  subtraction  we  obtain  y  —  i  = 
f{x)  —  /  {c) ;  therefore  in  this  case  we  have 

y^/<l>{x)dx  =  k  +f{x)  -/(c)  =:f{x)  +  k  -/((?), 

and  the  constant  &ctor  a  ^  k  —  f  {c). 

When,  E.G.,  we  know  that  the  indefinite  integral  y^fxdx  — 

a? 

-^  gives,  for  a?  =  1,  y  =  3  we  have  the  necessary  constant  a  = 

3  —  i  =  f ,  and  therefore  the  integral 

/•     ^  .    ^       5  +  a;* 

y  =  /a;da;  =  a  +  y  =  — ^ — • 

Even  the  determination  of  the  constant  leaves  the  integral  still 
indefinite,  for  we  can  assume  any  value  for  the  independent  varia- 
ble x;  but  if  we  wish  to  have  the  definite  value  ki  of  the  integral 
corresponding  to  the  definite  value  Ci  of  x,  we  must  substitute  this 
value  in  the  integral  which  we  have  found,  or,  4,=i4-/ (ci)— /(c). 

5  +  a;' 
E.G.,  y  zs  f  X  dx=.  — 5 —  gives,  for  a:  =  6,  y  =  16. 

Generally  the  value  of  x  for  which  y  becomes  =  0  is  known ; 
in  this  case  we  have  i  =  0,  and  the  indefinite  integral  of  the  form 
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/0a:  (dec)  =f(x)  leads  to  the  definite  one  ii  =  / (ci)  —  / (c), 
which  can  also  be  found  by  substituting  in  the  expression  /  (rr) 
of  the  indefinite  integral  the  two  given  limits,  Ci  and  c,  of  x,  and 
by  subtracting  the  values  found  from  one  another.    In  order  to 

indicate  this  we  write  instead  o{f<p{x)dx,   I  V  {x)  dx, 

if,  B.G.,/0rfa?=  jy  J^'(p{z)dx=z  ^'  ^     . 

By  the  inversion  of  the  differential  formula 

d  [f  (x)  4-  0  (x)]  =  df  (x)  +  d(t>  (x)  we  obtain  the  integral 
formula/ [c?/ (a;)  +  d<l){x)]  =/(a;)  +  ^  (a;),  or  putting 
df  (x)  =  xj}  (x)  dx  and  d(l>  {x)  =  x  (*)  ^  ^> 

11-)  f[^{^)dx  +  x  {x)dx]  =fxl>{x)  dx  +  fx  {x)dx. 

Therefore  the  integral  of  tJie  sum  of  several  differentials  is  equal 
to  the  sum  of  tlie  integrals  of  each  of  the  differentials, 

E.G.    /(3  +  5a?)(la;  =  /3rfa?  +  /6a?rfa;  =  3a;  +  fa;\ 

Abt.  1 8t  The  most  important  differential  formula,  IV^  Art  8, 
d  {s^)  =  .  n  7r~^  d  X,  gives  by  inversion  an  integral  formula  which 
is'equally  important 

It  is  /  n  af-*  dx  =  TfyOrn  f  af^*  dx  =  af^  whence 

/ar-'  rfa;  =  — ; 

n 

substituting  «  —  1  =  m,  and  tj  =  m  +  1,  we  obtain  the  following 
important  integral : 

r  of  dx  =  r, 

which  is  employed  at  least  as  often  as  all  the  other  formulas 
together. 

The  form  of  this  integral  shows  that  it  corresponds  to  the  sys- 
tem of  curves  treated  in  Art  9  and  represented  in  Fig.  17. 

Prom  it  we  have,  E.G., 

/5a:*da;  =  5/a:*(fa?=  Jaj*; 

fV^dx^f7^dx=:  |a:S=  |VJ^; 

/  ( 4  -  6  a;' +  5  a;* )  d  a;  =  /  4  d  X  -  /  6  a;' rf  a?  +  /  5  a;*  rf  a? 

=  4/t?a:-6/a;'da?  +  5/a;*rfa;  =  4  a:- 2a:»  +  a;";  farther, 

d  u  , 

putting  3a:— 2  =  w,        Zdx  =  du^or  dx  =^  -«-,        we  have 
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and  finally,  snbstitatiiig  2  a;*  —  1  =  u  and  AiXdx=^du  or 


xdz  =  -J-,  we  nave 

By  the  sabetitntion  of  the  limits  the  indefinite  integral  can  be 
changed  into  a  definite  one. 

^o.J^  5  af  rfa?  =  I  (2*  -  r)  =  ^  .  (16  -  1)  =  18}. 
dx 


=     V9  -.     i/4=:  1 


J*   2Vx 

J^  V3a;-2.rfa:  =  |(Vl6^- Vr)  =  ?(64-l)=14 

If  B.G.  /(4  —  6  a^  +  5  «*)  d  a?  =  7,  for  a;  =  0  we  would  have, 
in  general, 

/(4-  6  a:*  +  6a^)rfa:=r7  +  4a?  -  2  a^  +  a;'. 

Art.  19.  The  so-called  exponential  function  y  =  a*,  which 
consists  of  a  power  with  a  variable  exponent,  can  be  developed  as 
follows  into  a  series  by  means  of  McLauiin's  Theorem,  and  its  dif- 
ferential can  then  be  found. 

Putting  a*  =  ^0  +  -4i  a:  +  -4|  a:^  +  -4a  aj*  +  . . . .  we  have,  for 
sc  =  0,  a*  =  a*  =  1,  whence  -4©  =  1 5 

From  a*  =  1  +  -4i  a;  +  ^j  a^  +  -4j  a?*  +  . , . .  we  have 

AT**  =  1  +  -4,  ^  a;  -f  A^dx^  +  A^dx*  +  ....  and  also 
d  (a')  =  (f+^'  '-ar=za'a"-ar=za'  {a'^'  -  1) 
=  (f  {Ai  dx  +  Aidis'  +  Atdx^  +  ..,.) 
=  a*  {Ai  +  Af  d  X  -\-  . , . .)  d  X  =  Ai  a'  d  X. 

Hence,  by  successive  differentiation  of  the  series,  we  have 

/(a?)  =  a-  =  1  -h  AiZ  +  A^a^  +  A^x^  +  ... 

f,  (z)  =  -^  =  A,ar  =:  Ai  -h  2A,x  -{-  SAiX'  ■{-  ... 
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/,  («)  =  ^^  =  J,'  «•  =  2  J,  +  2  .  3  .  ^.a;  +  . . . 

/•(*)  =  ^-^T^^  =  ^■' "*  =  ^  •  ^  •  ^  •  +  ••  • 
Puttmg  a;  =  0,  it  follows  that 

A,  =  Ai,  2A,  =  A,\2.3.A,^  A,* 

whence  A.  r=  .^  A^,  A,  =  -^-^  A,\  A,  =  jt^^^iJ,  &c 
and  the  exponential  series  takes  the  form 

X  2?'  flj*  iC* 

L      a-  =  1  +  ^,  J  +  ^,*  j-^  +  ^i«  j-^-3  +  A,*  j-^-g-^  +  . . . . 

The  constant  coefficient  J  i  is  of  course  a  definite  function  of 
the  constant  base,  as  the  latter  is  a  function  of  the  former.  If  one 
of  the  two  numbers  be  given,  the  other  is  then  determined.  The 
most  simple,  or  the  so-called  natural  series  of  powers,  whose  ba^ 
(a)  will  be  designated  hereafter  by  e,  is  obtained  by  putting  ^i  =  1. 
Then  we  have, 

U.)    ^  =  1 +  1+172  "^17273  "^1.2.3.4  ■^••- 

and  if  we  put  a;  =  1  we  obtain  the  base  of  the  natural  series  of 
powers, 

6>  =  e  =  l  +  l  +  ^H-J  +  2\  +  ....=  2,7182828. 

1  1 

If  we  put  tf  =  a",  or  a  =  e«,  we  have  —  =  Z  a,  which  is  the  Nape- 

rian  or  hyperbolic  Logarithm  of  a,  and 

III.)  a-=(-v=-^=i+j©+i-^jiy+ 

Since  this  series  corresponds  in  its  form  to  that  of  I,  we  have 

also  Ai  ^=  — ,  and, 
m 

IV.)    d  (a')  =  Aict'  dx  =z =  ?  a  •  a*  J  a?,  as  well  as 

V.)    d{e')  =  erdx, 
E.G.    d  (e*-^')  =:^'^'d{dx  +  1)  =3^'dx. 


Aw.  so.]      INTKODUCTION  TO  THE  CALCULUS.  65 

m 

If  we  put  y  =  0^  =  e"  we  baye,  on  tlie  contrary, 

«  =  log.  y  and  —  =  i  y. 

log«  tf  =^  mltfy  and,  on  the  contrary, 

/y,or  log.y  =  ^log.y. 

The  number  m  is  caUed  the  modulus  of  the  system  correspond- 
ing to  the  base  a.  By  means  of  it  we  can  transform  the  Nap^rian 
logarithm  into  any  artificial  one,  or  one  of  the  latter  into  the 
former.    For  Bri^s  system  of  Logarithms  the  base  is  a  =  10, 

whence  —  =  ?  10  =  2,30258,  and,  on  the  contrary,  m  =  y-^  = 

0,43429. 

We  haye  also    log  y  =  0,43429  I  y,  and 

I  y  =  2,30258  log  y. 
(See  Ingenieur,  page  81,  etc.) 

Abt.  iBO.  The  course  of  the  curves  which  correspond  to  the 
exponential  functions  y  =  e",  and  y  =  10*,  is  represented  by  Fig. 
32.  For  a:  =  0,  we  haye  in  both  cases  y  =  e*  =  o*"  =  1.  Hence 
both  curves  0  Q  S  and  0  Qi  8i  pass  through  the  same  point  (0) 
of  the  axis  of  oidinates  A  Y.    For  a;  =  1  we  have. 


X  =  2  gives 


y  =  6*  =  2,718,  and 
y  =  10-  =  10, 

y  =  <f  =  2,718"  =  7,389,  and 
y  =  10"  =  10'  =  100,  &c 


Both  curves  rise  on  the  positive  side  of  the  axis  of  abscissas  very 
steeply,   particularly  the  latter. 

For  a:  =  —  1  we  have  eT  =  e-'  =  — — =  0,368  . . ,  and 

•  10"  =  10-'  =  0,1 ; 
&rther,  for  x  =  —  2,  we  have 

and        10'  =  10-*  =  0,01 ; 

for  a?  =  —  oo  both  equations  give 
5 
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[Abt.  21. 


e 


a 


=  0, 


The  two  curves  approach 
nearer  and  nearer  this  axis  of 
abscissas  on  the  negative  side 
of  the  axis  of  abscissas,  the 
last  more  quickly  than  the  first, 
but  they  never  really  meet  this 
axis. 

Since  we  deduce  from  the 
equation 

and  also  from 

y  -  or  yx-  log.  y 
the  abscissas  of  these  curves 
furnish  a  scale  for  the  Nape- 
rian  and  common  logarithms ; 
for  the  abscissas  are  the  loga- 
rithms of  the  ordinates. 

E.G.  we  have, 
AM^  IMP 

=  loga  M  P„  etc. 

From  the  differential  for- 
mula rV  of  the  last  article  the 
tangential  angle  of  the  expo- 
nential curve  is  determined  by 
the  simple  formula, 

*^^'  ^  ""  51c  "  m  d  a; 
«*      y         7 


m 


m 


Consequently  for  the  curve  0  P,  Qi  /S„  Fig.  32,  the  subtan- 
gent  =  y  cofg.  a  =  m,  that  is,  is  constant ;   and  for  the  curve 

OP  Q  8  His  always  =  1,  kg.,  for  the  point  Q,  JT,  =  1  for  the 

_____  p- 

point  Ry  12  =  1,  etc. 

Abt.  31.  If  a;  =  a*,  we  have  also 

and  by  inversion, 


m 


dy  = 


mdx      m dx 


a' 


X 
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Bat  y  =  fo^«  Xy  that  is,  to  the  logarithm  of  the  variable  power 
X  with  the  constant  base  a;  therefore  we  have  the  following  differ- 
ential formula  for  the  logarithmic  fonctions, 

y  =  log,  X  and  y  =  Ix: 
T\      jf/i        \        m  d  X        1    dx 

n.)   d{ix)  =  —. 

If  a  is  the  tangential  angle  of  the  corye  corresponding  to  the  equa- 
tion y  =  log,  Xy  we  have  tang,  a  =  — ,  and  the  sabtangent  =  y 

X 
X  11 

eotg.  a  =  —^y  or  proportional  to  the  area  xy  ot  the  rectangle  con- 

stmcted  with  the  sides  x  and  y. 

By  means  of  the  differential  formulas  I.  and  IL  we  obtain 

2)     dl^-^  =  dm2  +  x)-  la?] 

m 

=  rfZ(2.+  x)  ~dZ(a;') 

—     ^^    _  9^  —  _  (4  -h  a?)  rf a? 
""  2  +  a?  X    ~         x{2  -h  x)' 

_  rf(g')  d  (er)  ^ef  d  X       erdx  _2er  dx 


From  d  (tf)  = it  follows  that  / ^  =  a*,  lb., 


Abt.  39.    If  we  reverse  the  differential  formulas  of  the  fore- 
going article,  we  obtain  the  following  important  integral  formulas. 

c^ d  X  ,.  »  tt        .1        /*flf*  d  X 
it  follows  that  / 

L)        f<fdx^m(f^(f\lay  and  therefore 
IL)      f  (C  dx  =  ^. 

Farther,  from  d{logaX)= ,  it  follows  that  / =  log,  Xy  lb. 


X  e/         a?  j 

I 

I 
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/d  X        1 
—  =  —  loffa  X  =  Ix,  which  is  also  given  by  the  for- 


mnla  d  {l  x)  = 


X        m 
dx 


X 


By  their  aid  we  can  easily  calculate  the  following  examples: 
f^'dx  =  \fif^'d{bx  -  1)  =  \^\ 

=  fxdx  +  fdx  +  2  y^L^£lil  =  ^  +  a;  +  2  ?  («  -  1). 

ardx=i r-  leaves 

m  +  1 

the  last  integnd  nndetermined ;  for  patting  m  =  —  1,  it  follows 
that   /  —  =   /  ar^  d  a;  =  yr  +  a  constant  =  oo  +  constant,  but 

if  we  put  a;  =  1  +  w,  and  (Z  a?  =  i  w,  we  have 

d  X  d  tt 

—  =  :; =^  (1  —  u  +  u*  —  u*  '\'  u*  —  . . . .)  d  u  ;  and  therefore 

X        1  +  u      ^  ' 

=  f  d  u  —  f  ii  d  u  -\-  f  u*  d  u  —  f  u^  du  •¥  >  >  *  • 


w'        w"        u* 


w         tt        M 
we  can  therefore  also  put  /(1  +  w)  =  m s"  +  -o 1""*""  ^^^ 

nr.)  ,.=(._.),(£^i):^^j):_(£^j):^.... 

With  the  aid  of  this  series  we  can  calculate  the  logarithm  of  all 
numbers  which  differ  very  little  from  1 ;  but  if  we  require  the 
logarithm  of  large  numbers  we  must  adopt  the  following  method. 

Taking  u  negative  in  the  foregoing  formula,  we  have 

7  /I        \  ^*         ^^*        ^* 

Z(l-w)  =  -w--^-y  ---...; 

and  subtracting  one  series  from  the  other,  we  have 
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/(l  +  w)-/(l-.tt)=2(u+  j+~  +  ...) 

1   +  U  X  —1  - 

^ =  x,OTu  = -,  we  have 

1  —  i*  jc  +  1 

This  formula  is  to  be  employed  for  the  determination  of  the 
logarithm   of  such    numbers    as  differ  sensibly  from  1,  ginoo 

5"  is  always  less  than  1. 

We  have  also  I  (X  +  y)  -  Z  a:  =  ?  (^-J^)  =  ?  (l  +  Q 

=  af — ^ — +  4  (—^ — V+  4  (x  ^.     )  + .  •  -1  whence 

VL)     /(*  +  y)  =  ?^  + 42^  +  ^(2^)'+-] 

This  formula  is  used  to  calculate  from  one  logarithm,  that 
of  a  somewhat  greater  number 

0,33333 

=  2  I  ^'^1^34  (   2  .  0,34656  =  0,69312, 
0,00082 

0,00007 

more  exactly  =  0,69314718. 

Henoe IS  =  12*  =  312^  2,0794415, and  according  to  the  last 
formula,  nO  =  J  (8  +  2) 

=  2,0794416  +  0,2231436  =  2,302585. 
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[Abt.  24. 


We  can  also  put  12  =  11  +  ^[j^  +  i  U^^*-^  ••••] 
=  ^(i  +  J .  |i  +  i.-|i  +  ....)  =  0,693147; 

ferther,  /  5  =  Z  (4  +  1)  =  2  Z  2  +  2(j  +  J  .^  +  ....  ),  and  finaUy 

we  can  put  110  =  12  +  15, 

(Compare  Ari  19.) 

Abt.  34*  The  trigonometrical  and  circular  functions,  whose 
differentials  will  now  be  determined,  are  of  practical  importance. 

The  function  of  the  sine,y  =  sin,  ic,  gives  for  a;  =  0,  y  =  0 ; 

TT        ^  1 4-1  fi  — 

fora:  =  -i-  =  ^^if^  =  0,7854 ...,  y  =  i^i  =  0,7071, 


n 


«  a?  =  -^,  y  =  1,  for  a;  =  Tr,y  =  0; 

«  x  =  -^  7r,y  =  —  1,  for  X'=  2  tt,  y  =  0,  etc. 

Taking  x  as  the  abscissa  A  0,  and  y  as  the  corresponding  ordi- 
nate 0  Py  we  obtain  the  serpentine  curve  {APBn  C2tt),  Fig.  33, 
which  continues  to  infinity  on  both  sides  of  A, 
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The  fnnction  of  the  cosme,y  =  cos.  a?,give8,  for  a:  =  0,  y  =  1 ; 

for  X  =  -r-,y  =  Vi;  torx  =  — ,  y  =  0;  for  a;  =  tt,  y  =  —  1 ;   for 

X  =  3  TT,  y  =  0 ;  for  a:  =  2  TT,  y  =i  1,  etc. ;  it  corresponds  to  exactly 

+  1  P  —  Z>  -^  +  1  j  as  the  function  of 

the  sine,  bnt  it  is  always  a  distance  ^  ^  =  1^5708  behind  or  in 
front  of  the  curve  of  the  sine. 

The  cunres,  corresponding  to  the  function  of  tlie  tangent  or  co- 
tangent^y  =  taiig,  a  and  y  =  cotang.  x,  are,  however,  of  an  entirely 
different  form. 

If  we  substitute  in  y  =  tang.  x,x  =  0,lrr,^7T,  we  obtain  y  =  0, 
1,  00,  and  therefore  a  curve  (A  Q  E)  which  approaches  more  and 
more,  without  ever  attainmg  it,  a  line  parallel  lo  the  axis  of  ordi- 

nates  A  Ty  and  cutting  the  axis  of  abscissas  wi  JT  at  a  distance 


TT 


from  the  origin  of  the  co-ordinates.    Now  if  we  put  ii?  =-,  ir,  |  ir, 

we  obtain  y  =  —  oo,  0,  +  oo,  and  therefore  a  curve  {F  it  0),  which 

continually  approaches  the  parallel  bnes,  passing  through  II  and 

(I  tt),  and  for  which  these  parallel  Imes  are  asymptotes.     (See 
Art.  11.) 

K  we  mcrease  x  still  more,  the  same  values  of  y  are  repeated, 
and  therefore  the  function  y  =  tang,  x  corresponds  to  a  series  of 
curves  which  are  separated  from  each  other  in  the  direction  of  the 
axis  of  abscissas  by  a  distance  n  =  3,1416.    On  the  contrary,  the 

TT    IT 

function  y  =  cot.  x  gives  for  a?  =  0,  j  «>  ^,  y  =  oo,  1,  0,  —  oo,  and 

therefore  corresponds  to  a  curve  Ik  Q  a  ^)  which  differs  from  the 

tangential  curve  only  by  its  position;  it  is  also  easy  to  perceive 

that  an  infinite  number  of  branches  of  the  curve,  as,  £.0.;  \J^-k'  ^) 

correspond  to  this  fanction. 

While  the  curve  of  the  Sine  and  Cosine  forms  a  continuous, 
unbroken  whole,  the  curve  of  the  Tangent  as  well  as  that  of  the 
Cotangent  is  formed  of  separate  branches ;  for  the  ordmates  for 
certain  values  of  x  change  from  positive  to  negative  infinity,  in 
consequence  of  which  the  curve  naturally  loses  its  continuity. 


L 
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Abt.  ftS*   The  differentials  of  the  trigonometrical   lines  or 
ftmctious  are  given  by  the  consideration  of  Fig.  34,  in  wbich 
CA  =  CP=CQ  =  l,aKAP  =  x,PQ  =  dx, 
PM=  aiTUX,  G M  =  eos.x,A  S=  tang,  x, 
OQ  =  NQ  —  MP=-  gtn.  (x  +  dx)  —  sin.  x  —  d  sin.  x, 
OP  =  -{CN-CM)  =-coa.  {x+dx)+  cos.  x  =- d cos. x,  ani 
8  T=  A  T—  A  S  =  tang,  {x  +  d x)  -  tang.  x  =  d  tang.  x. 

Since  the  elementary  are  P  ^  is  perpendicular  to  the  radius 
C  P,  and  amce  the  angle  P  C  A  between  tlie  two  linea  C  P  and 
CAa  equal  to  the  angle  P  Q  0  between  the  two  perpendicular  to 
them,  P  Q  and  0  Q,  the  triangles  C  P  if  and  Q  P  6  are  similar, 
and  we  haye 

OQ       CM        dsxn.x      m.x     , 
T-Q=cT-'^-  -d^  =  — -' "^'^'^ 
L)      d  {sin.  x)  =  eos.  x  .dx,  and  in  like  manner, 

OP       P  M         -  dcos.x      Bin.x     , 
P-Q  =  CP'  '-^  ^-  =  -1    '  ^^«"** 
IL)    d  (cos.  »)  =  —  sin.  xdx. 

We  see  from  this,  that  the  influence  of 
^°'  **■  errors  in  the  are  or  angle  upon  the  sine 

increases  as  cos.  x  becomes  greater,  or  as 
tbe  wtc  or  angle  becomes  smaller,  wliile  on 
the  contrary  their  influence  upon  the  co- 
sine increases  as  sine  z  becomes  greater, 

that  is,  the  more  the  arc  approaches  to  ^ , 

and  that  finally  the  differential  of  the  co- 
sine has  the  opposite  sign  from  that  of  the 
arc,  for  we  know  that  an  increase  of  x 
causes  a  decrease  of  cos.  x,  and  a  decrease 
of  X  an  increase  of  cos.  x. 

^  ..  __  '  Letting  fall  a  perpendicular  S  R  upon 

C  Tvre  form  a  trianglo  S  R  T  which  is 

similar  to  the  triangle  C  P  M,  since  the  angle  B  TSw  eqnal  to 

CQNOT  CPJf,  andwehave 
8  T      CP  d  tang,  x 

S'R^'CM'^'^      SR     ' 

|4  =  .--«,...«  =  £^'». 
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1                                  dx 
08=  aecant.  x  = -•  whence  8  R  = and 

€08.  X  COS.  X 

m.)    d  {tang.  X)  =  ^£^, 

If  instead  of  a:  we  Btibstitute  ^  —  2;,  and  instead  of  J  2^  d(^  —  x\ 
?=  —  J  2,  we  obtain 

\cos.[^-x)l 

IV.)    d(eotang.x)  =  -.^^,. 

By  inversion  this  formula  giyes  for  the  dififerential  of  the  arc 

,         d  sin.  X  d  cos.  x       ,         x.  ,  ^ 

tf  a;  = = ; =  (cos.  xy  d  tang,  x 

COS.  X  sin.  X       ^        '  ^ 

=  —  {sin.  xy  d  cotang,  x,  or 

,  d  sin.  X  d  tang,  x 

ax  =z  =  ^  — :  ,  as  well  as 

Vr^isin.  xy       1  +  (tang,  x^ 

^  rf     — d  cos.  X        _  d  cotang,  x 

"~       VT"  {cos.  xy  "  ^  1  +  {cotang.  xf 
If  we  designate  sin.  x  by  y,  and  x  by  sin."^  y,  we  have 

V.)  dsin."'  y  =  -^  y 


and  in  the  same  manner  we  find 

rfy 


VL)        d  cos.-'  y  =  - 


4^1^' 


Vn.)      d  tang."' y  =  ^^^, 

VIIL)    d  cotang."'  y  =  —  ^  J^  ,> 

Abt.  36.  By  inversion  the  latter  diiferential  formnlaB  give 
I.)  /  cos.  X  d  X  =  sin.  x, 

n.)  /  sin.  X  d  X  =  -^  COS.  x^ 

IV.)        J  -r~,—  =  —  cotang.  Xy 


♦  8in.-^  y,  tang-^  y,  etc.,  designate  the  arc  whose  sme  is  y,  whose  tangent 
toy,  etc.— Te. 
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V.)  /  =  sinr^  a;  =  —  cosr^  Xy  and 


VI.)        J  —=z==z  =  tangr^  2;  =  —  cotangr^  x. 

-ni.      ii      T_         .  1         1  /I   ^      \    d sin.  X      cos,  x,d x 

From  the  above,  since  we  have  a  (I  sin.  x)= — : = : 

^  '      stn.  X  s%n.  X 

=  cotg.  X  .  d  XyWe  can  easily  deduce 
VII.)       /  cotg.  xdx  =:  I  sin.  x,  and  also 

VIIL)      /  tang,  xdx  =  —  I  cos.  x\  farther 

,  „  .  >       d  tang,  x  dx  dx  d  i%x) 

a  if  tang. .)  =  ~-^^- =  ^^-^^^  =  ^r^^^^^^^  =  ^^^ 

d  X 
whence         d  {I  tang,  ^x)  ^  — — -,  and 

s%n.  2/ 


{*  d  X         ,  X 

IX.)         /  — =  I  tang.  s> 

'        J  stn,  X  ^2' 


^)      /:;^=^'«'^-{f +  i)  =  ^'^'^-lT-f)- 


Now  putting 


a  __S_  _  a{l-x)  +  b{l-hx) 

r^"^  ""l  +  a?l-«~  (1 +«)(!- a;)' 
we  haye  1  =  a  (1  —  a?)  +  }  (1  +  x)y  and  taking  1  4-  a?  =  0,  or  a;  = 
—  1,  we  obtain  1  =  a  (1  +1)  whence  a  =  ^,  and  putting  1  —  a;  -=  0, 
or  a:  =  1,  we  obtain  1  =  2  S  or  S  =  i,  whence 

1  }  ' 
—      ^      +      ^     ;  and  finally 


1— aj*       1  +  a?      1  —  a; 


XL)      /  :j -^  =  2  ^  L  _^    K  and  in  like  manner 
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Putting  Vl-^  X*  =  xyy  we  hare  1  +  x*  =  x^y^  and 
dx{l  —  y')  =  xydy,  vfhenoe 

-4^=  -  -^  -  '  dl(^-^-y\  and 
Xffl.)         J  Vl  +  3^  =  ^  ^'^  +  ♦'i^r?),  and  also 


dx 
we  haye  only  to  change  ,  into  a  series,  by  division,  and  then 


integrate  each  member.    We  obtain  thus 

5  =  1  —  rr'  +  a;*  — »"  +  a?*  — ...,  and 

1  +  a:' 

J  ^ — -fl^J  ^^^J  ^dx-^-J  x^dx—J  ar*da;+...,  consequently 

a^       a^       x^ 
L)        tangr^  x  =  x  — q-+v ^  —  ...  etc.,  E.O., 

o  O  I 

—  =  tangr^  1  =  1  — J  +  J— 4  +  i""-«->  ^^<i  ^^  ^^  circumference 

whence  7r=  6  ^1(1  -  i  +  ,V  -  ih  +•••)  =  3,1416926.... 
In  the  same  manner  we  obtain  from 

j^lZT^  =  (1  -  a:')-*  =  1  +  1^  +  I  ^*  +  A**  +  ..• 
f-^==fdx-^^fx'  dx^-lf^dx^-^^/Tfdx-^. ..,  I.B., 


X' 


n.)         «n.-a.  =  a:  +  ^  +  ^-^  +  ^^^-g;^4-..., 

B.Q.,  -J  =  «n.-'^  =^(1  +  2^,  +  bIt  +  7TW  +  •••)> 
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1,04167 

^=3.  1^'^^^M  =8,1416.. 
^  0,00070  ' 

0,00012 

When  weput  Mn.  x  =  Aq  +  A^x^  A^a?  +  Ai^  +  A^af  +  ..., 
etc,  we  obtain  by  successiye  differentiation 

1^^^^  =  C05.rr  =  ^  +  2  ^ar  +  3  ^.a;*  +  4^4«*  +  ... 
ax 

^-^^^  =  -  «t7*.a;  =  2  ^,  +  2.3  ^,a;  +  3 .  4^4«' + ... 
ax 

-^-^5^=-co«.a;  =  2.3.^  +  2.3.4.J4a?  +  ... 
a  X 

d  (cos.  X)        ,  ^  ^    .     .    ^ 

1 \ ^  =  Mn.a;  =  2.3.4.^4  +  ... 

^a  X 

Now  for  a;  =  0  we  have  «tn.  a:  =  0,  and  cos,  a?  =  1,  therefow 
we  obtain  from  the  first  series  -4©  =  0,  from  the  second  Ai  =  cos.  0 

=  1,  from  the  third  -4,  =  0,  from  the  fourth  -4s  =  —  -q— «,  from 

the  fifth  A^  =  0,  etc.    If  we  substitute  these  values  in  the  supposed 
series,  we  have  the  series  of  the  sine 

TTT  \  •  __  •  ^^ 

111.)    «»«-2=- j-i7273'*'l.2.3.4.5~1.2.3.4.5.6.7 

In  the  same  way  we  obtain 

IV.)     «»-«  =  l- 172  +  1.2. 3. 4  "1.2.  3.  4.  5. 6 ''"••••' 

TTx       .  x*      2  a:'  17  a;'  , 

V.)       fo^.a,  =  a:  +  ^  +  3-5  +  3-5-^  +  ....and 

^r^  1      a;  a;'  2  3;*^ 

VI.)     «,to„<7.a;  =  ^-3-g-^-3-g-^-,ete. 

(See  Ingenieur,  page  159.) 

Abt.  28.  When  we  integrate  the  differential  fonnula  d  (uv) 
^udv-hvdu,  of  Art.  8,  we  obtain  the  expression  u  v  =/  udv 
+f  V  du,  and  the  following  formula  for  integration : 

/vdu=:uv^/udv,OT 

/<p{x)  df(x)  =  0  {x)f{x)^/f{x)d4>{x). 

This  is  known  as  the  integration  by  parts. 

This  rule  is,  always  employed  if  the  integral  f  v  d  u  -==• 
S  0  (a;)  df  {x)  is  not  known,  and  if,  on  the  contrary,  f  ud  v= 
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// (x)  d^x  id.    B.<}.  By  means  of  this  formula  we  can  refer  the 
integration  of  the  formnla. 


dy  =  Vl-\-a^  .dx 
to  another  known  integral    We  must  substitute 

^  {x)  =   VTT^,  whence  rf  0  (a?)  =   ^-— -. 
and     /  {x)  =  Xy  whence  df  {x)  =  d  ic,  then  we  have, 
/fT+1?  rf a?  ==  ar  VTT^  ^ /-;j7=V  but 
a:*  1  +  !»•  1  , 1 


whence  it  follows  that 

f  VY^To^dx-xViT^  -  f  VTT^dx  +  /"i/Y^'  ^^ 

%fvrr^dx=^xVTT^  +  f-;^^^ 
and  consequently, 

=  i  [a;  VTT^  +  ?  ( »  +    ♦'TT*')]- 
In  like  maimer, 

n.)      fviz^ix^^s^vr^  +  if-^;^ 

=  ^  [a;  Vl  —X*  +  wn.~*  x\,  and 
IIL )        /  V?^l  rf  a;  =  ^  a:  V?^l  -  ^  /"^^^ 

We  have  also 

/{fin.  «)■  i  x^ifrin,  X  sin,  x  dx=  --fsin.  x  d  (cos.  x) = — m».  x  cos,  x 

+/co8.  X  d  (sin.  x)  =  —  sin.  x  cos,  x  +/  {cos.  xy  dx 
=  —  sin.  XCOS.X  +  /[I  —  {sin.  a?)*]  d  a;, 

whence  it  follows  that 
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8  /  (sin.  x)'  d X  =f  dx  —  gin.  x  cos.  x,  and 
IV.)         /  {sin.  xydx  =  ^  {x  ~  ain. x  cos.  x)  =  ^  {x  ~  ^  gin.  2  a;). 

In  like  manner 
V.)  /  (cos.  xy  d x=^  (x+sin.  X  COS.  x)^ii  (x  +  I  sin.  Z  x),  naA 

VI.)         / sin.  xcos.xd X  =  }  / sin.  S « rf (2 ar)  =  —  J  cos.  2  x, 
VII.)       J"  (tang,  xy  dx  =  tang,  x  —  x,  and 
Vin.)     /  {colg.  xy  dx=  ~  {cotg.  x  +  x). 

Finally  we  have 
IX.)         f  X  sin.  xdx=—x  cos.x+/eos.xdx=:—xcos.x+sin.Xf 
X.)  /x^dx  =  /xd(e')=xe'-/^dx  =  {x-l)^, 

XL)  I  Ix.dx  =  xlx  —  I   X  —  =  xi}x  —  V),  and 

XII)   /«,,...=|:,.-/iT  =  <'«-«i 

Aht.  30.  K  we  wish  to  find  the  qnadratnre  of  a  carve,  AP  B, 
Pig.  35, 1.E.,  to  determine  or  express  by 
Pis.  B5.  ^  function  of  the  abscissas  o  this  curve 

the  area  of  the  surface  ABC,  which 
is  enclosed  by  the  curve  A  P  B  and 
its  co-ordinates  A  C  and  B  C,  we  im- 
agine this  surface  divided  by  an  in- 
finite number  of  ordinates  M  P,  N  Q, 
etc,  into  elementary  strips,  like  MN 
P  Q,  with  the  constant  width  d  x,  and 
the  variable  length  M  P  =  y.  Since 
we  can  put  the  area  of  such  an  element  of  the  sur&ce 

we  will  find  the  area  of  the  entire  surface  by  integrating  the  differ- 
ential y  dx,  and  we  have 

F=fydx; 
E.a.,  for  the  parabola  whose  parameter  is  p  we  have  y"  =  p  x,  and, 
therefore,  We  surface 


?'  =  y*  V^d  X 


x'/p. 
I 
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The  surface  of  the  parabola  A  S  Cie  therefore  two-thirds  of 
the  lectaDgle  A  G  B  D  vhich  encloses  it. 

This  formnla  holds  good  also  for  oblique  co-ordinates  inclined 
at  an  angle  X  A  Y  =  a,  elq.,  for  the  surik*  ABC,  Fig.  36,  we 
have  when  we  snbstitnte  instead  of  B  C  =  y  the  noiinal  distance 
B  N=  y  tin.  a 

F=  sin.af  y  dx, 

B.O.,  for  the  parabola  when  the  axis  of  abscissas  ^  X  ia  a  diameter, 
and  the  axis  of  ordinates  AY^s  tangent  to  the  curve,  we  have 

y*  =  Pi  a;  =  '-?-i-.    (See  "Ingemeur,"  page  177.) 
and  F  =  ^xy  sin.  a, 
L£,  the  sorfoce  A  B  C  =%  parallelogram  A  B  CD. 


FiaSe. 


y 


■*         MN  C  1 


For  a  surface  B  C  C,  B,  =  F,  between  the  ahec^ssa  ACi  - 
and  A  C  =  c.  Fig.  37,  we  obtmn,  according  to  Art  17, 


T=.J^'ydx. 


B.G.,  for  y  - 


-r- 


!  o"  (!  a  -  !  e)i 


'©■ 


The  equation  —  corresponds  to  the  curve  P  Q,  Fig,  38,  dis- 
cussed in  Art  3,  and  if  we  have  A  M  =  c  and  A  N  =  c^  the  area 
of  the  surface  M N Q  PSa 
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If  ve  suppose,  for  simplicity, 
tliat  a  =  e  =  1,  and  c,  =  x,  ve 
obtuQ 

F=lx', 

hence  the  sur&oes  (1  if  P  1), 
(1  JV  Q  1),  etc.,  are  the  Naperiaii 
logarithms  of  the  abscissaB  A  M, 
A  N,  eta  The  curve  itself  is  the 
so-called  equilateral  hyperbola  in 
which  the  two  semi-axes  a  and  b 
are  equal;  hence  the  angle  formed 
by  the  aaymptotes  with  the  axes  is  a  =  45° ;  and  the  right  lines 
A  X  and  A  V,  which  approach  nearer  and  nearer  the  cnire  with- 
out ever  attaining  it,  are  its  asymptotes.  In  consequence  of  the 
relation  between  the  abscissas  and  the  area  of  the  Bur&cea,  the 
Naperian  logarithms  are  often  styled  hyperbolic  loyarilhms. 


Abt.  30.  We  can  put  every  integral  /ydx  =  J'ttt(x)dx 
equal  to  tbe  area  of  a  surface  F,  and  if  the  int«- 
FiG.  89.  gration  cannot  be  effected  by  means  of  one  of  the 

known  rules,  we  can  find  it,  at  least  approximately, 
by  calculating  the  area  of  the  corresponding 
surface  by  meaais  of  a  well-known  geometrical 
device. 

If  a  Burfece  A  B  P  Q  N,  Fig.  39,  ie  deter- 
mined by  the  base  A  X"  =  x,  and  by  three  equi- 
distant ordinate's  A  B  =  y^  M  P  =  y»  N  Q 
=  y^-wn  have  the  area  of  the  trapezoid 


ABQN=F,  =  {y,+y,)l: 

and  that  of  the   segment  B  P  Q  S  B,  if  vfB  consider  B  P  Q 
to  be  a  parabola 

Ft  =  i  P  8.B  R  =  l  (M  P  -  M  S)  .A  N  =  %(y,-^-i^^Ax. 

Hence  the  entire  sorfhco  is 
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F=  F,  +  F,  =  [i  (y.  +  y,)  +  {(y,  -  ^^)y 

=  [i(y.  +  y.)+lyi]^  =  (y.  +  4y.  +  y.)-|. 

If  we  introdnoe  in  ihe  eqaation  a  mean  ordinate  y  and  pot 
F=  X  y,  we  obtain 

y.  +  4y,  +  y, 
*  6 

In  order  to  find  the  area  of  a  surface,  ]ying  above  a  given  base 
M  N  =  X,  and  determined  by  an  nDeven  number  of  ordinatea 
ffte  Vi,  St,  9,-  ••  y.!  by  which  it  is  divided  into  an  even  number 
of  equally  wide  strips,  we  have  only  to  make  repeated  application 

of  this  mle.    The  width  of  a  strip  is  -,  and  the  area  of  the  first 
■^      » 

^     ,„  vail  of  strips  is 

—  y«  +  *  gi  +  gi  2  a; 
~  6  ■  «  * 

of  the  second  pair 

e    '      ■  n  ' 
of  the  third  pair, 

-  g  .  ^,euc., 

and  the  area  of  the  first  six  strips,  or  of  the  first  three  pair,  for 
■which  B  =  6,  is 

J'=  {y.  +  4  y,  +  8  y.  +  4  y,  +  2  y,  +  4y.  +  y,)^~  ' 

[y.  +  y.  +  4{y,  +  y,  +  y.)  +  8{y.  +  y«)]  ~; 

it  is  easy  to  perceive  that  the  area  of  a  snrfiice  divided  in  fonr  pair 
of  strips  is 

■f  =  [yo  +  y.  +  *  (y.  +  if,  +  !/i  +  y-.)  +  ^{s*  +  yi  +  y.)  ]  g^. 

and  in  general,  for  a  surface  divided  in  n  strips,  we  have 

F=  [yo+  y.+  4  (y,+  y,+  „  +  y^,)  +  8  (y,  +  y.  +  ~  +y»_)  ]  ^, 
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and  the  mean  altitude  of  such  a  surface  is 

t.--  yo  +  y»  +  ^(yi  +  y»  +  -» +  yn-O  +  ^(y«  +  y4  + .«.  +  y-,) 

^  3n 

in  which  n  must  be  an  eyen  number. 

This  formula^  well  known  under  the  name  of  Simpson's  Bule 
(see  "  Ingenieur/*  page  190),  can  be  employed  for  the  determina- 
tion of  an  integral  /  ydz=  I  ^  (a;)  d  a;,  if  we  divide  x  =  Ct  —  c 
into  an  even  number  n  of  equal  parts,  and  calculate  the  ordinates 

yo  =  0  {c),yi  =  (^  (<?  +  ^j,  y,  =  0  (c  +  -^J, 

y9^4>[c  -{-  -^). • . up  to  y„  =  0 (x), 
wd  then  substitute  these  values  in  the  formula 

/    y  dx  =  J  ^ if>{x)dz 

=  [yo  +  y.+4  (yi  +  y,  +  -  +  y-i)  +  2  (y,+  y4+-+  y_,)  ]  —^ 

/j/p  1 

—  gives,  since  here  c,— c=2— 1=1  and  y=0  (a:)  =  -, 

when  we  assume  w  =  6  or  -  =  ~j—  =  J, 

y.  =  J  =  1,0000,  y,  =  i  =  4  =  0,8571,  y,  =  |  =  |  =  0,7500, 

yt  =  1=5=0,6666,  y4=;i=0,6000,y,=^=0,5454,andy,=0,50QO, 

therefore 

yo  +  y.  =  1,6000,  yx-\-yz-\-yt  =  2,0692,  and  y,  +  y*  =  1,3500, 
and  we  have  the  required  integral 

J^  ^  ^=(1,5000+4 . 2,0692+2  .  1,3500)  .  tV=^|^ =0,69315. 

From  Art  22,  III,  we  have 

f—  =  ?  2  -  n  =  0,693147. 

We  see  that  the  results  of  the  two  methods  agree  very  weU. 
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Aiw-  SI .  Farther  on,  another  rnle  will  be  given  which  can  be 
employed  for  an  uneven  number 
F«»-  ^1-  of  strips.    If  we  treat  a  very  flat 

J^T  segment  A  M  B,  Fig  41.  as  a  seg- 

ment of  a  parabola,  we  have  from 
Art  29  the  area  of  the  same, 

F=IAB.MD, 
or,  if  A  TvbA  £  r  are  the  tan- 
gents at  the  ends  A  and  B,  and  therefore  (7  T  =  2  (7  Jf,  we  have 

P=  \.  — -^ =  i  of  the  isosceles  triangle  A  S  B  of  the  same 

h3ight,  and  therefore  =  iA  C.C  8  =  %  AC^  tang.  SAC. 

The  angle  iS^  C^SBG\6  =  TAC+TAS=TBC- 
TB  8;  putting  the  small  angles  T  A  SkA  T B  S,  equal  to  eaoh 
other,  we  obtain  for  the  same 

TAS=TB  8=  ^-^^~^^^,and 

SAC=TAC^^.^^^IA^^IA^11^  =  'J^, 

when  we  denote  the  tangential  angles  TA  Cand  TB  Cbyd  and  e. 
Now  since  A  C=  B  C  =  ^  A  B  =  i  the  chord  t,  we  have 


=K<.»..r-f'). 


This  formula  can  be  employed  for  the  portion  of  surface 
M  A  B  N,  Fig.  42,  whose  tangential 
Fi«.*2.  angles  TAD  =  aKaiTBE=0 

are  given  ;  putting  the  angle  formed 
by  the  chord  BAD  =  ABE=a, 
we  have 

TAB  =  d  =  TAD-  BAD 

=  a  —  a  and 
TBA  =  e  =  AB  E-  TBE 
=  o  —  &,  whence 
ij  +  e  =  a  —  i3, 
and  the  segment  over  A  B 

or,  since  a  —  f3  is  small, 

r,      ^  .        I        m       *'  /  tang.a.  —  tang.0  \ 
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or  since  a  and  )3  differ  but  little  from  each  other,  and  therefore  we 
can  substitute  in  tang,  a  tang,  fi  instead  of  a  and  j3  the  mean  yalne 
a,  we  have 

F=  j\  ^«/^^'^  Z^!^^  =  T3  s'  C08.'  a  (tang,  a  -  tang,  p), 

and  substituting  for  8  cos.  a  the  base  M  N  =:  x, 

a:* 
^  ~  12  ^^^^^'  ^  ""  ^^^•'^)' 

therefore  the  area  of  the  entire  portion  of  surface  M  A  B  Ny  when 
y^  and  yi  designate  its  ordinates  M  A  and  N  B,i& 

Fi  =  (yo  +  yO I  +  {tang.a-^  tang.p)  ^. 

If  another  portion  of  the  surface  2fB  C  0  adjoins  the  first  and 
has  a  base  N  0  =  x,  and  the  ordinates  B  JV.and  0  0  =  yi  and 
yi,  and  the  tangential  angles  8  B  F  =  P  and  S  C  0  =y,we  have 
for  the  area  of  the  same 

Fi  =  (y,  +  y«)  ^  +  i^ang.  P  -  ^aw^.  y)  — , 

and  therefore  for  the  whole  surface,  since— tow^.jS  cancels +  ^aw5r.  |3, 

X* 

F=  Fi  +  i^2  =  (2  yo+  yi  +  3 2^i)  «  +  {tang.a  -  ^awy.y)  j^. 

For  a  surface  composed  of  strips  of  like  width  we  have,  when  a 
is  the  tangential  angle  at  the  commencement  and  d  at  the  end, 

X* 

F=(iyo-^yi  +  y,+  iy,)a;  4-  {tang.a^  tang.  6)—, 
and  in  general  for  a  portion  of  surface,  determined  by  the  abscissas 

-,  — ,  — . .  .-Xy  and  by  the  ordinates  y^  yi,  y. . . .  y«  and  by  the 
tangential  angles  a^  and  a,  of  the  ends, 

F^iiyo  +  yi-hyt  +  ...  +  y,_i-f  ^y,)^ 

4-  y*2  (tang,  a  -  tang. «»)  (  ~  ) 
An  Integral 

/     ydx  =  J     (p(x)dx 


=  (2  yo  +  y,  -f  y,  +  . . .  +  y,-i  +  i  y.)  - 
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can  be  found  hj  putting  x  =  Ci  --  c,  calcnlating  the  yalues 

d  it 
as  well  as  tang.  a  =  j^=  y)(x)=rl}{c)  and  tang.a,=:  tp  (c,),  and  sub- 

a  X 

stitnting  them  in  the  equation. 

/dz 
— we  have,  if  we  take  n  =  6,  since 

x=  Ct  —  c  =  2  —  landy  =  0  (2;)  =  -^ 

,       .       dy      diar')  1 

tang,  a  =  —  |  =  —  1  and  tang.p  =  —  (-)=—  ^,  and  therefore 

=  M|??_  -  I .  j^ .  ^1^  =  0,69487  -  0,00173  =  0,69314. 

(Compare  the  example  of  the  last  article.) 

Art.  39.  To  rectify  a  curve,  or  from  its  equation  y  =/(a;)  be- 
tween the  co-ordinates  A  M  =  x  and  M  P  =  y,  Fig.  43,  to  deduce 
an  equation  between  the  arc  .4  P  =  «  and  one  or  other  of  the 
co-ordinates,  we  determine  the  differential  of  the  arc  A  P  of  the 
curve,  and  then  we  seek  its  integral  If  2;  be  increased  by  a  quan- 
tity MN=PR  =  dx,  y\B  increased  hy  R  Q  =  dy,  and  s  by 

the  element  P  Q  =  d  8^  and 
according  to  the  Theorem 
of  Pythagoras  we  have 


Fig.  48. 


PQ'=PR'+QR\ 


I.JS., 


M    N 


d8^=zdx^+dy\ 

d8=:  Vdx*i-dy% 
hence  the  arc  of  the  curve 
itself  is 

«  =  y*  f  e/a;»+  d  y\ 


8 
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£.a.,    for  "NeiVB  parabola  (see  Art  9,  Fig.  17),  whose  equation  is 
ay^=  x^y  we  have  2aydy  =  3x*dxy  whence 

dy  =  -^ and  df/^=    .    ,    ,    =  —. , 

^        2  ay  ^         ^a'  y^  4:a   ' 

(9  x\ 
1  -h  —\  d  x*y  hence 

In  order  to  fmd  the  necessary  constant,  we  make  a  begin  with  x 
and  y^  and  we  obtain 

0  =  ^  a  Vv  +  Con.y  or  Con.  =  —  /^  a 

aud        «  =  .^ -[/(^If  -  1} 

E.G.,  for  the  piece  A  Pi  whose  abscissa  a;  =  a,  we  have 

«  =  /t  «  [  ^^(W  -  1]  =  ^^'J'se  a. 
Introducing  the  tangential  angle  QPB  =  PTM=a  (Pig. 
43)  we  haye 

Q  B  =  P  Q.8in.Q  P  RaniP  R  =  P  QC08.QP  Ry 
IJB.,      d y  =  d 8  sin,  a  and  dx  =  d s  C08.  a, 

and  besides,  towjr.  a  =  -^-^  (see  Art  6), 

0  X 

also,        «tn.  a  =  -^  and  co«.  0=3-;  and  finally, 
*  da  da  ^ 

«  =   /  Vl.^  tang.^a  .dx  =   /  -.-^  =    / ^. 

If  the  equation  between  any  two  of  the  quantities  x,  y,  a  and  a 
is  given,  we  can  find  the  equation  between  any  two  others. 

If,  E.O.,  COS.  a  =  ,  we  have 

Vc*  +  8' 

dx  =  d a  cos*  a  =  ,  and 

Pads        .   r  28d8       ,/'^«*,/-x^         t 
^    Vc'  +  a'      *^    Vc'  +  a'    ^    Vu    ^"^ 
=   ^/o^  +  5*  +  Const,,  and  if  a;  and  «  are  equal  to  zero  at  the 
same  time,  x  =  Vc^  +  «•  —  (?. 


Abt.  83. 
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Abt.  SS«  A  right  line  perpendicular  to  the  tangent  P  T,  Fig. 
44,  is  also  normal  to  the  cnrve  at  the  point  of  tangencj,  for  the 

Fia.4i. 


tangent  gives  the  direction  of  the  curve  at  this  point. 

The  portion  P  K  oi  the  line  between  the  point  of  tangency  P 
and  the  axis  of  abscissas  is  called  simply  the  Nosmal,  and  the  pro- 
jection of  the  same  M  Kon  the  axis  of  abscissas  the  Subk obhal. 
We  have  for  the  latter,  since  the  angle  M  P  Ki&  equal  to  the  tan- 
gential angle  P  T M^  a^ 

M  K  -=  M  P  .  tang,  o, 

I.E.,  the  subnormal  =  y  tang,  a  ^  y  ■^-, 

Since  for  the  system  of  curves  y  =  ic",  tang.  a=:  m  af^\  it  fol- 

lows  that  the  subnormal  is  =  w  a:"" .  jr*"^  =  m  a;*'*"*  =  — —^  and 

X 

for  the  common  parabola^  whose  equation  i&  y*  =  p  x,  we  have  the 

P        P 
subnormal  =  y  i—  =  ^,  that  is  constant 

^  2y       2 

If  to  a  second  point  Q,  infinitely  near  the  point  P,  we  draw 
another  normal  Q  C,  we  obtain  in  the  point  of  intersection  of 
these  two  lines  the  centre  C7  of  a  circle  which  can  be  described 
through  the  points  of  tangency  P  and  Q.  It  is  called  the  circle  of 
curvaturCy  and  the  portions  C  P  and  C  Q  oi  the  normals  are  radii 
of  this  circle,  or,  as  they  are  styled,  the  radii  of  curvature.  This 
circle  is  the  one  of  all  those,  which  can  be  made  to  pass  through  P 
and  Qy  which  keeps  closest  to  the  element  P  Q  of  the  curve,  and 
we  can  therefore  assume  that  its  arc  P  §  coincides  with  the  ele- 
ment P  Q  oi  the  curve.    It  is  called  the  osculatory  circle. 

Denoting  the  radius  C  P  =  C  Qhj  r,  the  arc  .4  P  of  curve  by 
s  or  its  element  P  Q  hj  d  s,  and  the  tangential  angle  or  arc  of 
P  TMhj  a,  and  its  element  S  U M-S  T M,  le.,-  I7/S  T  =- 
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P  CQhj  da,we  have,  since  P  ^  =  (7P .  arc  of  the  angle  F  C  Q, 

da 


d  «=  — r  d  a,  whence  the  radius  of  curvatures  r  =  — 


da 


FIQ.4S, 


^  T       A     M      N  0  K 

We  can  generally  determine  a  from  the  equation  of  the  co-ordi- 

nates  by  putting  Ling,  a  =  ^9. 

d  X 


Now  d  tang,  a  = 


;  and  for  a 


da  ,  dx     , 

i — ,  and  cos,  o  =  -—  whence 

co8.^  a  d  8 

d  a? 
da  =  COS.*  a ,  d  tang,  a  =  -=— p-  d  tang,  a  and 

as. 

_, rf£ dy 

C08.^  a  d  tang,  a  ""       d  x^  d  tang,  a* 

For  a  convex  curve  r  =  +  ^—  =  +    ^    ,   ,— ; 

da  d  TT  d  tang,  a 

point  of  inflexion  r  =  oo. 

For  the  co-ordinates  A  0  =  u  and  0  (7  =  i;  of  the  centre  C  of 
curvature,  we  have 
w=^  Jf+jET  C=x+  C  P  sin.  C  P  H,  le.,  «=a;  +  r  sin.  a,  and 
v=  0  C=MP-HP=y-- CPC08.GP  H,  le.,  t;=y-r  C05.  a. 

The  continuous  line  formed 
by  the  centres  of  curvature  forms 
a  curve,  which  is  called  evoluie 
of  A  P,  and  whose  course  is  de- 
termined by  the  co-ordinates  u 
and  V. 

If  the  ellipse  A  D  A,  D^  Fig. 
46,  is  laid  upon  the  circle  A  B 
Ai  Pi,  its  co-ordinates  C  if  =  x 
and  M  Q  =  y  can  be  expressed 
by  means  of  the  central  angle 
P  (7P  =  0  of  the  circle.  We  have 
here 


Fig.  46 

T 

I 
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X  =  CPnn.  CP  M-  C P sin.  B  C P  =  a«;i.0,and 
y  =  MQ=^^MP  =  ^  CPCOB.GP  M^  icos.i>. 

From  the  latter  we  obtain  d x  =  a  cos.  ^  d^  and  d y  =  —  b 
sin.  0  d  ft>y  and  consequently  for  the  tangential  angle  of  ihe  ellipse 
QTX=a 

iang.a=:p=^  t'^  =  _  »  ton^^.^,  and  for  its  com- 
^  dx  a  COS.  0  a      ^ 

plementary  angle  Q  T  C  =  a^  =  180**—  a, 

iang.  <h=-  tang.  ^  and  cotg.  <>i  =  v  cotg.  <fK    « 

Cv  O 

Hence  the  subtangent  of  the  ellipse  is 
MT=MQcotg.MTQ 

=  y  ootg.ch  =  ^  cotg.  <l>—  tfi  cotg.  <t>, 

when  yi  designates  the  ordinate  M  P  of  the  circle.  Since  the  tan- 
gent P  r  to  the  latter  is  perpendicular  to  the  radius  C  P,  we  have 
also  P  TM=P  0  B=<l>,  and  therefore  the  subtangent  if  T of  the 
BBjne  ifl  also  =  MP  cotg.  MT  P=yi  cotg,  <t>. 

Therefore  the  two  points  of  the  ellipse  and  circle  which  have 
the  same  ordinate,  have  one  and  the  same  subtangent 

Farther,  for  an  elementary  arc  of  the  ellipse 

5  «*=d  z* + ^  y»=  («•  COS.*  0  +  }•  sin.*  (p)  d  <t>% 
and  the  differential  of  tang,  a, 

a  a  COS.*  9 

whence  it  follows  that  the  radius  of  curvature  of  tho  ellipse  is 

d  s*  _  (a*  COS.*  0  +  &'  sift.*  <^)t 

d  x'  d  tang,  a  ""  •       «  ^  ^ 

^  a*  COS.*  <b . — — 

a  co8.*<p 

_  (a*  COS.*  if*  +h*  sin.*  <^)l 
~  ab 

E.G.,  for  y  =  0,  LB.,  for  sin.  0  =  0,  and  cos.  0  =  1,  we  have  the 
iPfl.yimnfn  radius  of  cuTvature 

^"^  "  a  i  ""  b' 


r  =  — 
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and,  on  the  contrary,  for  ^  —  90°,  lb.,  for  sin,  0  =  1  and  cos,  <^ 
=  0,  the  minimum  radios  of  curvature 

The  first  value  of  r  corresponds  to  the  point  i),  and  the  last  to 
the  point  A,  and  both  are  determined  by  the  portions  of  the  axes 
CL  and  CK,  which  ai'e  cut  off  by  the  perpendiculars  erected  upon 
the  chord  ^i  i>  at  its  ends  Ai  and  D, 

Art.  34.  Many  functions,  which  occur  in  practice,  are  com- 
posed of  the«  various  functions  which  we  have  already  studied, 
such  as 

y  =  af,ff  =  el'y  and  y  =  sin.  oc,y=:  cos.  x,  etc. ; 

and  it  is  easy,  with  the  assistance  of  the  foregoing  rules,  to  deter- 
mine their  properties,  such  as  the  position  of  their  tangents,  their 
quadrature,  their  radius  of  curvature,  etc.,  as  well  as  to  construct 
tixe  curves,  as  is  shown  by  the  following  examples : 

For  the  onrve,  whose  equation  is  y  =  a;'  ( 1  —  -  j  =  a;*  —  ^  a:*, 

wc  have  d y  =  %  x  dx  —  a^  d Xy 

whence  tang,  o  =  2  2:  —  a;*  =  a:  (2  —  2:). 

Since  this  tangent  becomes  =  0  for  a:  =  0  and  x  =  2,  .its  direction 
at  these  two  points  is  parallel  to  that  of  the  axis  of  abscissas. 

Farther,  d  tang,  a=z2dx-'2xdx  =  2{l—  x)dx, 
whence  for  x  =  0,  d  tang,  a  =  -\-  %  dx, 

and  for  a;  =  2,  rf  tang,  a  =  —  2  dx, 

and  therefore  the  ordinate  of  the  first  point  is  a  minimum,  and  that 
of  the  second  point  a  maximum.  If  we  put  d  tang,  a  =  0,  we  ob- 
tain aj  =  1  and  y  =  3,  the  co-ordinates  of  a  point  of  infiexion  in 
which  the  concave  portion  of  the  curve  joins  the  convex. 

Farther,  for  an  element  d  s  o{  the  curve  we  have 
d s^  =  d x'  +  d y'  =  d of  +  0^  {2-  xy  d x'  =  [1  -h  a^  i^-xy]  rfar*, 
whence  the  radius  of  curvature  is 

^^  ds^  ^       [1  -f  a;«  (2 -^  arr]l . 

d  X*  d  tang  a  2  (1  —  a?) 

—1  25 

E.Q.,  for  a;  =  0  we  have  r  =  -^  =  —  J,  for  a;  =  1,  r  =  —  ^  =00, 

for  a;  =  2,  r  =  ^  =  +  ^,  and  for  x=d,  r  =  i  .  101=  +  7,906, 
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The  corresponding  curve  is  shown  in  Fig.  47,  in  which  A  is  the 
origin  and  XX,  YY  the 
axes  of  co-ordinates.  The 
paTBbola  B  A  £„  which  ex- 
tends symmetiically  npoD 
both  sides  of  the  axis  of  A  Y, 
repreaeuta  the  firat  part  yi=x' 
of  the  equation,  and,  on  the 
contrary,  the  curve  CA  0„ 
which  npoD  the  right-hand 
side  of  Y  1*  descends  below 
X^,  and  on  the  left-hand 
side  rises  above  it,  and  thug 
diverges  more  and  more  from 
the  axis  XX,  as  it  increases 
its  distance  from  Y  Y,  oor- 
responds  to  the  second  part 

In  order  to  find  for  a  given 
abscissa  .t,  the  corresponding 
point  of  the  curve  y  ^  x*  — 
j  x',  we  have  but  to  add  alge- 
braically the  corresponding 
ordinates  of  the  first  two 
curves ;  e.q.,  since  for  x  =  1 
we  have  y,  =  1  and  y,  =  —  j, 
it  follows  that.the  correspond- 
ing ordinate  of  the  point  W 

is  y  =  y.  +  ff.  =  1  -  i  =  h 

farther,  for  x  =  %  we  have 
yi  =  4,  and  y,  =  —  |,  and 
hence  the  co-ordinate  of  the 
point  M  \&  y  =  i  —  %  ■=  i. 
In  the  same  way  x  =  Z  gives 
y  =  y,  +  y,  =  9  —  9  =  0;  a;= 

4,y  =  i6--v  =  -Y;^  = 

—  I,  y=l  +  J  =  J;a:  =  ~2,  y  =  4  +  |  =  Y»  etc,  and  we  per- 
ceive that  the  curve  from  A  towards  the  right  has  the  form  A  W 
MEL,  and  that  in  the  beginning  it  runs  above  the  abscissa  A  K 
=  3,  bnt  from  that  point  it  estends  to  infinity  below  the  axis 
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X  Xy  and  that  &om  A  towards  the  left  it  forms  but  one  branch 
A  P  Q . .  .y  which  rises  to  infinity.  From  what  precedes  we  see 
that  JT  is  a  point  of  inflexion,  and  M  a  point  of  the  curve  where 
the  ordinate  is  a  maximum.    While  the  curve  has  in  A  and  M  the 

direction  of  X X, in  Wit  rises  at  an  angle  of  45°,  for  we  have  for 
the  latter  tang,  a  =  a;  (2  —  a;)  =  1 ;  on  the  contrary,  the  angle  of 
inclination  at  Ky  is  tang,  a  =  —  3,  consequently  a  is  =  71°  34', 
etc.    The  quadrature  of  the  curve  is  given  by  the  integral 


"3        12  "■  3  I  4/' 


Hence,  E.G.,  we   have  for  the  area  of  the  portion  of  snr&ce 
A  fTlfXabove  ^  X  =  3 

J^=y(l-I)  =  |, 


and  on  the  contrary  the  area  of  the  portion  of  surface  3  L  4  below 
the  abscissa  3  4  is 

^.  =  y(l-J)-y(l-|)  =  0-|  =  -|. 

Finally,  to  find  the  length  of  a  portion  of  the  curve,  E.G.,  A  WMy 
we  put 

«  =  y*  V'l  +  a:*  (2  - xy  dx^  J^' 0 {x) d a?, 

and  employ  the  method  of  integration  explained  in  Art  30.    Here 

(•  is  =  0,  and  Ci  =  •2,  and  taking  w  =  4  we  have  rf  ar  =  — 

n 

2—0 
=  — r—  =  ^,  then  substituting  successively  the  values  0,  ^,  1,  |  and 


2  for  X  in  the  function  0  (x)  =  1^  1  -f  a;*  (2  —  a;)*,  we  obtain  the 
values 

if,  (0)=  4^=1,  0  Q)=  4/lT7B  =  f,0  (1)=  ^^1  +  1=  V2=l,414.... 

0  (»)=  4/iT A=f  and  0  (2)=  1/1=1, 

and  therefore  the  length  of  the  arc  J  TT  if  is 

s  =  (0  (0)+4  «  a)+2  *  (l)  +  4  0  (5)  +  0(2))  1^ 

=  (1+6+2,828  +  5  +  1).  J  =  2,471- 
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By  means  of  the  curve  y=2;*  (^""  q)  ^®  ^^*^  easily  detennine  the 

course  of  the  curve  y=x  i/ 1— ^  by  extracting  the  square  roots  of 

o 

the  values  of  the  co-ordinates  of  the  first,  which  give  the  corre- 
sponding co-ordinates  of  the  latter.  But  since  the  square  root 
of  negative  quantities  are  imaginary,  this  curve  docs  not  continue 
beyond  the  point  K  to  the  right ;  and  since  every  square  root  of  a 
positive  number  gives  two  values,  equal  and  with  opposite  signs, 
the  new  curve  ( /  /)  runs  in  two  symmetrical  branches  Q  A  M  K 
and  Qi  A  Ml  K  on  both  sides  of  the  axis  of  abscissas. 

0  {x) 
Abt.  3S«  When  the  quotient  y  =  Y(\  ^^  ^^  functions  0  {x) 

and  V*  (^)  takes  the  indeterminate  form  of  ^  for  a  certain  value  a 

ar*  —  a* 
of  Zy  which  always  occurs  when^  as  E.O.,  in  y  = ,  the  numer- 
ator and  denominator  of  a  fraction  have  a  common  factor  2;  —  a, 
we  can  find  the  real  value  of  the  same  by  differentiating  the  nu- 
merator and  denominator. 

If  x  is  increased  by  d  x,  and  y  by  the  corresponding  element 
d  y,  we  have 

,    ,         ^{x)  ■\'  d<ti(x)  .    .^ 
y  +  dy=  ,  ;  :   .    ,  ,  )  {,  but  for  a;  =  a 
^  {x)  +  dxl)  {xy 

0  (x)  =  0  and  V  (x)  =  0,  whence 

bat  since  dyia  infinitely  small  in  comparison  to  y,  we  have 

_  ^K^)  _  d<t>(x)  _  (Pi  (x) 
^      il>{x)       dxl){x)       i)i{xY 

in  which  0,  (x)  and  tpi  (x)  designate  the  differential  quotients  of 

0  (x)  and  tp  (x). 

^  (a:)  0 

If  y  =  ^-(j  is  also  =  Q>  we  can  differentiate  it  anew,  and  put 

__  d  0,  (x)  _  <l>,{x) 
^       di>,(x)       xl;,{xy 

In  the  same  way  the  indeterminate  expressions  y  =  ^  and 
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0  X  oDy  etc.,  can  be  treated,  for  oo  =  ^  whence  -^  and  0  x  oo 
c«abepnt  =  J: 

For  this  we  can  put 

_  d{3a^'-7x'-Sx+20)  _    9  g*  -  14  x  -  8 
^  ""  i/  (5  a;'  -  21  a;"  +  24  aj  -  4)  ""  15  a;*  -  42  a;  +  24* 

which  for  a;  =  2  giyes  again  y  =  7:y  a.nd  we  can  again  put 

_    <?  (9  a:*  -  14  a;  ~  8)    _  18  a;  -  14  _    9  a;  ~  7    _  11 
*^  ■"  rf  (16  a;'  -  42  a:  +  24)  "  30  a;  -  42  ■"  16  aj  -  21  ~  9 ' 

The  £EU)tor  (a;  —  2)  is  really  contained  twice  in  the  numerator, 
and  twice  in  the  denominator.  If  we  divide  both  by  a?  —  2,  we 
obtain 

__  3  a^  ~  a;  -  10 
*^  "  5  a;»  -  11  a;  +  2' 

and  dividing  the  last  again  by  (x  —  2) 

3  a;  +  6 


y  = 


6  a;  -  r 


which  for  a;  =  2  gives  y  =:  —. 


We  have  also  for  y  = when  a;  =  0,  ^ 

i  dx 

but  since    d(a  -—  r  a*  —  ar)  =  —  rf  (a*  —  ar)*  =  ,/\      —9 

Va  —  X 

4  1 

in  this  case  V  =     ,  =  ^r~ ; 

I X  0 

further  y  =  ,  for  a:  =  1,  gives  y  =  -^ 

rl  —  X  ^ 

dx  ^dx 

but  dlx  =  ~zr  and  d Vl  ^  x  = 


^  "^^  "  2  iO^-^ 


hence  it  follows  that  y  = =  -4-  =  0. 

^  a;  1 
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Finally,  y  =  — :; r ^^^ —  gives  for  a:  =  ^  (90*) 

y  =  —  3^+  X  +  0  "^  0'  ^®  '^^^^  therefore 

_  rf  (1  ~  8tn.  X  +  C05.  a-)  _^  —  cos,  X  —  «n.  aj 
y  ~"  d(—  1  +  »inx  +  (?o«.a;)  ~"    «?«.  x  —  5m.  a; 

"    0-1    "■^• 

Akt.  36.  When,  for  a  function  y  =  au  +  Pv,9,  series  of 
corresponding  values  of  the  variables  Uy  v  and  y  has  been  deter- 
mined by  observation  or  measurement,  we  can  require  the  values 
of  the  constants  a  and  ?  which  are  the  freest  from  accidental  or 
irregular  errors  of  observation  and  measui'ement,  and  which 
expiv  ^  most  exactly  the  relation  between  tlie  quantities  Uy  v  and 
yy  of  'hich  u  and  v  are  known  functions  of  one  and  the  same 
variabli  x.  Of  all  the  methods  that  can  be  employed  for  the 
resolutic  i  of  this  problem,  le.,  for  the  determination  of  the  most 
possible^  i  r  the  most  probably  correct,  values  of  the  constants,  the 
method  of  Uie  least  squares  is  the  most  general,  and  rests  upon  the 
most  scieni  fie  basis. 

If  the  results  of  the  observations  corresponding  to  the  func« 
tion  y  =  a  1*  -f-  0  V  are, 

«i,  Vxy  y, 
w«,  v^  y« 
^vt,yz 


Uny  Vny  y. 

we  have  the  following  values  for  the  errors  of  observation,  and  for 
their  oorresponding  squares. 

«i  =  yi  —  (««*!  +  /3  vi) 
«,  =  y,  -  (a  w,  +  /J  Vt) 
«,  =  y,  —  (o  w,  +  ^  V,) 


«.  =  y»  -(««*•  +  ^  Vn) 


v». 
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Zi*=iyi*—  2  a  Ui  yi—2  P  Vi  ifx  +  a*  u*  +  2  a  p  Ui  Vi  +  /3*  v* 
z}=.y^^ %au^ yi—2 i3  r, yg  +  a'  w,'  +  2  a  j9  w,  v,  +  j3*  r,' 
i«,*=y,'-  2  a  w,y,— 2  P  Vtyz+a"  w,'  +  2  a  i3  w,  v,  +  j3*  »,* 


Zn=y.^'  2au, y.-2j3  v.y.  +  a* w.'  +  2 aPu,v^-\-fPv,' 

Employing  the  sign  of  summation  2  to  denote  the  sum  of 
quantities  of  the  same  kind,  y*  +  y/  +  ys'  +  •  •  •  +  y."  =  2  (y*), 
Viyi  4-  v«  yj  +  Vs  ys  +  •  •  •  +  v,  y«  =  2  (v  y),  etc.,  we  have  for  the 
sum  of  the  squares  of  the  errors 

2  (z')  =  2  (y*)  -  2  o  2  (w  y)  -  2  j3  2  (v  y)  +  a*  2  (u*) 

+  2  a  /3  2  (w  v)  +  /3*  2  {v'). 

In  this  equation,  besides  the  sum  of  the  squares  of  the  errors 
2  («•),  which  is  to  be  considered  as  the  dependent  rariable,  only 
a  and  )3  are  unknown.  The  method  of  the  smallest  squares 
requires  us  to  choose  such  values  for  a  and  P  aa  shall  cause  2  (s^) 
to  be  a  minimum ;  and  therefore  we  must  differentiate  the 
function  2  (z*),  which  we  have  obtained,  once  in  reference  to  a 
and  once  in  reference  to  P,  and  put  each  differential  quotient 
of  2  (z*)  thus  obtained  by  itself  equal  to  zero.  la  this  way  we 
obtain  the  following  equations  of  condition  for  a  and  jS, 

—  2  (w  y)  +  a  2  (w*)  -h  P  X  {u  v)  =  0, 

—  2  {v  y)  4-  i3  2  (v*)  +  a  2  (w  v)  =  0, 

and  resolving  these  we  have 

_  2(i;^)2(t^y)--2(m;)2(t;y) 
2  {u')  2  (i;«)  -  2  (w  v)  2  (w  vY 

_  2  (u^)  2  {V  y)  ~  2  (t.  i;)  2  (uy)  i^^enieur  Da^e  77 ) 

^  -  2  («*)  2  (v^)  -.2  {u  v)  2  (i*"r)-    ^^^®  ingemeur,  page  77.) 

These  formulas  give  for  a  function  y  =  a  +  P  v^  since  here 
u=  ly  and  2  (w  r)  =  2  (v),  2  (w  y)  =  2  (y),  and  2  (u^)  =  1  +  1 
+  1  +  . . .  =  w,  I.E.,  the  number  of  equations  or  observations, 

2(t;')2(y)^2(i;)2(t;y) 
n  2  (v")  -  2  (v)  2  (v)    ' 
'^n2(t;y)-2(t;)2(y) 
^        w  2  (v*)  -  2  (v)  2  (v)  ' 
For  the  still  simpler  function  y  =  i3  r,  in  which  a  =  0,  we  have 

2  (y')  ' 
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and,  finally,  for  the  mosfc  simple  case  y  =  a,  where  we  have  to  de- 
termine the  most  probable  yalne  of  a  single  quantity, 

n 

that  is  the  arithmetical  mean  of  all  the  yalnes  found  by  measure- 
ment or  by  observation. 

ExAMPLiB. — In  order  to  discoyer  the  law  of  a  nnifonnly  accelerated  mo- 
tion, LB.,  the  initial  velocity  c  and  the  acceleration  p,  we  have  measured 
tile  different  times  <,,  £„  £,,  etc.,  and  the  corresponding  spaces  «|,  «„  «,, 
etc.,  described,  and  have  found  the  following  results, 


!  Times  .  .  . 

o 

I 

3 

5 

7 

10  sec. 

!  Spaces .  .  . 

1 

1 

o 

5 

• 

20 

38 

58i 

10 1  feet 

Now  if  #  =  «  ^  +  ^-n-  is  the  fundamental  law  of  this  motion,  we  are  re- 
quired to  determine  the  constants  e  and  p.  Putting  in  the  foregoing  for- 
mnlas  v  =  t,  imd  t  =f',  and  also  a  =  <;,/?  =  -^  and  y  =  «,  we  obtain  for 
the  calculation  of  c  and  p  the  following  formulas : 

__  Z  (P)  2  (<  Q  -  S  (f)  2  (<  V) 
2  («»)  2  (^)  —  2  (<»)  2  («') 
p  __  2  (^  2  (<  f»)  —  2  (f*)  2  (<  Q 
S  ~     2  («')  2  («*)  -  2  (^)  2  (fi)  ' 

from  which  the  following  calcalations  can  be  made, 


i 

f 

f 

f 

« 

8t 

sf 

I 

I 

I 

I 

5 

5 

5 

3 

9 

27 

81 

20 

60 

180 

5 

25 

"5 

625 

38 

190 

950 

7 

49 

343 

2401 

58.5 

409.5 

2866.5 

10 

100 

1000 

1 0000 

lOI 

lOIO 

lOIOO 

Sum 

184 

1496 

13 1 08 

222.5 

1674.5 

I4IOI.5 

=2  {n 

=2;(0 

-2(0 

-S(«) 

-2(^0 

=  2(5^'). 
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from  which  we  obtain 

__  13108  .  1674,5  --  1496  .  14101,5  _  86340  _ 
^  "■       184  .  13108  -  1496  .  1496       ""  17386  ""    '  "^  *®^'  ^^ 
1  «  -    184  .  14101,5  ~  1496  .  1674,5    _  89624   _ 
*^  "■       184  .  13108  -  1406  .  1496       ""  173860  ~    '  ^^  *®^' 
Whence  the  formula  for  the  observed  movement  is 

8  =  4,908  t  +  0,5155  t\ 
and  irom  this  formula  we  have 


For  the  times . 

o 

I 

3 

5 

7 

10  sec. 

For  the  spaces 

o 

5-43 

19.36 

37.43 

59.62 

100.63  ^eet. 

Fio.  48.  B  If  we  consider  the  times 

(Q  as  abscissas,  and  lay  off 
the  calculated  as  well  as 
the  observed  spaces  {$)  as 
ordinates,  we  can  draw  a 
curve  through  the  extrem- 
ities of  the  calculated  ordi- 
nates, which  will  pass  be- 
tween the  points  Jf,  iV,  0,  P, 
Qy  determined  by  the  ob- 
served co-ordinates,  so  that 
the  sum  of  the  squares  of  the 
deviation  of  the  curve  from 
these  points  shall  be  as  small 
as  possible. 

Abt.  37*  If  we  have  no  formula  for  the  successive  yalnes  of  a 

quantity  y,  or  for  its  dependence 
upon  another  quantity  x,  and  we 
wish  to  determine  its  value  for  a 
given  value  of  or,  determined  by 
experiment,  or  taken  from  a  table, 
we  employ  the  so-called  method 
of  interpolation,  of  which  only 
tiie  most  imjwrtant  part  will  be 
given  here. 

If  the  abscissas  A  Mo  =  x^ 
A  Ml  =  Xi  and  A  M^  =  x^  Pig. 
49,  and  the  corresponding  ordi- 
nates  Mq  Pq  =  y^,  Mi  Pi  =  y„ 
Mi  Pi  =  ^i  arc  given,  we  can 


Fio.  49. 
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express  the  ordinate  MP=y,  corresponding  to  the  new  abscissa  A  M 
=Xy  by  the  formula  y=a  +P  x+ya^,  provided  three  given  points  Po> 
Pi,  Pg,  lie  nearly  in  a  straight  line  or  in  a  slightly  cuiTed  arc.  If  we 
change  the  origin  of  co-ordinates  from  A  to  M^,  the  generality  of 
the  expression  will  not  be  affected,  and  we  obtain  for  x  =  0  simply 
y  =  a,  and  consequently  the  constant  member  a  =  y^.  Substi- 
tuting in  the  supposed  equation,  in  the  first  place  x^  and  yi,  and 
then  in  the  second  place  x^  and  y«  we  obtain  the  two  following 
equations  of  condition, 

yi  —  yo  =  0  3^1  +  7  ^i\  and 
Vi  —  yo  =  Px%  -^  7  x*\  hence 

p  ^  (y.  -  yo)  ^"  -  (y«  -  yo)  ^*  ^^^ 

X\  Xq     ~~  X^  X\ 

_.  (yi  -  yo)  '^»  -  (y«  -  yo)  ^i 

•Cj    X^   ~~  Xf    X\ 

from  which  we  have 

\  X\  X^       X^  X\  /  \  Xi   Xf  —  X^   X\  f 

If  the  ordinate  y,  lies  midway  between  y^  and  y^,  we  have  x^  = 
2  Xxy  and  therefore  more  simply 

If  but  two  pair  of  co-ordinates  x^,  y„,  and  x^,  y,  are  given,  we 
must  regard  the  Umiting  line  P^  ^,  as  a  straight  line,  and  conse- 
quently put  y  =  yo  -^  0  ^ 
and  yi  =  yo  +  ^  ^ly 

whence  we  have  P  =  I^LHi^,  and 

When  it  is  required  to  interpolate  by  construction  between 
three  ordinates  y^  y„  y,  a  fourth  ordinate  y,  we  draw,  through  the 
extremities  P,,  P„  P,  of  these  ordinates  a  circle,  and  take  y  =  to 
the  ordinate  of  the  same.  The  centre  C  of  the  circle  is  determined 
in  the  usual  way  by  joining  the  points  P^  Pi  P«  by  straight  lines 
and  erecting  perpendiculars  at  the  middle  points  of  the  chords. 
The  point  of  intersection  C  of  the  perpendiculars  is  the  required 
centre. 

If  the  distances  of  the  middle  point  P,  from  the  two  others  P, 
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and  Piy  are  8^  and  «»,  and  the  distance  Pi  K  of  the  point  P  from  the 
chord  Po  I\  =  «,  =  A,  we  have  for  the  angle  at  the  periphery 
a  =  Pi  Po  Pj  =  i  the  angle  at  the  centre  Pi  C  P, 

A 

9171.  a  =  — , 
and  consequently  the  radius  of  curvature  C  P  =  C  P^  =  C  Pi  = 

C  P  is  r  =      ^      ==  ?L_?' . 

2  «i».  a       2  A  ^ 

consequently  we  find  the  centre  (7  of  the  circle  passing  through  the 

points  P„  P„  P,,  by  describing  from  P^  or  P,  or  Pg  with  a  radius 

equal  to  the  value  of  r,  calculated  by  means  of  this  formula,  an  arc 

whose  intersection  with  the  perpendiculai*  to  the  chord  P^  Pj  erected 

at  its  centre  D  is  the  required  point 

•  Art.  38.  The  mean  of  all  the  ordinates  upon  the  line  M^  if,  is 

the  altitude  of  a  rectangle  M^  M^  N^  N^  with  the  same  base  M^  M^ 

and  having  the  same  area  as  the  surface  M^  M^  Pa  Pi  P,,  and  can 

therefore  easily  be  determined  from  this  surface.     According  to 

Art  29  we  have 

/3  a;,'    .   ya:,' 


=  y.  a^  +  -s-  + 


a     '      3 


_  „  «  ,  /(yi  -  y.)  ^*  -  (y.  - y.)  a:i'\  a;.* 

~  ^'    *  "^  V  a:,  a:.'  -  x,  a:,«  j  "2 

+  Ay'  -  y.)  a^  -  (yt  -  y.)  j^A  ??! 

\  flTi    -Tj   ~*   ^a    iT]  /     o 

-  /„   4.    (y<  -  y.)  a'.'    _  (y«-y.)(3!r, -2a:.)\ 
\y«  "^  6  a:,  (a;,  -  a;,)  6  {x,  -  a-,)         /  "^ 

_  /y.  +  yA  ^  .  /(yi  -  y.)  =g«  -  (y«  -  y.)  ^^a  ^ . 

-  V  '~2~  I ""'  ^  \  (T^r,  (a-.  -  a;,)  ^/  ''' ' 
and  consequently  the  mean  ordinate  is 

«  -  Z  -  (yt-iiyi)  4.  /(y'-y.)^«-(y'>-y»)M  , 

^"~  x,~         2         "^  V         6  a;,  (.r,  -  a-,)         /•* 

If  ^ — ^-  were  =  — ,  tlie  boundary  would  be  a  right  line,  and 

yi  ~  y»  ^1 

we  would  have  simply 

and  y«  =  ^^4^. 
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FiO.  60. 


If  also  ic,  =  2  a;,,  that  is,  if  y,  is  equidistant  between  y,  and 
y^,  we  have 

F^  iy.  +  4y,  +  y.)  f  (see  Art  30),andy«  =y^±^^±±^. 

If  a  surface  M,  if,  P,  F^  Fig. 
60,  is  detennined  by  four  co-or- 
dinates J^o  ^»  =  yo>  ^1  -Pi  =  yi, 
i/«  A  =  y«  i^a  A  =  ya,  which 

axe  equidistant  from  one  an- 
other, we  can  determine  approx- 
imately the  area  of  the  same  in 
the  following  simple  manner: 

Let  us  denote  bya:ithe  ba^ 
Jf,  Miy  by  z^  Zi  Z2f  three  ordinates 
intercalated  between  y,  and  y,, 
and  equidistant  from  each  other. 


W, 


we  can  then  put  approximatively  the  surface 
M.  M,  P^  P.  =  F=  (iy,  +  z,  +  z,  +  ^  +  'ly3)~;  hut 


x» 


Zi  -h  Zj  +  Zt  _  2g|4-2za4-2  2;,  __  2  Zi  -^  Zt      2  a;,  +  g>      , 
3""  6  ""66^ 

.    ,  /  X       2  2f,  +  3?,  ..  2  Zs  +  Zi 

yi  =  ^1  +  i  (iff  -  «i)  =  — 3 — ,  as  well  as  y,  =  — ^ — 


whence  it  follows  that 


gi  +  gg  -f  Zs  _  y,  4-  yj 
3  ""2 


',  and 


a:. 


J^=Hyo  +  3(y, +y.)  +  iy3]^' 
=  l>o  +  3  (yi  +  y«)  +  ya]  g',  and  also 

^,  _  yo  -^  3  (yi  +  y^)  +  y« 
y»-  g 

While  the  former  formula  for  y«  is  employed  when  the  surface 
is  divided  into  an  even  number  of  strips,  the  latter  is  employed 
when  the  number  of  these  divisions  is  uneven. 

Hence  we  can  write  approximately 
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y«  =  0  (P),y,  -<p{^  ~^3~^')'  y*  =  ^  (~~3  ~)  aiid  y»  =  ^  (ci)  are 
four  known  values  of  y  =  ^  (a;) .  E.G.,  for  /  —  (see  example,  Art 
30)  we  have  c  =  l,Ci  =  2  and  ^  (a;)  =  -,  whence  it  follows  that 

yo  =  i  =  l.yi  =  2T^=  ^'^*==  m^  *  andy  =  ^and  that 
the  approximate  valne  of  this  integral  is 

/^  =  [l  +  3(|  +  |)  +  ^].J=^  =  0,694. 


PART    FIRST. 


GENERAL  PRINCIPLES  OF  MECHANICS. 


FIRST   SECTION. 

PHORONOMICS  OR  THE  PURELY  MATHEMATICAL 

THEORY  OF  MOTION. 


CHAPTER    I. 

SmPLB  MOTION. 

§  1.  Rest  and  Motion. — Everybody  oociipies  a  certain  posi- 
tion in  space,  and  a  body  is  said  to  be  at  rest,  (Ft.  repos,  Ger.  Rnhe), 
when  it  does  not  change  that  position,  and,  on  the  contrary,  a  body 
is  said  to  be  in  motion,  (Pr.  monvement,  Ger.  Bewegung),  when  it 
passes  continually  from  one  position  to  another. 

The  rest  and  motion  of  a  body  are  either  absolute  or  relative, 
according  as  its  position  is  referred  to  a  point  which  is  itself  at  rest 
or  in  motion. 

On  the  earth  there  is  no  rest,  for  all  bodies  upon  it  participate 
in  its  motion  about  its  axis  and  around  the  sun.  If  we  suppose 
the  earth  at  rest  all  the  terrestrial  bodies  which  do  not  change 
their  position  in  regard  to  the  earth  are  at  rest. 

§  2  Blinds  of  Motion. — The  uninterrupted  succession  of  po- 
sitions which  a  body  occupies  in  its  motion  forms  a  space,  that  is 
called  the  paUh  or  trajectory  (Fr.  Chemin,  trajectoire,  Ger.  Weg)  of 
the  moving  body.  The  path  of  a  point  is  a  line.  The  path  of  a 
geometrical  body  is,  it  is  true,  a  figure,  but  we  generally  under- 
BtajQd  by  it  the  path  of  a  certain  point  of  the  moving  body,  as,  e.g., 
its  centre.    Motion  is  rectilinear  (Fr.  rectiligne,  Ger.  geradlinig) 
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when  the  path  is  a  right  line,  and  curvilinear  (Fr.  cuiTiligne,  Gter. 
krummlinig)  when  the  path  of  the  moving  body  is  a  curved  line. 

§  3.  In  reference  to  time  (Fr.  temps,  Ger.  Zeit)  motion  is  either 
uniform  or  variable.  Motion  is  uniform  ^Pr.  uniforme,  G.  gleich- 
formig)  when  equal  spaces  are  passed  through  in  equal  arbitrary 
portions  of  time.  It  is  variable  (Fr.  vari6,  Ger.  ungleichfDrmig) 
when  this  equality  does  not  exist  When  the  spaces  described  in 
equal  times  become  greater  and  greater  as  the  time  during  which 
the  body  is  in  motion  increases,  the  variable  motion  is  said  to  be 
accelerated  (Fr.  accelero,  Ger.  beschleunigt) ;  but  if  they  decrease 
more  and  more  with  the  increase  of  time,  this  motion  is  said  to  be 
retarded  (Fr.  retards,  Ger.  verzogert).  Periodic  (Fr.  p6riodique,  Ger. 
periodisch)  motion  differs  from  uniform  motion  in  this,  that  equal 
spaces  are  described  only  within  certain  finite  spaces  of  time,  which 
are  called  periods.  The  best  example  of  uniform  motion  is  given 
by  the  apparent  revolution  of  the  fixed  stare,  or  by  the  motion  of 
the  hands  of  a  clock.  Examples  of  variable  motion  are  furnished 
by  falling  bodies,  by  bodies  thrown  upwards,  by  the  sinking  of  the 
surface  of  water  in  a  vessel  which  is  emptying  itself,  etc.  The 
play  of  tlie  piston  of  a  steam  engine,  and  the  oscillations  of  a  pen- 
dulum, afford  good  examples  of  periodic  motion. 

§  4.  Uniform  Motion. —  Velocity  (Fr.  vitesse,  Ger.  Geschwin- 
digkeit)  is  the  rate  or  measure  of  a  motion.  The  larger  the  space 
that  a  body  passes  through  in  a  given  time,  the  greater  is  its  mo- 
tion or  its  velocity.  In  uniform  motion  the  velocity  is  constant^ 
and  in  variable  motion  it  changes  at  each  instant  The  measure 
of  the  velocity  at  a  given  moment  of  time  is  the  space  that  this 
body  either  really  describes,  or  which  it  would  describe,  if  at  that 
instant  the  motion  became  uniform  or  the  velocity  remained  con- 
stant.   We  generally  caU  this  measure  simply  the  velocity. 

§  5.  If  a  body  in  each  instant  of  time  describes  the  space  o,  and 
if  a  second  of  time  is  made  up  of  n  (very  many)  such  instants, 
then  the  space  described  within  a  second  is  the  velocity,  or  rather 
the  measure  of  the  velocity,  and  it  is 

c  =  n  .  (J» 

During  a  time  t  (seconds)  n  •  t  instants  elapse,  and  in  each  in- 
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stant  the  body  passes  through  the  space  Oy  and  therefore  the  total 
space,  (Fr.  Tespace,  Ger.  Wegj,  which  corresponds  to  the  time  /,  is 

gz=zn.t.o=^n.o.t,  LE. 
I.)     8  =  ct 

In  uniform  motion  the  space  (e)  is  a  product  of  the  velocity  (c) 
and  the  time  (t). 

Inversely   11.)    c  =  -. 

m.)    t=:-. 

'  c 

ExAicpLE. — 1.  A  locomotive  advancing  with  a  velocity  of  30  feet  passes 
in  two  hours  =  120  minutes  =  7200  seconds,  over  the  space  «  =  80  .  7200 
=  216000  feet. 

2.  If  we  require  4f  minutes  =  270  seconds  to  raise  a  bucket  out  of  a 

1200       40 
pit,  which  is  1200  feet  deep,  we  have  its  mean  velocity  (c)  =  -^^  =  -^ 

=  4t  =  4,444  . .  .  feet. 

3.  A  horse  advancing  with  a  velocity  of  6  feet  requires,  to  pass  over  five 

26400 
miles,  or  26400  feet,  the  time  t  =  — ^-  =  4400  seconds,  or  1  hour  18 

0 

minutes  and  20  seconds. 

§  6.  If  we  compare  two  different  uniform  motions,  we  obtain 
the  following  result: 

As  the  spaces  are  «  =  c  ^  and  ^i  =  Ci  tx  their  ratio  is  -  =  — j- 

S\         C\  t\ 

If  we  put  ^  =  ^,  we  have  -  =  - ;  if  we  take  c  =  Ci  we  obtain  -  = 
j\  and  finally,  if  «  =  «i  it  follows  that  ~  =  ~. 

ix  jy  I  Ci        t 

The  spaces  described  in  the  same  time  in  different  uniform  mo- 
tions are  to  each  other  as  the  velocities ;  the  spaces  described  with 
equal  velocities  are  to  each  other  as  the  timss;  and  the  velocities  cor- 
responding  to  equal  spaces  are  inversely  as  the  times. 

§  7.  Unifonnly  Variable  Motion. — A  motion  is  uniformly 
variable^  (Fr.  uniform6mont  vari6,  Ger.  gleichformig  verandert), 
when  the  increase  or  diminution  of  the  velocity  within  equal,  ar- 
bitrarily small,  portions  of  time  is  always  the  same.  It  is  either 
uniformly  accelerated  (Fr.  uniform6ment  acc61er6,  Ger.  gleichfSr- 
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mig  beschleunigt)  or  uniformly  retarded  (Fr.  iiniform6ment  retard^, 
Ger.  gleichformig  verzogert).  In  the  first  case  a  gradual  augmen- 
tation, and  in  the  second  a  gradual  diminution  of  velocity  takes 
place. 

A  body  falling  in  vacuo  is  uniformly  accelerated,  and  a  body 
projected  vertically  upwards  would  be  uniformly  retarded,  if  the 
air  exerted  no  influence  upon  it. 

§  8.  The  amount  of  the  change  in  the  velocity  of  a  body  is 
called  the  acceleration  (Pr.  acc616ration,  Ger.  Beschleunigung  and 
Acceleration).  It  is  either  positive  (acceleration)  or  negative  (re- 
tardation), the  former  when  there  is  an  increase,  and  the  latter 
when  there  is  a  diminution  of  velocity.  In  uniformly  variable  mo- 
tion the  acceleration  is  constant  We  can  therefore  measure  it 
by  the  increase  or  decrease  of  velocity  which  takes  place  in  a 
second.  For  any  other  motion,  tlie  acceleration  is  the  increase  or 
decrease  of  velocity,  which  a  body  would  undergo  if,  from  the  instant 
for  which  we  wish  to  give  the  acceleration,  the  acceleration  became 
constant,  and  the*  motion  was  changed  to  a  uniformly  varied  one. 

This  measure  is  generally  called  simply  the  acceleration. 

§  9.  If  the  velocity  of  an  uniformly  accelerated  motion  in  a  very 
small  (infinitely  smaU)  instant  of  time  is  increased  by  a  quantity 
«,  and  if  the  second  of  time  is  composed  of  n  (an  infinite  number 
of)  such  instants,  the  increase  of  velocity  in  a  second,  or  the  so- 
called  acceleration,  is 

P      =Z     n    Ky 

and  the  increase  after  t  seconds  i8==nt.it^nK.t=pt. 

If  the  initial  velocity  (at  the  moment  from  which  we  begin  to 
count  t)  is  =  e,  we  have  for  the  final  velocity ,  i.e.,  for  the  velocity 
at  the  end  of  the  time  t, 

v  =  c  •¥  pt 

For  a  motion  starting  from  rest  c  is  =  0,  whence  v  =p  tj  and 
when  the  motion  is  uniformly  retarded,  in  which  case  the  accelera- 
tion (  —  ^ )  is  negative,  we  have 

v  =  c-~  pt. 

Example. — 1.  The  acceleration  of  a  body  falling  freely  in  vacuo  is 
=  82,20  feet.  It  acquires  therefore  after  8  seconds  the  velocity  v  =  pt  = 
82,20  .  8  =  96,60  feet. 

2.  A  ball  rolling  down  an  inclined  plane  has  in  the  beginning  a  velocity 
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of  25  feet,  and  the  acceleration  is  5  feet  per  Becond.  Its  velocity  after  2^  sec- 
onds is  therefore  «  =  25  +  5 . 2,5  =  87,5  feet ;  I.E.,  if  from  the  last  momeat 
it  mored  forward  uniformly,  it  would  pass  over  37,5  feet  in  every  second. 

8.  A  locomotive  moving  with  a  velocity  of  80  feet  loses,  in  consequence 
of  the  action  of  the  brake,  8,5  feet  of  its  velocity  every  second  ;  its  accelera- 
tion is  therefore  —  3,5  feet  and  its  velocity  afler  6  seconds  is  v  =  80  —  3,5 . 6 
=  80-21  =  9  feet 


§  10.  Umformly  Accelerated  Motion. — ^Within  an  infinitely 
small  instant  of  time  t  we  can  consider  the  velocity  of  every 
motion  as  constant,  and  pnt  the  space  passed  throagb  in  this 
instant 

and  we  obtain  the  space  passed  through  in  the  finite  time  t  by 
summing  these  small  spaces.  But  the  time  in  which  all  these 
small  spaces  were  described  is  one  and  the  same  t,  and  we  can  put 
their  sum  equal  to  the  product  of  this  instant  of  time  and  the  sum 
of  the  velocities  corresponding  to  the  different  equal  instants. 

For  uniformly  accelerated  motion  the  sum  (0  +  v)  of  the  ve- 
locities in  the  first  and  last  instant  is  just  ad  great  as  the  sum 
pr  -\-  (v  —pr)  o{  those  in  the  second  and  last  but  one  instants^ 
.and  equal  to  the  sum  2  jp  r  4-  (v  —  2jp  t)  of  those  in  the  third  and 
last  but  two  instants,  etc,  and  this  sum  is  in  general  equal  to  t;; 

the  sum  of  all  these  velocities  is  therefore  equal  to  (^  •  o)  ^^^  Pro- 
duct of  the  final  velocity  and  half  the  number  of  the  elements 
of  the  time,  and  the  space  described  is  equal  to  the  product 

p. ^ .  t1  of  the  final  velocity  v  and  half  the  number  of  the  elements 

of  the  time  and  one  of  these  elements.    Now  the  magnitude  (t) 

of  an  element  of  the  time  multiplied  by  their  number  gives  the 

whole  time  t^  whence  the  space  described  in  the  time  t  with  an 

•  ,  vt 

nniformly  accelerated  motion  is  «  =  -^. 

The  space  described  with  uniformly  accelerated  motion  is  the 
same  as  that  described  with  uniform  motion  when  the  velocity  of 
the  latter  is  half  the  final  velocity  of  the  former. 

ExAKFLE. — 1.  If  a  body  in  uniformly  varied  motion  has  acquired  in  10 
seconds  a  velocity  i?  =  20  feet,  the  space  described  in  the  same  time  is 

I  =  ?!L|i?  =  180  feet. 
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2.  A  wagon  whose  motion  is  uniformly  accelerated  and  which  describes 
25  feet  in  2^  seconds,  possesses  at  the  end  of  that  time  the  velocity 

»  =  4:^  =  ^  =  22,23. ..  feet 

§  11.  The  two  fundamental  formulas  of  uniformly  accelerated 

motion 

I)  V  =p  t  and 

TT\  ^^ 

II.)  «  =  y. 

which  show  that  the  velocity  is  a  product  of  the  acceleration  and 
the  time,  and  that  the  space  is  the  product  of  half  the  terminal  ve- 
locity and  the  time,  furnish  two  other  equations,  when  we  eliminate 
in  the  first  place  v  and  in  the  second  t.  By  this  operation 
we  obtain 

III.)  «=^and 


IV.)   8  = 


V' 


2/ 

Hence,  in  uniformly  acceUrcUed  motion^  the  space  described  is 
equal  to  the  product  of  half  the  acceleration  and  the  square  of  tJie 
timey  and  also  to  the  sqicare  of  the  terminal  velocity  divided  by  dou- 
ble the  acceleration. 

From  these  four  principal  formulas  we  deduce  by  inversion, 
and  by  the  elimination  of  one  or  other  of  the  quantities  contained 
in  them,  eight  other  formulas,  which  are  collected  together  in  a  table 
in  the  "  Ingenieur,"  page  335. 

ExAHFLB. — 1.  A  body  moving  with  the  acceleration  15,026  feet,  describes 

in  1,5  seconds  the  space  ^^^^^^  •  ^^^^)*  -  15^525  .  4  =  17,578  feet. 

2.  A  body,  which  acquires  a  velocity  0  =  16,5  in  consequence  of  an 
acceleration  p  =  4,5  feet,  has  described  in  so  doing  the  space  8  == 

(1?4^  =  80,25  feet. 
2  .  4,5 

§  12.  On  comparing  two  diflFerent  uniformly  accelerated  mo- 
tions, we  arrive  at  the  following  conclusions. 

The  velocities  axe  v  =  p  t  and  v,  =  pi  tx.     The  spaces,  on 

the  contrary,  are  «  =  ~—  and  Si  =  ^^V^j  whence  we  have 

V,        Pi  ti  Si         pi  ti^  Vi  ti         Vi*  p 

Putting  ^,  =  ^  we  obtain : 


* 
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—  =  —  =  -  ;  the  times  being  equal,  the  ratio  of  the  spaces  de- 
scribed is  equal  to  that  of  the  final  velocities  or  of  the  accel- 
erations. 

K  we  put/?,  =  jp  we  have 


The  acceleration  being  the  same,  lb.,  when  we  have  the  same 
uniformly  accelerated  motion,  the  final  velocities  are  to  each  other 
as  the  times,  the  spaces  described  as  the  squares  of  the  times,  and 
also  as  the  squares  of  the  final  velocities. 

Farther,  if  we  take  Vi  =  v  it  gives  ^  =  -i-  and  —  =  -r-;  for  the 

same  final  velocities  the  accelerations  are  to  each  other  inversely, 
and  the  spaces  directly  as  the  times. 

Finally, for «i  =  «  we  have  ^  =  —  =  — ^;  for  equal  spaces  de- 
scribed the  accelerations  are  to  each  other  inversely  as  the  squares 
of  the  times  and  directly  as  the  squares  of  the  velocities. 

§  13.  For  a  uniformly  accelerated  motion  with  the  initial  veloc- 
ity c  we  have  from  §  9 

I.)  v  =  (?  +  jp  ty 

and  since  the  space  c  t  belongs  to  the  constant  velocity  c,  and  the 
space  ^^-^—  to  the  acceleration  p 

11.)  «  =  C  ^  +  ^. 

EUminating  p  from  the  two  equations,  we  obtain 

TTT  \  c  -\r  V  . 

ni.)  s  =  --y-  t, 


v' 


or  eliminating  t,  we  find 

IV.)  8=     ^       . 
'  2p 

Example. — 1.  A  body  moving  with  the  initial  velocity  6  =  8  feet  and 

with  the  acceleTation  jp  =  5  feet  describes  in  7  secondB  the  space 

«  =  8.7  +  5.^=21  +  133,5  =  148,5  feet. 

3 

3.  Another  body,  which  in  8  minntes  =  180  seconds  changes  its  ve- 
locity from  3}-  feet  to  7^  feet,  describes  during  this  time  the  space 

?^^4-^ .  180  =  900  feet. 
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g  14.  Uniformly  Retarded  Motion. — For  uniformly  retarded 
motion  with  the  initial  velocity  c  we  have  the  following  formulas, 
which  are  deduced  from  those  of  thd  foregoing  paragraph  by  mak- 
ing p  negative. 

L)  V  —  c—  pty 


IV.)  «  = 


C    —  V 


2p   • 


While  In  uniformly  accelerated  motion   the  velocity  increases 
without  limit,  in  uniformly  retarded  motion  the  velocity  decreases 
up  to  a  certain  time,  when  it  is  =  0,  and  afterwards  it  becomes 
negative,  le.,  the  motion  continues  in  the  opposite  direction. 
If  we  put  V  =  0  in  the  first  formula,  we  obtain  p  t  =  Cj  whence 

the  time  in  which  the  velocity  becomes  =  0  is  <  =  — ; 

substituting  this  value  of  ^  in  the  second  equation,  we  obtain  the 

^» 
space  described  by  the  body  during  this  time,  8  =  -^ — . 

4t  p 
C  (^ 

If  the  time  is  greater  than  — ,  the  space  is  smaller  than  ^ ; 

and  if  the  time  is  =  —  the  space  becomes  =  0,  the  body  having  re- 
turned  to  its  point  of  departure ;  finally,  if  the  time  is  greater  than 

2(7 

— ,  8  is  negative,  le.,  the  body  is  on  the  opposite  side  of  the  point 
of  departure. 

Example. — ^A  body  which  is  rolled  np  an  iDclined  plane  with  an  in- 
itial velocity  of  40  feet,  and  which  suffers  a  retardation  of  8  feet  per  sec- 

40  40* 

ond,  rises  only  during  -o-  =  5  seconds  and  reaches  a  height  of  - — -  =100 

feet,  After  which  it  rolls  back  and  arrives  after  10  seconds  with  a  velocity 
of  40  feet  at  the  point  from  whence  it  started,  and  aft«r  12  seconds  is  al- 
ready 40 .  12  —  4 .  12«  or  -  (40 . 3  +  4 .  2«)  =  96  feet  below  its  point  of  de- 
partm'e,  if  the  plane  continues  beneath  it 
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§  15.  The  Free  Pall  of  Bodiea — The  free  or  vertical  fall  of 
bodies  in  vacuo  (Fr.  mouyement  yertical  des  corps  pesants^  Oer. 
der  freie  oder  senkrechte'Fall  der  Kdrper)  furnishes  the  most  im- 
portant example  of  uniformly  accelerated  motion.  The  acceleration 
of  this  motion  produced  by  gravity  (Pr.  gravltfe,  Ger.  Schwer- 
kraft)  is  designated  by  g,  and  its  mean  value  is 

9,81  meters. 

30,20  Paris  feet. 

32,20  English  feet 

31,03  Vienna  feet. 

31^  =  31,25  Prussian  feet. 

32,7  Bavarian  or  meter  feet. 

If  any  of  these  values  of  ^r  be  substituted  in  the  formulas  v=g  t, 

8  =  ^^  and*  =  ^-,  V  z=i  V2  g  8y  sl\  possible  questions  in  relation 

to  the  free  fall  of  bodies  can  be  answered. 

For  the  metrical  system  of  measures  we  have 

V  =  9,81  .  t  =  4,429  Vsy 
8  =  4,905  t*  =  0,0510  v\ 

t  =  0,1019  v'  =  0,4515  VJ; 

and  for  English  measures 

V  =  32,2  t  =  8,025  Vs, 
8  =  16,1  t*  =  0,0155  v\ 

t  =  0,031  v  =  0,249  Vs. 

EzAXFLE. — 1.)  A  body  attains  when  it  falls  unhindered  in  4  seconds  a- 
velocity  «  =  32,2  .  4  =  128,8  feet,  and  describes  in  this  time  the  space  s  = 
16,1  .  4*  =  257,6  feet.    2.)  A  body  which  has  fallen  from  the  height  s  = 

9  feet,  has  the  velocity  v  =  8,025  V?  =  24,075.  8 )  A  body  projected  ver- 
tically upwards  with  a  velocity  of  10  feet  rises  to  the  height  «  =  0,0155  ^ 
10**  =  1,55  feet,  in  the  time 

t  =  0,081  .  10  =  0,81, 

or  nearly  |^  of  a  second. 

§  16.  The  following  Table  shows  how  the  motion  takes  place  as 
the  time  elapses^ 
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Time  in) 
seconds ) 

o 

I 

2 

3 

4 

5 

6 

7 

8 

9 

lO 

Velocity . 

o 

V 

^9 

Z9 

A3 

53 

6g 

73 

%r 

9^ 

lO^ 

1 

Space     . 

o 

2 

*f 

^; 

16? 

2 

'4 

3^f 

< 

.,f 

8r^ 

2 

6r 
loo- 

2 

Difference 

1 

o 

2 

4 

4 

'f 

4 

2 

< 

■4 

"f 

■'! 

The  last  horizontal  column  of  this  table  gives  the  spaces  de- 
scribed by  a  body  falling  freely  in  each  single  second.  We  see  that 
these  spaces  are  to  each  other  as  the  uneven  numbers  1, 3, 5,  7,  etc., 
while  the  times  and  the  velocities  are  to  each  other  as  the  regular 
series  of  numbers  1,  2,  3,  4, 5,  etc.,  and  the  distances  fallen  through 
as  their  squares  1,  4,  9, 16,  etc.  Whence,  E.G.,  the  velocity  after  6 
seconds  is  =  6  ^r  =  193,2  feet,  lb.,  the  body,  if  from  this  moment 
it  continued  to  move  uniformly  as  on  a  horizontal  plane  which  of- 
fered no  resistance,  would  describe  in  every  second  the  space  6  ^  = 
193,2  feet  It  does  not  really  describe  this  space  in  the  following 
or  seventh  second,  but  from  the  last  column  we  see  that  it  de- 
scribes exactly  13  |  =  13  .  16,1  =  209,3  feet,  and  in  the  eighth 

second  15  ^  =  15  .  16,1  =  241,5  feet    ' 

Remabk.— Older  German  writerB  designate  the  space  16,1  feet,  de- 
Bcribed  by  a  body  falling  lYeely  in  the  first  second,  by  ^,  and  call  it  also  the 
acceleration  of  gravity.  They  employ  for  the  free  fall  of  bodies  the  for- 
mulas 

D  =  2  ^  «  =  2  V7^, 
4^ 


t 


This  usage,  known  only  in  Germany,  is  tending  gradually  to  disappear, 
which,  on  account  of  the  frequent  misapprehensions  and  errors  resulting 
from  it,  is  much  to  be  desired. 


§  17.  Free  PaU  with  an  Initial  Velocity.— ^If  the  free  fall 
of  a  body  lakes  i)liico  with  an  initial  velocity  (Fr.  vitesso  initial?,  Ger. 
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An&ng8geschwindigkeit)  c,  the  formulas  assume  the  following 
form: 

v  =  c-\-gt  =  C'^  32,2  ^  feet  =  <?  +  9,81  t  meters, 

V  =  Ve'  -\-  2g8  =  V?  +  6M~i  feet  =  V?^  19,62«  meters, 

8  —  ct  -\-^f  =  ct  -{■  16,1  e  feet  =  c  ^  +  4,905 1*  meters, 
and  <  =  ^  ""  ^'  =  0,0155  (t;*  -  c')  feet  =  0,0510  (v*  -  c')  meters. 

if 

I^  on  the  contrary,  the  body  is  projected  vertically  upwards,  we 
haye 

■ 

v  =  c  —  gt  =  c  —  32,2  t  feet  =  <?  —  9,81  t  meters, 

V  =  Vc^  —  '^gs  =  Vcf  —  64,4  8  feet  =  Vc*  — 19,62  8  meters, 

8  =  ct-^t^  =  ct  -  16,1  ^'  feet  =  c  ^  -  4,905  f  meters, 

and  «  =  ^7^  =  0,0155  {c'  -  r')  feet  =  0,0510  (c"  -  v')  meters. 

H  we  consider  a  given  velocity  (;  as  a  velocity  acquired  by  a  free 
fall,  we  call  the  space  fallen  through 

X—  =  0,0155  <?•  feet  =  0,0510  c*  meters, 

"the  height  due  to  the  velocity*^  (F.  hauteur  due  &  la  vitesse,  Ger. 
Geschwindigkeitshohe).  By  the  substitution  of  the  above,  several 
of  the  foregoing  formulas  may  be  expressed  more  simply.    If  we 

denote  the  height  (— )  due  to  the  initial  velocity  by  4,  and  that 

i^\  due  to  the  final  velocity  by  A,  we  have  for  falling  bodies, 

h  -=  h  -\-  8  and  8  =  h  --  k, 

and  for  ascending  bodies, 

h  =  k  —  8  and  «  =  i  —  A. 

The  space  described  in  falling  or  ascending  is  therefore  equal 
to  the  difference  of  the  heights  due  to  the  velocities. 

ExAHFLE. — If  for  a  uniformly  varied  motion  the  velocities  are  5  feet 
and  11  feet,  and  the  heights  due  to  the  velocities  are  0,0155  .  5'  =  0,8875, 
and  0,0155  .  11*  =  1,8755,  the  space  described  in  passing  from  one  velocity 
to  the  other  is  »  =  1,8755  —  0,3875  =  1,4880  feet 
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§  18.   Vertical  Ascension.— If  in  the  formula  a  = 


V* 


29 

for  the  vertical  ascension  of  bodies  we  put  the  final  veloqity  v  = 
0,  we  obtain  the  maximum  height  of  ascension. 


c' 


consequently  the  maximum  height  of  ascension,  corresponding  to 
the  velocity  c,  is  equal  to  the  height  of  fell  k  due  to  the  final  velo- 
city c,  and  therefore  c  =  V2gk  is  not  only  the  final  velocity  for 
the  height  k  of  free  fall,  but  also  the  initial  velocity  for  the  maxi- 
mum height  of  ascension  k.  Hence  it  follows  that  a  body  pro- 
jected vertically  upwards  has  at  any  point  the  same  velocity,  which 
it  would  have,  in  the  opposite  direction,  if  it  fell  from  a  height 
equal  to  the  remaining  height  of  ascension  to  that  point,  and  which 
it  really  possesses  afterwards,  when  it  reaches  it  upon  falling  bacL 

Example. — A  body  projected  vertically  upwardh,  with  a  velocity  of  15 
feet,  after  ascending  2  feet  meets  an  elastic  obstrucdon,  which  throws  it 
back  instantaneously  with  the  same  velocity  with  which  it  struck.  How 
great  is  this  velocity,  and  how  much  time  does  the  body  require  to  ascend 
and  fall  back  again  ?  The  height  due  to  the  initial  velocity  15  feet  is  k  = 
8,49  feet,  and  the  height  due  to  the  velocity  at  the  instant  of  collision  is 
h  =  8,49  —  2,00  =  1,49,  and,  consequently,  the  velocity  itself  is  =  8,025 

i^l,49=9,8  feet.  The  time  necessary  to  ascend  the  entire  height  (8,49  feet) 
would  bet  =  0,081  e  =  0,031  .  15  =  0,465  seconds,  while  the  time  neces- 
sary to  ascend  the  height  1,49  is  ^^  =  0,081  .  9,8  =  0,8038  seconds,  whence 
the  time  necessary  to  ascend  the  2  feet  is  ^  —  ij  =  0,465  —  0,8038  = 

0,1612  seconds,  and  finally  the  whole  time  employed  in  ascending  and  fisdl- 

0004. 
ing  is  =  2  .  0,1612   =  0,8224  seconds.     This,  therefore,  is  but  ^*-^*,  or 

about  I  of  the  time,  which  would  be  employed  by  the  body  in  rising  and 
falling  if  it  met  with  no  obstacle.  This  case  occurs  in  practice  in  forging 
red-hot  iron,  for  we  are  obliged  to  give  as  many  strokes  of  the  hammer 
as  possible  in  a  short  space  of  time,  on  account  of  the  gradual  cooling  of 
the  iron.  If  by  means  of  an  elastic  spring  we  cause  the  hammer  to  be 
thrown  back,  it'  can,  under  the  circumstances  supposed  in  the  example, 
make  three  times  as  many  blows  as  when  its  rise  was  unimpeded. 

Remabk  1. — In  practical  mechanics,  particularly  in  hydraulics,  we  are 
often  obliged  to  convert  velocity  into  height  due  to  velocity,  or  the  latter 
into  the  former.  A  table,  by  means  of  which  this  operation  can  be  per- 
formed at  once,  is  of  the  greatest  service  to  the  practical  man.  Such  a 
one,  calculated  for  the  Prussian  foot,  is  to  be  found  in  the  ^^  Ingenieur," 
page  826  to  829. 
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Revabk  2. — The  fonnnlas  deduced  in  the  foregoing  paragraphs  are 
Btrictly  correct  only  for  bodies  falling  freely  in  vacua;  they  are,  however, 
sufficiently  accurate  for  practical  purposes,  when  the  weight  of  the  body  is 
great  compared  to  its  Tolume,  and  when  the  velocities  are  not  very  great 
They  are,  besides,  employed  in  many  other  cases,  as  will  be  shown  here- 
after. 

§  19.  Variable  Motion  in  General — The  formula 8  =  ct 
(§  5)  for  uniform  motion  holds  good  also  for  every  variable  motion, 
if  instead  of  t  we  substitute  an  element  or  an  infinitely  small  in- 
stant of  the  time  r,  and  instead  of  8  the  space  a  described  in  this 
instant^  for  we  can  assume  that  during  the  instant  r  the  velocity  Cy 
which  we  here  denote  by  v,  remains  constant,  and  that  the  mo- 
tion itself  is  uniform. 

Hence,  we  have  for  every  variahle  motion 

I.)        a  =  V  T,  and  v  =  -  (compare  §  10). 

T 

The  velocity  {v)  for  every  instant  is  given  by  the  quotient  of  the 
dement  of  the  space  divided  by  that  of  the  time. 

In  like  manner  the  formula  v  =p  t  (%ll)for  uniformly  accele- 
rated motion  holds  good  also  for  every  variable  motion,  if  instead  of 
t  and  V  we  substitute  the  element  of  time  r  and  the  infinitely  small 
increase  of  velocity  k  during  that  time,  for  the  acceleration  p 
does  not  vary  sensibly  in  an  instant  r,  and  the  motion  can  be  re- 
garded as  uniformly  accelerated  during  this  instant.  Consequently 
we  have  for  all  motions 

IL)        K  =  p  T,  and  j9  =  -. 

The  acceleration  {p)  w,  therefore,  equal  to  the  element  of  the  ve* 
hdty  divided  by  the  element  of  the  time. 

is  we  put  the  total  duration  of  the  motion  t  —  nr^  and  the  ve- 
locities in  the  successive  instants  r  are  v,,  t'«,  Va . .  v„,  the  corres- 
ponding elements  of  the  space  are  <7,  =  ri  r,  <j,  =  v,  r,  a,  =  v,  t  . . , 
CT,  =  v^  T,  and  the  total  space  described  is 

«  =  (vi  +  Vi  +  r, . .  .  vO  T  =  \^— '— 'J  n  T,  I.B., 

!♦)    ,=  (^±Ji+-"^^-)^^w,when 

V  =  ^'^"^^'"^^'""^"  denotes  the  mean  velocity  of  the  body  while 
n 

describing  the  space  s. 
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In  like  manner  if  c  denotes  the  initial  and  v  the  final  velocity, 
and  ifpi^Pf » .  .pn  denote  the  accelerations  in  the  equal  successive 
instants  r,  we  have 

II*)    v-c=  (Sl±P^J^  t^pt,  when 

V  =  — '— — —  denotes  the  mean  acceleration. 

^  n 

By  combining  the  formulas  I.  and  II.  we  obtain  the  following 
not  less  important  equation : 

IIL)        V  K—  p  a. 

If,  while  the  space  a^naiB  described,  the  acceleration  assumes 
successively  the  values^i, jPf. ..^,^  the  sum  of  the  products^  a  is 

(p.  +p....+p,)o=[Si±£^--:±P^)no 
K  the  initial  velocity  c  is  transformed  by  successive  increases 

at    4* 

of  c  = into  the  final  velocity  v,  the  sum  of  the  products 

t;  K  is 

c«  +  (c  +  «)«  +  ....  +  (i;— «)  «  +  !;«=[(;+ (c +  «)  +  ... +(t;—ic)  +  r]« 

=  («  +  ^)-2-  =  ^ ^ ^  =  -T-' 

and  therefore  we  can  write 

III*)        ^  ^  =p8,or8  =  --^y-  (compare  IV.,  §  13). 

With  the  aid  of  the  foregoing  formulas  we  can  solve  the  most 
varied  problems  of  phoronomics  and  mechanics. 

The  time,  in  which  the  space  8  =  na  is  described  with  the  vari- 
able velocities  Vi,  Vj, . . .  v„,  is 

IV.)  ^  =  <j(—  4-  —  +  ..-)  =  -(—  +  —  +  ..+      )=-, 

when  we  put  the  value  -  ( h 1-  . . .  H )  =    ,  whose  recip- 

rocal  V  can  be  considered  as  the  mean  velocity. 

Example. — ^When  a  body  moves  according  to  tbe  law  0  =a£*,  we  have 
9  +  K  =  a{t  -^^  rf  =1  a  {f  +  2 1  T  +  T^y  and  «  =  a  t  (2  t  +  r),  conaeqaently 

jp  =  -=  2a  t. 
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The  velocities  of  the  body  at  the  end  of  the  times 

T,  2r,  3  r . ..»  T  are  a  r»,  a  (a  r)*,  a  (8  Ty..a(n  t)«, 
whence  it  follows  that  the  space  described  mt  =  nT  seconds  is 

«  =  [a  r«  +  a  (2  -)«  +  . .  a  (»  r)']  r  =  (1«  +  3«  +  8»  +  . .  +  »»)  a  r», 
but  from  Article  15,  IV.,  of  the  Introduction  to  the  Calculus  we  hare 

n* 
1*  +  2*  +  8*  +  . .  +  n*  =r  -,  hence 

o 

•  =  -8*"=8('*">=-8' 


(§  20.)  Differential  and  Integral  Formulas  of  Phorono- 
mics. — The  general  formulas  of  motion  found  in  the  foregoing 
paragraphs  assume,  when  the  notations  of  the  calculus  are  em- 
ployed, I.E.,  when  the  element  of  time  t  is  designated  by  d  t,  the 
element  of  space  ahj  d  s,  and  the  element  of  velocity  «  by  rf  r,  the 
following  form : 

I.)        V  =  -y^  or  d  8  =  vdt,  whence  s  =  J  vdt, and t  =J  — . 
IL)       p  =  — ,  OT  dv  =pdt,  whence  v  =^JpdtyaJidt=J  — . 

III.)  vdv  =p  d  s,OT  8  =  / ,  and  —    —  =  J p  d  8, 

in  which  c  denotes  the  initial  and  v  the  final  velocity,  while  the 
space  8  is  being  described. 

We  see  from  the  above  that  the  difference  of  tJie  8quare8  of  the 
vehciti€8  w  equal  to  twice  the  integral  of  the  product  of  the  accelera- 
tion and  the  differential  d  «,  or  equal  to  the  product  of  the  mean  ac- 
celeration and  the  8pace  described  iy  ths  body  in  passing  from  the 
velocity  c  to  the  velocity  v. 

According  to  the  theoiy  of  niaxima  and  minima  the  space  is  a 
maximum,  and  the  motion  attains  the  greatest  extension,  when  we 
have 

51  =  *  =  ^' 

and  the  velocity  is  a  maximum  or  minimum  when 

dv 

The  foregoing  are  the  fundamental  formulas  of  the  higher 
Phorononucs  and  Mechanics. 

ExAKFLE. — 1.  From  the  equation  for  the  space  «  =  2  +  3^  +  <',  we 
deduce  by  differentiation  the  equation  for  the  velocity  i}=:8  +  2  t,  and  that 
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for  the  acceleration  p  =  2;  the  latter  is  constant  and  the  motion  is  oni- 
formly  accelerated, 

For  ^  =:  0, 1,  2,  8 . .  .  seconds,  we  have 
c  =  8,  5,  7,  9  . . .  (Feet),  and 
«  =  2,  6,  12,  20  .  .  .  (Feet). 
2.  From  the  formula  for  the  velocity 
9  =  10  +  3  ^  --  <',  we  obtain  by  integration 

9=  flOdt  +  fstdt-  ft^dt  =  lot  +f^»-? 

and  on  the  contrary  by  differentiation  ^  =  8  —  2  ^. 

Consequently,  for  8  —  2  £=0,  i.e.,  for  <=f  seconds,  the  acceleration  is  0 
and  the  Telocity  is  a  maximum  {v  =  12}^),  and  for  10  +  8  ^  —  ^*  =  0, 1.B.,  for 

/— — — —     8-4-7 
t  =i  +V10  +  f  =  — 5 —  =  6  the  velocity  is  =  0  and  the  space  is  a maxi- 

mum. 

Forf=   0,    1,        2,        8,        4,        6,        6  seconds  we  haVe 
p=   S,     1,  _  1^  —  8,  _  5,  —  7,  —  9  feet, 
V  =  10,  12,       12,      10,        6,       0,-8  feet, 
9  =   0,  Hi,    28J,    84f,    42f,    45|,   42  feet. 
8.  For  the  motion  expressed  by  the  formula^  =  —  /<  «,  in  which  /t  des- 
ignates a  constant  coefficient,  we  have 

— 2 —  =  I  pds^Z'—n  I  8d9=  —  ^,  or  »'  =  c'  —  /« «' ; 

whence        v  =  ^c^  —  us'  and  «  =i/ . 

Wehavealso    dt  =  ^=        ds  1  ds 


/.  -  (1^)- 


<2tt 


« 


Vi£\*      V/*Vl  — «'> 


V;u|/l- 

when  we  put  *^/^  =  « ;  and  it  follows  that  (see  Art  26,  V.',  of  the  Introduc- 

e 
tion  to  the  Calculus). 

t  =  -L  9in,  -» «  =  --Lm.-!  t:£^,  and 

'  ~"  ~7=  «in.  (f  V  ^\  as  well  as 

d  8  /- 

V  =  J-  =  ceog.  {t  V  fi)  and 

When  the  motion  begins  we  have,  for  <  =  0,  «  =  0,  v  =  e  and  p  =s  0, 
and  afterwards  for 


§21.]  SIMPLE  MOTION.  121 

«  V^=  IT,  or  *  =  -7=^»  «  =  0, «  =  — c  andi>  =  0,  for     . 

V/^        « 

«  V^  =  f  ff,  or  «  =  g-T^j «  =  -  -^,  «  =  0  and  p  =  0  v^,  and  for 

^  V^  =  2  IT,  or  «  =  TP",  #  =  0,  «  =  «  and  ^  =  0. 

Hie  moving  point  has  therefore  a  yibratory  motion  npon  both  sides  of  the 
fixed  point  of  beginning,  to  which  it  returns  every  time  that  it  has  de- 
scribed, with  a  velocity  wliich  gradually  increases  from  0  to  «  =  =b  c,  the 

apace  «  =  ±  . 

§21.  Mean  Velocity. — Thevelocity  Ci= -^^  which  we  find 

when  we  divide  the  space  described  daring  a  certain  time,  E.O., 
during  the  period  of  a  periodic  motion,  by  the  time  itself,  diflfers 

from  the  yelocity  v  =  —  I  j"/)  ^^^  *^  instant  or  during  the  ele- 
ment of  time  T  {d  t).  We  call  the  former  the  mean  velocity  (Fr. 
Vitesse  moyenne,  Ger.  mittlere  Geschwindigkeit),  and  we  can  con- 
sider it  as  the  velocity  that  a  body  must  have,  to  describe  uniformly 
in  a  certain  time  (t)  the  space  («)  which  it  really  does  describe  with  a 
variable  motion  in  the  same  time.  When  the  motion  is  uniformly 
variable  the  mean  velocity  is  equal  to  the  half  sum  of  the  initial  and 
of  the  final  velocity,  for  according  to  §  13  the  space  is  equal^  this 

sum  I — ^ — )  multiplied  by  the  time  {t). 

In  general,  the  mean  velocity  is  (according  ta  §  19)  d  = 

— — — ^,  in  which  v,,  Ve, . . .  v.  denote  the  velocities  corre- 

n 

spending  to  equal  and  very  small  intervals  of  time. 

Example. — While  a  crank  is  turned  uniformly  in  a  circle  V  M  0  N^ 
Fig.  51,  the  load'  Q  attached  to  it,  e.g.,  the  piston  of  an 
air  or  water  pump,  etc.,  moves  with  a  variable  motion  up 
and  down  ;  the  velocity  of  this  load  is  at  the  highest  and 
lowest  points  ^and  O  a  minimum,  and  equal  to  zero,  and 
at  half  the  height  at  IT  and  iV  a  mnximum,  and  equal  to  the 
velocity  of  the  crank.  Within  a  half  revolution  the  mean  ve- 
locity is  equal  to  the  whole  height  of  ascent,  i.e.,  the  diam- 
eter ^  Oof  the  circle  in  which  the  crank  revolves,  dividtd 
by  the  time  of  a  half  revolution.  If  we  put  the  radius  of  the 
circle  in  which  the  crank  revolves,  C  U  =  C  0  =z  r,  that 
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is,  its  diameter  =  2  r,  and  tbe  time  equal  to  tj  it  follows  that  the  mean 

2r 


velocity  e^  =- 


t' 


The  crank  in  the  same  time  describes  a  half  circle 


nr 


ir  r,  and  its  velocity  is  <j  =  -— -,  and  therefore  thcf  mean  velocity  of  the  load 

V 

2  2  f 

e^  =  —  <5  =  ^.-77  c  is  0,6866*  times  as  great  as  the  constant  velocity  e  of 
*       n  8,141  ° 

the  crank. 

§  22.  Oraphical  Representation  of  the  Formtilas  of  Mo- 
tion. The  laws  of  motion  which  have  been  found  in  the  foregoing 
paragraphs  can  be  expressed  by  geometrical  figures,  or,  as  we  say, 
graphically  represented.  Graphical  repi'esentations,  as  they  rea- 
der the  conception  of  the  formula  more  easy,  assist  the  mem- 
ory, protect  us  from  many  errors,  and  serve  also  directly  for 
the  determination  of  quantities  which  may  be  required,  are 
of  the  greatest  use  in  mechanics.    In  uniform  motion,  the  space 

(s)  is  the  product  (c  t)  of  the  velocity  and 
the  time,  and  in  Geometry  the  area  of  a  rect- 
angle is  equal  to  the  product  of  the  base  by 
the  altitude ;  we  can  therefore  represent  the 
space  described  (s)  by  a  rectangle  A  B  CD, 
Fig.  52,  whose  base  ^  ^  is  the  time  t,  and 
whose  altitude  A  D  =^  B  C  ib  the  velocity  c^ 
provided  the  time  and  the  velocity  are  expressed  by  similar  units 
of  length,  that  is,  if  the  second  and  the  foot  are  represented  by 
one  aift  the  same  line. 

§  23.  While  in  uniform  motion  the  velocity  {M  iV)  at  any  mo- 
ment {A  M)  is  the  same,  in  variable  motion  it  is  different  for  each 
instant ;  therefore  this  motion  can  only  be  represented  by  a  four- 
sided  figure,  A  B  C  Dy  Fig.  63,  the  base 
of  which  A  B,  denotes  the  time  {t)y  the 
other  boundaries  being  the  three  lines, 
A  Dy  B  C,  dxiA  C  D.  The  first  two 
of  these  lines  denote  the  initial  and  final 
velocities,  and  the  last  one  is  determined 
by  the  extremities  (^V)  of  the  different  lines 
representing  the  velocities  corresponding 
to  the  intermediate  times  ( M),  Accord- 
ing to  the  nature  of  the  variable  motion  in  question,  the  fourth 
line  C  D\&  straight  or  curved,  rises  or  sinks  from  its  origin,  and  is 
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concaye  or  convex  towards  the  base.  In  every  case,  however^  the 
ai*ea  of  this  ligure  is  equal  to  the  space  (s)  described ;  for  every  sur- 
face A  B  C  Dy  Fig.  53,  can  be  divided  into  a  series  of  small 
strips  M  0  P  Ny  which  may  be  considered  as  rectangles,  and  the  area 
of  each  of  which  is  a  product  of  the  base  {M  0)  and  the  corresponding 
altitude  ( M  N)  or  (0  P),  and  in  like  .manner  the  space  described 
in  a  certain  time  is  composed  of  small  portions,  each  one  of  which 
is  a  product  of  an  element  of  time  and  the  velocity  of  the  body 
during  that  instant.  The  figure  also  shows  the  difference  between 
the  measure  of  the  velocity  and  the  space  actually  described  in  the 
following  unit  of  time.  The  rectangle  M  L,  above  the  base 
M  H=  unity  (1)  =  v  .  1  is  the  measure  of  the  velocity  M,  and  on 
the  contrary,  the  surfisice  M  K  above  the  same  base  represents  the 
space  actu^ly  described.  In  the  same  way  the  rectangle  A  Foyer 
A  I  =  unity  is  the  measure  of  the  initial  velocity  AD  =^c,  and  the 
surface  A  E  that  of  the  space  actually  described  in  the  first  second. 

§  24.  In  uniformly  variable  motion  the  increase  or  decrease  v—c 
of  the  velocity  (=  /?  ^,  §  13)  is  proportional  to  the  time  {t).  K  in 
Pig.  54  and  Fig.  55  we  dra^  the  line  D  E  parallel  to  the  base  A  By 
we  cut  off  from  the  lines  B  C  and  M  Ny  which  represent  the  velo- 


FiG.  55. 


cities,  the  equal  portions  B  E  and  M  0,  which  are  equal  to  the 
line  A  D  representing  the  initial  velocity,  there  remain  the  pieces 
CE  and  N  0,  which  represent  the  increase  or  decrease  in  velocity; 
for  these  we  have  from  what  precedes  the  proportion 

N0\  OE^B  O'.DE. 

Such  a  proportion  requires  that  N,  as  well  as  every  point  of  the 
line  C  Dy  shall  be  upon  the  straight  line  uniting  C  and  /),  or  that 
the  line  CDy  which  limits  the  velocities  MNy  shall  be  straight.  Con- 
sequently the  space  described  in  uniformly  accelerated  or  retarded 
motion  can  be  represented  by  the  area  of  a  Trapezoid  A  B  G  Dy 
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whose  altitude  A  B  iB  the  time  (t)  and  whose  two  parallel  bases 
A  D  and  B  Care  the  initial  and  final  velocity.    The  formula  found 


in  §  13  «  =  ^-s—  •  ^  corresponds  exactly  to  this  figure.    For  uni- 

formly  accelerated  motion  the  fourth  side  D  C  rises  from  the  point 
of  origin,  and  for  uniformly  retarded  motion  this  line  descends 
from  the  same  point  When  the  uniformly  accelerated  motion  be- 
gins with  a  Telocity  equal  to  zero,  the  trapezoid  becomes  a  trian- 
gle, whose  area  is  ^  B  C »  A  B  =^  ^  v  t. 

§  25.  The  mean  velocity  of  a  variable  motion  is  the  quotient  of 
the  space  divided  by  the  time;  it  gives,  when  multiplied  by  the 
time,  the  space,  and  can  be  considered  as  the  altitude  A  F  =: 
B  JEJ  of  the  rectangle  A  B  E  F,  Fig.  56,  the  base  of  which  A  Bi% 
equal  to  the  time  t,  and  the  area  of  which  is  equal  to  that  of  the 
four-sided  figure  A  B  C  N  D^  which  measures  the  space  described. 
The  mean  velocity  is  found  by  changing  the  four-sided  figure  A  B 
C  N  D  into  an  equally  long  rectangle  A  B  E  F.  Its  determina- 
tion is  especially  important  for  periodic  motion,  which  occurs  in 
almost  all  machines.  The  law  of  this  motion  is  represented  by 
the  serpentine  line  C  D  E  F  Oy  Fig.  57.    If  the  right  line  L  My 


Fig.  56. 


drawn  parallel  to  A  By  cuts  off  the  same  space  as  the  serpentine 
line,  then  L  Mia  also  the  axis  oi  C D  E F  Gy  and  the  distance  A  L 
=^  B  M  between  the  two  parallels  A  B  and  L  Mis  the  mean  ve- 
locity of  the  periodic  motion,  and,  on  the  contrary,  A  C,  0  E,B  Oy 
etc.,  are  the  maximum,  and  N  D  and  P  Fthe  minimum  velocities 
of  a  period  A  0,  0  B,  etc. 

§  26.  The  acceleration  or  the  continuous  increase  of  velocity  in  a 
second  can  easily  be  determined  from  the  figure.  In  uniformly 
accelenited  motion  it  is  constant,  and  is  therefore  the  difference 
F  Q,  Fig.  58  and  Fig.  59,  between  the  two  velocities  OP  and  Mlf, 
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one  of  which  corresponds  to  a  time  {M  0)  one  second  greater  than 
the  other.    If  the  motion  is  yariablej  but  not  aniformly,  and  the  line 


^^--^C 


M    O 


B 


of  Telocity  O  D  therefore  a  curve,  the  acceleration  at  every  instant 
is  different,  and  consequently  it  is  not  really  the  difference  P  Q  of 
the  velocities  0  P  and  M  N  =  0  Qy  Pigs.  60  and  61,  which  are 
those  at  times  differing  one  second  M  0  from  each  other,  but  it 


Fig.  61. 


M    O 


is  the  increa^  R  Q  of  the  velocity  M  N",  which  would  take  place, 
iffrom  the  instant  if  the  motion  became  a  uniformly  accelerated 
one,  that  is  if  the  curve  N  P  C  became  a  straight  line  N  E,  But 
the  tangent  N  Ei&  the  line  in  which  a  curve  D  N  would  prolong 
itself,  if  from  a  certain  point  (iV^),  its  direction  remained  unchanged ; 
the  new  line  of  velocity  coincides  with  the  tangont,  and  the  perpen- 
dicular 0  R  which  reaches  to  this  line  is  the  velocity  which  would 
have  existed  at  the  end  of  a  second,  if  at  the  beginning  of  the  same 
the  motion  had  become  a  uniformly  accelerated  one,  and  therefore 
the  difference  R  Q  between  this  velocity  and  the  initial  one  {MN) 
is  the  acceleration  for  the  instant  which  corresponds  to  the  point 
J/ in  the  time  line  A  B,  Wc  can  also  of  course  consider  the  time 
"nd  the  accelerations  as  the  co-ordinates  of  a-  curve,  in  which  caae 
the  Yelocities  are  represented  by  surfaces. 
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CHAPTER    II. 

COMPOUND  MOTION. 


§  27.  Composition  of  Motion.— The  same  body  can  possess, 
at  the  same  time,  two  or  more  motions ;  every  (relative)  motion  is 
composed  of  the  motion  within  a  certain  space,  and  of  the  motion 
of  this  space  within  or  in  relation  to  another  space.  Every  point 
on  the  earth  possesses  already  two  motions;  for  it  revolves  once 
every  day  aroand  the  earth's  axis,  and  with  the  earth  once  a  year 
around  th^  sun.  A  person  moving  on  a  ship  has  two  motions  in 
relation  to  the  shore,  his  own  motion  proper  and  that  of  the  ship; 
the  water  which  flows  out  of  an  opening  in  the  side  or  in  the  bot- 
tom of  a  vessel  carried  upon  a  wagon  has  two  motions,  that  from 
the  vessel,  and  that  with  the  vessel,  etc. 

Hence  we  distinguish  simple  and  compound  motion.  The  rec- 
tilinear motions  of  which  other  rectilinear  or  curvilinear  motions 
are  composed  (Fr.  composes,  Ger.  zusammengesetzt),  or  of  which 
we  can  imagine  them  to  be  composed,  are  simpls  motions  (Fr.  sim- 
ple, Ger.  einfach).  How  several  simple  motions  can  be  united  so 
as  to  form  a  compound  one,  and  how  the  decomposition  of  a  com- 
pcund  motion  into  several  simple  ones  is  accomplished,  will  be 
shown  in  what  follows.    - 

§  28.  If  the  simple  motions  take  place  in  the  same  straight  line, 
their  sum  or  difiTerence  gives  the  resulting  compound  motion,  the 
former  when  the  motions  are  in  the  same  direction,  and  the  latter 
when  the  motions  are  in  opposite  directions.  The  correctness  of 
this  proposition  becomes  evident,  when  we  combine  the  spaces  de- 
scribed in  the  same  time  by  virtue  of  the  simple  motions.  The 
spaces  Ci  t  and  Cj  t  described  in  the  same  time  correspond  to  uni- 
form motions  whose  velocities  are  d  and  c,.,  and  if  these  motions 
are  in  the  Same  direction  the  space  described  in  t  seconds  is 

8  =i  Cit  -¥  c^t  =  {Cx  -k-  Ci)  t, 

and  consequently  the  resulting  velocity  of  the  compound  motion  is 
the  sum  of  the  velocities  of  the  simple  motions.  When  the  mo- 
tions are  in  contrary  directions,  we  have 
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8  ^  Cit  —  Cit  ^  {Ci  —  C^  t, 

and  the  resulting  velocity  is  equal  to  the  difference  of  the  simple 
Telocities. 

Example. — 1.  A  person,  walking  upon  the  deck  of  a  ship  with  a  velo- 
city of  4  feet  in  tfae  direction  of  the  motion  of  the  latter,  appears  to  people 
on  shore,  when  the  ship  moves  with  a  velocity  of  6  feet,  to  pass  by  with  a 
Telocity  of  4  +  6  =  10  feet. 

3.  The  water  discharged  from  an  opening  in  the  side  of  a  vessel  with  a 
velocity  of  25  feet,  while  it  is  moved  simultaneously  with  the  vessel  in  the 
opposite  direction  with  a  velocity  of  10  feet,  has  in  reference  to  the  other 
objects  which  are  at  rest  a  velocity  of  only  25  —  10  =  15  feet. 

§  29.  The  same  relations  also  obtain  for  variable  motion.  If 
the  same  body  has,  besides  the  initial  velocities  c,  and  c^,  the  con- 
stant accelerations  pi  and  Piy  the  corresponding  spaces  arc  Ci  ty  c^  t, 
i  Ih  f^y  -i  Pt  t^9  and  if  the  velocities  and  the  accelerations  have  the 
same  directions,  the  total  space  described  in  virtue  of  the  compo- 
nent motions  is 

«=(<?!    +    C.^    t    ■}■    {Px    +  p,)   ^. 

If  we  put  <?i  +  c,  =  c  and  i?i  +  i?j  =  p,  we  obtain  8  =^  c  t  +  p  -, 

Fib.  02.    whence  it  follows  that  not  only  the  sum  of  the  component 
^         velocities  gives  the  velocity  of  the  resulting  or  compound 
motion,  but  also  that  the  sum  of  the  accelerations  of  the 
simple  motions  gives  its  acceleration. 


Example. — A  body  upon  the  moon  has  imparted  to  it  by  the 

^H^      moon  an  acceleration  p^  =  5,15  feet,  and  from  the  earth  an  ac- 

C^^     celeration  p^  =  0,01  feet.    Therefore,  a  body  A^  Fig.  62,  beyond 

^^     the  moon  M  and  the  earth  E,  falls  towards  the  centre  of  the 

moon  with  an  acceleration  of  5,16  feet,  and  a  body  B  between  M 

and  E  with  nn  acceleration  of  5,14  feet 

§  30.  Parallelogram  of  Motions. — If  a  body  {)ossesses  at  the 
same  time  two  motions  which  differ  from  each  other  in  direction, 
it  takes  a  direction  which  lies  between  those  of  the  two  motions, 
and  if  these  motions  are  of  different  kinds,  £.g.,  if  one  is  uniform 
and  the  other  variable,  the  direction  changes  at  cveiy  point,  and 
the  motion  is  curvilinear. 

We  find  the  point  0,  Fig.  63,  which  a  body  moving  at  the  same 
time  in  the  direction  A  X  and  A  1",  occupies  at  the  end  of  a  cer- 
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tain  time  (/)  by  seeking  the  fourth  corner  0  of  the  parallelogram  A 
M  0  Ny  determined  by  the  spaces  A  M  =  x  and  A  N  =  y,  de- 
scribed simultaneously,  and  by  the  angle  X  A  Y  which  the  direc- 
tions of  motion  form  with  one  another. 
63.  yff^  ^jj  convince  ourselves  of  the  correct- 

ness of  this  proceeding  by  supposing  the 
spaces  X  and  y  described  not  simultane- 
ously, but  one  after  the  other.  By  virtue 
of  one  motion  the  body  describes  the  space 
A  M  =  Xy  and  by  virtue  of  the  other  from 
Jf  in  the  direction  A  Y,  that  is  on  a  line 
M  0  parallel  to  A  Y,  the  space  A  N  —  y. 
If  we  make  M  0  =  A  N,vfe  obtain  in  0 
the  position  of  the  body  which  corresponds  to  the  two  motions  x 
and  y,  and  which,  according  to  this  construction,  is  the  fourth  cor- 
ner of  the  parallelogram.  We  can  also  imagine  the  space  AM— 
a:  to  be  described  in  a  line  A  X,  which  with  all  its  points  moves 
forward  in  the  direction  A  Y,  and  therefore  carries  if  parallel  to 

A  Y and  causes  this  point  to  describe  the  path  M  0  =  A  N=  y. 

• 

§  31.  Parallelogram  of  Velocities. — ^If  the  two  motions  in 
the  directions  A  X  and  A  Y  take  place  uniformly  with  the  ve- 
locities Cx  and  Cs9  the  spaces  described  in  a  certain  time  ^  are  a;  = 

Cx  t  and  y  =:  dt,  and  their  ratio  -  =  —is  the  same  for  all  times, 

Fig-  64.  a  peculiarity  which  is  possessed  only  by 

the  right  line  A  0,  Fig.  64.  It  follows 
therefore  that  the  direction  of  the  com- 
pound motion  is  always  a  straight 
line.  If  we  construct  with  the  veloci- 
ties A  B  =  Ci  and  A  C  =  Ci  the  paral- 
lelogram A  B  C  D,  its  fourth  comer  D 
gives  the  point  where  the  body  is  at 
the  end  of  the  first  second,  but  since 
the  resulting  motion  is  rectilinear,  it 
follows  that  it  takes  place  in  the  direction  of  the  diagonal  of  the 
parallelogram  constructed  with  the  velocities.  If  we  designate  by 
s  the  space  A  0  really  described  in  the  time  t,  we  have  from  the ' 
similarity  of  the  triangles  AM  0  and  A  B  D 
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s      A  D 
—  =  -j-^  whence  it  follows  that  this  space 

x.AD      Cxt.AD 


AB  Ci 

According  to  the  last  equation  the  space  described  in  the  di- 
agonal is  proportional  to  the  time  (t),  and  therefore  the  oomponnd 
motion  is  itself  uniform  and  its  Telocity  c  equal  to  A  D. 

Therefore  the  diagonal  of  a  parallelogram,  construded  with  two 
vdociiies  and  with  the  angle  inclosed  by  them,  gives  the  direction 
and  magnitude  of  the  velocity,  with  which  the  resulting  motion  actu- 
ally takes  place.  This  parallelogram  is  called  the  paraUelograM 
of  velocities  (Fr.  parallelogramme  de  vitesse,  Oer.  Parallelogram 
der  Geschwindigkeiten) ;  the  simple  "velocities  are  called  compo- 
nents (Fr.  composantes,  Ger.  Seitengeschwindigkeiten),  and  the 
compound  Telocity  the  resultant  (Fr.  resultante,  Ger.  die  resulti- 
rende  or  mittlere). 

§  32.  By  employing  trigonometrical  formulas,  the  direction 

and  magnitude  of  the  resulting  tcIoc^ 
^**'^'  ity  can  be  found  by  cdculating  one 

of  the  equal  triangles,  B.O.,  A  B  D, 
of  which  the  parallelogram  of  Tclocities 
is  composed,  by  which  we  obtain  the  re- 
sulting Teloci^  AD  =z  c  in  terms  of 
the  compotents  A  B  =  Ci  and  A  0  = 
Cq  and  of  the  angle  included  between 
them  BAC  =  a. 

For  we  obtain  c  by  the  formula 

c=2  Vci*  +  c,'  +  2  (?,  (?,  COS.  a, 

and  the  angle  BAD  —  0,  which  the  resultant  makes  with  the 

• 

Telocity  <?,#  by  the  formula       sin.  tp  = '—,  or 

c 

.         ^           Cj .  sin,  a  A        ^         A  ,       ^\ 

tang.  4>  =  — >  or  cotang.  0  =  cotang.  a  + 


Ci  +  Cf  COS.  a'  *^    '  "^  CtStiua 

We  haTe  also 

If  the  velocities  Cx  and  Ct  are  equal  to  each  other,  the  parallelo- 
•  gram  is  a  Rhombus,  and  in  consequence  of  the  diagonals  being  at 
right  angles  to  each  other,  we  have  more  simply 

c  —  2eiO0S.ia  and  0  =  ^  a. 
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If  the  velocities  are  at  right  angles^  we  haye  also  more  simply 

(• 

c  =  r  Ci'  +  Cf*  and  tang.  ^  =  — . 

Example. — 1.  The  water  dischai^ged  from  a  Teasel  or  from  a  machine 
has  a  velocity  0^  =  25  feet,  while  the  vessel  itself  is  'moved  with  a  velocity 
e,  =  10  feet  in  a  direction,  which  forms  with  that  of  the  water  an  angle 
a°  =  130".    What  is  the  direction  of  the  resultant  or  absolute  velocity 

of  the  water  ? 

e  =  V25»  +  19'  +  2  .  25 .  19 cob.  180"  =  V625  +  861  -  50 .  19 .  cm.  50'. 

=  V986  -  950  co$.  50**  =  V986  -  610,7  =^/^^6fi  =  19,87  feet 
is  the  required  resulting  velocity. 


Further,  Hn,  ^  = 


19«?i.l80' 
19,87  . 


=  0,9808  dn.  50'  =  0,7518,  hence  the 


Fig.  66. 


angle  formed  by  the  direction  of  the  resultant  with  that  of  the  velocity  c^  is 
^  =  48"  42^  and  the  angle  formed  by  it  with  the  direction  of  the  motion 
of  the  vessel  is  a  —  ^  =  81*  W, 

2.  If  the  foregoing  velocities  were  at  right  angles  to  each  other,  we 

would  hhveeoi.  a  =  ea8, 90'ssO,  and  therefore  the  resulting  velocity  c=V986 
=  81,40  feet,  and  also  tang.  ^  ==  ^  =  0,76,  hence  the  angle  formed  by  it  with 
the  first  velocity  is  ^  =  87"  14'. 

§  33.  We  can  also  consider  every  velocity  to  be  composed  of 

two  components,  and  therefore  under 
certain  conditions  can  decompose  it 
into  snch  components.  If,  for  example, 
the  angles  D  A  X  =  (p,  and  DAY 
=  V^,  Pig.  66,  which  the  required 
velocities  form  with  the  resultant 
A  D  =  Cy&re  given,  we  draw  through 
the  extremity  D  of  the  line  represent- 
ing c  other  lines  parallel  to  the  di- 
rections A  Xand  A  Y:  the  points  of 
intersection  B  and  D  cut  off  the  ve. 
locities  sought,  and  we  have 

A  B  =  Ci  and  A  Cz=Cf. 
Trigonometry  gives  these  velocities  by  the  formulas 


Ct  ~ 


c  sin.  yb  c  sin.  <b 

sin.  {<l>  +  ^Y  sin.  (0  +  rp)' 


Generally,  in  the  application  of  these  formulas,  the  two  velocities 
•are  at  right  angles  to  each  other,  and 

0  4-  V  =  W%sin.  (0  +  V»)  =  1,  whence 
Ci  =  c  008.  0  and  Ct^  o  sin.  <p. 
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We  can  also  determine,  when  one  component  (^i)  and  its  angle 
of  direction  {<(>)  are  given,  the  magnitude  and  direction  of  the 
other.  Finally,  if  the  three  yelocities  c,  Ci  and  Ct  are  given,  we  can 
determine  their  angles  of  direction  by  the  same  method  that  we 
employ  to  find  the  angles  of  a  triangle,  when  three  sides  are  given. 

ExAMpiJB. — ^If  the  velocity  0  =  10  feet  is  to  be  decomposed  into  two 
components  whose  directionB  form  with  that  of  e  the  angles  ^  =  65®  and 
^  =  70*,  we  have 

10  nn,  70-      9,397      - « on  a^      a         10  nn.  65®     9,068     .^o^  ^  ^ 
^i=— — io»r=  •-iM= 18,29  feet  and  c«=— .—  -„„  =^^7^ =12,81  feet 
*      nn.  185"      nn.  45*        '  *      nn.  185'     0,7071        ' 

§  34.  Composition  and  Decomposition  of  Velocitie& — 

By  rex)eated  use  of  the  parallelogram  of  velocities,  any  number  of 
velocities  can  be  combined  so  as  to  give  a  single  resultant. 
The  construction  of  the  parallelogram  A  B  DC  (Fig.  67)  gives  the 
resultant  A  D  of  Cx  and  Cf,  the  construction  of  the  parallelogram 
A  D  FU  gives  the  resultant  o{  A  D  and  A  E  =  c^y  and  from  the 
construction  of  the  parallelogram  A  F  JI  0  we  obtain  the  result- 
ant A  H  =  c  o{  A  Fa,ni  A  O  =  C4,  or  that  of  Ci,  <?«,  Ca  and  Cv 

The  most  simple  manner  of  resolving  this  problem  is  by  the 
construction  of  a  polygon  AB  D  FHy  whose  sides  A  By  B  DyD  P 
Slid  F  If  are  parallel  and  equal  to  the  given  velocities  {?i,  Cg,  Ct  and 
C49  and  whose  last  side  is  always  equal  to  the  resulting  velocity. 


Flo.  68. 


In  case  the  velocities  do  not  lie  in  the  same  plane,  the  re- 
sultant can  also  be  found  by  repeated  application  of  the  paral- 
lelogram of  velocities.  The  resultant  A  F  =  c  (Pig.  G8)  of  three 
velocities  A  B  ^  Cyy  A  0  •=^  c^  and  A  B  =  c^,  not  in  the  same 
plane,  is  the  diagonal  of  a  parallelopipedon  whose  sides  are  equal 
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to  the  velocities.  We  often  employ  for  this  reason  the  term  parat- 
lelopipedon  of  velocities. 

§  35.  Composition  of  AcceleratioiiB. — By  the  composition 

of  two  uniformly  accelerated  motions^  beginning  with  a  velocity  = 

0,  we  obtain  also  a  uniformly  accelerated  motion  in  a  straight  line. 

If  we  designate  the  accelerations  of  the  motions  in  the  directions 

A  Xand  A  F(Fig.  69)  byjt>,  and  jt>^  the  spaces  described  during  the 

time  /  are 
Fig.  69.  „  /» 

jlif=ic=^and 

and  their  ratio  is 

y    P%^    pi 

which  is  entirely  independent  of  the 
time,  therefore  the  path  ^  0  is  a 
straight  line.    If  we  make  A  B  =  pi, 

and  B  D  =  A  (7  =  J5?„  we  obtain  a  parallelogram  A  B  D  C^  and 

W2  have 

^  =  44  =  -—  =  I  ^>  'Whence  AO=^iAD.e 
A  D      A  B         pi  * 

According  to  this  equation  the  space  A  Oof  the  compound  motion 
is  proportional  to  the  square  of  the  time ;  the  motion  iteelf  is  there- 
fore uniformly  acceleraied,  and  its  acceleration  is  the  diagonal  A  D 
of  the  parallelogram  constructed  with  the  two  simple  accelera- 
tions. 

We  see,  therefore,  that  we  can  combine  several  accelerations  so 
as  to  form  a  single  one,  or  decompose  a  single  one  into  sewral 
others  by  means  of  the  parallelogram  of  acceleraiions  (Fr.  paralMl- 
ogramme  des  accelerations,  Ger.  Parallelogram  der  Accelerationen) 
according  to  exactly  the  same  rules  as  we  perform  the  composition 
and  decomposition  of  velocities  by  means  of  the  parallelogram  of 
velocities. 

§  36.   Composition  of  Velocities  and  Accelerationa — 

By  the  combination  of  a  uniforin  motion  with  a  uniformly  ac- 
celerated one  we  obtain,  when  the  directions  of  the  two  motions 
do  not  coincide,  a  motion  which  is  completely  irregular.  If  during 
a  certain  time  t,  by  virtue  of  the  velocity  c,  the  space 

AN^^y^zct 
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is  deecribed  in  the  direction  A  Y,  Fig.  70,  and  if  duriog  tiie  same 
time,  b;  virtne  of  a  couBtant  acceleration,  the  space 

is  described  in  the  direction  ^  Xat  right  angles  to  the  former, 
tiien  the  body  will  be  in  the  corner  0  of  the  parallelogram  con- 

Btiucted  with  y  =  c  ^  and  ^^  =^.    By  the  aid  of  these  formulas, 

it  is  trae,  we  can  find  the  position  of  the  body  for  any  given  time, 
hut  these  positions  do  not  lie  in  the  same  straight  line;  for  if  we 

rabstitute  the  value  of  /  =  "  taken  from  the  first  eqaation,  in  the 

second  we  obtain  the  equation  of  the  path 

According  to  this  formula  the  space  [x)  described  in  one  direction 
Taries,  not  as  the  spaoe,  but  as  the  square  (j/')  of  the  space  deecribed 


in  the  other  direction,  and  the  path  of  the  body  is  therefore  not  a 
Htraight  Une,  but  a  certain  curve  known  in  Qeometry  as  the  parab- 
ola (Fr.  parabole,  Ger.  Farabel). 

Reiubx.— Let  ABO,  Fig.  71,  be  a  cone  with  s  circDlar  base  A  EBF, 
•nd  D  J?^&  aectioQ  of  the  lame  puallel  to  tbe  ride  B  Cand  at  right  an- 
gles to  tbe  Bection  ABO,  and  let  OF  JVQ  be  a  second  Bection  parallel  to 
the  bsae  and  Cberefore  drcnlar.  Fnrtber,  let  ff  J*  be  the  line  of  intersec- 
tion between  the  base  and  the  first  section,  and  finatlj,  let  as  Eoppose  the 
parallel  diameten  A  BsoA  PQto  be  drawn  in  the  triangular  aectioD  J  5(7 
and  the  axis  i)  0  in  the  aectioa  DBF.  Then  for  the  half  chord  MN 
=M0  we  have  tbe  eqaation  M IP  =  PM.  JTQ;  bnt  JTQs  0f  and  for 
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PMviQ  have  the  proportion  PM\  DM^  AOiDQy  whence 

DM,  A  Q 


MN^  =BG. 


DG 


But  we  have  also  O  E*=B  0,A0\  whence,  diyiding  the  first  equation 
by  the  second. 


27ie  portion*  cut  off  from  the  cuds  {abscmaa)  are  as  the  squares  of  the  oot- 
responding  perpendiculars  {Ordinate^).  This  law  coincides  exactly  with 
the  law  of  motion  just  found ;  the  motion  takes  place  then  in  a  carved 
line  D  N  Ey  which  is  one  of  the  conic  sections.  For  the  constmction,  po- 
sition of  the  tangent,  and  other  properties  of  the  parabola,  see  the  Inge- 
nieur,  page  175,  etc. 


Fig.  72. 


§  37.  Parabolic  Motion. — In  order  thoroughly  to  under- 
stand the  motion  produced  by  the  combination  of  velocity  and 
acceleration,  we  must  be  able  to  give  for  any  time  {t)  the  directmiy 
velocity,  and  the  space  described.  The  velocity  parallel  to  -4  F  is 
constant  and  =  c,  and  that  parallel  to  -4  X  is  vaiia])le  and  =  p  / ; 

if  we  construct  with  these  ve- 
locities 0  Q  =  c  and  OP  =  pt 
the  parallelogram  0  P  R  Q, 
Pig.  72,  we  obtain  in  the  di- 
agonal 0  R  the  mean  velocity, 
or  that  with  which  the  body  in 
0  describes  the  parabolic  path 
A  0  U.  This  velocity  itself  is 

V  =  Vc'  -hipty. 

0  R  gives  also  the  tangent 

or  the  direction  in  which  the 

body  moves  for  an  instant ;  con« 

sequently,  for  the  angle  P  0  R  =  X  TO  =0,  which  the  same 

makes  with  the  direction  (axis)  A  X  ot  the  second  motion,  we 

have  the  following  formula 

Finally,  to  obtain  the  space  described  or  the  arc  of  the  curve 
J  0  =  «,  we  can  employ  the  formula  a  =:vt  (%  19),  by  the  aid  of 
which  we  can  calculate  the  small  portions  which  we  can  consider 
as  elements.  The  calculus  also  gives  a  complicated  formula  for  the 
computation  of  an  arc  of  a  parabola. 
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§  38.  We  have  preyiously  Biipposed  that  the  primitive  directions 
of  motion  were  at  right  angles  to  each  other,  and  we  must  now 
consider  the  case,  when  the  direction  of  the  acceleration  makes  any 
arbitrary  angle  with  that  of  the  velocity.  If  the  velocity  of 
the  body  in  the  direction  A  Yi  (Fig.  73)  is  c,  and  if,  in  the 

direction  A  X,  which  forms 
^^-  73.  an  angle  X,AY,^a  with 

^        '^  N  „     tijg  former,  the  acceleration 

is  ^,  u^  is  no  longer  the  ver- 
tex, and  A  Xx  no  longer 
the  axis,  but  only  the  di- 
rection of  the  axis  of  the 
parabola.  The  vertex  of  the 
parabola  is  situated  at  a 
point  whose  co-ordinates,  in 
reference  to  the  point  of  be- 
giuning  of  the  motion,  are  CB  =  a  and  BA^hy  of  which  the  former 
hes  in  the  axis  of  the  parabola  and  the  latter  is  at  right  angles  to 
it  The  velocity  -4  i>  =  c  is  composed  of  the  two  components 
AF^c  sin.  a  and  A  B=  c  cos.  a.  The  first  of  these  is  constant, 
and  the  latter  is  variable,  and  always  equal  to  the  variable  velocity 
p  t,  provided  that  the  body  requires  the  time  /  to  pass  from  the 
vertex  C  to  the  real  pointy  of  beginning. 
Hence  we  have 

e  COS.  a=sp  t,  whence  t  =  -^ — '—,  and  therefore 


pf       (?  cos^  a 


1)    (7J?  =  a  =  ^  = 


2p 


,  and 


2)  BA  =  b^c sin. a.t  = 


f?  sin.  a  COS.  a      c*  sin.  2  a 


p  2p 

It  we  have  determined  by  these  distances  the  vertex  C  of  the 
parabola,  starting  from  this  point  we  can,  for  any  given  time,  de- 
termine the  position  0  of  the  body.  Besides,  if  we  put  CM  =  x  and 
M  0  =  yf  the  general  formula 


«  = 


py 


.,  or  y  =  £?  sin.  a 


2z 


holds  good* 


2  c^  sin.*  a       "  p 

Reicabx. — One  of  the  most  important  applications  of  the  theory  of  par- 
abolic motion,  jnst  discussed,  is  to  the  motion  of  projectiles.  A  body  pro- 
jected in  an  inclined  direction  either  upward  or  downward  would  describe, 
in  Tirtne  of  its  initial  velocity  e  and  of  the  acceleration  of  gravity  (^  =  83 . 9 
feet),  an  arc  of  a  parabola,  if  the  resistance  of  the  air  were  done  away  with, 


we 
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Fig.  74 


or  if  its  motion  took  place  in  weuo.  If  tbe  velodty  of  projection  is  not  veiy 
great  and  if  the  body  is  very  heavy  compared  with  its  volume,  tbe  diver- 
gence of  the  body  from  a  parabolic  path  is  small  enongh  to  be  neglected. 
The  most  perfect  parabolic  trajectories  are  those  described  by  jets  of  water 
issuing  finom  vessels,  fire-engines,  etc.  Bodies  shot  from  guns,  etc.,  E.O., 
musket  balls,  describe,  in  consequence  of  the  great  resistance  of  the  air, 
paths  which  differ  very  sensibly  from  a  parabola. 

§  39.  Motion  of  Projectiles.— A  body  projected  in  the  di- 
rection A  F  at  an  angle 
of  elevation  YAD^a^ 
Fig.  74,  ascends  to  a  cer- 
tain height  B  (7,  which 
is  called  the  height  of 
projection  (Fr.  hauteur 
du  jet,  Ger.  Wurf  hohe), 
and  it  reaches  the  hori* 
zontal  plane  from  which 
it  started  in  Ay  at  a  dis- 
tance .i  D  from  it, which 
is  called  the  range  of 
projection  (Fr.  ampU-. 
tude  du  jet,  Ger.  Wurfweite). 

From  the  velocity  Cy  the  acceleration  g  and  the  angle  of  eleva- 
tion, we  obtain,  according  to  §  38,  when  we  replace  p  hj  g  and 

a*  by  90*  +  o*,  or  cos.  a  by  sin.  a,  etc 

c  Sin    CL 
the  height  of  projection  CB  ^  a  ^  — ^ —  and 

half  the  range  of  projection  A  B  ^h  —  — ^ — . 

From  the  last  formula  we  see  that  the  range  of  projection  is  a 
maximum  for  sin.  2  a  =  1,  or  2  a  =  90*,  that  is  for  a  =  45*.  A 
body  projected  at  an  angle  of  elevation  of  45°  attains  the  greatest 
range  of  projection. 

We  have  also 


a 


^    gv 


'  2  c"  COB.^  a' 

and  for  a  point  0  in  the  path  of  the  projectile  for  which  C  M  ^  z 
and  M  0  =:  y, 

'itc'cos.'a' 
or  when  its  position  is  given  by  the  co-ordinates  A  N  ^  Xi  and 
N  0  =^  ffu  since  in  that  case 
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X  =  CM  =5(7--yO  =  a-y,  and 

y  =  MO^AB  —  A  iV=J  —  a;„we  have 

whence 

gib-  x,y        .  g  V 

^  2  c  CO*,  a  2c* co«.*a 


0 


O  X  ^ 

Substitating  in  the  equation  tfi  =  Xi  tang,  a  —     J^    \  ,for 

— 5—,  the  yalue  1  +  tang.*  a,  and  resolving  the  same  in  reference 

to  tang,  a,  we  obtain  the  following  expression  for  the  angle  of  eleva- 
tion (a),  required  to  reach  a  point  given  by  the  co-ordinates  x^ 
and  y„  

^  ^ «,       '   \gxj       \         gx^  1 

(c*  \*              2  c*  v 
— )  =  1  + v>  or  c*  -  2  ^  yi  c"  =  ^r*  a;,*,  then  we  have 


c  =  ^g  (yi  +  ^i"  +  yi')  and 


c* 


y«i 

SmaDer  values  of  c  make  ton^.  a  imaginary,  and  larger  values  of  c 
give  two  values  for  tofrug.  a\  in  the  first  case  the  point  cannot  be 
attained,  and  in  the  second  case  it  would  be  attained  either  in  the 
rise  or  in  the  fall  of  the  projectile. 

EXA1CFLE.-T-1.  A  jet  of  water  rises  inth  a  velocity  of  20  feet  at  an  angle 

of  66**.    The  height  due  to  the  velocity  is  A  =  0,0155 .  20*  =  «,«  feet,  and 

the  jet  ascends  t^  a  height  a  =  A  «».»a  =  6,3 .  {«a.  eO**)'  =  6,17  feet,  the 

lange  of  the  jet  Is  2  5  =  3 . 6,3  «n.  l«2r*  =  3 . 6,2  «n.  48  =  9,31  feet.    The 

time,  which  each  particle  of  water  requires  to  describe  the  entire  arc  A  OJ} 

#*u           ui    •    *      3c»n,a      2.20«n.66'*      ...  ,      ^     ,    .  , 

of  the  parabola,  is  «  = = ^-^ =  1,14  seconds.    The  height 

conesponding  to  the  horizontal  distance  A  iir=:  x^=^Z  feet  is 

«  -  a    «««^  AAo  83.3 . 9  _  0,86336 

y,-8.tov.66  -  2  .  400  .  ^.  (66^)'  =  ^^^^^  ~  0,16648 

=  6,788  —  3,189  ==  4,549  feck. 
2.  A  jel  of  water  discbaiiged  fkmi  a  horizontal  tube  has,  ibr  a  hdght  \\ 
feet,  a  range  of  6^  feet ;  how  great  is  its  velocity  ? 
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From  the  formula  x  =  s^  =  It,  we  deduce  A  =  f-,  in  which  we  must 

2r     4  A'  4«' 

6  25' 
Bubetitute  x  =  1,75  and  y  =  5,25,  and  thus  we  obtain  A  =  .  ^  ^>  =  8,987 

feet  and  the  corresponding  velocity  e  =  15,92  feet. 

§  40.  Jets  of  Water. — The  peculiarities  of  the  motion  of  jets 
of  water  are  explained  and  shown  in  what  follows.  From  what 
precedes  we  have 

if  =  X  tang,  a  —  ^ L — --i^— ^'  ^^  -*  and 

y.  =  ..  ta^.  a.  -  ^^LM^n^-O!] 

for  the  equations  of  the  parabolas  formed  by  the  paths  of  two  as- 
cending jets  of  water  whose  velocities  c  are  the  same,  and  whose 
angles  of  elevation  a  and  a,  ai-e  different  If  we  put  a;,  =  a;  and 
subtract  these  equations  &om  one  another,  we  obtain 

y  -  y,  =  a;  {tang,  a  -  tang,  a,)  —  |— ,  [{tang,  af  -  {tang.  a,)«] 

=  X  {tang,  a  —  tang,  a,)  (1  —  |-^  {tang,  a  +  tang.  aM. 

If  we  assume  that  the  two  streams  have  nearly  the  same  angle 
of  elevation  and  require  the  two  parabolas  to  have  a  point  in  com- 
mon, we  must  put  yi  =  y  and  consequently  we  have 

X  {tang,  a  —  tang,  a,)  (1  —  ^-^  {tang,  a  +  tang.  a,)J  =  0,  or 

ff  X 

^,  {tang,  a  +  tang,  a,)  =  1, 
^  c 

QT,  since  we  can  put  a,  =  a  we  have  simply 

a  X  tang,  a      ^     .  ,  & 

T-2 —  =  1,  whence  tang,  a  =  — . 

&  gx 

Substituting  this  value  in  the  equation 

y^x  tang,  a  —  |— ,  [1  +  {tang,  a)*], 
we  obtain  the  equation 

y  "  g  2c*\  ^  g'xV  ''  2g  %& 
of  the  curve  D  P  8  P  Dj  Fig.  75,  which  passes  through  the  neigh- 
boring points,  in  which  every  two  parabolas  starting  from  the  same 
point  A  at  different  angles  cut  each  other,  and  which,  therefore, 
touches  or  envelops  the  whole  system  of  parabolas  A  CD^A  OB, 
etc. 


§«)l]  COMPOUND  MOTION.  139 

The  height  to  which  a  Tertical  jet  of  water  rises  iMA8=  ^, 
and  the  range  of  projection  of  a  jet  ^  CD  risiiig  at  an  aogle  of 


aAD^ 


If  we  tranrfer  the  origin  of  co-ordinates  from  ^  to  i?,  re- 
placing the  co-ordinatea  A  iir=;cand  NF  =  y  by  the  co-oTdin&t«B 
5  (7=  «  and  U  P  =v,ve  have 


Kiidt] 


y=A3-8U=^~umix  =  AN=UP  = 


5ory  = 


This  equation  is  that  of  the  common  parabola  whose  parameter 
isp=  —  =  i  AS,  and  therefore  the  envelope  D  P  S  P  D  of  all 
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the  jetfl  of  water  rising  from  the  point  J  is  a  oommon  parabola, 
whose  vertex  is  8  and  whose  axis  iu  8  A. 


A  banch  of  jets  rising  from  ^  in  all  directions  wonid  be  envel-  * 
oped  b;  the  paraboloid  generated  b;  the  reTOlntion  of  the  envelope 
D  P  SP  D  aronad^  8.    If  f  is  Qie  time  in  which  a  body  rising  in 
a  parabola  describes  the  asoAO,  Fig.  76,  the  co-ordiniit^  of  which 
are  ^  Jtf  =  a;  Eind  Jf  0  =  y,  we  have 

x  =  ctcoa.asnAy  =  ctsiiua  —^,  whence 

ct  c  t 

Snbatitntmg  these  valnes  for  cos.  a  and  ain.  a  in  the  well-known 
trigonometrical  formula  {co3.  a)*  +  {ain.  a)*  =  1,  we  obtdn  the  fol- 
lowing fonntila 

^,(|M_ip^,,„,^, „,,,,,.  =  ,,. 

If  firom  a  point  A,  Fig.  76,  bodies  be  projected  at  the  same  mo- 
ment and  in  the  same  vertical  plane  at  different  angles  of  eleya- 
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tion,  the  poaitions  that  they  occnpj  after  the  lapse  of  a  certain 
time  {t)  are  determined  by  the  laflt  equation,  which  is  that  of  a  circle 
whose  radius  isr  =  ct  and  whose  centre  is  situated  vertically  below 
^  at  a  distance  a  ==  I  g  t%  and  which  can  therefore  be  written  in 
the  following  form, 

«•  +  (y  +  «)•  =  r*. 

The  circumference  of  this  circle  would  therefore  be  reached  at  the 
same  moment  by  all  the  elementary  jets  A  CD,  A  0  F9  A  LS,.*. 
rising  at  the  same  moment  from  the  point  A. 

If  in  the  formula  ti  = we  substitute  c  =s  45*,  and  x  = 

e  cos.  a 

A  B:=  s—j wc obtain  ti  =  r 7=^  =  —  ri, hence  the  time  re- 

2f  2ffcos.^*       g      ^ 

quired  to  describe  the  whole  arc  of  the  parabola  A  C  D  is  t  = 

3  ^1  =  —  r2,  and  the  radius  of  the  circle  D  LD.  which  is  reached 
9 

simultaneously  by  the  different  elements  of  the  water>  is 

E:D  =  r-ct  =  —  ^^^VS  =  2,838  ^  =  3,828  .  A~8y  and 

g  ig  '     2g      ' 

the  distance  of  the  centre  K  from  A  is 


(?• 


9  ^9 

K we  divide  D Kin  4, and  ^  J?  in  16  equal  parts, we  can, since 
r  is  proportional  to  t  and  a  to  /%  from  the  points  of  division  1,  4,  9 
in  ^  JS',  describe  other  circles  with  the  radii  j  Z>  f  ,  f  Z>  JT,  and 
{  D  K,  which  cut  off  the  parabolic  arcs  described  in  the  same  time, 
B.O.,  the  circle  described  from  1  with  1  a^  \  D  Ky  cuts  off  in  the 
points  a,  a,, ...  ^  the  parabolic  paths  ^  a,  ^  a, . . . .,  described  simul- 
taneously, and  the  circle  described  from  4  with  4/3  =  ^2)  jK'cuts  off 
in  the  points  /3,  i3, . . . .  the  parabolic  arcs  A  d^  A  Pi,  etc^  which  are 
also  simultaneously  described. 

If  these  circles  be  revolved  about  the  vertical  axis  KL,  they  de- 
scribe spherical  surfieM^es  which  bound  the  parabolic  paths  described 
simultaneously,  when  the  jets  are  projected  all  around  ^  at  all 
angles  of  elevation. 

§  41.  Curvilinear  Motion  in  GteneraL — By  the  combination 
of  several  velocities  and  several  constant  accelerations,  we  obtain 
also  a  parabolic  motion,  for  not  only  the  velocities  but  also  the  ac- 
celerations can  be  combined  so  as  to  form  a  single  resultant;  the 
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problem  is  then  the  same  as  if  there  were  one  velocity  and  one 
acceleration,  lb.,  as  if  there  were  but  one  uniform  and  one  uni« 
formly  accelerated  motion. 

If  the  accelerations  are  variable,  they  can  be  combined  so  as  to 
give  a  resultant,  as  well  as  if  they  were  constant,  for  we  can  con- 
sider them  as  constant  during  an  infinitely  small  period  of  time  (r), 
and  the  motion  as  uniformly  accelerated  during  this  time.  The 
resulting  acceleration  is,  it  is  true,  like  its  components  themselves, 
variable.  If  we  combine  this  resulting  acceleration  with  the  given 
velocity,  we  obtain  the  small  parabolic  arc,  in  which  the  motion 
takes  place  during  this  instant.  If  we  determine  also  for  the  follow- 
ing instant  the  velocity  and  the  acceleration,  we  obtain  another  por- 
tion of  an  arc  belonging  to  another  parabola,  and  proceeding  in  the 
same  manner,  we  obtain  approximately  the  entire  curve  of  the  path. 

§  42  We  can  consider  every  small  arc  of  a  curve  as  an  arc  of  a 
circle.  The  circle  to  which  this  ara  belongs  is  called  the  circle  of 
ctirvature  or  osculcUory  circU  (Fr.  cercle  osculateur,  Ger.  Krum- 
mungskreis),  and  its  radius  is  the  radius  of  curvature  (Fr.  rayon  de 
courbure,  Ger.  Krummungshalbmesser).  The  path  of  a  body  in 
motion  can  be  considered  as  composed  of  such  arcs  of  circles,  and 

we  can  therefore  deduce  a 
^^*  '^'^^  formula  for  its  radii.     Let 

A  M  (Fig.  77)  =  X  =^ 

be  a  very  small  space  de- 
scribed in  the  direction  A  X 
with  uniformly  accelerated 
motion,  A  N-=-  y  =  vra  very 
small  space  described  uni- 
formly and  0  the  fourth  cor- 
ner of  the  parallelogram  con- 
Y  structed  with  x  and  y,  that 
is,  the  position  that  the  body 
starting  from  A  occupies  at 
the  end  of  the  instant  (r). 

Let  us  draw  A  (7  perpen- 
dicular to  A  Y,  and  let  us 
see  from  what  point  C  in  this  line  an  arc  of  a  circle  can  be  de- 
scribed through  A  and  0,    In  consequence  of  the  smallness  of  A  0 
we  can  consider  not  only  CA,  but  also  C  0  P  as  perpendicular  to 
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A  Yj  80  that  in  the  triangle  NOP  the  angle  N  P  0  can  he 
treated  as  a  right  angle.    The  resolntion  of  this  triangle  gives 

OP  =  0  Nsin.  ONP  =  AMsin.  XA  F  =  ^  sin.  a, 

and  the  tangent 

AP  =  AN-\-  NP  =  VT-h^-^co8.a=z  L  -\-^^cos.a\  r, 

can  be  pnt  =  vt,  for-^  cos,  a  can  be  neglected  in  the  presence  of 

Vy  in  confieqnence  of  the  infinitely  small  factor  r.     Now,  from  the 

propertaes  of  the  circle  we  know  that  ATP^  =  P0.{P  0_+ 2  CO), 
or  since  -PO  can  be  neglected  in  the  presence  oi  2  0  0,  A  P*  =  P  0 
.2  0  0;  whence  it  foUows  that  the  radius  of  curyature  is 

C  A  =z  C  0  =  r  ^ 


2  P  0  pr*  sin,  a  p  sin,  a 
In  order  to  determine  by  construction  the  radius  of  curvature, 
we  lay  off  upon  the  normal  to  the  original  direction  of  the  motion 
A  Y  the  normal  acceleration,  i.e.,  its  normal  component  p  sin,  a 
=  A  D,  and  join  the  extremity  B  of  the  velocity  A  B  =  vto  Dhj 
the  right  line  D  B,  then  we  erect  upon  D  Ba  i>erpendicular  B  C; 
the  point  of  its  intersection  with  the  first  normal  is  the  centre  of 
the  osculatory  circle  of  the  point  A. 

By  inverting  the  last  formula  we  obtain  the  normal  accelera" 

tion  n  ^  p  sin,  a  =  — ;  from  which  we  see  that  it  increases  di- 

T 

lectly  as  th6  square  of  the  velocity,  and  inversely  as  the  radius  of 
curvature,  or  directly  as  the  greatness  of  the  curvature. 

ExAKFLB. — ^Tbe  radius  of  curvature  of  the  parabolic  trajectory  pro- 

duced  by  the  acceleration  of  gravity  is  r  =  0,081  —, ,  and  for  the  vertex 

of  this  curve  where  a  =  90°,  and  therefore  tin,  a  =  1,  it  becomes  r  = 
0,081  c'  feet.  For  a  velocity  c  =  20  feet  we  obtain  r  —  12,4  feet;  the 
farther  the  body  is  distant  from  the  vertex  the  smaller  a  becomes,  and  con- 
sequently the  greater  is  the  radius  of  curvature. 

§  43.  If  the  point  A  has  described  the  elomentary  space  A  0  ^ 
Oy  its  velocity  has  changed ;  for  the  initial  velocity  v  in  the  direc- 
tion A  Y\s  now  combined  with  the  velocity  jt?  r  acquired  in  the  di- 
rection A  X,  and  consequently  from  the  parallelogram  of  velocities 
we  have  for  the  velocity  Vi 

Vi  =v*  +  2  V  />  T  COS.  a  +  j3'  T*  =  v*  +  j5  T  (2  r  cos,  a  -f  j9  t), 
but  j7  r  vanishes  in  the  presence  of  2  v  cos,  a,  and  we  have 
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V*  =  V*  +  %p  V  T  COS.  O. 

Bat  vristhe  elementary  spaced  -ZV=  A  0  ^  ty^wcApcos.  a  is  the 
tangerUial  acceleration^  lb.,  the  component  k  of  the  acceleration  p 
in  the  direction  of  the  tangent  or  of  the  motion,  whence  we  have 

Here  a  cot.  a  is  the  projection  A  B  =  Si  of  the  space  upon  the 
direction  of  the  acceleration,  and  consequently  we  have 

As  the  motion  progresses  Vi  changes  snccessiyely  into  v^Vf  .. 
v^  and  the  projections  of  the  elementary  spaces  are  increased  by 
the  qaantities  ^ty  ^s .  •  •  •  Smy  therefore  we  have 

— 2 —  =i^  ^*>  — a —  ^P  &»•••• 2 —  JP  5^ 

and  by  addition 

^"  ^^    =y  (fi  +  f.  +  . . .  f.)  =i?  a?, 

in  which  a:  denotes  the  total  projection  of  the  acceleration  upon 
A  X.    We  can  also  put 


t_  =  pi+y«+...4-i?,\  ^^ 


2 

when  the  acceleration  is  yariable  and  assumes  snccessiyely  the  yal« 
uesp,,jt?, . . .  .j0«. 

We  see  from  the  aboye  that  the  variation  of  the  velocity  does 
not  in  the  least  depend  upon  the  form  or  lengUi  of  the  path  de- 
scribedy  but  only  on  its  projection  x  upon  the  direction  of  the  ac- 
celeration. For  this  reason  all  the  jets  of  water,  Fig.  76,  haye  one 
and  the  same  yelocity  on  reaching  iMe  same  horizontal  plane  H  ff. 
If  c  is  the  initial  yelocity  or  velocity  of  efflux,  v  the  yelocity  at  SS, 
and  b  the  height  of  the  line  i7  jET  above  A,  we  have 

t;"  —  <?" 

— - —  =  ^gb,  whence 

v  =  Vc*'-2gb. 
If  at  a  certain  point  of  the  motion  we  have  a  =  90%  the  tan- 
gential acceleration  k  =p  cos.  a  becomes  =  0,  and  the  normal  ac- 
celeration n  =p  sin,  a  is  equal  to  the  mean  acceleration  p.  In  this 
case  the  variation  of  the  squares  of  the  velocities  while  the  element 
a  of  the  space  is  being  described,  is  Vi*  —  v'  =  0,  and  we  have  Vi  = 
V ;  and  if  the  motion  continues  in  a  curve,  the  direction  of  the  ac- 
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celeration  chan^ng  in  ancli  a  maoDer  as  always  to  remtuu  noiinal 
to  tiie  direction  of  the  motion  (i.e.,  if  there  is  do  tangential  accel- 
eration), V*  —  !>'  =  0,  or  Vi  =  D  remains  constant  while  the  point  is 
describing  any  Snite  space,  and  the  finid  velocity  is  equal  to  t^ 
initial  velocity  c 

The  normal  acceleration,  for  which  the  velocity  remains  constant. 


Fra,  78 


an  example  of  which  ie  afforded  by  motion  in  a  circle,  for  then  the  i»- 
dioB  of  curvature  C  A  =  C  0=  C  Dr=r  is  constant.  Inversely 
a  constant  acceleration,  which  always  acts 
at  right  angles  to  the  direction  in  which 
the  body  is  moving,  canges  uniform  mo- 
tion in  a  circle. 


levolntioD  in  5  sectrnda,  has  a  velocity  e=  — ^  = 
— j^  =  8.  JT  =  6,388  feet,  and  a  normal  ac- 


ceIerationp=i^  '-  =  7,868  feet,  i.e.,  hi  every 

Kcond  it  would  be  diverted  from  the  straight  line  a  distance  \  p=^ .  7,896 
=  3,M8  feet. 

(§  44.)  CnrTilinear  Motion  In  General.— If  a  point  P,  Fig. 
79,  moves  in  two  directionB  A  X  and  A  Y  ^t  the  same  time,  we 
can  consider  the  spaces  dc- 
^0- ™-  scribed  A  K=  L  P  =  x 

and  A  L=  KP  =  y  as  the 
co-ordinates  of  the  curve- 
A  P  R'foi-med  by  the  path^ 
and  if  (J  Ms  the  el<^ment 
of  time,  in  which  the  body 
describes  the  elementary 
spaces  P  R  =  d  X  and  R  Q 
=  rf  y,  we  have  (from  §  20) 
the  velocity  along  the  ab- 
scissa 

,.  dx 

'>    "  =  5"? 

and  that  along  the  ordi- 
nate 


^ 
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^) 


^^  df 


and  therefore  the  resaltmg  tangential  velocity y  or  that  along  the 
curve,  when  the  directions  A  X  and  A  Y  ot  the  motions  are  at 
right  angles  to  each  other, 
g.  w.      .     ..  .^a;\'  .   ldv\^      ./do^  +  dv^     ds^ 


w 


= ^-=m^'= v^w= 


de 


in  which  formula  d  s  denotes  the  element  P  Q  of  the  curve  which, 
according  to  Art.  32  of  the  Introduction  to  the  Calculus,  is  equal  to 

Vdx^  +  d  y\ 
The  acceleration  along  the  abscissa  is,  according  to  §  20, 

^^    ^      df  ^ 

and  that  along  the  ordi- 
nate 


Fia80. 


6)    q  = 


dv 


a 


n^ 


di 

For  the  tangential  an- 
gle P  TX=  QP  R  =  a, 
formed  by  the  direction  of 

motion  P  w  with  the  direc- 
tion of  the  abscissas,  we 
have. 


^^     and  also 

sin. 

a 

V 

w 

=  ^and 
d  8 

cos. 

a 

u 
w 

dx 

^  d8 

The  accelerations  p  and  q  can  be  decomposed  into  the  following 
components  in  the  directions  of  the  tangent  P  7  and  of  the  nor- 
mal P  N, 

Pi—p  cos,  a  and  Pi=p  sin.  a, 

jr,  =  gr  sin,  a  and  q^  —  q  cos,  a. 
Consequently  the  tangential  acceleration  is 


^5/ ,         k  =pi  +  qi=p  cos,  a  +  q  sin,  a 

V       u  d  u  -h  V  d  V 
w  w  dt       ^ 

and  the  normal  acceleration  is 


_du    J^  ,   rfv 
^  d  tw       d  t 
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n=pt  —  qt^p  sin,  a  ^  q  cos,  a 
_  du     v_      d_v    u  _vdu  —  udv 
~'  d  t'  w       d  t*  w  '^         to  d  t 

But  by  differentiating  w'  +  v'  =  w'  we  obtain 

udu  +  vdv  =  wdwy 

and  therefore  we  have  more  simply  for  the  tangenjMjcceleration 

^v,      w  d  w      d  w         /- 

'  w  d  t       dt 

-r,                        v         ,i.,                  u  d  V  —  V  d  u 
From  ten^.  a  =  -  we  obtain  a  towjf.  a  = ^ , 

(Introdaetion  to  the  Calculus,  Art  8)  and  the  radius  of  the  curva- 
ture C  P  —  C  Q  of  the  elementary  arc  P  C  (according  to  Art  33 
of  the  Inti'oduction  to  the  Calculus)  is 

ds* 
d7^  d  tang,  c! 
whence  it  follows  that 

,  ,  ,,.  u^ds^      ds^     dstds^i     w^  d  % 

and  that  the  normal  acceleration  is  simply 

-,.  w*  d  s       w     ds      w* 

'  r  w  d  t       r     dt       r 

Finally  we  have 

J   ,        dw    J        ds  J  J 

k  d  s  =  -T-.  •  d  s  =  -T-.d  Iff  =  w  dw; 
dt  dt 

firoip  which  we  obtain  (as  in  §  20), 

8)    ^^  =  /*tf«, 

when  we  suppose  that  while  describing  the  space  s  the  velocity 
changes  from  ctow.  Therefore,  in  curvilinear  motion  half  the  dif- 
ference  of  the  sqimres  of  the  velocities  is  equal  to  the  product  of  the 
mean  acceleration  {k)  and  the  space  s.    In  Uke  manner 

pdx  +  qdy  =  udu+vdv  =  wdWy  and  therefore 

w*  —  (f 

9)    — 2~'^^^^  dx  +  q  dy)  =  fp  dx  '\-  f  qdy,  and 

10)    fkds  =  fpdx-¥fqdy,oi 
hds  =  pdx-\-qdy. 

The  product  of  the  tangential  acceleration  and  the  element  of  the 
curve  is  equal  to  the  sum  of  the  products  of  the  accelerations  along 
the  co-ordincUes  and  the  corresponding  elements  of  co-ordinates. 
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Example. — A  body  moTes  on  oae  axis  A  X  with  the  rdocity  it  =  13  t, 
and  on  the  other  A  T  with  the  velocity  t>  =  4  «*  —  9;  required  the  other 
conditions  of  the  resulting  motion.  The  corresponding  accelerations  along 
the'  co-ordinates  are 

and  the  co-ordinates,  or  spaces  described  along  the  axes,  aie 
«  =  /u  <i  «  =  / 12  ^  I?  «  =  6  <",  and 

in  which  equations  the  spaces  count  from  the  time  f  =  0.    The  tangential 
velocity,  or  that  along  the  curve,  is 

w=  Vu*  +  «•  =  Vl44«»  +  (4^''-9)«=  fl6«*  +  72**  +  81=4*»  +  9, 
consequently  the  tangential  acceleration  is 

h  =  ,—  =  8  ^  =  the  acceleration  q  along  the  ordinate. 
We  have  also  for  the  space  described  along  the  curve 

$z=:fwdt=r(4t*'\-9)dt  =  ^f  +  9t 

lYhen  the  direction  of  the  motion  is  given  by  the  foniHila» 

V      4««-9      tx-9 

we  have  a  tang,  a  =         ^    a  ty 

and  therefore  the  radius  of  curvature  of  the  trajectory  is 

dt^ (4  <*  +  9)* .  12<«  _      (4f'.f  9)« 

**""       da^dtang.a^         144tM4<'  +  9)    ""  12      ' 


Consequently  the   normal    acceleration,  which  produces  a  constant 
change  of  direction  of  the  motion  of  the  body,  is 


w» 


«  =  —  =  —  12,  or  constant 

T 


The  equation  of  the  curve  of  the  trajectory  of  the  body  is  found  by  sub- 
stituting t  =  4/  -g-  in  the  foregoing  equation,  and  it  is 

The  ordinate^  is  a  (negative)  maximum  for  o  =  0,,lb.,  for  f*=-^,  or  t  =s 

8  9       27 

-J-,  and  »  =  6.<^  =  6.-2'=-2"»  ®°^  ^^^ 

_4        9       8        o^-o 
and  OM  the  contrary,  it  is  =  0,  for  ^  =  -j-  or  ^  =  -5-  v'S,  and  x  =  ^~, 
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The  carve  which  forms  the  path  of  the  body  mns  at  first  below  the  axis 

/27 
of  abedssaa,  and  after  the  time  ^  =  y  -^  it  cuts  it  at  a  point  whose 

81 
abscissa  is  «  =  ^,  and  ftom  that  time  it  remains  above  the  axis. 

The  following  table  contains  a  collection  of  the  corresponding  values 

of  <,  «,  V,  t0,  ie,  y,  tang,  a^  r  and  «,  from  wluch  the  carve  A  B  CDE, Fig.  81, 

ie  constructed. 

Fie.  81. 

£ 


H 


1*3 


u 


12 

i8 

24 


18^3 
48 


V 

-9 

to 
9 

0 

y 

tang,  a 

0 

00 

-s 

13 

6 

23 

3 

5 
12 

0 

ig 

27 

3 

-9 

0 

7 

25 

24 

22 
3 

7. 
24 

18 

36 

81 

3 

0 

'^  3 

27 

45 

54 

+  9 

3 

4 

55 

75 

96 
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"T 

3 

55 
48 

_?2 

4 
169 

12 
-  27 

—  ??5 

12 

—  108 

--?75 

4 

.1875 


« 


3f 
3 

18 
86 
3 

7*^3 
63 

364 
3 


§45.  Relative  Motion.— If  two  bodies  are  movitig  simal- 
taneously,  a  continual  change  in  their  relative  positions,  distance* 
spart^  etc.,  takes  place^  the  value  of  which  may  be  determined  fbr 
any  instant  by  the  aid  of  what  precedes.  Let  A,  Fig.  82,  be  the 
point  where  one  and  5  that  where  the  other  motion  begins ;  the  first 
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Fio.  82. 


body  passes  in  a  given  time  (t)  in  the  direction  A  Xto  the  position 
Mf  and  the  other  body  in  the  same  time  in  the  direction  B  Vto 
the  point  N.  Now  if  we  draw  M  Ny  this  line  will  give  ns  the  rela- 
tive position  and  distance  from 
each  other  of  the  bodies  A  and 
B  at  the  end  of  this  time.  Draw- 
ing A  0  parallel  to  M  JV,  and 
making  A  0  =  M  N,the  line 
A  0  will  also  give  the  relative 
position  of  the  bodies  A  and  B. 
K  we  now  draw  0  N,  we  obtain 
a  parallelogram,  in  which  0  Nis  =  A  M,  If,  finally,  we  make  B  Q 
equal  and  parallel  to  N  0  and  draw  0  Q,  we  obtain  a  new  parallel- 
ogram B  N  0  Q^in  which  the  one  side  B  Nia  the  absolute  space 
(y)  described  by  the  second  body,  the  other  side  B  Q  ia  the  space 
(x)  described  by  the  other  body  in  the  opposite  direction,  and  the 
fourth  comer  0  is  the  relative  position  of  the  second  body,  that  is, 
in  reference  to  the  position  of  the  first  body,  which  we  consider 
to  be  fixed.  Hence  we  can  determine  the  relative  position  0  of  a 
moving  body  (B)  by  giving  to  this  body  besides  its  motion  {B  N) 
another,  equal  to  but  in  the  opposite  direction  from  that  A  M  of 
the  body  {A\  to  which  its  position  is  referred,  and  then  by  com- 
bining in  the  ordinary  way,  as,  e.g.,  by  the  aid  of  a  parallelogram, 
these  two  motions. 

§  46.  If  the  motions  of  the  bodies  A  and  B  are  uniform,  we 
can  substitute  for  A  M  and  B  JVthe  velocities  c  and  d,  that  is  the 
spaces  described  in  one  second.  In  this  w^ay  we  obtain  the  relar 
tive  velocity  of  one  body  when  we  give  to  it  besides  its  own  abso- 
lute velocity,  that  of  the  body  to  which  we  refer  the  first  velocity, 
but  in  the  opposite  direction. 

The  same  relation  holds  good  for 
the  accelerations.  If,  E.G.,  a  body 
Ay  Fig.  83,  moves  uniformly  in  the 
direction  A  0  with  the  velocity  c, 
and  a  body  B  moves  in  the  direc- 
tion B  Yy  which  makes  an  angle  a 
with  5Xi,with  an  initial  velocity 
=  0  and  with  the  constant  accele- 
ration j9,  we  can  also  suppose  that 
A  stands  still  and  that  B  possesses, 
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besides  the  acceleration  J5,  also  the  velocity  (—  c)  in  the  direc- 
tion B  Xi  parallel  to  ^  X;  the  body  will  then  describe  the  parabolic 
path  BOP. 

The  spaces  described  in  the  time  t  in  the  directions  B  Y 

and  BXi  eixe  B  N^  -^  and  B  M  =  ct,the  first  of  which  can  be 

decomposed  into  the  components  NB  = -s-  cos.  a  and  B  B  =  ■^- 

sin.  Oy  which  are  parallel  and  at  right  angles  to  ^  X. 

Now  if  A  C  =  a  and  O B  =  bdjre  the  original  co-ordinates  of 
the  point  B  in  reference  to  A,  and  A  K  =  x  and  K  0  =  y  the  co- 
ordinates of  the  same  after  the  time  ty  we  have^  since  A  K  =  A  0 
-ON-  NRfmiKO=  C  B  -  B  B, 

X  =^  a  —  ct  —  -^  cos,  a  and  y  =  o  —  -^  am.  a, 

and  consequently  the  corresponding  relative  velocities 
u  =  —  c  —  p  t  COS.  a  and  v  =  —  p  t  sin.  a. 
Prom  the  abscissa  x  we  determine  the  time  by  the  formula 

p  COS.  a         \p  cos,  a/        p  cos,  a 
and,  on  the  contrary,  from  the  ordinate  y  by  the  formula 

^     p  S171,  a 
If  the  body  B  moves  in  the  line  A  X  towards  -4,  we  have.  J  =  0 
and  also  a  =  0,  and  therefore 

' = v^^Tf  - ;-. 

putting  a:  =  0,  we  obtain  for  the  time,  when  two  bodies  will  meet, 


^        p        \p)       /?  ""  p 


-^  &  —  c 


If,  on  the  contrary,  the  body  B  moves  in  the  line  A  X  ahead 
of  the  body  -4,  then  a  =  180°,  and  the  distance  of  the  former  from 

V  f 
the  latter  body  \a  x  =  a  —  ct  +  -^-,  and,  inversely,  the  time,  at 

the  end  of  which  the  bodies  are  at  a  distance  x  from  each  other,  is 


. = .V-  ^ .  (;)• 


P 


The  corresponding  velocity  u  =  —  c  +'P  t  is  =  0,  and  the  dis- 

c  c* 

tance  a;  is  a  minimum  for  t  =  -,  and  its  value  is  x  =  a  —  ^- 

F  ^P 
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For  every  other  value  of  a:  we  have  two  values  for  the  time,  one 

J* 
of  which  is  greater  and  the  other  less  than  -. 

XiBic^BX.— The  foregoing  theory  of  relative  motion  is  often  applied,  not 
only  in  celestial  mechanics,  but  also  in  the  mechanics  of  machines.  Let  us 
consider  the  following  case. 

A  body  u4,  Fig.  84,  moves  in  the  direction  A  X  with  the  velocity  Cj,  and 
thould  be  met  by  another  body  B  which  has  the  velocity  c,  ;  what  direction 
mnst  we  give  the  latter?  If  we  draw  A  B,  hiy  off  from  B^c^  in  the  op- 
posite direction  and  complete  with  e^  and  Cj  a  parallelogram  Bc^e  c,, 
whose  diagonal  c  coincides  with  A  B^  we  obtain  in  the  direction  Bc^  =6, 
of  its  side,  not  only  the  direction  B  Tin  which  the  body  Bmust  move, 

but  also  in  the  point  of  intersection  0  of  the  two 
directions  A  X  and  B  F,  the  point  where  the  two 
bodies  will  meet.  If  a  is  the  angle  B  A  X  formed 
by  A  X,  and  ^  the  angle  A  B  Fformed  by  B  F  with 
A  By  we  have 


tin.  (i 
&in,  a 


-  «i 


This  formula  is  applicable  to  the  aberration  of  the 
light  of  the  stars  which  is  caused  by  the  compo- 
sition of  the  velocity  6^  of  the  earth  A  around  the 
sun  with  the  velocity  c^  of  the  light  of  the  star  B, 
Here  e^  is  about  19  miles,  and  e^  about  192,000 
miles,  consequently 


•in.  /?  =  —  $in.  a  = 


19  nn.  a 


192000 


nn.  a 
10105' 


Fig.  86. 


hence  the  aberration  or  the  angle  A  B  0=  3y  formed  by  the  apparent  di- 
rection A  Boi  the  star  (which  can  be  supposed  to  be  infinitely  distant)  with 
the  true  direction  B  C7  or  ^  D,  is  /?=20''  sin.  a ;  and  for  0=90**,  that  is,  for  a 
star,  which  is  vertically  above  the  path  of  the  earth  (in  the  so-called  pole  of 
the  ecliptic),  we  have  /?  =  20''.  In  consequence  of  this  divergence  we  al- 
ways see  a  star  20"  in  the  direction  of  the 
motion  of  the  earth  behind  its  true  posi- 
tion, and  consequently  a  star  in  the 
neighborhood  of  the  pole  of  the  ecliptic 
describes  apparently  in  the  course  of  a 
year  a  small  circle  of  20''  radius  around 
its  true  position.  For  stars  in  the  plane 
of  the  earth's  path  this  apparent  motion 
takes  place  in  a  straight  line,  and  for 
the  other  stars  in  an  apparent  ellipse. 

ExAicpLE. — A  locomotive  moves  firom 
A  upon  the  railroad  track  A  X,  Fig.  85, 
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with  35  feet  Telocity,  and  another  at  the  same  time  from  B  with  20  feet 
Telocity  upon  the  track  B  F,  which  forms  an  angle  B  D  X=  56°  with  the 
first  Now  if  the  initial  distances  are  u4  (7  =  80000  feet,  and  C  B  =  24000 
ieet,  how  great  is  the  distance  A  0  after  a  quarter  of  an  hour  ?  From  the 
absolate  Telocity  B  E^  c^  =20  feet  of  the  second  train,  the  inTerse  Telo- 
ciiy  B  F'=zc  =  Z^  feet  of  the  first,  and  the  included  angle  E  B  F:=a=z 
180**  ^BD  C=z  180°  -  56°  =  124°,  we  obtam  the  relatiTe  Telocity  of  the 
second  train 

B  0=  Vc"  +<Ji'  +  '^ce^eos,a  =   V'^'  +  20'  —  2  .  85  .  20  .  w«.  56° 

=  4/1225  +  400  -  1400  cmW"  =  4/1625  —  782,9  =  i^S4^  =  29,02  feet 
For  the  angle  G  B  F  =  6,  included  between  the  direction  of  the  rela- 
tiTe motion  and  the  direction  of  the  first  motion,  we  haTe 

C.   «n.  56°         20.0,8290      ,  .       ^       ^  r^^^nn.      H        U  ^       o^ORAf 

«».♦=  -^9  02  -  =  — 29  02~~  '*'  0=0,75690-1,  whence  ^=84°,50'. 

The  relatiTe  space  described  in  15  niinute8=900  seconds  is  B  0=29,02 . 

900  =  26118  feet,  the  distance  A  B\B=r  |/(80000)»  +  (24000)"  =  88419 

.    24000     ^« 
feet,  the  Talue  of  the  angle  BA  0=ABF,  whose  tangent  is  3qqqq=  0,8, 

is  ^  =  SS"*  40',  and  therefore  the  angle 

^  JB  0=  0  +  V  =  84°  50'  +  88M0'  =  78°  80', 
and  the  distance  apart  of  the  two  trains  after  15  minutes  is 

A0=  ^ATB*  +  BO"  -2AB.B0eM.AB0 


s=z  VdSiW  +  26118'  -  2 .  88419 .  26118  eo$.  78°  80' 


=  1^1588190000  =  89850  feet 


SECOND   SECTION. 

MECHANICS,  OR  THE  PHYSICAL  SCIENCE  OF 

MOTION  IN  GENERAL. 


CHAPTER    I. 

FUNDAMENTAL  PRINCIPLES  AND  LAW3  OP  MECHANICS. 

§  47.  Mechanics. — Mechanics  (Fr.  mecanique,  Ger.  Mechanik) 
is  the  science  which  treats  of  the  laws  of  the  motion  of  material 
bodies.  It  is  an  application  to  the  bodies  of  the  exterior  world  of 
that  part  of  Phoronomics  or  Cinematics  which  deals  with  the  mo- 
tions of  geometrical  bodies  without  considering  the  cause.  Me- 
chanics is  a  part  of  Natural  Philosophy  (Fr.  physique  g6n6rale, 
Ger.  Naturlehre)  or  of  the  science  of  the  laws,  in  accordance  with 
which  the  changes  in  the  material  world  take  place,  viz.,  that  part 
of  it,  which  treats  of  the  changes  in  the  material  world  arising  from 
measurable  motions. 

§  48.  Force. — Force  (Fr.  force,  Ger.  Kraft)  is  the  cause  of  the 
motion,  or  of  the  change  in  the  motion  of  material  bodies.  Every 
change  in  motion,  kg.,  every  change  of  velocity,  must  be  regarded 
as  the  effect  of  a  force.  For  this  reason  we  attribute  to  a  body 
falling  freely  a  force,  which  we  call  gravity  ;  for  the  velocity  of  the 
body  changes  continually.  But,  on  the  other  hand,  we  cannot 
infer  from  the  fact  that  a  body  is  at  rest  or  moving  uniformly  that 
it  is  free  from  the  action  of  any  force ;  for  forces  may  balance 
each  other  without  causing  any  visible  effect  Gravity,  which 
causes  a  body  to  fall,  acts  as  strongly  upon  it  when  it  lies  upon  a 
table,  but  its  effect  is  here  destroyed  by  the"  resistance  of  the  table 
or  other  support 
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§ 49.  Eqaiibrinm. — ^A  body  is  in  equilibrium  (Fr.  ^quilibre, 
Oer.  Gleichgewicht),  or  the  forces  acting  on  a  body  hold  each  other 
in  equilibrium,  or  balance  each  other,  when  they  counterbalance 
or  neutralize  each  other  without  leaving  any  resulting  action,  or 
without  causing  any  motion  or  change  of  motion.  £.a.  When  a 
body  is  suspended  by  a  string,  gravity  is  in  equilibrium  with  the 
cohesion  of  the  string.  The  equilibrium  of  several  forces  is  de- 
stroyed and  motion  produced  when  one  of  the  forces  is  removed  or 
neutralized  in  any  way.  Thus  a  steel  spring,  which  is  bent  by  a 
weight,  begins  to  move  as  soon  as  the  weight  is  removed,  for  then 
the  force  of  the  spring,  which  is  called  its  elasticity,  comes  into 
action. 

Statics  (Fr.  statique,  Ger.  Statik)  is  that  part  of  mechanics  which 
treats  of  the  laws  of  equilibrium.  Dynamics  (Fr.  dynamique,  Qer. 
Dynamik),  on  tiie  contrary,  treats  of  forces  as  producers  of  motion. 

§  50.  Classification  of  the  Forces. — According  to  their 
action,  we  can  divide  forces  into  motive  forces  (Fr.  forces  mo  trices 
puissance,  Ger.  bewegende  Krafte),  and  resistances  (Fr.  resistances, 
Ger.  Widerstande).  The  former  produce,  or  can  produce,  motion, 
the  latter  can  only  prevent  or  diminish  it.  Gravity,  the  elasticity  of 
a  steel  spring,  etc.,  belong  to  the  moving  forces,  friction,  resistance 
of  bodies,  etc.,  to  the  resistances ;  for  although  they  can  hinder  or 
diminish  motion  or  neutralize  moving  forces,  they  are  in  no  way 
capable  of  producing  motion.  The  moving  forces  are  either  accel- 
erating  (Fr.  acceleratrices,  Ger.  beschleunigende)  or  retarding  (Fr. 
retardatrices,  Ger.  verzogemde).  The  former  cause  a  positive,  the 
latter  a  negative,  acceleration,  producing  in  the  first  cafie  an  accel- 
erated, and  in  the  second  a  retarded  motion.  The  resistances  are 
always  retarding  forces,  but  all  retarding  forces  are  not  necessarily 
resistances.  When  a  body  is  projected  vertically  upward,  gravity 
acts  as  a  retarding  force,  but  gravity  is  not  on  this  account  a  re- 
sistance, for  when  the  body  falls  it  becomes  an  accelerating  force. 
We  distinguish  also  uniform  (Fr,  constantes,  Ger.  bestandige,  con- 
Btante)  and  variable  forces  (Fr.  variable,  Ger,  veranderliche).  While 
uniform  forces  act  always  in  the  same  way,  and  therefore  in  the 
equal  instants  of  time  produce  the  same  effect,  i.e.,  the  same  in- 
crease or  decrease  of  velocity,  the  effects  of  variable  forces  are 
different  at  different  times ;  hence  the  former  forces  produce  uni- 
formly variable  motions,  and  the  latter  variably  accelerated  or 
retarded  motions. 


156  GENERAL  PRINCIPLES  OP  MECHANICS.       [§  51.52,6a 

§  51.  Pressure. — Pressure  (Pr.  preesion,  Ger.  Dnick),  and 
traction  (Fr.  traction,  Ger.  Zug),  are  the  first  effects  of  force  upon 
a  material  body.  In  consequence  of  the  action  of  a  force  bodies  are 
either  compressed  or  extended,  or,  in  general,  a  change  of  form  is 
caused. 

The  pressure  or  traction,  produced  by  gravity  acting  vertically 
downwards  and  to  which  the  support  of  a  heavy  body  or  the  string, 
to  which  it  is  suspended,  is  subjected,  is  called  the  weight  (Fr.  poids, 
Ger.  Gewicht)  of  the  body. 

Pressure  and  traction,  and  also  weight,  are  quantities  of  a  pe- 
culiar kind,  and  can  be  compared  only  with  themselves ;  but  since 
they  are  effects  of  force  they  may  be  employed  as  measures  of  the 
latter. 

The  most  simple  and  therefore  the  most  common  way  of 
measuring  forces  is  by  means  of  weights. 

§  52.  Equality  of  Forces. — Two  weights,  two  pressures,  two 
tractions,  or  the  two  forces  corresponding  to  them  are  equal,  when 
we  can  replace  one  by  the  other  without  producing  a  different 
action.  When,  E.G.,  a  steel  spring  is  bent  in  exactly  the  same  man- 
ner by  a  weight  O  suspended  to  it  as  by  another  weight  (?,  hung 
upon  it  in  exactly  the  same  manner,  the  two  weights,  and  therefore 
the  forces  of  gravity  of  the  two  bodies  are  equal  K  in  the 
same  way  a  loaded  scale  (Fr.  balance,  Ger.  Waage)  is  made  to  bal- 
ance as  well  by  the  weight  &  as  by  another  0„  with  which  we  have 
replaced  &,  then  these  weights  are  equal,  although  the  arms  of  the 
balance  may  be  unequal,  and  the  other  weight  be  greater  or  less. 

A  pressure  or  weight  (force)  is  2,  3,  4,  etc.,  or  in  general  n 
times  as  great  as  another  pressure,  etc.,  when  it  produces  the  same 
effect  as  2,  3,  4 ....  n  pressures  of  the  second  kind  acting  together. 
If  a  scale  loaded  in  any  arbitrary  manner  is  caused  to  balance  by 
the  weight  ( 0)  as  well  as  by  2, 3, 4,  etc.,  equal  weights  ( O^y  then  is 
the  weight  {0)  2,  3,  4,  etc  times  as  great  as  the  weight  {Ox). 

§  53.  MaXtMC.— Matter  <Fi^Mattdre,  Ger:  'U:{iterie)  is  that,  by 
which  the  bodies  of  the  exterior  world  (which  in  contradistinction 
to  geometrical  bodies  are  called  material  bodies)  act  upon  our 
senses.  Mass  (Fr.  masse^  Ger.  Masse)  is  the  quantity  of  matter- 
which  makes  up  a  body. 

Bodies  of  equal  yolume  (Fr.Tohnae,  Ger.  Voktmen)  or  of  equal 
geometrical  contents  generally  haye  different  weights.    Therefore 
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we  can  not  determiiie  from  the  Tolnme  of  a  body  its  weight ;  it  is 
B^essary  for  that  purpose  to  know  the  weight  of  the  unit  of 
Tolume,  B.o«y  of  a  cubic  foot,  cubic  meter,  etc 

§  54.  Unit  of  Weight — The  measurement  of  weights  or 
forces  consists  in  comparing  them  to  some  giyen  unchangeable 
weighty  which  is  assumed  as  the  unit  We  can,  it  is  true,  choose  this 
unit  of  weight  or  force  arbitrarily,  but  practically  it  is  advan- 
tageous to  choose  for  this  purpose  the  weight  of  a  certain  volume 
of  some  body,  which  is  universally  distributed.  This  volume  is 
generally  one  of  the  common  units  of  space.  One  of  the  units  of 
weight  is  the  gram,  which  is  determined  by  the  weight  of  a  cubic 
centimetre  of  pure  water  at  its  maximum  density  (at  a  temperature 
of  about  4^  (7.).  The  old  Prussian  pound  is  sJso  a  unit  referred 
to  the  weight  of  water.  A  Prussian  cubic  foot  of  distilled  water 
weighs  at  15''  R  in  vaato  66  Prussian  pounds.  Now  a  Prussian 
foot  is  =  139,13  Paris  lines  =  0,3137946  meter ;  whence  it  follows 
that  a  Prussian  pound  =  467,711  grams.  The  Prussian  new  or 
custom-house  pound  weighs  exactly  ^  kilogramm.  The  English 
pound  is  determined  by  the  weight  of  a  cubic  foot  of  water  at  a 
temperature  of  39°,  1  F.  The  pound  is  equal  to  453,5926  grams. 
A  cubic  foot  of  water  weighs  62,425  lbs. 

§  55.  Inertia  (Fr.  inertie,  Oer.  Triigheit)  is  that  property  of 
matter,  in  virtue  of  which  matter  cannot  move  of  itself  nor  change 
the  motion,  that  has  been  imparted  to  it.  Every  material  body  re- 
mains at  rest  as  long  as  no  force  is  applied  to  it,  and  if  it  has  been 
put  in  motion  continues  to  move  uniformly  in  a  straight  line,  as 
long  as  it  is  free  from  the  action  of  any  force.  If,  therefore, 
changes  in  the  state  of  motion  of  a  material  body  occur,  if  a  body 
changes  the  direction  of  its  motion,  or  if  its  velocity  becomes 
greater  or  less,  this  result  must  not  be  attributed  to  the  body  as  a 
certain  quantity  of  matter,  but  to  some  exterior  cause,  i.£.,  to  a 
force. 

Since,  whenever  there  is  a  change  in  the  state  of  motion  of  a 
body,  a  force  is  developed,  we  can  in  this  sense  count  inertia  as  one 
of  the  forces.  If  a  moving  body  could  be  removed  from  the  influ- 
ence of  all  the  forces  which  act  upon  it,  it  would  move  forward 
uniformly  for  ever ;  but  such  a  uniform  motion  is  nowhere  to  be 
found,  since  it  is  impossible  for  us  to  remove  a  body  from  the  in- 
fluence of  every  force.    If  a  mass  moves  upon  a  horizontal  (able 
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the  action  of  gravity  is  counterbalanced  by  the  table,  and  therefore 
does  not  act  directly  upon  the  body,  but  in  consequence  of  the 
pressure  of  the  body  on  the  table  a  resistance  is  developed,  which 
will  be  treated  hereafter  under  the  name  of  friction.  This  resist- 
ance continually  diminishes  the  velocity  of  the  moving  body,  and 
the  body  therefore  assumes  a  uniformly  retarded  motion  and  finally 
comes  to  rest  The  air  also  opposes  a  resistance  to  its  motion,  and 
even  if  the  friction  of  the  body  could  be  completely  put  aside,  a 
continual  decrease  of  velocity  would  be  caused  by  the  former. 
But  we  find  that  the  loss  of  velocity  becomes  less  and  less,  and  that 
the  motion  approximates  more  and  more  to  a  uniform  one,  the  more 
we  diminish  the  number  and  magnitude  of  these  resistances,  and  we 
can  therefore  conclude,  that  if  all  moving  forces  and  resistances 
were  removed,  a  perfectly  uniform  motion  would  ensue. 
• 

§  56.  Measure  of  Forces. — The  force  (P)  which  accelerates  an 
inert  mass  (if)  is  proportional  to  the  acceleration  {p)  and  to  the 
mass  {M)  itself.  When  the  masses  are  the  same,  it  increases  with 
the  infinitely  small  increments  of  velocity  produced  in  the  infin- 
itely small  spaces  of  time,  and  when  the  velocities  are  equal  it  in- 
creases in  the  same  ratio  as  the  masses  themselves.  In  order  to 
produce  an  m  fold  acceleration  of  the  s&me  mass,  or  of  equal  masses, 
we  require  an  m  fold  force,  and  an  n  fold  mass  requires  an  n  fold 
force  to  produce  the  same  acceleration. 

Since  we  have  not  as  yet  adopted  a  measure  for  the  masses,  we 
can  assume 

P  =  Mp, 

or  that  {he  force  is  equal  to  the  product  of  mass  and  the  accelera- 
tion, and  at  the  same  time  we  can  substitute  instead  of  the  force 
its  effect,  I.B.,  the  pressure  produced  by  it. 

The  correctness  of  this  general  law  of  motion  can  be  proved  by 
direct  experiment,  when  we,  E.G.,  drive  along  upon  a  horizontal 
table  by  means  of  bent  steel  springs  similar  or  different  movable 
masses;  but  the  important  proof  lies  in  this,  that  all  the  results 
and  rules  for  compound  motion,  deduced  from  the  law,  correspond 
exactly  with  our  observations  and  with  natural  phenomena. 

\  §  57.  Mass.— All  bodies  at  the  same  point  on  the  earth  fall  in 
vacuo  equally  quickly,  namely,  with  the  constant  acceleration 
g  =  9,81  meter  =  32,2  feet  (§  15).    If  the  mass  of  a  body  is  =  if 
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and  the  weight  which  measures  the  force  of  gravity  =  Oy  we  have 
from  the  last  formula 

LE.,  the  weight  of  a  body  is  a  product  of  its  mass  and  the  acceleration 
ofgramty,  and  inversely 

M--, 

LE.,  the  mass  of  a  body  is  the  weight  of  the  same  divided  by  the  accel- 
eration of  gravity,  or  the  mass  is  that  weight  which  a  body  would 
have  if  the  acceleration  of  gravity  were  =  1,  E.Q.,  a  meter,  a  foot, 
eta  For  that  point  upon  or  in  the  neighborhood  of  the  earth  or  of 
any  other  celestial  body,  where  the  bodies  fall  with  a  velocity  (at  the 
end  of  the  first  second)  of  1  meter  instead  of  9,81  meters,  the  mass, 
or  rather  the  measure  of  the  same,  is  given  directly  by  the  weight 
of  the  body. 

According  as  the  acceleration  of  gravity  is  expressed  in  meters 
or  feet  we  have  for  the  masses 

if  = -g|j  =  0,1019  ff,  or 

if  = -gl^  =  0,031(?. 

Hence  the  mass  of  a  body,  whose  weight  is  20  pounds,  is  ] 
if  =0,031  X  20  =  0,62  pounds,  and  inversely  the  weight  of  a  ,. 
mass  of  20  pounds  ia  O  =  32,2  x  20  =  644  pounds. 

§  58. — ^If  we  suppose  the  acceleration  (g)  of  gravity  to  be  con- 
stant, it  follows  that  the  mass  of  a  body  is  exactly  proportional  to  its 
weight,  and  that,  when  the  masses  of  two  bodies  are  M  and  Mi  and 
their  weights  0  and  ff„  we  have 

M       O 


Therefore,  the  weight  of  a  body  can  be  employed  as  a  measure 
of  its  mass,  so  that  the  greater  the  mass  a  body  is  the  greater  is  its 
weight 

However  the  acceleration  of  gravity  is  variable,  becoming 
greater  as  we  approach  the  poles  and  diminishing  as  we  approach 
the  equator ;  it  is  a  maximum  at  the  poles  and  a  minimum  at  the 
equator.    It  also  decreases  when  a  body  is  elevated  above  the  level 


160  GENERAL  PRINCIPLES  OF  MECHANICS.  [§59. 

of  the  sea.  Now  since  a  mass,  so  long  as  we  take  nothing  from  it 
nor  add  anything  to  it,  is  a  constant  quantity  and  remains  the 
same  for  all  points  on  the  earth,  and  even  on  the  moon,  it  follows 
that  the  weight  of  a  body  mnst  be  variable  and  depend  upon  the 
position  of  the  body,  and  that  in  general  it  must  be  proportional 

a  n 

to  the  acceleration  of  gravity,  or  that  -7^  must  be  =  --. 

The  same  steel  spring  would  therefore  be  differently  deflected 
by  the  same  weight  at  different  points  on  the  earth— at  the 
equator  and  on  high  mountains  the  least,  and  at  the  poles  at  the 
level  of  the  sea  the  most. 

§  59.  Heaviness  (Fr.  density,  Oer.  Dichtigkeit)  is  the  in- 
tensity with  which  matter  fills  space.  The  heavier  a  body  is,  the 
more  matter  is  contained  in  the  space  it  occupies.  The  natural 
measuie  of  the  heaviness  is  that  quantity  of  matter  (the  mass) 
which  fills  the  unity  of  volume;  but  since  matter  can  only  be 
measured  by  weight,  the  weight  of  a  unit  of  volume,  E.G.,  of  a 
cubic  meter  or  of  a  cubic  foot  of  another  matter,  must  be  employed 
as  the  measure  of  its  heaviness.  Hence,  the  heaviness  of  water 
at  39°.l  P.  is  ='  62,425  pounds,  and  that  of  cast  iron  at  32''  P. 
is  =  452  pounds,  lb.,  a  cubic  foot  of  water  weighs  62,425,  and 
a  cubic  foot  of  cast  iron  452.  In  ordinary  calculations  we  assume 
that  of  water  to  be  62^  pounds.  Prom  the  volume  Fof  a  body 
and  its  heaviness  y  we  have  its  weight  0  =  Vy. 

The  product  of  the  volume  and  the  heaviness  is  the  weight 
The  heaviness  of  a  body  is  uniform  (Fr.  homogene,  uniforme, 
Ger.  gleichformig)  or  variable,  (Fr.  variable,  h6terog6ne,  Ger. 
ungleichformig),  according  as  equal  portions  of  the  volume 
have  equal  or  different  weights,  E.G.,  the  heaviness  of  the  simple 
metals  is  uniform,  since  equal  parts  of  them,  however  small,  weigh 
the  same.  Granite,  on  the  contrary,  is  a  body  of  variable  heaviness, 
since  it  is  composed  of  parts  of  different  density. 

ExAMFLB. — 1.  If  the  heaviness  of  lead  is  712  pounds,  then  8,2  cubic  feet 
of  lead  weigh  G  z=Vy  =  2278,4  lbs.  If  the  weight  of  a  cubic  foot  of  bar 
iron  be  480  pounds,  the  volume  of  a  piece,  whose  weight  is  205  pounds,  is 

F  =—  =  ii^  =  0,4271  cubic  feet  =  0,4271  x  1728  =  788  cubic  inches. 

7        4o0 


Note. — In  German  and  French  the  word  "  density**  is  emplojed  to  express 
the  weight  of  a  cubic  foot,  a  cubic  meter,  etc,  of  any  material.  In  English, 
unfortonatelj,  it  is  employed  as  a  synonym  of  specific  gravity. — Til 
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If  10,4  cubic  feet  of  hemlock,  thoroughly  saturated  with  water,  weight 
577,  then  its  heavineBS  is 

§  60.  Specific  G-ravity. — Specific  weighty  or  specific  gravityy 
(Pr.poicUspecifique,  Ger.  specifisches  or  eigenthumliches  Gewicht) 
is  the  ratio  of  the  heavineBS  of  one  body  to  that  of  another  body, 
generally  water,  which  is  assumed  as  the  unit  But  the  heaviness 
is  equal  to  the  weight  of  the  unit  of  volume ;  therefore  the  specific 
gravity  is  also  the  ratio  of  the  weight  of  one  body  to  that  of 
another,  ko.,  water,  of  equal  volume. 

In  order  to  distinguish  the  specific  gravity  or  specific  weight 
from  the  weight  of  a  body  of  a  given  volume,  the  latter  is  called  the 
absolute  weight  (Fr.  poids  absoln,  Gcr.  absolutes  Gewicht). 

If  y  is  the  heaviness  of  the  matter  (water),  to  which  the  others 
are  referred,  and  y,  the  heaviness  of  any  matter  whose  specific 
gravity  is  denoted  by  «,  we  have  the  following  formula : 

e  =  —  and  y,  =  c  y, 

tiierefore  the  heaviness  of  any  matter  is  equal  to  the  specific  gravity 
of  the  same  multiplied  by  the  heaviness  of  water. 

The  absolute  weight  (7  of  a  mass  of  whose  volume  is  F,  and 
whose  specific  gravity  is  e,  is : 

ff  =  Fy,  =  Fey. 

ExAKFLE. — 1.  The  heaviness  of  pure  silver  is  655  pounds,  and  that  of 

water  62,425  pounds ;  consequently  the  specific  gravity  of  the  former  (in 

655 
relation  to  water)  is  =  ^    .      =  10,50,  lb  ,  every  mass  of  silver  is  10}- 

times  as  heavy  as  a  mass  of  water  that  occupies  the  same  space.  2)  If  we 
take  13,598  for  the  specific  gravity  of  mercury,  and  the  heaviness  of  water  as 
62,425,  then  we  have  for  the  heaviness  of  mercury, 

y  =  13,598 .  62,425  =--  848,86  pounds. 
A  mass  of  35  cubic  inches  of  the  same  weighs,  since  1,728  cubic  inches  are 
a  cubic  foot, 

G  =  848,86  F=  — ;l|^^  =  17,19  pounds. 

Reuabk. — The  use  of  the  French  weights  and  measures  possesses  the 
advantage  that  we  can  perform  the  multiplication  by  e  and  y  by  simply 
changii^  the  position  of  the  decimal  point,  for  a  cubic  centimeter  weighs 
a  gram,  and  a  cubic  meter  a  million  grams,  or  1,000  kilograms.  The 
heavin^»  of  mercury  is  therefore,  when  we  employ  the  French  measure, 
7^  =  13,598  .  1000  =  13598  kilograms;  that  is,  a  cubic  meter  of  mercury 
weighs  13598  kilogram& 
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§  61.  The  following  table  contains  the  specific  gravities  of  those 
substances^  which  are  met  with  the  oftenest  in  practical  mechanics. 
A  complete  table  of  specific  gravities  is  to  be  found  in  the 
Ingenieur,  page  310. 


Mean  specific  gravity  of 

the  wood  of  deciduouB 

trees,  dry    .    .     .    .    . 

saturated  with  water 

Mean  specific  gravity  of 

the  wood  of  evergreen 

trees,  dry 

saturated  with  water 
Mercury.    ...... 

Lead 

Copper,  cast  and  dense    . 
*'       hammered.    .    . 

Brass 

Iron,  cast,  white  .  .  .  . 
grey  .... 
medium  .    .    . 

in  rods 

Zinc,  cast 

"    rolled 

Granite  .  .  .  .  =  2,50 
Gneiss  .  .  .  .  =  2,89 
Limestone  .     .    .  =  2,40 


4( 


(i 


U 


a 


u 


to 
to 
to 


0,659 
1,110 


0,453 
0,839* 
13,50 
11,33 
8,76 
8,97 
8,55 
7,50 
7,10 
7,06 
7,60 
7,05 
7,64 
3,06 
2,71 
2,86 


Sandstone  .     .     .  =  1,90  to 
Brick =  1,40  to 

Masonry  with  mortar  made 
of  lime  and  quarry  stone : 

Fresh = 

Dry = 

Masonry  with  mortar  made 
of  lime  and  sandstone : 

Fresh = 

Dry = 

Brickwork    with     mortar 
made  of  lime : 

Fresh =  1,55  to 

Dry =  1,47  to 

Earth,  clayey,  stamped : 
Fresh = 

Garden  earth: 

Fresh = 

Dry = 

Dry  poor  earth    .    .     .     .  = 


2,70 
2,23 


2,46 
2,40 


2,12 
2,05 


1,70 
1,59 

2,06 
1,98 

2,05 
1,68 
1,34 


§  62.  State  of  Aggregation. — Bodies  present  themselves  to 
ns  in  three  different  states,  depending  upon  the  manner  in  which 
their  parts  are  held  together.  This  is  called  their  state  of  aggrega- 
tion. They  are  either  solid  (Fr.  solides,  Ger.  fest)  or  fluid  (Fr. 
fluides,  Ger.  fliissig),  and  the  latter  are  either  liquid  (Fr.  liqnides, 
•Ger.  tropfbar  fliissig)  or  gaseous  ((Fr.  gazeux,  a6riformes,  Ger.  elas- 
tisch  fliissig).  Solid  bodies  are  those,  whose  parts  are  held  together 
so  firmly,  that  a  certain  force  is  necessary  to  change  their  forms  or 
to  produce  a  separation  of  their  parts.  Fluids  are  bodies,  the 
position  of  whose  parts  in  reference  to  each  other  is  changed  by  the 
smallest  force.  Elastic  fluids,  the  representative  of  which  is  the 
air,  are  distinguished  from  liquids,  the  representative  of  which  is 


*Seo  the  absorption  of  water  by  wood,  poljtecbnlsche  Mittheilingen, 
Vol.  II,  1845. 
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water,  by  the  fact  that  they  tend  continually  to  expand  more  and 
more,  which  tendency  is  not  possessed  by  water,  etc. 

While  every  solid  body  possesses  a  peculiar  form  of  its  own  and 
a  definite  volume,  liquids  have  only  a  determined  volume,  but  no 
peculiar  form.  Gbses  or  aeriform  fluids  possess  neither  one  nor  the 
other. 

§  63.  Classification  of  the  Forces. — Forces  are  very  differ- 
ent in  their  nature ;  wc  give  here  only  the  most  important  ones : 

1)  Gravity y  by  virtue  of  which  all  bodies  tend  to  approach  the 

centre  of  the  earth. 

2)  The  Force  of  Inertiaj  which  manifests  itself  when  a  change 

in  the  velocity  or  in  the  direction  of  the  moving  body 
takes  place. 

3)  The  Muscular  Farce  of  living  beings,  or  the  force  produced 

by  means  of  the  muscles  of  men  and  animals. 

4)  The  Flasiic  Force,  or  that  of  springs,  which  bodies  exhibit 

when  a  change  of  form  or  of  volume  occurs. 

5)  The  Force  of  Heat,  by  virtue  of  which  bodies  expand  and 

contract,  when  a  change  of  temperature  iakes  place. 

6)  The  Force  of  Cohesion,  or  the  force  by  which  the  parts  of  a 

body  hold  together,  and  with  which  they  resist  separa- 
tion. 

7)  The  Force  of  Adhesion,  or  the  force  with  which  bodies 

.    brought  into  close  contact  attract  each  other. 

8)  Tlie  Magnetic  Force,  or  the  attractive  and  repulsive  force  of 

the  magnet. 

Then  we  have  the  electric  and  the  electro-mag^ietic  forces,  etc. 

The  resistances  due  to  friction,  rigidity,  resistance  of  bodies, 
etc,  are  due  principally  to  the  force  of  cohesion,  which,  like  the 
elasticity,  etc.,  is  due  to  the  so-called  molecular  force,  or  the  force 
with  which  the  molecules,  or  the  smallest  parts  of  a  body,  act  upon 
one  another. 

§  64.  Forces,  hoiv  Determined. — For  every  force,  we  must 
distinguiBh: 

1)  The  point  of  application  (Fr.  point  d'application ;  Ger.  An- 

griffspunkt),  the.  point  of  the  body  to  which  the  force  is 
directly  applied. 

2)  The  direction  of  the  force  (Fr.  direction,  Ger.  Richtung),  the 

right  line,  in  which  a  force  moves  the  point  of  applica- 
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tion^  or  tends  to  moye  it  or  hinder  its  motion.  The  direc- 
tion of  a  force  has,  like  every  direction  of  motion,  two 
senses.   It  can  take  place  from  left  to  right,  or  from  right 
to  left,  from  above  downwards,  or  from  below  upwards. 
One  is  considered  as  positive,  and  the  other  as  negative. 
As  we  read  and  write  from  left  to  right,  and  from  above 
downwards,  it  is  natural  to  consider  these  motions  as 
positive,  and  the  opposite  motions  as  negative. 
3)  The  absolute  magnitude  or  intensity  (Fr.  grandeur  absolue, 
intensity,  Gter.  absolute  Grosse)  of  the  force,  which  we 
have  seen  is  measured  by  weights,  e.g.  pounds,  kilograms, 
etc. 
Forces  are  graphically  represented  by  straight  lines,  whose 
direction  and  length  indicate  the  direction  and  magnitude  of  the 
forces,  and  one  of  whose  extremities  can  be  considered  as  the  point 
of  application  of  the  forces. 

§  65.  Action  and  Reaction. — The  first  effect  produced  by  a 
force  upon  a  body  is  an  extension  or  compression,  combined  with 
a  change  of  form  or  of  volume,  which  commences  at  the  point  of 
application,  and  from  there  gradually  spreads  itself  farther  and 
fGwther  into  the  body.  By  this  inward  change  in  the  body  the 
elasticity  inherent  in  it  comes  into  action  and  sets  itself  in  equi- 
librium with  the  force,  and  is,  therefore,  equal  to  it,  but  acts  in  the 
opposite  direction.  Hence^  action  and  reaction  are  equal  and  oppo- 
site. This  law  is  true,  not  only  for  the  effects  of  forces  acting 
by  contact,  but  also  for  those  acting  by  attraction  and  repulsion, 
among  which  the  magnetic  forces,  and  also  that  of  gravity,  must 
be  counted.  A  bar  of  iron  attracts  a  magnet  exactly  as  much  as  it 
is  attracted  itself  by  the  magnet  The  force,  with  which  the  moon 
is  attracted  towards  the  earth  (by  gravity),  is  equal  to  the  force 
with  which  the  moon  reacts  upon  the  earth. 

The  force  with  which  a  weight  presses  upon  its  support  is 
returned  by  the  latter  in  the  opposite  direction.  The  force,  with 
which  a  workman  pulls,  pushes,  etc.,  a  machine,  reacts  upon  the 
workman,  and  tends  to  move  him  in  the  opposite  direction.  When 
one  body  impinges  upon  another,  the  first  presses  upon  the  second 
exactly  as  much,  as  the  second  does  upon  the  first. 

§  66.  Division  of  Mechanics. — General  mechanics  are  di- 
vided into  two  principal  divisions,  according  to  the  state  of  aggre- 
gation of  the  bodies : 
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1)  Into  the  mechanics  of  solid  or  rigid  bodies  (Fr.  m^canique 

des  corps  solides^  Ger.  Mechanik  der  fe^sten  oder  staiTen 
Korper). 

2)  Into  the  mechanics  of  fluids  (Fr.  mecaniqne  dcs  fluides, 

Ger.  Mechanik  der  flussigen  Eorper).    The  latter  can 
again  be  divided : 

a)  Into  the  mechanics  of  water  and  other  liquids  or  hydraulics 

(Fr.  hydraulique,  Ger.  Hydraulik,  Hydromechanik) ;  and 

b)  Into  the  mechanics  of  air  and  other  aeriform  bodies  (Fr.  me- 

caniqne des  fluides  aeriformes,  Ger.  Mechanik  der  luft- 
formigen  Kdrper). 

If  we  take  into  consideration  the  division  of  mechanics  into 
statics  and  dynamics,  we  can  again  divide  it  into : 

1)  Statics  of  rigid  bodies. 

2)  Dynamics  of  rigid  bodies. 

3)  Statics  of  water,  etc.,  or  hydrostatics. 

4)  Dynamics  of  water,  etc.,  or  hydrodynamica 

5)  Statics  of  air  (of  gases  and  vapor)  or  aerostatics. 

6)  Dynamics  of  air  (of  gases  and  vapors)  or  aerodynamics  or 

pneumatics. 


CHAPTER    II. 

MECHANICS  OF  A  MATERIAL  POINT. 

§  67.  A  material  point  (Fr.  point  material,  Ger.  materieller 
Punkt)  is  a  material  body  whose  dimensions  in  all  directions  are  in- 
finitely small  compared  with  the  space  described  by  it.  In  order  to 
simplify  the  discussion,  we  will  now  consider  the  motion  and  equili- 
brium of  a  material  point  alone.  A  (finite)  body  is  a  continuous 
union  of  an  infinite  number  of  material  points  or  molecules.  If 
ihe  different  points  or  elements  of  a  body  move  in  exactly  the  same 
manner,  le.,  with  same  velocity  in  parallel  straight  lines,  the 
theory  of  the  motion  of  material  jwint  is  applicable  to  the  whole 
body ;  for  in  this  case  we  can  sup]X)se  that  equal  portions  of  the 
mass  are  impelled  by  equal  portions  of  the  force. 
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§  68.  Simple  Constant  Force.— If  jt?  is  the  acceleration  with 
which  a  mass  M  is  impelled  by  a  force  P,  we  have  from  §  56 

P 

P  =  Mpy  or  inversely  the  acceleration  ^^  =  ^. 

•     O 
Patting  the  mass  M  =  — ,  (?  denoting  the  weight  of  the  body 

if 

and  g  the  acceleration  of  gravity,  we  obtain  the  force 

i)p  =  Ig, 

9 
and  the  acceleration 

We  find  then  the  force  (P)  which  moves  a  body  with  the  accel- 
eration (p)  by  multiplying  the  weight  {0)  of  the  body  by  the 

ratio  (— )  of  its  acceleration  to  that  of  gravity. 

Inversely  we  obtain  the  acceleration  (p),  with  which  a  force  (P) 
will  move  a  mass  M,  by  multiplying  the  acceleration  (ff)  of  gravity 

by  the  ratio  (^ )  of  the  force  to  the  weight  of  the  body. 

Example. — Let  us  imagine  a  body  placed  upon  a  very  Bmooth  horizon- 
tal table,  which  opposes  no  resistance  to  its  motion,  but  which  counteracts 
the  effect  of  gravity.  If  this  body  be  subjected  to  the  action  of  a  horizon- 
tal force,  the  body  yields  and  moves  forward  in  the  direction  of  the  force. 
If  the  weight  of  the  body  is  6^  =  50  pounds  and  the  force  which  acts 
uninterruptedly  upon  itisP=  10  pounds,  it  will  assume  a  uniformly  accel- 

P  10  * 

erated  motion,  the  acceleration  of  which  '^  P  ^  it  ff  =  ^  83,2   =  6,44 

feet.    If,  on  the  contrary,  the  acceleration  produced  in  a  body  weighing 

p  0 

42  pounds  by  a  force  P  is  ^  =  9  feet,  then  the  force  is  P  =  ^—  (?  = 


ff  82,20 

.42  =  0,081 .  878  =  11,7  pounds. 

§  69.  If  the  force  acting  upon  a  body  is  constanty  a  uniformly 
variable  motion  is  the  result,  and  it  is  uniformly  accelerated,  when 
the  direction  of  the  force  coincides  with  the  original  direction  of 
motion,  and  uniformly  retarded,  when  the  force  acts  in  the  opposite 
direction.    If  we  substitute  in  the  formulas  of  §  13  and  §  14,  in- 

P      P 

stead  of  jp,  its  value  jf  =^  yr  ffy  ^^  obtain  the  following: 
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I.  For  uniformly  accelerated  motion : 

P  P  P 

1)  r  =  c  +  -j^gt  =  c  +  32,2 -T^^feet  =  c  +  9,81  -79 ^ metres, 

P  a  f  P  P 

2)  «  =  c /  +  —^~-  =  ct  +  16,1 7^- ^feet  ?=  c^  +  4,905 -^f  metres. 

Cr     iO  Cr  Cr 

n.  For  uniformly  retarded  motion ; 

P  P  P  ' 

1)  V  =  c  —  Yrgt  =  c  —  32,2  jy  t  feet  =  c  —  9,81  ^  ^ metres. 

2)  s=ct-~^f^:^ct-  16,1-f  ^feet  =  c^  -  4,905 -J  ^  metres. 

Cr     *  Cr  Cr 

• 

By  means  of  the  above  formulas  all  questions,  which  can  arise 
in  reference  to  the  rectilinear  motions  produced  by  a  constant  force^ 
can  be  answered. 

Example. — 1)  A  wagon  weighing  2,000  pounds  moves  upon  a  horizon- 
tal road,  which  opposes  no  resistance  to  it,  with  a  velocity  of  4  feet,  and 
is  impelled  daring  15  seconds  by  a  constant  force  of  twenty-five  pounds ; 
with  what  velocity  will  it  proceed  aflor  the  action  of  this  force  ?    The 

P 
required  velocity  is  t?  =  c  +  82,2  -7^  f,  but  here  we  have  c  =  4,  P  =  25, 

25 
Q  =  2,000  and  «  =  15,  whence  «  =  4  -|-  82,2 .  ^-^  .  15  =  4  -|-  6,087  = 

10,037  feet.  2)  Under  the  same  circumstances  a  wagon  weighing  5,500 
pounds,  which  in  the  three  previous  minutes  had  described  nnifonnly  050 
feet,  was  impelled  during  30  seconds  by  a  constant  force,  so  that  after- 
wards it  described  1650  feet  uniformly  in  three  minutes.     What  was  this 

force  ?  The  initial  velocity  is  c  =  5 — ^  =  5,277  feet,  and  the  final  ve- 
locity  IS  V  =z  -  ~-  =  9,166  feet,  whence  ^  a  t  =  v  —  e  -.  8,880,  and  the 

I         „       8,889. (?       ^^„^    „^^^    5500       ^^^^^^^    550     ^^^^ 
force  P  =    »    —  =  0,031 .  8,889 .  -^--  =  0,120559  .  -—  =  22,10  pounda 
fft  oU  o 

8)  A  sled  weighing  1500  pounds  and  sliding  (m  a  horizontal  support  with 
a  velocity  of  15  feet  loses,  in  consequence  of  the  friction,  in  25  seconds,  the 
whole  of  its  velocity.  What  is  the  amount  of  the  friction  ?  The  motion  is 
here  uniformly  retarded  and  the  final  velocity  is  i>  =  0,  hence  e  =  82,2 . 

^-,  and  P  =  0,081  ^/  =  0,081  -?^-l-  =   0,081  .  900  =  27,9  pounds, 

Cr  t  do 

which  is  the  friction  in  question.  4)  Another  sled,  weighing  1200  pounds 
and  moving  with  an  initial  velocity  of  12  feet,  is  obliged  to  overcome  a 
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friction  of  45  pounds  when  in  motion.  What  is  its  Telocity  after  8  secondSi 
and  what  is  the  space  described  ? 
The  final  Telocity  is 

•  =  12  -  32,2  y~  =  12  -  9,66  =  2,34  feet, 

and  the  space  described  is 

le  -\-  v\  /12  +  2,84\    ^       ^.^  ««  ^   ^ 

'  =  (-  2~)  *  =  ( — r^i '  ®  =  ^^'^®  ^*^*- 

§  70.  Mechanical  Efifect.* — Mechanical  effect  or  work  done 
(vFr.  travail  mecanique,  Oer.  Leistung  or  Arbeit  der  Kraft)  is  that 
effect  which  a  force  accomplishes  in  oTercoming  a  resistance,  as, 
B.a.,  gravity,  friction,  inertia,  etc.  Work  is  done  when  we  elevate 
a  weight,  when  a  greater  velocity  is  commnnicated  to  a  body,  when 
the  forms  of  bodies  are  changed,  when  they  are  divided,  etc  The 
work  done  depends  not  only  upon  the  force,  but  also  on  the  space 
during  which  it  is  in  action,  or  during  which  it  overcomes  a  re- 
sistance. If  we  raise  a  body  slowly  enough  to  be  able  to  disregard 
the  inertia,  the  work  done  is  proportional  to  its  weight  and  to  the 
height  which  it  is  lifted  for  1)  the  effect  is  the  same  if  a  body  of 
the  m  (3)  fold  weight  is  lifted  a  certain  height,  or  if  7/i  (3)  bodies 
of  the  weight  (0)  are  lifted  the  same  height;  it  is  m  times  as 
great  as  that  necessary  to  raise  the  simple  weight  the  same  height ; 
and  in  like  manner  2)  the  work  done  is  the  same,  if  one  and  the 
same  weight  be  raised  the  n  (5)  fold  height  (n  h)  or  if  it  is  raised 
n  (5)  times  to  the  simple  height,  and  in  general  n  (5)  times  so  great, 
as  when  it  is  raised  to  the  simple  height  In  like  manner,  the 
work  done  by  a  weight  sinking  slowly  is  proportional  to  the  weight 
and  to  the  distance  it  sinks.  This  proportion  is,  however,  true  for 
every  other  kind  of  work  done ;  in  order  to  make  a  saw  cut  of 
twice  the  length  and  of  the  same  depth  as  another  we  are  obliged 
to  separate  twice  as  many  particles,  and  the  work  done  is  therefore 
double ;  the  double  length  requires  the  force  to  describe  double  the 
distance,  and  consequently  the  work  is  proportional  to  the  space 
described.  In  like  manner  the  work  done  by  a  run  of  millstones 
increases  evidently  with  the  number  of  grains  of  a  certain  kind 
of  corn  which  it  grinds  to  a  certain  fineness.  This  quantity  is, 
however,  under  the  same  circumstances  proportional  to  the  number 

®  Energy  is  the  capacity  of  a  body  to  perform  work.  Energy  is  said  to  be 
stored  when  this  capacity  is  increased,  and  to  bo  restored  when  it  is  diminished. 
The  unit  of  energy  is  the  same  as  that  of  work.— Tb. 
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of  revolutions,  or  rather  to  the  space  described  by  the  upper  mill- 
stone while  this  quantity  of  corn  is  being  ground.  The  work 
done  increases,  therefore,  directly  with  the  space  described. 

§  71.  As  the  work  done  by  a  force  depends  upon  the  inten- 
sity of  the  force  and  the  space  described  by  it,  we  can  assume  as 
the  unit  of  work  or  dynamical  unit  (Fr.  unitS  dynamique,  6er. 
Einheit  der  mechanischen  Arbeit  oder  Leistung)  the  work  done 
in  overcoming  a  resistance,  whose  intensity  is  the  unit  of  weight 
(pound,  kilogram)  over  a  space  equal  to  the  unit  of  length  (foot, 
metre),  and  we  can  also  put  this  measure  equal  to  the  product 
of  the  force  or  resistance  into  the  space  described  by  it  in  its 
direction  while  overcoming  the  resistance. 

If  we  put  the  amount  of  the  resistance  itself  =  P  and  the 

space  described  by  the  force,  or  rather  by  its  point  of  application, 

while  overcoming  it  =  8,  then  the  work  done  in  overcoming  this 

resistance  is 

A  =  P  8  units  of  work. 

In  order  better  to  define  the  units  of  work  (which  we  can  style 
simply  dynam)  the  units  of  both  factors  P  and  8  are  generally 
given,  and  instead  of  units  of  work  we  say  kilogram-meters  and 
pound-feet,  or  inversely  meterkilograms,  foot-pounds,  etc.,  accord- 
ing as  the  weight  and  the  space  are  expressed  in  kilograms  and 
meters,  or  in  pounds  and  feet  For  simplicity  we  write  instead  of 
meterkilogram,  m  k  or  k  m;  and  instead  of  foot  pound,  lb.  fty 
or  ft  Uf. 

Example. — 1.  In  order  to  raise  a  stamp  weighing  210  pounds,  15  inches 

high,  the  work  to  be  done  is  -4  =  210 .  :r5  =  262,5  ft.  lbs.     2.   By  a  me- 

chftnicai  effect  of  1500  foot  poundis  a  sled,  which  when  moving  must  over- 
coQie  a  friction  of  75  pounds,  will  be  drawn  forward  a  distance 

^       A       1500      ^^.   . 
#  =  -p  =  "^  =  20  feet. 

§  72.  Not  only  when  the  force  is  invariable,  or  the  resistance  is 
constant,  but  also  when  the  resistance  varies  while  the  force  is 
overcoming  it,  can  the  work  done  be  expressed  by  the  product  of  the 
force  and  the  space  described,  provided  we  assume  for  the  value  of 
the  force  the  mean.value  of  the  continuous  succession  of  forces.  The 
relation  between  the  time,  velocity  and  space  is  therefore  the  same 
here ;  for  we  can  regard  the  latter  as  the  product  of  the  time  and 
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of  the  mean  of  the  velocities.  We  can  also  employ  here  the  same 
graphical  representations.  The  work  done  can  be  regarded  as  the 
area  of  a  rectangle  A  B  G  Dy  Pig.  86,  whose  base  A  B  i&  the  space 
{s)  described  and  whose  height  is  either  the  constant  force  P  or 
the  mean  value  of  the  different  forces.  In  general,  however,  the 
work  done  can  be  represented  by  the  area  of  a  figure  A  B  C  N  Dy 
Fig.  87,  the  base  of  which  is  the  space  s  described,  and  the  height 


of  which  above  each  point  of  the  base  is  equal  to  the  force  corre- 
sponding to  that  point  of  the  path.  If  we  transform  the  figure 
A  B  C NDinsL  rectangle  A  B  B Fwith  the  same  base  and  the 
same  area,  its  altitude  A  F  =^  B  B  gives  the  mean  value  of  the 
force. 

§  73.  Arithmetic  and  (Jeometry  give  several  different  methods 
for  finding  the  mean  value  of  a  continuous  succession  of  quanti- 
ties, the  most  important  of  which  are  to  be  found  in  the  Ingenieur. 
The  method  known  as  Simpaon^s  Rule  is,  however,  the  one  most 
generally  employed  in  practice,  because  in  many  cases  it  unites 

great  simplicity  with  a  high  degree  of 
accuracy. 

•  In  every  case  it  is  necessary  to  divide 
the  space  A  B  =  s  (Pig.  88),  in  n  (as 
many  as  possible)  equal  parts,  such  as 
AB=EG  =  OJy  etc.,  and  to  deter- 
mine the  forces  EF=:  P,yG  H  =  P^  JK 
=  Pa,  etc.,  at  tlie  ends  of  these  portions 
of  the  path.  If  we  put  the  initial  force 
A  D  =  P,  and  the  final  one  ^  C7  =  P. 
we  have  the  mean  force  P  =  (^  P^  +  P,  +  P«  +  Pj  +  .  .  .  + 
P,_i  +  ^  P,)  :  n,  and  consequently  its  work 


Fia.88. 


P  «  =  (i  Po  +  P»  +  P,  +  . . .  +  P,^,  +  ^  P,)  — . 
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If  the  number  of  parts  (n)  be  even,  lb.  .  2,  4,  6,  8,  etc.,  Simp- 
son's Bale  gives  more  exactly  the  mean  force 

P  =  (P. +  4  P,  +  2  P, +  4P,  +  ...  +4P^i  +P.):  3n, 
whence  the  corresponding  work  done  is 

P«  =  (P.  +  4  P,  +  2  P,  -f-  4  P,  +  . . .  +  4P_,  +  P„)   * 


3n 

K  n  is  an  uneven  number,  we  can  put 

P^=  [i (^.  +  3  p,  +  3  p.  +  P,)  +  i  (P,  +  4 P4  +  2 p, 

+ +  4  P._i  +  P.)]  — .    (See  Art  38  of  the  Introduction 

WW 

to  the  Calculus.) 

Example. — In  order  to  determine  the  work  done  by  a  horse,  in  drawing 
a  wagon  along  a  road,  we  employ  a  dynamometer  (or  force  measorer),  one 
mde  of  which  is  attached  to  the  wagon  and  the  other  to  the  horse,  and  we 
observe  from  time  to  time  the  intensity  of  the  force.  If  the  initial  force  is 
P  =  110  pounds,  that  after  moving  25  feet  132  pounds,  that  after  60  feet  127 
pounds,  that  after  75  feet  120  pounds,  and  that  at  the  end  of  the  whole  dis- 
tance, 100  feet,  114  pounds,  we  have  for  the  mean  value  of  the  force  ac- 
cording to  the  first  formula 

P  =  (J .  110  -I-  122  +  127  -f  120  -f  J  X  114) :  4  =  120,25  pounds, 
and  for  the  mechanical  e£fect 

P$  =  120,25  X  100  =  12025  foot-pounds. 

According  to  the  second  formula  we  have 

1446 
P =(110 +4. 132  +  2. 127+4 .  120  +  114) :  (3  .  4)  =  -**^=120,5  pounds, 

and  the  mechanical  effect 

P«  =  120,5  .  100  =  12050  foot-pounds. 

§  74.  Principle  of  the  Vis  Viva  or  Living  Force& — If  in 

|;«  —   c»  t;«    _  c» 

the  formula  8  =  —^ —  or  »  «  =  — ^ — 9  found  in  §  14,  we  substi- 

2p        ^  2  ^ 

p 

tute  for  p  its  value  ^  ^r,  we  obtain  the  mechanical  effect  A  =  P  s 

— — JO,  or  designating  the  heights  due  to  the  velocities^ 

if  if 

ands—  bvAand  i, 

P8  =  {h-k)  G. 

This  equation,  so  important  in  practical  mechanics,  means  that 
the  mechanical  effect  (P  «),  which  a  mass  absorbs  when  its  velocity 
changes  from  a  lesser  to  a  greater,  or  that  which  it  gives  out,  when 
its  velocity  is  forced  to  change  from  a  greater  to  a  less,  is  always 
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equal  to  the  product  of  the  weight  of  the  mass  into  the  difference  of 
the  heights  due  to  the  different  velocities  l^ ^j. 

Example. — 1.  In  order  to  impart,  upon  a  perfectly  smooth  railroad,  a 
velocity  of  80  feet  to  a  wagon  weighing  4000  pounds,  the  work  to  be  done 

is  P<  =  ^  G=^  0,0155  «'  (?  =  0,0155  x  900  x  4000  =  65800  pounds,  and  this 
2g  '  * 

wagon  will  perform  the  same  amount  of  work  if  a  resistance  oe  opposed  to 

it,  so  as  to  cause  it  gradually  to  come  to  rest.     2.  Another  wagon,  weighing 

6000  pounds  and  moving  with  a  velocity  of  15  feet,  acquires  in  consequence 

of  the  action  of  a  force  a  velocity  of  24  feet ;  how  much  mechanical  effect 

is  stored  by  the  wagon,  or  how  much  work  is  performed  by  the  force  ? 

The  heights  due  to  the  velocities  15  and  24  feet  are  1;  =  —  =  8,487  and 

A  =        =  8,028  feet.    Consequently  the  work  done  P  $  =  (h  ^  k)  G 

=  (8,928  -  8,487)  x  6000  =  5,441  x  6000  =  82646  foot-pounds. 

If  the  space  described  is  known  the  force  can  be  found,  and  if  the 
force  IB  known  the  space  can  be  found.  Let  us  suppose,  B.6.,  in  the  last 
case,  that  the  space  described  by  the  wagon,  while  the  velocity  changes  from 
11  to  24  feet,  is  but  100  feet,  we  have  then  the  force  P  =  (h  ^  k) 

—  =     .^^Q     =  826,46  potmds.    If,  however,  the  force  was  2000  pounds, 

the  space  would  be  «  =  (A  -r  jfc)  ^-  =  ^^^  =  16,323  feet,      8.  If  a  sled 

weighing  500  pounds,  and  moving  with  a  velocity  of  16  feet,  loses  in  con- 
sequence of  the  friction  the  whole  of  its  velocity  while  describing  100  feet, 
the  resistance  of  the  friction  is 

P  =  ~-^-  =  0,0155  X  W  X  ?^^  =  0,0155  x  256  x  5  =  19,84  pounds. 

§  75.  The  formula  for  the  work  done,  found  in  the  preceding 
paragraph, 

holds  good  not  only  when  the  forces  are  constant,  but  also  when 
they  are  variable,  if  we  substitute  (according  to  §  73)  instead  of  P 
the  mean  value  of  the  force;  for  according  to  III*),  in  §  19,  we 
have,  in  general,  for  every  continuous  motion 


v'-c" 


2       =^'^ 
in  which  p  =  ^ ^ — '—'- — --  denotes  the  mean  acceleration 
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with  which  the  space  s  is  deteribed^  and  we  have  also 


p  =  — ^ ~  Af'  ' — ~^  whence 


3  and 


in  which  P  =  — '-^ denotes  the  mean  of  all  the  forces 

n 

measured  after  the  spaces  — ,  — ,  —  ...  —  are  described. 

^        n    n    n         n 

The  force  P  can  also  be  calculated  by  means  of  one  of  the 
formnlas  of  §  73,  when  the  number  n  of  the  parts  is  not  assumed 
to  be  yery  great 

We  are  very  often  required  to  calculate  the  change  of  velocity 
that  a  given  mass  M  undergoes,  when  a  given  amount  of  me- 
chanical effect  -P  «  is  imparted  to  it.  Tlie  principal  equation 
which  we  have  found  is  then  to  be  employed  in  the  following  form 

A  =  *  +  -^  or  V  =  y  c'  H-  a^r  -^. 

If  we  have  calculated  by  means  of  this  formula  the  velocities 

Vi,  t', . . .  v,  which  correspond  to  the  spaces  — ,  — ,  —  . . .  «,  we  can 

n    n    fi 

calculate  by  means  of  the  formula 

«  /I         1.1  1\ 

^=  — (—  +  —  +  —  +  ...  +  — ) 

n  \vi       Vi       Vs  vj 

the  time  in  which  the  space  %  is  described. 

2  P  $                 P  s 
hithetoTm 0=Mg=  -, — ^  =  -p^ .  r r  the  principal 

formula  we  have  found  serves  to  determine  the  mass  M,  which  in 
consequence  of  the  mechanical  effect  P  8  imparted  to  it  will  un- 
dergo a  change  of  velocity  v  —  c. 

When  the  motion  of  a  body  is  continuous  and  the  final  velocity 
V  is  equal  to  the  initial  one  c,  then  the  work  done  becomes  =  0, 
I.E,  the  accelerated  part  of  the  motion  absorbs  exactly  as  much 
work  as  the  retarding  portion  gives  out. 

ExAHPLB. — ^If  a  wagon  weighing  2500  pounds,  moving  without  fric- 
tion with  an  initial  velocity  of  10  feet,  has  imparted  to  it  a  mechanical 
effect  of  8000  foot-pounds,  what  is  its  final  velocity  ? 
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Here      v  =  f/l0^4-  64,4  .  ^^^^  =  iHrnlTm^M  =  17,49  feet, 

Reicabk. — We  call,  without  attaching  any  particular  idea  to  the  term, 
the  product  of  the  mass  Jf  =  —  into  the  square  of  the  velocity  \v^%  that  is 

if 

Jlfv\  the  vis  viva  (Ft,  force  vive,  Ger  lebendige  Kraft)  of  the  moving  mass, 
and  we  can  therefore  put  the  mechanical  effect,  which  a  mass  which  is 
moved  absorbs,  equal  to  the  TmI/  of  its  vis  viva.  If  an  inert  mass  passes 
from  a  velocity  e  to  another  c,  then  the  work  gained  or  lost  is  equal  to  the 
half  diflference  of  the  vis  viva  at  the  beginning  and  of  that  at  the  end  of 
the  change  of  velocity.  This  law  of  the  mechanical  effect  bodies  produce 
by  virtue  of  their  inertia  is  called  the  principle  of  vis  viva  (Fr.  principe 
des  forces  vives,  Ger.  Princip  der  lebendigen  Krafte). 

§  76.  Composition  of  Forces,— If  two  forces  P,  and  P,  act 
upon  the  same  body  1)  in  the  same  or  2)  in  opposite  direc- 
tions, then  their  effect  is  the  same  as  when  a  single  force  equal  to 
1)  the  sum  or  2)  the  difference  of  these  forces  acted  upon  the  body; 
for  these  forces  impart  to  the  mass  the  accelerations 

Pi      .  P, 

;;,  =  ^and;,.=.-^; 

whence,  according  to  §  28,  the  resulting  acceleration  is 

p=p,±p,  =  — — — , 

and  consequently  the  corresponding  force  is 

P  =  Mp  =  Fi±  P^ 
We  call  the  force  P  derived  from  the  two  forces  and  capable  of 
producing  the  same  effect  (equipollent)  their  resultant  (Fr.  r&ult- 
ante,  Ger.  Resultirende),  and  its  constituents  Pi  and  Pj  its  com- 
ponents (Fr.  composantes,  Ger.  Componenten). 

Example. — 1)  A  body  lying  upon  the  flat  of  the  hand  presses  with  its 
absolute  weight  on  it  only  so  long  as  the  hand  is  at  rest,  or  is  moved  with 
the  body  uniformly  up  or  down;  but  if  we  lift  the  hand  with  an  accelerated 
motion,  it  experiences  a  heavier  pressure ;  and  if.  on  the  contrary,  we  allow 
it  to  sink  with  an  accelerated  motion,  then  the  pressure  becomes  less  than 
the  weight,  and  even  =  0  when  the  hand  is  lowered  with  an  acceleration 
equal  to  that  of  gravity.    If  the  pressure  on  the  hand  is  P,  then  the  body 

falls  with  the  force  G  —  P  only,  if  its  mass  is  Jf  =  -  -  ;  if  we  put  the  ac- 

9 

celeration  with  which  the  hand  descends  =  o  we  have  G  —  P  =^  —  »,  and 
therefore  the  pressure  P=G'—  -—  G^  =  (1  —  -~)  (?.    If,  on  the  contrary, 
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we  raise  the  body  upon  the  hand  with  an  acceleration  p,  then  the  accelera- 
tion p  is  opposite  to  the  acceleration  g^  and  the  pressure  becomes  P  =  ( 1 

P\  ^ 

+  ■  -IG.    According  as  we  lower  or  raise  a  body  with  an  acceleration  of 

20  feet,  the  pressure  upon  the  hand  is  (  1  ^      -—  \  O  =  (1  —  0,62)  G  = 

0,38  times  the  weight  of  the  body,  or  1  +  0,62  =  1,62  times  the  same 

weight     2)  If  with  the  fiat  of  the  hand    I  throw  a  body  weighing  3 

pounds  14  feet  vertically  upward,  by  urging  it  on  continuously  during  the 

first  two  feet,  then  the  work  done  isP«=  6^^  =  3.14  =  42  pounds,  and 

42 
the  pressure  of  the  body  on  the  hand  is  P  =    q-  =  21  pounds.     Hence 

the  body  when  at  rest  presses  with  a  weight  of  three  pounds  upon  the 
band,  and,  on  the  contrary,  during  the  act  of  throwing  it,  it  reacts  with  a 
force  of  21  pounds  upon  the  hand. 

3)  What  load  Q  can  a  piston  movable  in  a  cylinder  A  A  C  0,  Fig.  89, 
raise  to  the  height  D  K  =  $  =  Q  feet,  if  during  the  first  half  of  its  course 

the  air  which  flows  in  from  a  very  large  res- 
ervoir acts  upon  it  with  a  force  of  6000 
pounds,  and  if  during  the  second  half  of  its 
course  this  air  enclosed  in  the  cylinder  ex- 
pands according  to  the  law  of  Mariotte,  while 
the  exterior  air  acts  with  a  constant  pressure 
of  2000  pounds  in  the  opposite  direction. 
Since  the  air  shut  in  the  cylinder  at  the  end 
of  the  second  half  of  the  course  of  the  piston 
has  expanded  to  double  its  volume,  the 
pressure  of  the  same  upon  the  piston  at  the 
end  of  the  course  is  only  i.P=  3000  pounds. 
The  air  inclosed  in  the  cylinder,  when  the 
piston  has  traveled  8  feet,  presses  with  a  force  of  6000  pounds  upon  it,  on 
the  contrary  at  the  end  of  four  feet  with  a  forceof  ^ .  6000  =  4500  pounds, 
at  the  end  of  6  feet  with  f .  6000  =  3600  pounds,  and  at  the  end  of  the 
entire  course  with  a  force  of  f .  6000  =  3000  pounds.  Hence  the  mean 
force  during  the  expansion  =  |  [6000  +  3  (4500  4-  3600)  +  3000]  = 

33300 

=  4162  pounds,  and  consequently  the  mean  force  during  the  whole 

6000  +  4162 

o ~  =  5081  pounds.    If  we  sub- 


8 


of  the  course  of  the  piston  is 


tract  the  constant  opposing  force  of  2000  pounds  from  this,  it  follows  that 
the  weight  to  be  raised  by  the  piston  is 

Q  =  5081  —  2000  =  3081  pounds. 
The  motive  force  for  the  first  half  of  the  course  is  then  P  —  {Q  + 
2,000)  =  6000  —  5081  =  919  pounds,  and  consequently  the  acceleration 


of  the  motion 


ion  lap  =  I 


P--(C+  2000)\ 


)" 


919 
'8081 


.  82,2  =  9,6  feet,   and 
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the  velocity  at  the  end  of  the  first  half  of  the  course  of  the  piston  «j  =  — 


X 


=  Sfeetisc  =  ^2pi^  =  V6.9,6  =  V67,6  =  7,589  feet,  and  the  time  in 

28  6 

which  this  space  is  described  by  the  piston  is  t^  =  — -  =  jfToa   =   0,790 

seconds.  The  distance,  which  has  been  traveled  by  the  piston  when  the 
force  and  the  load  balance  each  other,  that  is,  when  the  motive  force  and 
consequently  the  acceleration  is  =  0,  and  the  velocity  of  the  piston  is  a 
maximum,  is 

/       P        \  9        6000.8       oK^o^  4. 

=  I  -7. ^^tcxt;  I  -jr  =    i^^o-i     =  3,543  feet. 

\Q  +  2000/   2  5081  ' 

When  the  distance  ~ —  =  8,2715  feet  has  been  described,  the  force  act- 
ing  on  the  inside  piston  is  '-    =  5502,  and  consequently  the  motive 

o,«710 

force  is  =  5502  —  5081  =  421  pounds,  and  the  mean  value  of  the  same 

while  the  piston  passes  from  8  to  8,548  feet  is -^ =  484 

434  434    82  2 

pounds.    The  corresponding  mean  acceleration  is  =  ^^r^  g  =  —  '      ' 

=  4,585  feet,  and  consequently  the  maximum  velocity  of  the  piston  at  the 
end  of  the  space  z  =  s^  -f  «,  =  8,548  feet  is 

f>„  =  V««  4-  2^«j  =  V  57,6  +  2  X  4,585  x  0,548  =  V62;525  =  7,907  feet 
The  time  required  to  describe  the  space  b^  =  0,548  can  be  put 

=  ^»  =  ■?  (I  +  ^)  =*<''^'"  (7^89  +  7;^)= «''>^"  «««"^ 

If  the  piston  has  described  the  space  5,5  the  motive  force  is  -^-ra/v  -* 

5081  =  —  1808  pounds,  and  if  the  piston  is  midway  between  this  point 

18000 
and  the  point  of  maidmum  velocity,  this  force  is  then  =   Tkoik"  ""  ^^^^ 

1808  X  82  2 
=—1100  pounds,  and  the  corresponding  accelerations  are= Iz 

^oo^i.   X       J  1100  X  82,2 

=  -  18,89  feet,  and  = — - — '-  =  -  11,49  feet 

oUol 

The  mean  acceleration  while  the  piston  describes  the  portion  of  the 
space  5,500  -  8,543  =  1,957  feet  is  consequently  =  -  Q+^x  1M»  +  18.80 

=  —  10,81  feet,  and  therefore  the  velocity  acquired  at  the  end  of  this  spac«  is 

=  V62,525  -  2  X  10^81  x  1,957  =  V20,2T5  =  4,496  feet     On  the  contrary, 

during  the  first  half  of  the  last  portion  of  the  ccurse,  the  mean  acceleration  is 

0  4-  11  49 

= -— ^ —  =  —  5,745  feet,  and  therefore  the  velocity  at  the  end  of  the 

.        2 


space  4,5215  feet  ©^    =  V  63,535  -  2  x  5,745    x  0,9785  =  V5l,282  == 
7,161  feet,  and  we  have  for  the  time  required  to  describe  the  space  «,  =: 
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1,957,  t.  =  -?l(l.  +  ±  +  1)  =  0,836  (^  +  ^g-j  +  i;ie)  =  0,M« 

X  0,9075  =  0,296  aeconda  Finally,  we  can  put  the  time  during  which  the 

2  <  1 

last  portion  #4  =  0,5  of  the  whole  course  is  described  t^  =  — *  =  .  .^ 

=  0,2224  seconds,  and  the  time  required  by  the  piston  to  describe  its  entire 
course  «=«!+«,+  «,+  t^=  0,790  +  0,070  +  0,296  +  0,2224  =  IfilS  seamdi, 

§  77.  Parallelogram  of  Forces.— If  a  mass  (a  material 
point)  My  Fig.  90,  is  acted  upon  by  two  forces,  P,  and  P«,  whose 
direction,  MXmdM  F,  form  an  angle  X  M  Y  =  a  with  each 
other,  the  forces  cause  in  these  directions  the  accelerations 

P.      ,  P. 

and  by  combining  them,  a  resulting  acceleration  (§  35)  in  the 

direction  M  Z,  which  is  determined  by 
the  diagonal  of  a  parallelogram  con- 
structed with  pi,  p^.  and  a,  is  obtained  ; 
this  resulting  acceleration  is 

p  =  Vpi^  -h  Pi*  -f  2jD, J9, 008.ay 

and  we  have  for  the  angle  <p,  which  its 

direction    makes    with    the    direction 

M  Xoi  the  acceleration  pi 

' .     ^       »,  sin.  a 
sin.  (f>  = . 

P 
Substituting  in  these  two  formulas  the  given  values  of  px  and  p^^ 

we  obtain 

'P,\  sin.  a 
Si'iu  -  —  - 


*'^*  =  (f) 


p 

and  multiplying  the  first  equation  by  M,  we  have 


Mp  =  V  P:  +  P,«  H-  2  P,  P,  cos.ay 
or  since  Mp  is  the  force  P  corresponding  to  the  acceleration  p,  we- 

find  1)  P  =  VP,'  +  P.'  -H  2PiP,co5.o, 

2)  8%n.<p  =  — p — 

7%«  resultant  or  mean  force  is  determined  in  magnitude  and  di- 
rection from  the  componeTd  forces  in  exactly  the  same  manner ^  as  the 
resulting  acceleration  is  determined  from  the  component  accelerations. 

If  we  represent  the  forces  by  right  lines,  making  the  ratio  of 
12 
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their  length  the  same  as  that  of  the  weights  (kg.  pounds)  to 
each  other,  the  resultant  can  then  be  represented  by  the  di- 
agonal of  the  parallelogram  whose  sides  are  formed  by  the  compo- 
nent forces,  and  one  angle  of  which  is  equal  to  the  angle  formed  by 
the  component  forces  with  each  other.  The  parallelogram  thus 
constructed  with  the  component  forces,  the  diagonal  of  which  rep- 
resents the  resultant,  is  called  the  parallelogram  of  forces. 


EzAUFLE. — ^If  a  body,  Pig.  91,  weighing  150  ponncls  and  resting  on  a 
llerfectly  smooth  table,  is  acted  on  by  two  forces  P^  =  80  poandB,  and 
Pj  =  24  pounds,  which  form  with  each  other  an  angle  Pj  Jf  P^  =  a  =  106*, 
in  what  direction  and  with  what  acceleration  will  the  motion  take  place  ? 

Since  eo$,  a  =  cos.  105"  =  —  cos.  75",  we  have 
the  resultant 

P=  V80'  +  24»  -  2  X  24  X  30  x  aw.  76» 


=  V900"+  576  -  1440  co$,  75" 

=  Vi476^~872;7  =  83,22  pounds ; 
and  the  corresponding  acceleration 

P       Pg      38,22x82,2      ,,.0-. 

The  direction  of  the  motion  forms  an  angle  ^ 

with  the  direction  of  the  first  force,  which  is  de- 

tei[mined  by  the  following  formula 

24 
«n.  ^  =  -^H^  nn.  105"=0,7224  tm.  75"=0,6978; 

and  ^  is  =  44*  15'. 

Remabk. — The  resultant  (P)  depends  (according  to  the  formula  just 
found)  upon  the  components  alone,  and  not  upon  the  mass  ( Jf)  of  the 
body  upon  which  the  forces  act  For  this  reason  we  find  in  many  works 
upon  mechanics  the  correctness  of  the  parallelogram  of  forces  demonstrated 
without  reference  to  the  mass,  but  with  the  assumption  of  some  one  of  the 
fundamental  laws  of  statics.  Such  pure  statical  demonstrations  are 
numerous.  In  each  of  the  following  works  we  find  a  difierent  one: 
"  Eytelwein's  Handbuch  der  Statik  fester  Korper ;"  "  Gerstner^s  Hand- 
buch  der  Mechanik ;"  "  Kayser's  Handbuch  der  Statik ;"  ''  Mobius'  Lehr- 
fouch  der  Statik  ;**  ^^  Riihlman's  Technische  Mechanik/*  The  demonstration 
in  Gerstner's  **  Mechanik^^  is  based  upon  the  theory  of  the  lever ;  it  is  really 
yery  simple,  and  is  to  be  found  in  old,  and  also  in  later  works,  b.g.,  in  those 
of  Kastner,  Monge,  Whewell,  etc.  Eayser^s  demonstration  is  that  of  Poiason 
In  elementary  shape.  Mobius*  discussion  of  it  is  based  upon  a  particular 
theory  of  couples  (des  couples)  introduced  by  Poisson  (Elements  de 
Statique).  A  peculiar  demonstration  is  given  by  Duchayla  in  the  Conre- 
epondence  sur  I'ecolc  polytechnique  No.  4,  which  is  reproduced  by  Briz  in 
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las  Lehrbueh  der  Statik  fester  Korper.  It  is  also  giyen  in  m&Dj  other 
works,  E.a.,  in  Moseley's  Mechanical  Principles,  etc.  The  demonstration 
of  the  parallelogram  of  forces  given  by  Navier  in  his  "  Le^^ons  de  Mdcan- 
ique"  (Qerman  by  Meier,  1851)  is  also  to  be  found  in  Ruhlmann^s  **  Grund- 
ziige  der  Mechanik,"  Leipzig,  1860.  A  theory  of  this  parallelogram, 
founded  on  the  laws  of  motion,  is  to  be  found  in  Newton's  "  Principia." 
It  is  also  employed  in  many  later  works,  lb.,  by  Venturoli,  Poncelet,  Burg, 
etc  See  ''  Elementi  di  Mecanica  e  d^Idraulica  di  Venturoli,"  '*  Mecanique 
industrielle  par  Poncelet,"  "  Compendium  der  popularen  Mechanik  and 
Machinenlehre  von  Burg."  A  new  demonstration  by  Mobius  is  to  be  found 
in  the  Beiichten  der  Gesellshaft  der  Wissenshaften  zu  Leipzig  (1850),  an- 
other by  Ettingshausen  in  the  papers  of  the  Academy  of  Vienna  (1851),  and 
a  third,  by  Schlomich  in  his  ^^Zeitschrift  fur  Mathematik  and  Physik" 
(1857). 

§  78.  Decomposition  of  Forces. — ^With  the  aid  of  the  paral- 
lelogram of  forces  we  can  not  only  combine  two  or  more  forces  so 
ad  to  find  a  single  resultant,  but  also  decompose  a  given  force, 
under  given  circumstances,  into  two  or  more  forces.  If  the  angles 
^  and  rjfj  which  the  components  ifP,  =  P,  and  MP^  =  P„  Fig.  91, 
make  with  the  given  force  M  P  =  F  Bxe  given,  then  the  compo- 
nents are  determined  by  the  following  formulas 

p  __     Psin^rp      p  _     P8in.<p 


sin.  (</)  +  i/>)*       ""  sin.  (tp  +  V»)' 
If  the  components  are  at  right  angles,  then  0  +  ^  =  90'  and  sin. 
(0  +  V*)  =  1,  a^d  we  have 

Pi=  P  COS.  (p  and  P^^  P  sin.  (p. 
and  if,  finally,  ^  and  (p  are  equal,  we  have 

p  ^  p  _.  P'  sin.  <p  __      P 
*  *       sin.  2  <p       2  cos.  <p 

ExAHFLE.— 1)  How  heavily  will  a  table  A  B,  Fig.  92,  be  pressed  by  a 
body  Jf  whose  weight  is  6^  =  70  pounds,  and  which  acted  on  by  a  force 

P  =  50  pounds,  which  is  inclined  to  the  horizon 
Fig.  92.  at  an  angle  PMP^  =  ^  =  40»  ?  The  horizontal 

component  is 

Pi  =  Paw.  0  =  60  008.  40»  =  88,30  pounds, 
and  the  vertical  component 

-^  =  P«».  0  =  50  rin.  400  ^  82^14  pounds. 
The  latter  tends  to  raise  the  body  from  the  table, 
and  consequently  the  pressure  on  the  table  is 
G^  —  Pj  =  70  -  82,14  =  37,86  pounds. 
2)  If  a  body  Jf,  Fig.  91,  weighing  110  pounds, 
is  moved  upon  a  horizontal  support  by  two  forces, 
^  so  that  in  the  first  second  it  describes  a  distance 

of  6^  feet  in  a  direction,  which  forms  with  the  two  directions  of  the  forces 
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the  angles  0  =  62*  and  V  =  77<^,  tbe  forces  can  be  found  as  follows :  The 
acceleration  is  doable  tbe  space  described  in  the  first  second,  or  in  this 
caaep  =  2  .  6,5  =  18  feet,  and  the  resultant  is 

P  =  ^ —  =  0,031  .  18  .  110  =  44,83  pounds. 

Hence  one  of  the  components  is 

Pnn.  77»  44,38  sin,  77* 

-Pi  =  -' — T^^^T si^\=  — —' — STT —  =  56,68  pounds, 


and  the  other  is 


44,38  W71.62*        .,^^ 

-P«  =  -^ — iTS —  =  ^^5  pounds. 
■  nn.  61®  '^ 


§  79.  Composition  of  Forces  in  a  Plane. — ^In  order  to  find 
the  resultant  P  of  a  number  of  component  forces  P,,  P«,  P„  etc. 
(Pig.  93),  we  can  pursue  exactly  the  same  method  that  we  em- 
ployed in  the  composition  of  velocities.  We  can,  by  employing 
repeatedly  the  parallelogram  of  forces,  combine  the  forces  two  by 
two  so  as  to  form  one,  until  but  one  is  left.  The  force  Pi  and  P, 
give,  B.a.,  by  means  of  the  parallelogram  M  Pi  Q  Ft,  the  resultant 
M  Q  =  Q;  and  if  we  combine  this  with  Pj  we  obtain,  by  means 

of  the  parallelogram  M  Q  R  P^ 
Fig.  93.  the  resultant  M  B  =  R,  and  the 

^P^  latter,  combined  with  P^  gives, 
by  means  of  the  diagonal  M  P 
=  P,  the  resultant  of  all  four 
forces  Pi,  P,,  Pg,  and  P4.  It  is 
not  necessary,  when  combining 
these  forces,  to  complete  the  par- 
allelograms and  to  find  their 
diagonals.  We  have  but  to  con- 
struct a  polygon  M  Pi  Q  R  P 
by  drawing  its  sides  M  P^y  Pi  Q, 
Q  R,  R  Py  equal  and  parallel  to  the  given  components  P„  P,,  P» 
P^.  The  last  side  M  P,  which  closes  the  parallelogram,  is  the  re- 
sultant required,  or  rather  the  measure  of  the  same. 

Reuabk. — The  solution  of  mechanical  problems  by  construction  is  very 
uaefal.  Although  the  results  are  not  as  accurate  as  those  obtained  by  caU 
culation,  yet  they  are  of  great  value  as  checks  against  gross  errors,  and  can 
therefore  always  be  employed  as  proofs  of  calculations.  In  Fig.  93  we 
have  drawn  the  forces  as  meeting  each  other  and  forming  the  given  angles 
Pj  3fP^  =  72°  80',  P^  MP^=:  88**  20',  and  P^  M  P^  =  92°  40';  and 
their  length  is  such,  that  a  pound  is  represented  by  a  line  or  -^  of  a 
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Prussun  inch.  The  forces  P^  =  11,5  pounds,  P,  =  10,8  pounds,  Pg  = 
8,5  pounds,  and  P^  =  12,2,  are  therefore  expressed  by  sides  11,5  lines, 
10,8  lines,  8,5  lines,  and  12,2  lines  long.  A  careful  construction  of  the 
polygon  of  forces  gives  the  value  of  the  resultant  P  =  14,6  pounds,  and 
the  angle  formed  by  the  direction  if  P  with  the  direction  IfP^  of  the  first 
force  o  =  86  J^ 

§  80.  "We  can  determine  the  resultant  P  more  simply  by  de- 
composing each  of  the  components  P„  P^  Pt,  etc.,  into  two  com- 
ponents Qi  and  R^,  Q^  and  B^,  Q3  and  ^,  etc.,  in  the  direction  of 
the  rectangular  axes  XX  and  Y  Y,  Fig.  94,  by  then  adding  alge- 
braically the  forces  which  lie  in  the  same  axis,  and  by  seeking  the 
intensity  and  direction  of  the  resultant  of  the  two  forces  which 
have  been  thus  obtained,  and  whose  directions  are  at  right  angles 
to  each  other.  If  the  angles  P,  M  X,  P,  M  X,  P,  M  X,  etc.,  Pi, 
P»  P»  etc,  form  with  the  axis  of  X  are  =  a„  a^  a„  etc.,  we 
have  the  components  Qi  =  Pi  cos,  a„  R^  =  P,  sin.  a, ;  Qi  =  P% 
cos.cLt,  Ri=^  P,  sin.  a^  etc.;  whence  it  follows  from  the  equation 

C  =  Gi  +  ft  H-  Ca  4-  . . .,  that 

1)  Q  =  P^  cos.  a,  +  Pj  COS.  a,  +  P,  cos.  a,  +  . . ., 
and  also  from  ^R  =  P,  4-  jB«  +  P»  - . .,  that 

2)  P  =  P,  sin.  a,  +  Pj  sin.  a^  H-  Ps  sin.  a,  +  . . . 

We  find  the  yalue  of  the  resultant  of  tlie  two  components  Q  and  P, 
just  obtained,  by  the  aid  of  the  formula 

3)  P  =  VQ'  +  R\ 

and  that  of  the  angle  P  M  X  =■  a,  formed  by  its  direction  with  the 
axis  X  X,  by  means  of  the  formula 


4)  tang,  a  =^  jr. 


Q1Q3Q 


In  adding  algebraically  the  forces 
we  must  pay  particular  attention  to 
their  signs ;  for  if  they  are  different 
for  two  different  forces,  i.e.  if  these 
forces  act  in  opposite  directions 
from  the  point  of  application,  then 
this  addition  becomes  an  arithmeti- 
cal subtraction.  The  angle  a  is 
acute  as  long  as  R  and  Q  are  posi- 
tive ;  it  is  between  90" — 180°,  when 
Q  is  negative  and  R  positive;  it  is 
between  180*— 270^  when  ^  and  P 
are  both  negative,  and  is  finally  be- 


tween 270* — 360",  when  R  alone  is  negative. 
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Example. — What  is  the  direction  and  intensity  of  the  resultant  of 
the  forces  P^  =  30  pounds,  P,  =  70  pounds,  and  Pg  =  50  pounds,  whose 
directions  lie  in  the  same  plane  and  form  tbe  angles  P^  if  P,  =  56 ^^  and 
P^IfP^  =  1040  ^itb  each  other  ?  If  we  lay  the  axis  X  X,  Fig.  04,  in  the 
direction  of  the  first  force,  we  obtain  a^  =  0®,  a,  =  66<»,  and  c,  =  66*  + 
104®  =  160<> ;  hence 

1)  C  =  80 . «?«.  0»  4-  70 .  «w.  56»  +  50  eosi  160<»  =  80  +  89,14  —  46,98 

=  22,16  pounds, 

2)  5  =  30 .  »/i.  0«  4-  70  .  Bin.  56*  +  50. «n.  lOO*  =  0  +  58,03  +  17,10 

=  75,13  pounds,  and 

75,13      „  „^^« 
8)  tang,  a  =  ^^^^  =  8,3908, 

and  therefore  the  angle  formed  by  the  resultant  with  the  positive  portion 

of  the  axis  ilfX  is  a  =  73o  34',  and  the  resultant  itself  is  P  =VQ'  +  B*  = 
Q  R  75,13  75,13 


«w.  o  ~  sin.  a      Bin.  73  <>  34'       0,9591 


=  78,33  pounds. 


§  81.  Forces  in  Space. — ^If  the  direction  of  the  forces  do  not 
lie  in  the  same  plane,  we  pass  a  plane  through  the  point  of  apph- 
cation  and  decompose  the  forces  into  two  others,  one  of  which  lies 
in  the  plane,  and  the  other  at  right  angles  to  it  The  components 
thus  obtained,  which  lie  in  the  plane,  are  combined  accoi'ding  to 
the  rule  given  in  the  last  paragraph,  so  as  to  give  a  single  result- 
ant, and  those  at  right  angles  to  the  plane  give,  by  simple  addition, 
another  resultant.  Prom  these  two  components,  which  are  at  right 
angles  to  each  other,  we  find  the  resultant  according  to  the  well- 
known  rule  (§  77). 

This  method  of  proceeding  is  graphically  represented  in  Fig. 

95.  -STP,  =  Pi,  jS^F,  =  Ps,  M~P\  =  Pa  are  the  simple  forces, 
A  B  is  the  plane  (plane  of  projection)  and  Z  Zis  the  axis  at  right 
angles  to  it.  From  the  decomposition  of  the  forces  Pi  P„  etc,  we 
obtain  the  forces  Si  82,  etc.,  in  the  plane,  and  the  forces  JV,  N^,  etc., 
along  the  normal  Z  Z.  The  former  are  again  decomposed  into  the 
components  Qiy  ft,  etc.,  jf2„  -B,,  etc.,  which,  by  addition,  give  the 
resultants  Q  and  R,  from  which,  as  components,  we  determine  the 
resultant  6\  which,  combined  with  the  sum  of  all  the  normal  forces 
Ni  Ni,  etc.,  gives  the  required  resultant  P. 

If  we  put  the  angles  of  inclination  of  the  directions  of  the 
forces  to  the  plane  equal  to  i3„  /Jj,  etc.,  we  obtain  for  the  forces  in 
the  plane  81  =  Pi  cos,  i3„  St  =  Pj  cos,  i3»  etc.,  and  for  the  normal 
forces  i\r,  =  P,  sin.  i3„  N't  =  P,  sin.  /Jj,  etc.  Designating  the  angles 
which  the  projections  of  the  directions  of  the  forces  in  the  plane 
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A  B  fonn  with  the  axis  X.X\}j  a,,  o^  eta,  that  is,  puttingiSiif  X 
=  Oi,  iS",  MX  =  a^  etOy  we  obtain  the  following  three  forces*  which 


Fig.  95. 


fi)rm  the  edges  of  a  rectangalar  parallelopipedon  (parallelopipe- 
don  of  forces) : 

Q  =  8iC08.  a,  +  /8i  cos,  ch  H-  . . .,  or 

1)  Q  =  F^  COS.  Pi  COS.  a,  +  P,  cos.  09  cos.  a,  +  . . .,      • 

2)  R  =  Fi  cos.  Pi  sin.  a,  -|-  P,  cos.  P^  sin.  a, . . .  and 

3)  N=  Fi  sin.  Pi  +  P,  sin.  i3j  H-  . . . 

From  these  three  forces  we  obtain  the  final  resultant 

4)  p  =  v'or  -^  IP  -^  N\ 

and  its  angle  P  M  8  =  P  ot  inclination  to  the  plane  of  pnK 
jection  by  the  aid  of  the  formnla 

6)  tang.  0  =  ~  =     ^ 

Finally,  the  angle  8  MX=^  a,  which  the  projection  of  the  re- 
snltant  in  the  plane  A  B  forms  with  first  axis  X  X,  is  giren  by 

the  formnla 

R 
6)  tang.  «  =  ^• 

If  A„  As,  etc.,  are  the  angles  formed  by  the  forces  Pi,  Pj  with  the 
axis  M  Xy  u„  (i^  . . .,  the  angles  formed  by  them  with  the  axis 
M  Y  and  i^„  v^  etc.,  the  angles  formed  by  them  with  the  axis  M  Z^ 
ire  haye  also 
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%*)  R  =  P,eos.fi,  +  P,  COS.  fi,  +  . . .  and 

3*)  JV=  P,  COS.  V,  +  P,C03.V,  +  ... 

The  value  of  the  reBuItaot  is  given  b;  the  formula 

4-)  P  =  t'O'  +  Ji'~+^'. 
and  the  direction  of  the  same  by  the  fonnulas 

5*)  COS.  X  =  ^,  coa.fi  =  y,ixs.v  =  -^, 
in  Thich  A,  /i  and  v  denote  the  angles  formed  by  P  with  the  axes 
MX,MY,M  Z. 

We  haye  also  cos.  X  =  cos.  a  cos.  (i,  cos.  fi  =  sin.  a  cos.  P,  and 
V  =  W  —  p,oTcos.v  =  sin.  (3. 


Pro.  96. 


ExAHPLB. — In  order  to  raise  reitically  a 
weight  ff.  Fig.  99, 1  and  U,  by  meana  of  t, 
rope  paatnng  over  a  fixed  puily,  three  work- 
men poll  at  the  end  of  the  rope  A  with  the 
forces  F^  =  50  poonda,  P,  =  100  pounds  and 
P,  =  40  ponodB;  the  directions  of  these 
forces  are  inclined  at  tm  angle  of  60°  to  the 
horizon,  aad  form  the  horizontal  angles 
8,  A  St  =  8,  AS,  =  183°  and  8,  A  8^  = 
90°  with  each  other.  What  is  llie  inten- 
dty  and  direction  of  ths  resultant  which  we 
can  pat  equal  to  the  weight  O,  and  how 
great  could  this  weight  be  made,  if  the  forces 
had  the  same  direction  t 

l^e  vertical  components  of  theforcesare 
jr,=P,  lin.  j3i=aO  tm.  ao°=43,80  pounds, 
jrj=P,  «a.  /3,  =  100»n.  60°  =  86,60 pounds 
and  JIT,  =  P,  tin.  j},  =  40  tin.  60°  =  84.64 
ponnde;  conseqaeutly,  tiic  vertical  force  is 
N=  JIT,  +  ilT,  +  JT,  =  104,54  pounds. 

The  horizontal  components  are 
H,  =s  P,  wi.  a,  =  BO  eoi.  60°  =  26  poonds, 
-9,  =  P,  CO*.  ;3,  -  100  cot.  00°  =  60  pounds 
and  S,=P,  eot.  fl,=  40  not.  60°=20 pounds. 

If  we  pass  an  axia  X  Xin  the  direction 
of  the  force  S, ,  we  have  for  the  component 
forces  iu  this  direction 

fl,  flo*.  a,  =  26  ««.  0"  +  BOww.  185°  + 
aOw».  870°  =  35.  1-60.0,7071-30.0  = 
35  —  86,8C5  =  —  10,868  ponnd^  ondfortlie 
component  in  the  direction  T  ~T 
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50  sin,  135"  +  20  ii/t,  270^  =  50  .  0,7071  —  20  =  15,355  pounds,  and  for  the 
horizontal  resultant 

5  =  V^;'T  -«-  =  V  10,355'  +  15,355«  =  18,520  pounda. 

The  angle  a,  fonned  by  this  resultant  with  the  axis  X  ^  is  detennined 
by  the  formula 

tang.  a=  -  =  -  ^^'.^^^  =  -  1,4828,  whence  a  =  180"-  56°  =  124^ 
The  final  resultant  is 


P  =  y/'lP  +8'  =  V  164,54"  +  18,520'  =  165,68  pounds. 

The  angle  of  inclination  of  this  force  to  the  horizon  is  determined  by 
the  formula 

tang,  /?  =  ^  =  ,  !^^  =  8,8848,  whence  we  have  p  =  88°  35'. 

a  lo,0«U 

If  all  the  forces  acted  in  the  same  direction,  the  resultant  would  be  =: 
50  +  100+40  =r  190  pounds,  or  100  —  165,58  =  24,42  pounds  greater 
than  the  one  just  found. 

§tf2.  Principle  of  Virtnal  Velocities.— From  the  fore- 
going rules  for  the  composition  of  forces,  two  others  can  be 
dedaced,  which  are  of  great  importance  in  their  practical  appli. 

cations.    Let  J/,  Fig.  97^  be  a  ma- 
FiQ. 97.  terial  point,  MI^  =  P,  and  M^ 

=  P,  the  forces  acting  upon  it, 

and  ifP  =  P  the  resultant  of  the 
forces  Pi  and  P^.  If  we  pass 
through  M  two  axes  M  X  and 
Jf  Fat  right  angles  to  each  other, 
and  decompose  the  forces  P,  and 
P^  as  well  as  their  resultant  P, 
into  their  components  in  the  di- 
rection of  those  axes,  i.e.,  Pi  into  ^1, 
and  jB„  P,  in  (>i  and  P,  and  P  into 
Q  and  P,  we  obtain  Ihc  forces  in  the 
direction  of  one  axis  Qi,  Q^  and  Qy  and  those  in  the  direction  of  the 
other  JJ,  P,  and  R^  and  we  have  C  =  Ci  +  (?»  ^^^  R  =  Pi  •}■  E9, 
If  from  any  point  0  in  the  axis  if  X  we  lot  fall  the  perpendiculars 
0  Liy  0  Lf  and  0  L  upon  the  directions  of  the  forces  P„  P,  and 
P,  we  obtain  the  right-angled  triangles  M  OLiM  0  L^  and  M  0  Ly 
which  are  simikr  to  the  triangles  formed  by  the  three  forces^  viz., 

t,  MO  LiCP  t^  MPi  Qyy 
L.  M OUcp  h  MP^  Q^ 
t.  MOL  OD  A  MP  Q. 
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In  consequence  of  this  similarity  we  have  ^^r—  I.E.,  ^  =  ^^ 

^  =  ^j^.and  p  =  jfY)}  substituting  these  yalues  of  Cu  Qt  a^d 
Q  in  the  formula  C  =  Ci  +  Gi»  ^e  obtain 


P.  ML  =  P^.ML,  +  P,.MU 

In  like  manner  we  haV6 

R,  _  OL^  R,  _  OJ^     H  ^  -  9-J^ 
P,~~  M  ff  P^'^  M  0        P  "  M  ff 
whence 


P.  0  Z  =  P, .  0  i,  +  P, .  0  i,. 
The  formulas  hold  good,  when  P  is  the  resultant  of  three  or 
more  forces  P^  P^  P^,  etc,  since  we  have,  in  general, 

e  =  Ci  +  ft  +  Gs  +  . . . 

jB  =  JZ,  +  jBg  +  ^8  H-  •  •  • 
We  can,  therefore,  put,  in  general, 

1)  P  .ITL  =  P, .  MLi  +  Pi .  M~Lt  +  P, .  MLi  +  . .  •, 

2)  P.OL  =  Pi.  OTi  +  P, .  0%  +  Ps .  0~Lz  +  . . . 

The  resultant  P  of  the  forces  P„  Pj,  Pg,  etc.,  must  correspond 
to  both  these  equations,  and  they  can  therefore  be  employed  to  de- 
termine P. 

The  first  of  these  two  formulas  can  also  be  employed  for  a  sys- 
tem of  forces  in  space,  Jf,  Q,  B,  Fig.  95^  since  here  we  have  ^so 
JV  =  JV,  +  iV^8  +  iVj  4-  . . .,  or 

P  COS.  V  =  P,  COS.  V,  +  Pi  COS.  Vg  4-  Ps  COS.  Va  +  • .  •>  a^d  also 

P .  MO  COS.  v=Pi.MO  COS.  Vi^PiMO  cos.  ^8+ Ps  MO  cos.  v,+. , . 

§  83.  If  the  point  of  application  M,  Fig.  98  and  Fig.  99,  moves 
to  0,  or  if  we  imagine  the  point  of  application  moved  forward 

Fia.  98.  Fia.  99. 


through  the  space  M  0  =  x,we  call  the  projection  M  L  =  s  ot 
this  space  x  upon  the  direction  of  the  force  if  P  the  space  described 
by  the  force  P,  and  the  product  Ps  o{  the  force  by  the  space  is  tlie 
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icork  done  by  tlie  force.    K  we  substitute  these  quantities  in  the 
equation  (1)  of  the  last  paragraph  we  obtain 

P  «  =  P,  *,  +  Pg  5,  +  P,  «,  +  . . ., 
hence  the  work  done  by  the  resultant  is  eqtml  to  the  sum  of  the  work 
done  by  the  component  forces. 

In  adding  the  mechanical  effects  we  must,  as  in  adding  the 
forces,  pay  attention  to  the  signs  of  the  same.  K  one  of  the  forces 
Qiy  Q*}  of  the  foregoing  paragraph,  acts  in  the  opposite  direction  to 
the  others,  then  it  must  be  introduced  as  negative  quantity ;  this 
force,  as  for  example,  Qt  in  Fig.  94,  §  80,  is,  however,  a  component 
of  a  force  P,  whicli,  under  the  circumstances  supposed  in  the  fore- 
going paragraph,  opposes  the  motion  if  Xa  of  its  point  of  applica- 
tion; we  are,  therefore,  obliged  to  treat  the  force  P,  Fig.  99,  which 
acts  in  opposition  to  the  motion  Jf  X,  as  negative,  if  we  consider 
the  force  P,  Fig.  98,  which  acts  in  the  direction  of  the  motion  M  L, 
to  be  positive. 

K  the  forces  are  yariable,  either  in  magnitude  or  in  direction, 
then  the  formula 

F  s  =  P^Si  +  Pj  «,  H-  P,  «3  +  . . . 
IS  correct  only  for  an  infinitely  small  space  9,  Si,  Sf,  etc. 

We  call  the  infinitely  small  spaces  cr,,  a^,  exg,  etc.,  described  by  the 
forces  con'esponding  to  the  infinitely  small  space  described  by  the 
material  point,  the  virtual  velocities  (Fr.  vitesses  virtuelles,  Ger. 
virtuelle  Gesohwindigkeiten)  of  the  same,  and  the  law  correspond- 
ing to  the  formula  P  cr  =  P,  a,  +  P,  <r,  +  P,  <t,  is  known  as  the 
principle  of  virtual  velocities. 

§  84.  Transmission  of  Mechanical  BSect. — ^According  to 
the  principle  of  vis  viva  for  a  rectilinear  motion  the  work  (P  s) 
done  by  a  force  (P),  when  the  velocity  c  of  a  mass  M  is  changed 
into  a  velocity  v,  is 

Now  if  P  is  the  resultant  of  the  forces  P„  Pj,  etc.,  which  act 
on  the  mass  M,  and  if  the  spaces  described  by  them  are  Si,  s,,  etc., 
while  the  mass  Jf  describes  the  space  s,  we  have,  from  the  forego- 
ing paragraph, 

X^   S   ^^    .£    I    ^1     "T"    X^g  Sf    "T"    .    .    •  , 

firom  which  we  deduce  the  following  general  formula, 

PiS,  +  P,s,  +  ...  =  (^— )  ^; 


Ps  =  r-^^)M. 
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therefore  the  sum  of  the  work  done  by  the  single  forces  is  eqiud  to 
half  the  increase  of  the  vis  viva  of  the  mass. 

If  the  velocity  during  the  motion  is  constant^  I.E.,  if  v  =  c  and 
the  motion  itself  is  uniform,  we  have  v'  —  c'  =  0,  and  therefore 
there  is  neither  gain  nor  loss  of  vis  viva,  whence 

P,  5i  +  P,  «,  +  P,  «3  +  . . .  =  0; 

and  the  sum  of  the  mechanical  effects  of  the  single  forces  is  null. 

If,  on  the  contrary,  the  sum  of  the  mechanical  effects  is  null, 
then  the  forces  do  not  change  the  motion  of  the  body  in  the  given 
direction ;  if  the  body  ha^  no  motion  in  the  given  direction,  it  will 
not  have  any  imparted  to  it  in  this  direction  by  the  action  of  the 
forces ;  if  it  had  before  a  certain  velocity  in  a  given  direction,  it  wiU 
retain  the  same. 

If  the  forces  are  variable,  the  variable  velocity  v  can,  after  a  cer- 
tain time,  become  the  initial  This  phenomena  occurs  in  all  peri- 
odic motions,  which  are  very  common  in  machinery.    But  v  =  c 

(V*  —  c^\ 
— ^ — )  Jf  =  0,  and  therefore  the  gain  or 

loss  of  mechanical  effect  during  a  period  of  the  motion  is  =  0. 

ExAMFLB. — A  wagon,  Fig.  100,  weighing  G  =  5000  pounds  is  moved 
forward  on  a  horizontal  road  by  a  force  P^  =  660  pounds,  inclined  at  an  an- 
gle a  =  24^  to  the  horizon, 
Fig.  100,  an^j  j[g  obliged  to  overcome 

''  a  horizontal  resistance  P^ 

=  450  produced  by  the  fric- 
tion, what  work  most  the 
force  Pj  do,  in  order  to 
change  the  initial  velocity 
of  2  feet  of  the  wagon  into 
a  velocity  of  5  feet  ? 

If  we  put  the  space  de- 
scribed by  the  wagon  M  O 
=  «,  we  have  the  work  done 
by  the  force  Pj 

=  Pj  .  ML  =  Pj  «  00I.  a  =  660  .  «  «w.  24**  =  602,»4  .  •, 
and  the  work  done  by  the  force  Pg  acting  as  a  resistance  is 

=  (— Pg).#=— 450.«, 
consequently  the  work  done  by  the  motive  force  is 
P  «  =  Pj  «  <JM.  a  —  P,  «  CM.  0  =  (602,94  —  450)  s  =  152,94  s  foot  pounds. 

The  mass,  however,  absorbed  during  the  change  of  velocity  the  me- 
chanical effect 


P. 

A 


^^  HSIiiHSMWSWl^S^^ 


6 
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(^^*)  G  =  (^~)  •  5<>00=0,0155.  (25-4) .  6000=1637,5 foot-pounds; 

patting  the  two  ejects  equal  to  each  other  we  obtain  152,94  .  •  =  1637,5, 
whence  the  space  described  by  the  wagon  la 

and  finally  the  mechanical  effect  of  the  force  P^  ia 

P^seo$.a  =  603,94  .  10,64  =  6415  foot-pounda. 

§  85.  C?nrvilinear  Motion. — If  we  suppose  the  spaoes  {o,  a^y 
etc^)  infinitely  small,  we  can  apply  the  foregoing  formulas  to  cur- 
Tilinear  motion.    Let  M  0  8,  Fig.  101,  be  the  trajectory  of  the 

material  point,  and  M  F  =:  F 
the  resultant  of  all  the  forces  act- 
ing upon  it  If  we  decompose 
this  force  into  two  others,  the 

one  of  which  M K=  K  is  tan- 


FiG.  101. 


M  o 


gent  and  the  other  MN=N 
normal  to  the  curve,  we  call  the 
•  former  the  tangential  and  the 
latter  the  normal  force. 

While  the  material  point  de- 
scribes the  element  If  0  =  <t  of  its  curved  path  M  0  S,  and  its 
velocity  changes  from  c  to  Vi,  the  mass  M  absorbs  the  mechanical 

-^—n — )  ^y  during  the  same  time  the  tangential  force  K 

performs  the  work  K  a,  and  the  normal  force  the  work  iV .  0  =  0, 
and  consequently  we  have 

H,  while  the  point  describes  the  space  M0S  =  8  =  na,the 
tangential  velocity  changes  from  c  to  v,  and  at  the  same  time 
the  tangential  force  assumes  successively  the  values  Ki,  K^ . .  K„, 
then 

and  the  vork  done  is 


A  =  Kt=  (^-K^)  ^y  when  E= 


JK\   +   As    4-   .  .    -f-  Kn 


2     /     '  n 

denotes  the  mean  value  of  the  variable  tangential  force. 


K  we  put  the  projection  of  the  elementary  space  M  0  =  a  upon 
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the  direction  M L  of  the  force  =  f,  we  have  also  P  §=  K o;  if, 
therefore,  while  the  point  describes  the  space  M08=8  =  7ia 
the  resultant  P  assumes  successively  the  values  Pv,  P, . . .  P^  the 
projections  of  the  elementary  spaces  are  successively  fi,  (%•  •  ^S,, 
and  we  have  also 

and  therefore 

^  =  A  f,  +  P,  f.  +  . .  +  P.  f,  =  (^^^1  ^• 

When  the  direction  of  the  force  P  remains  constant,  the  pro- 
ejections  fi,  f a . .  f ,  of  the  portions  <t.  er . .  of  the  space  or  that  of 
the  whole  space  s  =  n  a  form  a  straight  line 

JfiJ=a;  =  f,  +  f, +  ..f.. 
K  we  put  a;  =  m  f,  we  can  also  write 

^  =  (P,  +  P.  +  ..  +  P.)^={P^  +  P,  +  ...  +  P.)  ^=  Pa;, 

P   -^  P   -\-         4-  P 

where  P  denotes  the  mean  — ' ? — '-^ ^  of  the  forces,  which 

correspond  to  the  equal  portions  f  =  —  of  the  projections  of  the 

path  on  the  direction  of  the  force. 
We  have,  therefore,  also 

'v^  -  e 


Px={^—^M^{h-h)G, 


in  which  h  denotes  the  height  due  to  the  initial  velocity  c  and  A 
that  due  to  the  final  velocity  r,  and  0  the  weight  M  g  oi  the 
moving  body. 

Therefore,  in  curvilinear  motiony  tlie  entire  work  done  is  equal 
to  the  product  of  the  weight  of  the  body  moved  and  the  difference 
of  the  heights  due  to  the  velocities. 

Remabk. — The  formulaB,  thus  obtained  by  the  combination  of  the  prin- 
ciple of  via  viva  with  that  of  virtual  velocities,  are  particularly  appli- 
cable to  the  cases  of  bodies,  which  are  compelled  to  describe  a  given  path, 
either  because  there  is  a  support  placed  under  them,  or  because  they  are 
suspended  by  a  string,  etc.  If  such  a  body  is  impelled  by  gravity  alone* 
then  the  work  performed  by  its  weight  0  in  descending  a  distance,  whose 
vertical  projection  is  «,  is  =  G  s^  whence 

G'  «  =  (A  —  it)  G,  L,K,  s  =  h -^  h. 
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Whatever  may  be  the  path  on  which  a  body  descends  from  one  hori- 
zontal plane  A  B^  Fig;  102,  to  another  horizontal  one  C  D,  the  difference 


A-? 


Fig.  102. 


of  the  heights  due  to  the  yelodties  is  always  equal  to  the  yertical 
height  of  descent  Bodies,  which  begin  to  describe  the  paths  E  F,  E^  F^, 
E^  F^y  etc.,  with  equal  velocities  (e),  arrive  at  the  end  of  these  paths  with 
the  same  velocity,  although  they  require  different  times  to  acquire  it. 

If,  for  example,  the  initial  velocity  is  e  =  10  feet,  and  the  vertical  height 
of  fall  =  «  =  20  feet,  orA  =  *  +  i  =  20  +  0,0166 .  10'  =  21,56  feet,  we  have 
for  the  final  velocity 

o  =  V27X=  8,026  V2i;65  =  87,24  feet, 

whatever  may  be  the  straight  or  curved  line  in  which  the  descent  takes 
place. 


THIRD   SECTION. 
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CHAPTER    I. 


GENERAL  PRINCIPLES  OF  THE  STATICS  OP  RIGID  BODIEa 


§  86.  Transference  of  the  Point  of  Application.— Al- 
though the  form  of  every  rigid  body  is  changed  by  the  forces  which 
act  upon  it,  that  is,  it  is  compressed,  extended,  bent^  etc.,  yet  in 
many  cases  we  can  consider  the  body  as  perfectly  rigid,  not  only 
becaase  this  change  of  form  or  displacement  of  its  parts  is  often 
very  small,  but  also  because  it  takes  place  during  a  very  short 
space  of  time.  For  the  sake  of  simplicity  we  will  therefore  con- 
sider, when  nothing  to  the  contrary  is  stated,  a  rigid  body  to  be  a 
system  of  points  rigidly  united  to  each  other. 

A  force  P,  Fig.  103,  which  acts  upon  a  rigid  body  at  a  point  Ay 

transmits  itself  unchanged 

in  its  own  direction  JT  X 
through  the  whole  body, 
and  an  equal  opposite  force 
P,  will  balance  it,  when  its 
point  of  application  Ax  lies 

the    direction    X  X. 


Fig.  108. 


Fig.  104. 


in 

The    distance    of     these 
points    of  application  A 
and  Ai  from  each  other  has  no  influence  upon  the  state  of  equi- 
librium ;  the  two  opposite  forces  balance  each  other,  whatever  the 
distance  may  be,  if  the  points  are  rigidly  connected.     We  can 
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therefore  assert,  that  the  action  of  a  force  Pi  (Fig.  104)  remains 
the  same^  no  matter  in  what  point  Ai,  A,,  A,,  etc.^  of  its  direction 
it  may  be  applied  or  act  upon  the  body  M. 

§  87.  If  two  forces  P,  and  P»,  Pig.  105,  acting  in  the  same 
plane  are  applied  at  different  points  Ai  and  ^9  to  a  body,  their 

action  upon  the  body  is  the  same  as  if 
the  point  0  at  which  the  two  directions 
intersect  were  the  common  point  of  ap- 
plication 0  of  these  forces ;  for,  accord- 
ing to  the  law  just  laid  down,  both 
points  of  application  can  be  transferred 
to  C  without  producing  any  change  in 
the  action  of  the  forces.  If,  therefore, 
we  make 


Fig.  105. 


CQi  =  AiPi  =  P,  and 

Cft  =  ^TP,  =  P„ 
and  complete  the  parallelogram  G  Qi 
Q  Qfy  its  diagonal  will  give  us  the  result- 
ant CQ  —  P  of  ^^  and  (7ft  and  also  of  the  forces  P,  and  P,, 
The  point  of  application  of  this  resultant  can  be  any  other  point  A 
in  the  direction  of  the  diagonal. 

If  at  a  point  B  on  the  diagonal  we  apply  a  force  B  P  ^  —  P 

equal  and  opposite  to  the  resultant  A  P  =  Pj  the  forces  Pi,  Pg  and 
—  P  will  balance  each  other. 

§  88.  Statical  Moment— If  from  any  point  0,  Fig.  106,  in^ 
the  plane  of  the  forces  we  let  fall  the  perpendiculars  0  Z„  0  L^ 
and  0  L  upon  the  directions  of  the  component  forces  Pi  and  P, 
and  of  the  resultant  P,  we  have,  according  to  §  82, 


P  ,0  L  =  Pi.O  L.^  P^.O  L^ 

and,  therefore,  from  the  perpendiculars  or  distances  0  Li  and  0  Lt 
of  the  components  we  can  find  that  of  the  resultant  by  putting 


0L  = 


Pi.O  Li  +  P,.OL, 


While  the  intensity  and  direction  of  the  resultant  is  found  by 
means  of  the  parallelogram  of  forces,  the  position  L  of  the  point 
of  application  is  obtained  by  means  of  the  last  formula. 

13 
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K  the  directions  of  the  forces,  when  sufficiently  prolonged,  form 
nn  angle  Pi  (7  Pj  =  a,  the  value  of  the  resultant  is 

1)        P  =  VPx^  +  P,'  +  2  P,  P,  COS.  a. 

If  the  direction  of  the  resoltant 
Fio.  106.  forms  an  angle  F  0  Fi  =  a^  with  the 

direction  of  the  component  P„  we 
have 

-,v       .  P,  5m.  a 

2)    stn,  aj  =  — 73  "■• 

If,  finally,  the  distances  from  any 
point  to  the  directions  C  Pi  and  C  P^ 
of  the  given  forces  are  0  X,  =  «,  and 
0  Lt  =  a^y  then  the  distance  0  L  =  a 
from  this  point  to  the  direction  C  P 
of  the  resultant  is 

Pi  a,  +  Pj  Oj 


3) 


a  = 


By  the  aid  of  the  last  distance  a  we  can  determine  the  position 
^rf  the  resultant  without  reference  to  any  auxiliary  point  O  by  de- 
scribing from  0  with  the  radius  a  a  circle,  and  by  drawing  a  tan- 
^gent  i  P  to  it,  the  direction  of  which  is  given  by  the  angle  Oj. 

Example. — A  body  is  acted  upon  by  the  forces  P^  =  20  pounds  and 
Pg  =  84  pounds,  whose  directions  form  an  angle  P^  0  P^  =a=z  TC*  with 
«each>  other,  and  their  distances  from  a  certain  point  are  0  L^  =  a^  =4 
fleet  and  0  Z^  =  a,  =  1  foot ;  what  is  the  intensity,  direction  and  pod- 
;iion  of  the  resultant  ?    The  value  of  the  resultant  is 

P=  V20*  +  84«  +  2.aO.84(3o«.70°  =  i^400  +  1156  +  1860.0,84202 
=  ^2021,15  =  44,96  feet; 

and  its  direction  is  determined  by  the  angle  a^,  whose  sine  is 

sm.  Gj  =  — iioft — 1  hence  log  nn.  a^  =  0,85168  —  1, 

and  the  angle  formed  by  the  direction  of  the  resultant  with  that  of  the 
force  P^  is  Oj  =  45°  17'.  The  position  or  line  of  application  of  the  result- 
ant is  finally  determined  by  its  distance  0  L  from  0,  which  is 


20.4  +  84.1       114        «,„«^   . 
^  =  —44,-96—  =  4^6  =  ^^^^^  ^^^*- 
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§  89. — ^We  call  the  normal  distances  0  L^^  a^  and  0  Z,  =  o, 
of  the  directions  of  the  forces  from  an  arbitrary  point  0,  Pig.  107, 

the  artns  of  the  lever,  or  simply  the  arme 
(Ft.  bras  du  levier,  Ger.  Hebelarme)  of  the 
forces,  because  they  form  an  important  ele- 
ment in  the  theory  of  the  leVer,  which  will 
be  discussed  hereafter.  The  product  P  aoi 
the  force  and  the  arm  of  the  lever  is  called 
the  staticdl  moment  of  the  force  (Fr.  moment 
des  forces,  Grer.  statisches  or  Kraftmoment).  Since  P  a  =  Pi  (h 
+  Pt  o^  the  statical  moment  of  the  resultant  is  equal  to  the  sum 
of  the  statical  moments  of  the  two  components. 

In  adding  the  moments,  we  must  pay  attention  to  the  positive 
and  negative  signs.  If  the  forces  Pi  and  P,  act  in  the  same  direc- 
tion around  0,  as  in  Pig.  107,  if,  B.Q.,  the  direction  of  the  forces 
coincide  with  the  direction  of  motion  of  the  hands  of  a  watch,  they 
and  their  moments  are  said  to  have  the  same  sign,  and  if  one  of 
liiem  is  taken  as  positive,  the  other  must  also  be  considered  as 
positive.    If,  on  the  contrary,  the  two  forces,  as  in  Fig.  108,  act  in 

Fig.  108.  Fig.  109. 


Pi 

>. 

opposite  directions  around  the  point  0,  they  and  their  statical  mo- 
ments are  said  to  be  opposite  to  each  other,  and  when  one  is 
assumed  to  be  positive,  the  other  must  be  taken  as  negative. 

In  the  combination  represented  in  Pig.  109  we  have  P  a  — 
Pi  fl,  —  P,  Of,  since  Pj  is  opposite  to  the  force  P„  or  its  moment 
P,  0,  is  negative,  while  in  the  combination  in  Fig.  106  P  a  = 
Pi  oi  +  P,  a,. 

§  90.  CompoBition  of  Forces  in  the  Same  Plane. — ^If 

three  forces  P„  P„  P,,  Pig.  110,  are  applied  to  a  body  at  three 
different  points  Ax,  -4,,  At  in  the  same  plane,  we  first  combine  tw,o 

(P„  P,)  of  these  forces  so  as  to  obtain  a  resultant  C  Q  =  Q,  and 
then  combine  the  latter  with  the  third  force  (P,)  according  to  the 
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same  rule,  constrnctiDg  with  D  Ri  =  C  Q  and  D  R,  =  A,  /*,  the 
parallelogram  D  R,  R  Rf  The  diagonal  D  R  ia  the  required  re- 
saltant  P  of  P„  P„  and  P,  It  is  easy  to  see  how  we  mast  pro- 
ceed, when  a  fonrth  force  P,  is  added. 

Here  the  intensity  and  direction  of  the  reenltant  is  fonnd  in  ex- 
actly the  same  manner  as  when  the  forces  are  applied  at  the  same 
point  (see  g  80);   the  mles 
*■■•  ^^  given  in  g  80  can  be  employed 

to  calcnlate  the  first  two  ele- 
ments of  the  resnltant,  bat 
the  third  element,  riz.,  the 
position  of  the  resultant  or 
its  line  of  application,  mast 
be  determined  hj  means  of 
the  formnU  for  the  statical 
momenta  IS  0  L,  =  Oa 
OL,=  (h>OL,  =  at  and 
0  L  =  a  are  the  arms  of 
the  three  component  forces 
P„  P„  Pt  and  of  their  re- 
sultant P  in  reference  to  an  arbitrary  point  0,  and  if  Q  is  the  re- 
sultant of  P,  and  Pt  and  0  iT  its  arm,  we  have 

Pa=  Q.OK+  P,a,ind.Q.W£=P,a,  +  Pt<h- 
Combining  these  two  equations,  we  obtain 

Pa  =  P,a,  +  P,ih  +  PtOt, 
and  in  like  manner  when  there  are  sereral  forces 

Pa  =  P,(h  +  P,a,  +  P,a,  +  ... 
LE.,  tA«  (staiieai)  moment  of  the  resultant  is  always  equal  to  the  alg»- 
Imtical  sum  of  the  (statica!)  moments  of  ths  components. 

§  91,  If  P^  P„  P„  etc..  Fig.  lll,are  the  individual  foroes  of  a 
system,  a„  a„  a„  etc,  the  angles  P,  D,  X,  P,  D,  X,  P,  D,  X,  etc, 
formed  by  the  directions  of  these  forces  with  any  arbitrary  axis 
XXandd,,  Ot,  O],  etc.,  their  arms  0  L„  0  L„  0  L^  etc,  in  refer- 
ence to  the  point  of  intersection  0  of  the  two  axes  X  Xand  Y  Y, 
we  have,  according  to  §g  80  and  90, 

1)  the  component  parallel  to  the  axis  X  X 
Q  =  P,  COS.  a,  +  F,  COS.  a,  +  ..., 

%)  the  component  parallel  to  the  axis  T  T 

R  =  Pi  sin.  a,  +  P,  sin.  o,  +  ... 
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8)  the  resultant  of  the  whole  system 

P=   *'©■  +  -«■. 
4)  the  angle  a  formed  by  the  reanltant  with  the  axis  for  which 

tang.»-  -^ 

6)  and  the  ana  of  the  resnltant  or  the  radioa  of  the  circle  to 
Thich  the  diiectiou  of  the  resnltant  is  tangent 
P,  o,  +  P,  a,  +  .  - . 
"=       P,+  P.+  ...     • 

Fio.  111. 


«u, 


.r- 


IS  hfhuht,  etc  denote  the  distances  O  D,  0  D^,  0  D^  eto^  cnt 
off  firom  the  axis  X  X,  we  have 

a  =  h  sin.  0,0^=   6,  tin.  o,,  a,  =  J,  sin.  a„  etc, 
and  therefore  also 

,  _  f  1  a,  sin,  g,  +  P,  6,  gjw.  a,  +  . . .  _  .B,  6,  +  .fi,  t,  +  .  ■  ■ 
~  P  mn.  o  ~  .ff  ■ 

If  we  replace  the  resultant  (P)  by  an  eqtia)  opposite  force  (—P), 
the  forces  P„  P^  P. . . .  (—  P)  will  balance  each  other. 

\t  Xi,x,. . .  and ^1,  y, .  ■ .  denote  the  co-ordinates  of  the  points 
of  application  A„  A,  ...  of  the  given  forces  P,,  P,...,  the  mo- 
ments of  the  components  of  the  latter  are  R,x„  Ii,z,. . .  and  Q,  y,, 
Q,j/,., .,  and  the  moment  of  the  resultant  is 

P  a- {lt,x,  +  B,x,  +  ...)-{Q,y,  +  Q, }/,  +  ...), 
and  ita  arm  is 


198 


a 


GENERA.L  PRINCIPLES  OF  MECHANICS. 


_  {R,  x,  +  i?3  a;,  +  . . .)  -  {Qi  yi  +  ft  y«  + . .  0 


Kflt 


V{R\\  R,  + . :.y  +  ((>,  +  ft  +  . .  .)■' 

ExA3kfPLE. — The  forces  Pj  =  40  poundB,  P,  =  80  pounds,  P,  =  70 

pounds,  Fig.  112,  form  with  the  axis  X  X  the  angles  a^  =  60",  a,  =  —  80°, 
a,  =  140°,  and  the  distances  between  the  points  of  intersection  D^^  2>g,  D^ 
of  the  directions  of  the  forces  with  the  axis  are  Dj  !>,  =  4  feet,  and  D^  D^ 
=  5  feet.  Required  the  elements  of  the  resultant.  The  sum  of  the  com- 
ponents parallel  to  the  axis  X  X  is 

C  =  40  COS.  60°  +  80  €09.  (-  80°)  +  70  eo%.  142° 
=  40  C08,  60°  +  80  eo%.  80°  -  70  cob.  88° 
=  20  +  6,209  -  65,161  =  -  29,962  pounds. 

The  sum  of  those  parallel  to  the  axis  F  Fis 

iJ  =  40  Bin.  60°  +  80  «».  (-  80°)  +  70  sin.  142* 
=  40  nn.  60°  -  80  «n.  80°  +  70  sin.  88° 
=  84,641  -  29,544  +  48,096  =  48,198. 

Fig.  112. 


Hence  it  follows  that  the  resultant 


P=  VQ""  +  -R»  =  ^^29,952'  +  48,198'  ==  ^8219,68  =  56,742  pounds. 

The  angle  a  formed  by  the  latter  with  the  axis  is  determined  by  the 
formula 

tang,  a  =  77-=  —  ^^1^0=  ~"  1,6090,  from  which  we  obtain 

a  -  180°  —  58°  8'  =  121°  52'. 
If  we  transfer  the  origin  of  the  co-ordinates  0  to  i>'„  we  hare  the 
arm  of  the  force 

•jr-  _              Pj  tin.  CTj  ftj  +  Pj  tin.  a^  5^  +  •  •  •      -Ri  ^^  +  Rm  o^  -f*  •  •  • 
OL  =  a  = p = j5 

84,641.  (4  + to- 89j544.6  +  0_  164,040  _„„,-  , 
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and,  on  the  oonttsry,  the  distance  cat  off  on  the  axia  XX 

§  92.  FaraUel  Forces.— If  the  forces  P„  P^  Pt,  etc.,  Pig.  113, 
of  a  rigid  system  of  forces  are  parallel,  their  arms  0  Li,  0  Lu 
O  is,  eta,  coincide  with  each  other;  if  through  the  origin  0  we 

draw  on  arbitrary  line  XX,  the  directions  of  the  forces  will  cut  oflF 
from  it  the  portions  0  Di,  0  Dt,  0  A>  etc.,  which  are  proportional 
to  the  arms  0  ii,  0  L^,  0  Lt,  etc.,  for  we  have  A  0  Di  Li  cp  ^ 
ODiLi  co£^  ODiLn,  etc.  Designating  the  angle  DxOLx  —  DiO  Ltt 
eta,  by  a,  the  arms  0  L^,  0  A,  etc.,  by  ai,  a^  eta,  and  the  distanoee 
cut  off  0  D^y  0  Df,  etc.,  by  J„  6^  eta,  we  have 

Oi  =  bi  COS.  a,  a^  =  b^  cos,  a,  eta 

Finally,  substituting  these  values  in  the  formula 


we  obtain 


P  a=^  PiQx  +  P«  a«  +  . . .  * 

P  b  COS.  a  =  Pibi  COS.  o  +  P,  S,  cos.  a  +  . . . , 


or,  omitting  the  common  factor  cos.  a,  we  have 

Pb  =  Pibi  +  Ptb,  +  ... 


Fig.  118. 


In  every  system  of  parallel 
forces  we  can  substitute  for  the 
arms  the  distances  0  A?  0  Dt, 
etc.,  cut  off  from  any  oblique  line 
by  the  directions  of  the  forces. 
Since  the  intensity  and  direction 
of  the  resultant  of  a  system  of 
forces  with  different  points  of 
application  is  the  same  as  that 
of  a  system  of  forces  applied  in  one  point,  the  resultant  of  the  sys- 
tem of  parallel  forces  haa  the  same  direction  as  the  components, 
and  is  equal  to  their  algebraical  sum;  hence  we  have 


1) 

2) 
3) 


P  = 

a  = 

*  = 


:  P,  +  P,  +  P,  +  . . .  and 

Pi  gi  +  P,  ffl»  +  . . . 

P, +  P,  +  ...    '*"^ 
P,  »,  +  P,  ^  +  . . . 

P,  +  P,  +  . . .    • 
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Example.— The  directions  of  the  three  forces  P^  =  12  pouncls,  P,  = 
—  82  pounds  and  P,  =  25  pounds  cut  a  straight  line  in  the  points  D^^  D^ 
and  2>3,  Fig.  113,  whose  distances  from  each  other  are  D^  D^  =  21  inches, 
and  Dg  D^  =  30  inches ;  required  the  resultant.  The  intensity  of  this 
force  is 

P  =  12  —  82  +  25  =  5  pounds, 

and  the  distance  D^  D  of  its  point  of  application  D  in  the  axis  X  X  from 
the  point  D^  is 


J  _  12  .  0  -  82  .  21  +  25  .  (21  +  80)  _  0  -  672  +  1275  _ 


5 


120,6  inches. 


§  93.  Couples. — The  resultant  of  two  equal  and  opposite 
forces  Pi  and  —  P,  is 

F  =  P,  +  {^  PO  =  P,  -  Pj  =  0, 
and  its  arm  is 

a  =     '  ^     — —  =  00  (infinitely  great). 


Fig.  115. 


No  finite  force  acting  at  a  finite  distance  can  balance  a  couple, 
but  two  such  couples  can  balance  each  other.  Let  P,  and  —  P, 
and  — P,  and  P^  Fig.  115,  be  two  such  couples,  and  0  L^^Oi^OM^ 
=z  0  Lx  —  X,  if,  =  a,  —  J„  OLi  =  ai  and  0  M^=z  0  L^  —  Lt  if, 
=  «f  —  5«  their  arms  measured  from  a  certain  point  0,  then,  when 
equiUbrium  exists,  we  have 

Pi  «!  -  P,  (a,  -  h)  -  P,  a,  +  P.  (a,  -  J,)  =  0,  lb. 

Pi  Ix  =  Pj  J^ 

Two  such  couples  balance  each  other  when  the  product  of  one 
force  by  its  distance  from  the  opposite  one  is  the  same  for  both 
couples. 

A  pair  of  equal  opposite  forces  is  called  simply  a  couph  (Pr. 
couple,  Ger.  Kraftepaar),  and  the  product  of  one  of  its  forces  by 
their  normal  distance  apart  is  called  the  moment  of  the  couple. 
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Prom  the  foregoing  we  see  that  two  couples  acting  in  opposite 
directions  balance  each  other,  when  their  moments  are  eqnaL 
That  this  rale  is  correct  can  be  proved  in  the  following  manner. 
If  we  transfer  the  points  of  application  of  the  forces  Pi,P,  and 
—  P„-  P,  of  the  couples  (P^  -  Pi)  and  (P^  -  P,),  Pig.  116, 
to  the  points  of  intersection  A  and  B  of  their  lines  of  application, 

_     ,,-  we  can  combine  P,  and  P, 

as  well  as  —  P,  and  —  P, 
by  means  of  the  parallelo- 
gram of  forces  and  obtain 
the  resultants.  If  the  di- 
rections of  these  resultants 
lie  in  the  prolongation  of 
the  line  A  P,  then  these 
forces,  and  consequently  the 
corresponding  couples  (Pi, 
-  PO,  and  (P^  -  P,),  bal- 
anoe  each  other.  If  equilibrium  exists,  the  triangle  ABC  formed 
by  ^  P  and  by  the  directions  of  the  forces  —  P  and  P,  must  be 

gimilar  to  the  triangles  R  A  Pi  and  B  R  Pi,  and  consequently  we 
baye  the  proportion 

-pr-j  =  -7^  or  the  equation  Pi.C  A  =  P^.C B. 
U  A       JTi 

But  the  perpendiculars  A  Li  =  bi  and  B  Lt  =  b^  to  the  di- 
rections of  the  couples  are  proportional  to  the  hypothenuses  C  A 
and  C  B  of  the  similar  triangles  A  0  Li  and  B  C  L^  and  we  can 

therefore  put 

P,  bi  =  Pf  Jf. 

The  moments  of  two  couples  which  balance  each  other  are  con- 
sequently equal  to  each  other. 

If  in  the  formula  (§  91)  for  the  arm  a  of  the  resultant 

P,  fli  +  P,  o,  +  . . . 

a  = p 

we  substitute  P  =  0,  while  the  sum  of  the  statical  moments  haa  a 
finite  value,  we  obtain  a  =  oo ,  a  proof  that  in  this  case  there  can 
be  no  other  resultant  than  a  couple. 

If  the  forces  of  a  system  shall  balance  each  other,  it  is  necessary 

not  only  that  the  resultant  P  =  Vl^^  +  P'  of  the  components  Q 
and  £,  but  also  that  its  moment 

Pa  =  Pi  Oi  +  Pt  «!+•••  shall  be  =  0. 
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Example. — If  ono  couple  consists  W  the  forces  P^  =  25  pounds  and 

—  ij  =  —  25  pounds  and  the  other  of  the  forces  Pg  =  18  pounds  and 

—  Pg  =  —  18  pounds,  and  if  the  normal  distance  between  the  first  couple 
is  &  =  8  feet,  then  to  produce  equilibrium  it  is  necessary  that  the  normal 
distance  or  arm  of  the  second  couple  shall  be 


&,  =: 


25  .  3 

18 


=  4^  feet. 


Fig.  117. 


§  94.  Composition  and  Decomposition  of  Conples.~The 
composition  and  decomposition  of  couples  acting  in  the  same  plane 
is  accomplished  by  a  mere  algebraical  addition,  and  is  therefore 
much  simpler  than  the  composition  and  decomposition  of  single 
forces.  Since  two  opposite  couples  balance  eaxjh  other,  when  their 
moments  arc  equal,  the  action  of  two  couples  is  the  same  and  the 
couples  are  said  to  be  equivalent,  when  the  moment  of  one  couple 

is  equal  to  that  of  the  other.  If,  therefore, 
the  two  couples  (P„  —  P,)  and  (P^  —  P»), 
Fig.  117,  are  to  be  combined,  we  can  replace 
the  one  (P„  —  P»)  by  another  which  has 
the  same  arm  A  B  =biua  the  former  couple 
(P,,  —  P,),  and  can  then  add  the  forces  thus 
obtained  to  the  others,  and  thus  obtain  a 
single  couple.  If  5,  is  the  arm  C  D  oi  the 
one  couple  and  (  ft  —  C)  *^®  reduced  couple, 
we  have  Q  bi  =  Pi  Jj,  and  consequently 

Q  =  —^f  hence   one   component   of  the 


resulting  couple  is 


»i 


P,  4-  e  =  ^1  + 


and  the  required  moment  of  the  resulting  couple  is 

(P,  +  0*1  =  ^1  *i  +  ^«  *«• 
In  same  manner  the  resultant  of  three  couples  may  be  found. 

If  P,  }„  P,  5^  and  Pj  J,  be  the  moments  of  these  couples,  we 

can  put 

P,  },  =  Q  J,  and  P,  J,  =  -B  K  or 


0  = 


P,b, 


and  R  = 


P.b 


3  t'a 


b, br 

from  which  we  obtain  the  resultant 

(P,  +  0  +  R)  *i  =  ^i  *i  +  P*  *t  +  P.  *.. 
In  combining  these  couples  to  obtain  a  single  resultant  we 
mnst  pay  attention  to  the  signs,  since  the  moments  of  the  couples 
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tending  to  tarn  the  body  in  one  direction  are  positive,  and  the  mo- 
ments of  thoae  tending  to  turn  it  in  the  other  are  negative.  We  can 
now  adopt  the  following  principle  for  indicating  the  direction  of 
rotation  of  a  couple.  Let  us  assnme  arbitrarily  a  centre  of  rotation 
between  the  Uncs  of  application  of  the  forces  of  a  couple ;  then  if 
the  coaple  t^nds  to  tnm  in  the  direction  of  the  hands  of  a  watch, 
the  conple  is  to  be  considered  as  positiTe,  and  if  in  the  other 
direction,  aa  negative. 

The  foregoing  rale  for  the  composition  of  couples  is  also  appli- 
cable, when  the  forces  act  in  parallel 
Fra.  lia  planes.    If  the  parallel  couples  (P„ 

-  P,)  and  (P„  -  A),  Fig.  118,  in 
the  parallel  planes  M  M  and  N  If 
have  eqnal  moments  Pi  h,  and 
P,  hx  &nd  act  in  opposite  directions 
to  each  other,  they  will  also  balance 
each  other ;  for  they  give  rise  to  two 
resultant*  P,  -i-  P,  and  —  {P,  + 
P,),  which  balance  each  other,  as 
ttiey  are  applied  in  the  same  point 
£,  which  is  determined  by  tlie  equa- 
tions 

MA.^  =  'EC.P^'WB.P,  ='E~D.Pxmi. 

P,  b,  =  P,b^  I.E.  AW.  P,  =  WD.  P„  whence 

E  A'.E  B\A  B  =  E  C\E  D:0  D\ 

hence  this  point  coincides  with  tho  point  of  intersection  of  the  two 
tmnererse  lines  A  Cand  B  D. 

Since  the  couple  (P»  —  P,)  balances  every  other  couple  acting 
in  a  parallel  plane  with  an  equal  and  opposite  moment,  it  follows 
that  every  couple  can  be  replaced  by  another  which  has  the  same 
moment,  and  which  acts  in  a  plane  parallel  to  that  of  the  first 

If,  therefore,  several  couples  whose  planes  of  action  are  parallel 
are  applied  to  a  body,  they  can  be  replaced  by  a  single  couple  whose 
moment  is  the  algebraical  snm  of  their  moments,  and  whose  plane, 
which  in  other  respects  is  arbitrary,  is  parallel  to  the  planes  of  the 
given  eyatem. 

%  95.  If  two  conples  (P„  -  P,)  and  (P„  -  P.)  act  in  two  differ- 
ent planes  E  ME^  and  FNF„  Fig.  119,  whose  line  of  intersection  ia 


204 


GENERAL  PRINCIPLES  OP  MECHANICS. 


[§95^ 


the  straight  line  A  B,  and  which  form  with  each  other  a  given 

angle 

SA  F=  S.BFr  =  a 

we  can,  after  having  reduced  them 
to  the  same  arm  A  B,  combine 
them  by  means  of  the  parallelo- 
gram of  forcea  We  obtain  thus 
from  Pi  and  P,  the  resultant  i2, 
and  from  —  P,  and—  P,  the  result- 
ant —  jB.  These  two  resultants 
being  equal  and  opposite,  form 
another  couple,  whose  plane  is 
given  by  the  direction  of  li  and 
-  R 

The  resultant  R  can  be  found 
according  to  §  77  by  means  of  the 
formulas 


R  =   VFi^  4-  Pf  +2  PiF^co8.a  and 
P,  sin,  a 


sin,  fi  = 


R 


in  which  P  denotes  the  angle  E  A  R  =  Ei  S  R  formed  by  the 
direction  of  the  resultant  with  that  of  the  component  P,.  If  the 
arm  iBAB  =  c,  and  if  we  put  the  moment  FiC  =  F  a  and  the 


Fa 
moment  P,  c  =  ^  J  or  Pi  = and  P,  = 


c 


we  obtain 


«=/M^(¥F 


Fa     Qb 


COS.  Oj 


c        c 
or  the  moment  of  the  resultant  of  the  couples  (P,  —  P)  and 

(C,  -  Q) 

Rc=  V{Fa)^'\'{QhY  ■t^Pa.Qb.cos.a, 

and  in  like  manner  for  the  angle  formed  by  its  plane  with  that  of 
the  first  couple  (P,  —  P)  we  have 

sin.  P  =  -^ —  stn.  a. 

We  can  therefore  combine  and  decompose  couples  acting  in  the 
different  planes  in  exactly  the  same  manner  as  forces  applied  at  the 
same  point,  by  substituting  instead  of  the  latter  the  moments  of 
the  former,  and  instead  of  the  angles,  which  the  directions  of  the 
former  make  with  each  other,  those  formed  by  their  planes  of  action. 
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The  referring  back  of  the  theory  of  conplea  to  the  principle  of 
the  decompOBitioD  of  simple  forces  can  be  greatly  dmpliBed  by  in- 
trodacing  the  axis  of  rotation  instead  of  the  plane  of  rotation  of 
the  conple.  We  nQderstand  by  the  axis  of  rotation  or  axis  of  a 
couple,  any  perpendicular  to  its  plane.  Since  every  conple  can  be 
arbitrarily  displaced  in  its  plane  withont  changing  its  action  npon 
the  body,  we  can  pass  the  axis  of  the  couple  throngh  any  giren 
point. 

Since  the  plane  and  the  axis  of  a  conple  are  at  right  angles  to 
each  other,  the  axes  A  X,  A  Y 
'^'^- 12*-  and  A  Z,  Fig.  120,  foim  the  same 

angles  with   each    other  as    tho 
f\a.Qea  A  E  K,  A  FK  aad  A  QE 
themselres.     If  one  of  the  conplea 
is  the  resultant  of  the  other  two, 
we  see  from  what  precedes,  that 
the  diagonal  of  the  parallelogram 
constructed  with  the  moments  Pa 
and   Q  S  will  give  the  moment> 
of  the  resultant;  if  therefore  we 
lay  off  npon  the  axes  A  X  and  A  Yihe  moments  P  a  and  Q  b, 
and  then  complete  the  parallelogram,  we  obtaia  in  )1«  diagonal  not 
only  the  axis  A  Zoi  the  resulting  conple,  but  also  its  moment  Re 
We  see,  therefore,  tliai  couples  are  combined  and  decomposed  in  ex- 
actly the  same  way  as  simple  forces,  provided  we  substitute  for  the 
directions  of  the  forces  the  axes  of  the  couples  and  the  moments 
of  the  latter  for  the  forces  themselTes.    All  the  mlea  for  the  com- 
position and  decomposition  of  forces  given  in  g  76  and  §  77,  eto., 
are  in  this  sense  applicable  to  the  composition  and  decomposition 
of  couples. 

g  96.  Centro  of  Parallel  ForcsB.— If  the  parallel  forces  lie 
in  different  planes,  their  composition  must  be  effected  in  the  fol- 
lowing manner.  Prolonging  the  straight  line  A,  A„  Fig.  121, 
which  joins  the  points  of  application  of  two  parallel  forces  P,  and 
Pnnntil  it  meets  the  plane  which  contains  the  axes  ^XandJfl^ 
which  are  at  right  angles  to  each  other,  and  taking  the  point  of 
intersection  K  as  the  origin,  we  have  for  the  point  of  application 
A  of  the  resultant  Pi  +  P,  of  these  forces 

(P.  +  A)  .  EA  =  P, .  KAx  +  F, .  jfX 
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Kow  since  B^  Bi  and  B^  are  the  projections  of  the  points  of  ap- 
plication Ay  Ax  and  A^  upon  the  plane  X  Yy  we  have 
A  B\A^B,\A^B^-KA\KA^\KA^ 
and  therefore  also 


Fig.  121. 


(P,  +  P.)  •  ^  ^  =  ^1  •  ^1  ^1  +  ^. .  ^.  B^ 
If  we  designate  the  normal  distances  A^  Bi,  At  B^,  At  B^,  etc, 

of  the  points  of  application 

from  the  plane  XX  by  z^,  z,, 
Zif  etc.,  and  the  normal  dis- 
tance of  the  point  of  applica- 
tion A  from  this  plane  by  z, 
we  have  for  two  forces 

(P,  +  P,)z=P,Zx  '\-  P,z,; 
and  for  three  forces,  since  (Pi 
+  P,)  can  be  considered  as 
one  force  with  the  moment 

Pi  Zi  4-  Pg  «s> 

(Pi  +  P,  +  P,)  z 

=  Pi  «,  +  P,  JSt+Ps  sht,  etc. 
Consequently  we  have  in  general 

(Pi  +  P,  +  P,  +  ...)«  =  ^1  «i  +  -^^ «»  +  A2>.  •  V 
and  therefore 

1  \        »  —  fi  ^1  +  Pg  gf  +  » » * 

^>    '-  p, +  P.  +  ...  • 

If,  in  like  manner,  we  denote  the  distances  A  C  and  A  D  of  the 
point  of  application  A  of  the  resultant  from  the  planes  J^  Z  and 
Y  Zhj  y  and  ar,  and  the  distances  of  the  points  of  application  A^, 
At. , .  &om  the  same  planes  hj  y„  yt. ..  and  x„  Xt . . .,  we  obtain 

_  P^y^jJP,  y.  +  .  ■ .      , 

p,  +  pr+r::" 


»)     y  = 


3) 


X  = 


x^l   iTi    "T~    ±^  2*3    •!"••• 


P,    +    P,  +   .,. 

The  distances,  x,  y  and  iJ,  from  three  fixed  planes,  as,  E.O.,  from 
the  floor  and  two  sides  of  a  room,  determine  completely  the  point  A  ; 
for  it  is  the  eighth  comer  of  the  parallelopipedon  constructed  with 
X,  y  and  z\  hence  there  is  but  one  point  of  application  of  the  re- 
sultant of  such  a  system  of  forces. 

Since  the  tliree  formulas  for  .r,  y  and  z  do  not  contain  the  angles 
formed  by  the  forces  with  the  fixed  planes,  the  point  of  application 
is  not  dependent  upon  them  or  upon  the  direction  of  the  forces ; 
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the  whole  system  can  therefore  be  turned  about  this  point  without 
its  ceafiing  to  be  the  point  of  application^  as  long  as  the  forces  re- 
main parallel. 

In  a  system  of  parallel  forces  we  call  the  product  of  a  force  by 
the  distance  of  its  point  of  application  from  a  plane  or  line  the 
moment  of  this  force  in  reference  to  the  plane  or  line,  and  it  is  also 
customary  to  call  the  point  of  application  of  the  i-esultant  the  cen- 
tre of  parallel  forces  (Fr.  centre  des  fifrces  paralleles,  (Jer.  Mittel- 
punkt  des  ganzen  Systems).  We  obtain  the  distance  of  t?ie  centre 
of  a  system  of  parallel  forces  from  any  plane  or  line  (the  latter,  when 
the  forces  are  in  the  same  plane^  by  dividing  the  sum  of  the  stati- 
cal moments  by  the  sum  of  the  forces  themselves. 


Example. — ^If  the  forces  are 

and  their  distances  or  the  co-   f 
ordinates  of  their  points 
of  application  are 


we  will  have  the  moments 


Pn 

5 

—   7 

10 

«« 

1 

2 

0 

y. 

2 

4 

5 

«» 

8 

8 

7 

PnX, 

5 

-  14 

0 

PnPn 

10 

-28 

50 

Pn^ 

40 

-21 

70 

4  pounds. 

9  feet. 

3    " 
10    " 

86  foot  pounds. 
12    " 
40    " 


Now  the  sum  of  the  forces  i8  =  10  —  7  =  12  pounds,  and  therefore 
tiie  distances  of  the  centre  of  parallel  forces  from  the  three  co-ordinate 
planes  are 

6  +  86-14      27       9        « ,„  , 
•    *  = 13 =  j3  =  ^  =  2,26feet, 

10  +  50  +  12-28      44      11      ^^^^   ^       ^ 

y  = j2 ~  12  ~  "8"  ~    '  » *° 

40  +  70  +  40  —  21      129      48 

12 =  12  "^  T  "^  10,75  feet 


s  = 


§  97.  Forces  in  Space.— If  we  wish  to  combine  a  system  of 
forces  directed  in  diflferent  directions,  we  pass  a  plane  through 
them  and  transfer  all  their  points  of  application  to  this  plane,  and 
then  decompose  each  force  into  two  components,  one  perpendicular 
to  and  the  other  in  the  plane.  If  i3„  /B, . . .  are  the  angles  formed 
by  the  directions  of  the  forces  with  the  plane,  the  components  nor- 
mal to  the  plane  are  Py  sin.  /J,,  P,  sin.  /3, . . .  and  those  in  the  plane 
are  P,  COS.  ft,  P,  COS.  /3„  etc.  The  resultant  of  the  latter  can  be  ob- 
tained as  indicated  in  §  91,  and  that  of  the  former  as  indicated  in 
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the  last  paragraph.  Generally  the  directiona  of  the  two  resnltanta 
do  not  cut  each  other  at  all,  and  the  composition  of  the  forces  so 
aa  to  form  a  single  resultant  is  not  possible.  If,  however;  the  re- 
sultant of  the  parallel  forces  passes  through  a  point  K,  Fig.  133, 
in  the  direction  A  B  of  the  resultant  P  of  the  forces  lying  in  the 
plane  (that  of  the  paper),  a  composition  is  possible.  Putting  the 
ordmates  of  the  points  of  application  K  of  the  first  resultant  0  C 
=  DS'=u  sad  OD^  C  £^  ^  w,  the  arm  of  the  other  0  L=a- 
and  the  angle  B  A  0  formed  by  the  latter  with  the  axis  X  JT,  =  o, 
then  the  condition  for  the  possibility  of  the  composition  is 
«  sin,  a  +  vfoa.  »  =  a. 
If  this  equation  is  not  satisfied,  if,  E.o.,  the  resultant  of  the  nor- 
mal forces  passes  through  K^  it  is  not  possible  to  refer  the  whole 
system  of  forces  to  a  single  resoltaut,  but  they  can  be  replaced  by 


Fia.l2a. 


Pro.  133. 


B 
D 

a  resultant  It,  Pig.  123,  and  a  conple  (/*,  —  F)  by  decomposing 
the  resnltant  JVof  the  parallel  forces  into  the  forces  —  P  and  R, 
one  of  which  is  equal,  parallel  and  opposite  to  the  resultant  P  of 
the  forces  in  the  plane. 

We  can  accomplish  directly  this  referring  of  a  system  of  forces 
to  a  single  force  and  to  a  couple  by  imagining  a  system  of  conples, 
whose  positive  components  are  exactly  equal  in  amount  and  direc- 
tion to  the  given  forces,  to  be  applied  to  the  body  at  any  arbi- 
trary point.  These  Couples  naturally  do  not  change  the  state  of 
equilibrium,  for  being  applied  at  the  same  point  they  counteract 
themselves.  On  the  contrary,  the  positive  components  can  be 
combined  according  to  known  rules  (§  61)  so  as  to  give  one  result- 
ant, while  the  negative  components  form  with  the  given  forces 
couples,  whose  resultant  (according  to  §  95)  is  a  single  couple. 
After  these  operations  have  been  performed,  we  have  only  one  force 
and  one  couple. 
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§  9&  Prmcipla  of  Virtual  Velocities.— If  a  system  of  forces 
P^  Pf,  Pti  Fig.  124^  which  act  in  a  plane,  have  a  motion  of  trans- 
lation,  that  is,  if  all  the  points  of  application  A^^  A^  At  describe 
eqoal  parallel  spaces  At  Bi,  Af  Bf,  A^  B^,  then  (according  to 
the  meaning  of  §  81)  the  work  done  by  the  resultant  is  eqnal  to 

Fiewl24 


the  sum  of  the  work  done  by  the  components,  and  consequently, 
when  the  forces  balance  each  other,  this  sum  is  =  0.  If  the  pro* 
jections  of  the  common  space  Ai  Bi  =  A^  Bt,  etc.,  upon  the  di- 
rections of  the  forces  aire  Ai  Li,  A^  L^y  etc.,  =  ^i,  Si,  etc.,  the  work 
done  by  the  resultant  is 

P  8  =  Pi8i  +  Pt8i+  . 

This  law  is  a  consequence  of  one  of  the  formulas  in  §  91.  Ac- 
cording to  it,  the  component  Q  of  the  resultant  parallel  to  the  axis 
XXia  equal  to  the  sum 

Ci  +  ft  +  ft  +  ... 
of  the  components  of  the  forces  Pi,  P^,  eta,  which  are  parallel  to 

it.    Now  from  the  similarity  of  the  triangles  A^BiLi  and  ^i  Pi  ft 

we  know  that 

Qy  _  At  Lx  _  Jt_ 

Pt'^  AtBt^  AJff 
and  therefore  we  haye 


Hence,  instead  of 
we  can  put 

14 


G  =  ft  +  ft +  ... 
P<  =  P, «,  +  P,5,  +  ... 
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g  99.  Equilibriniii  In  a  Rotary  Motloa.— If  a  BTstem  of 
forces  Pu  Pt>  etc.  Fig.  135,  acting  in  the  same  plane,  is  cansed  to 
toTQ    s   Teiy   small    distance 
*^°-  *^  abont  a  point  0,  the  principle 

of  virtnal  velocities  annonnced 
in  g  83  and  g  98  is  applicable 
here  also,  as  can  be  demon- 
strated in  the  following  man- 
ner. According  to  g  89  the  mo- 
ment of  the  resultant  P .  OL 
=  P  a  is  eqaal  to  the  sum 
of  the  moments  of  the  com- 
ponents, or 
Po  =  P,  a,  +  P,o,  +  ... 
The  space  Ji^SuCorresponding  to  a  rotation  through  a  small 
angle  AiO  Bi=  ^  ot&  small  arc  /3  =  -r^,  •  ir,  is  situated  at  right 

angles  to  the  radina  0  Aj,  therefore  the  triangle  Ai  B,  (7,  formed 
by  letting  fall  the  perpendicular  J?i  Ci  upon  the  direction  of  the 
force,  is  similar  to  the  triangle  0  Ax  £,  formed  b;  the  arm  0  A  =  Oi, 
and  we  have 

OL,  _  A,  Ci 
OA,  ~  A,B,' 
If  we  put  the  virtnal  velocity  A,  C,  =  o,  and  the  are  ^,  5, 
=  0  j4i  .  i3,  we  obtain 

0  A,  .o,        a,       ,  .    ,,,  (7,    , 

ffli  =  ~7^—i — ^  =  -=■>  and  in  like  manner  a,  =  s,  etc 
U  Ai.  a        p  p 

Substituting  these  valaes  of  a,,  a^  etc,  in  the  above  equation, 

we  obtain 

Pa       P,a,       P,<7,   , 
^=-^  +  -^'+..,etc. 

or  since  P  is  a  conunon  divisor, 

/*  ff  =  P,  ff,  +  P,  ff,  +  . .  , 
as  we  found  in  g  83. 

Tlierefore,  for  a  small  rotation,  the  work  {P  o)  done  by  tiie  re- 
sultant is  equal  to  the  sum  of  the  work  done  by  the  components. 

g  100. — The  principle  of  virtual  velocities  holds  good  for  any 
arbitrarily  great  rotation,  when,  instead  of  the  virtual  velocities 
of   the    points    of   application,  we    substitute    the    projections 
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LiCj,  Lf  Ct,  Pig.  126,  of  the  spaces  described  by  the  ends  ii,  ij, 

Fia.  126. 


etc^  of  the  perpendiculars;  for  multiplying  the  well-known  equa- 
tion for  the  statical  moment 

by  nn.  0  and  substituting  in  the  new  equation 

P  a  sin.  0  =  PiOi  sin.  0  •\-  P^fh  sin.  0, 

instead  of  ch  sin.  0,  a^  sin.  0  . . .  the  spaces 

0  B,  sin.  L^O  B,  =  D,  B^  -L^C^-  «„ 

0  Bi  sin.  Ls  0  Bi  =  i),  B^  =  i,  (7,  =  Sf,  etc., 
we  obtain 

Ps  =  P,Si  +  PiSi  -h  ... 

This  principle  remains  correct  for  finite  rotations,  when  the  di- 
rections of  the  forces  revolve  with  the  system,  or  when  the  point 
of  application  or  end  of  the  perpendicular  changes  continually  so 
that  the  arms  0  Li  =  0  Bi,  etc.,  remain  constant ;  for  from 

P  a  =  P,  a,  +  P,  a,  +  . . ., 
by  multiplying  it  by  0  we  obtain 

Pa0  —  Pxai0  +  P,  a, /3  +  . . .,  lb., 
P  «  =  Pj  a,  +  P,  jj,  +  . .  ^ 

when  Si  Sf,  etc.,  denote  the  arcs  Li  Pi,  L^  Bf,  etc.,  described  by 
the  points  of  application  Lxy  Lt,  etc 

§  101.  A  Small  Displacement  Referred  to  a  Rotation. — 

Every  small  motion  or  displacement  of  a  body  in  a  plane  can  be 
considered  as  a  small  rotation  about  a  movable  centre  as  we  will 
now  proceed  to  show.  Let  A  and  P,  Fig.  127,  two  points  of  the 
body  (surface  or  line),  be  subjected  to  a  small  displacement,  in  con- 
sequence of  which  they  now  occupy  the  positions  -4,  and  P,,  Ax  Pi 
being  —  A  B.  If  we  erect  at  these  points  perpendiculars  to  the 
paths  A  Axy  and  P  Pj,  they  will  cut  each  other  at  a  point  C,  about 
which  we  can  imagine  the  spaces  A  Ax  and  P  Pi,  considered  as 
arcs  of  circles,  to  be  described.    But  since  .4  P  =  -4,  Pi,  -4  (7  = 
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j4,  C  and  BG  =  JB,  (7,  the  two  triangles  ^  -B  (7  and  J,  jB,  (7 
are  similar;  the  angle  B^  0  Ai  is  therefore  equal  to  the  angle 
BOA,  and  the  angle  of  rotation  A  C  Ax  eqnal  to  the  angle 
of  rotation  B  C  S,.  If  we  make  Ax  Di  =  A  Dvre  obtain,  since  the 
angles  Z>,  AxC  and  D  A  C  and  the  sides  0  Ax  and  C  A  axe  equal 
to  each  other,  two  equal,  similar  triangles  C  Ax  Dx  and  C  A  D^ 
in  which  C  Dx  =  Ci?  and  Z  ^i  C  Dx  =  l  A  C  D.  Oonse- 
quently,  Z  -4  67  ^i  is  also  =^  /_  D  C  Dxy  and  when  the  displace- 

placement  of  the  Une  A  B  i&  small, 
^^-  ^^''''  every  other  point  D  of  it  will  de- 

scribe an  arc  of  a  circle.  Finally,  if  E 
is  a  point  lying  without  the  line  A  3 
but  rigidly  connected  with  it,  the  small 
space  E  Ex  described  by  it  can  also 
be  regarded  as  a  small  arc  of  a  circle, 
whose  centre  is  at  (7;  for  if  we  make 
the  angle  Ex  Ax  Bx  ==  E  A  B  and  the 
distance  Ax  Ex  =^  A  E,  we  obtain 
again  two  equal  and  similar  trian- 
gles Ai  0  Ex  and  A  0  Ey  whose  sides 
C  Ex  and  G  E  and  whose  angles 
Ax  G  Ex  and  A  G  E  dxe  equal  to  each  other,  and  the  same  thing 
can  be  proved  for  every  other  point  rigidly  connected  with  A  B. 
We  can,  therefore,  consider  any  small  motion  of  a  surface  or  of  a 
solid  body  rigidly  connected  with  ^  jB  as  a  small  rotation  about 
a  centre,  which  is  determined  by  the  point  of  intersection  G  of  the 
perpendiculars  to  the  spaces  A  Ax  and  B  Bx  described  by  two 
points  of  the  body. 


§  102.  (Generality  of  the  Principle  of  Virtaal 

— According  to  a  foregoing  paragraph  (99)  the  mechanical  effect 
of  the  resultant  is  equal  to  the  mechanical  effect  of  its  components 
for  a  small  revolution  of  the  system,  and  according  to  the  last 
paragraph  (101)  any  small  motion  can  be  considered  as  a  revolu- 
tion ;  the  principle  of  virtual  velocities  is  therefore  i^plicable  to 
any  small  motion  of  a  body  or  of  a  system  of  forces. 

If,  therefore,  a  system  of  forces  is  in  equilibrium,  lb,,  if  the  re- 
sultant is  null,  then  after  a  small  arbitrary  motion  the  sum  of  the 
mechanical  effects  must  be  equal  to  0.  If,  on  the  contrary,  for  a 
small  motion  of  the  body  the  sum  of  all  the  mechanical  effects  is 
equal  to  zero,  it  does  not  necessarily  follow  that  the  system  is  in 
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equilibrium^  for  then  this  sum  must  be  =  0  for  all  possible  small 
motions.  Since  the  formula  expressing  the  principle  of  virtual 
velocities  fulfils  but  one  of  the  conditions  of  equilibrium,  in  order 
that  equilibrium  shall  exist  it  is  necessary  that  this  formula  shall 
be  true  for  as  many  independent  motions  as  there  are  conditions^ 
£.0.,  for  a  system  of  forces  in  a  plane  for  three  independent 
motions. 


CHAPTER    II. 

THE  THEORY  OF  THE  CENTRE  OF  GRAVITY. 

§  103.  Centra  of  Gkavity. — The  weights  of  the  different 
parts  of  a  heavy  body  form  a  system  of  parallel  forces,  whose  re- 
sultant is  the  weight  of  the  whole  body  and  whose  centre  can  be 
determined  by  the  three  formulas  of  paragraph  96.  We  call  this 
centre  of  the  forces  of  gravity  of  a  body  or  system  of  bodies  the 
centre  of  gravity  (Fr.  centre  de  gravity,  Ger.  Schwerpunkt),  and 
also  the  centre  of  the  mass  of  the  body  or  system  of  bodies.  If  a 
body  be  caused  to  rotate  about  its  centre  of  gravity,  that  point  will 
never  cease  to  be  the  centre  of  gravity,  for  if  we  suppose  the  fixed 
planes,  to  which  the  points  of  application  of  the  single  weights  are 
referred,  to  rotate  with  the  body,  during  this  rotation  the  position 
of  the  directions  of  the  forces  in  regard  to  these  planes  change,  and 
on  the  contrary  the  distances  of  the  points  of  application  from 
these  planes  remain  constant  Therefoi'c  the  centre  of  gravity  is 
that  point  at  which  the  weight  of  a  body  acts  as  a  force  vertically 
downwards,  and  at  which  it  must  be  supported  in  order  to  keep 
the  body  at  rest 

§  104.  Una  and  Plana  of  Gravity.— Every  straight  line, 
which  contains  the  centre  of  gravity,  is  called  a  line  of  gravity ^  and 
every  plane  passing  through  the  centre  of  gravity  a  plane  of  gravity. 
The  centre  of  gravity  is  determined  by  the  intersection  of  two  lines 
of  gravity,  or  by  that  of  a  line  of  gravity  and  a  plane  of  gravity,  or 
by  the  point  where  three  planes  of  gravity  cut  each  other. 

Since  the  point  of  application  of  a  force  can  be  transferred  arbi- 
trarily in  the  direction  of  the  force  without  affecting  the  action  of 
the  latter,  a  body  is  in  equilibrium  whenever  any  point  of  the  ver- 
tical line  passing  through  the  centre  of  gravity  is  held  &st. 


21i  GENERAL   PRINCIPLES  OF  MECHANICS.  [§  105. 

If  a  body  M,  Fig.  128,  be  gaspended  at  the  end  of  a  atring  C  A, 
we  obtain  in  the  prolongation  ^4  .B  of  this  string  a  line  of  gravity,  and 
if  it  be  suspended  in  another 
^'*-  ^^'  way  we  find  a  aecond  line  of 

gravity  i)^.  The  point  of  inter- 
section S  of  the  two  lines  is  the 
centre  of  gravity  of  the  whole 
body.    If  we  Baspend  a  body 
by  means  of  an  axis,  or  if  we 
balance  it  npon  a  sharp  edge 
(knife  edge),  the  vertical  plane 
passing  through  the  axis  or 
knife  edge  is  a  plane  of  gravity. 
Empiric^    determinations 
of  the  centre  of  gravity,  such 
as  we  have  just  given,  are  seldom  applicable;  we  generally  employ 
some  of  the  geometrical  methods,  given  in  the  following  pages,  to 
determine  with  accuracy  the  centre  of  gravity.    In  many  bodies, 
such  as  rings,  etc.,  the  centre  of  gravity  is  without  the  body.    If 
such  a  body  is  to  be  suspended  by  its  centre  of  gravity,  it  is  neces- 
sary to  fasten  to  it  a  second  body  in  such  a  tnanner  that  the  cen- 
tres of  grarity  of  the  two  bodies  shall  coincide. 

§  105.  Deteimination  of  tho  Centro  of  Qravity. — Let  z„ 

Xt,  Xt,  eta,  be  the  distances  of  the  parts  of  a  heavy  body  from  one 
co-ordinate  plane,  y„  y,,  y^,  etc,  those  from  the  second,  and  z„  z^, 
Zu  etc,  those  from  the  third,  and  let  Pi,  P„  P^  etc^  be  the  weights 
of  these  parts,  we  have,  from  §  S6,  for  the  distances  of  the  centre 
of  gravity  of  the  body  from  the  three  planes 

P,x,  +  P,x,  +  P,x,  +  ... 
P,  +  P,  +  P,  +  ...      ' 
P,y,  +  P,y,  +  P,y,  +  ...       , 

y P,  +  P,  +  P,  +  ...      ''^^ 

_  />,  z,  +  fi  z,  +  P,  a,  +  . .  ■ 


p,  +  p,  4  p, 

If  we  denote  the  volume  of  these  parts  of  the  body  by  Fi,  F^ 
Vu  etc.,  and  the  weight  of  their  units  of  volume  by  y„  y„  y^  stc^ 
we  can  write 

^  _  y,y,Xi  +  V,y,x,  +  r,y,x,  +  . 
F,y,  +  F,T,  +  F,j',  +  ... 


— ,  etc 
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If  the  body  is  homogeneous^  le.,  if  y  is  the  same  for  all  the 
parts,  we  have 

^_{V^<XH  +V,x,  +  ...)y 

(F,+F.  +  ...)y    ' 

or,  cancelling  the  common  factor  y, 


1)    a?  = 


Vix,  +V,Xi  +  ... 
F,  +  F,  +  . . .    ' 


o\    -       V,z,+V,z,  +  ... 
^^    '  =  — ^+F.  +  ...    • 

Consequently  we  can  substitute  for  the  weights  of  the  different 
parts  their  volumes,  and  the  determination  of  the  centre  of  gravity 
becomes  a  question  of  pure  geometry. 

When  one  or  two  of  the  dimensions  of  a  body  are  very  small 
compared  with  the  others,  E.a.,  in  the  case  of  sheet-iron,  wire,  etc., 
we  can  regard  them  as  planes  or  Unes,  and  determine  their  centres 
of  gravity  by  means  of  the  last  three  formulas,  substituting  instead 
of  the  volumes  F^  Fg,  etc.,  the  surfaces  -Pi,  Ft,  etc.,  or  the  lengths 
h,  k  etc. 


Fio.  129. 


§  106.  In  regular  spaces  the  centre  of  gravity  coincides  with 
their  centre,  E.G.,  in  the  case  of  the  cube,  sphere,  equilateral  trian- 
gle, circle,  etc  Symmetrical  spaces  have  their  centre  of  gravity  in 
the  axis  or  plane  of  symmetry.  A  body  A  D  F  H,  Fig.  129,  is  di- 
vided by  the  plane  of  symmetry  A  B  CD 
into  two  halves,  which  differ  only  in  their 
position  in  regard  to  the  plane,  and  the 
conditions  are  therefore  the  same  on  both 
sides  of  the  plane;  the  moments  are  con- 
sequently the  same  on  both  sides,  and 
the  centre  of  gravity  is  to  be  found  in 
this  plane. 

Since  the  axis  of  symmetry  E  F  di- 
vides the  plane  surface  A  B  F  C  Dy  Fig. 
130,  into  two  parts,  one  of  which  is  the 
reflected  image  of  the  other,  the  conditions  are  the  same  on  each 
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ri^e;  consequent!;  tlie  momenta  on  both  sides  are  the  same,  and 
the  centre  of  gravity  of  the  whole  sar&ce  lies  in  this  line. 

FinaDy,  the  axia  of  symmetry  ^  X  of  a  body  A  B  G  E,  Pig. 
131,  is  also  a  line  of  gravity  of  it ;  for  it  ie  formed  by  the  interaec- 


titniof  two  planes  of  symmetry -4  B  CBtaiiE  FO  K 

For  this  reason  the  centre  of  gravity  of  a  cylinder,  of  8  cone  aad 
of  a  solid  of  rotation,  formed  by  the  revolntion  of  a  surface,  or  by 
being  turned  upon  a  lathe,  is  to  be  found  in  the  axis  of  the  body. 

g  107.  Contre  of  Oravity  of  Idnes.— The  oentre  of  grav- 
ity of  a  straight  line  is  at  its  centre. 

The  centre  of  gravity  of  the  arc  of  a  circle  AM  B  =  \  Pig.  132, 
is  to  be  found  in  the  radius  drawn  to  the  middle  M  of  the  arc ;  for 
this  radius  is  an  axis  of  symmetry  of  the  arc    In  order  to  deter- 
mine the  distance  C  5  =  y  of  the  oentre  of  gravity  8  from  the  cen- 
tre of  the  circle,  we  divide 
Pio- 183.  the  arc  into  a  very  great 

number  of  parts  and  deter- 
mine their  statical  moment 
in  reference  to  an  axis  X  X, 
which  passes  through  Uie 
centre  C  and  is  paraUel  to 
tiiechord.4  J?  =  «.  IfPC 
is  a  part  of  the  arc  and  P  S 
\\A  distance  fh)m  X?,  its  statical  moment  '\%  =-  P  Q  .  P  N. 
Drawing  the  radius /*(?=:  Jf"C=f  and  the  projection  Q  Rot  P  Q 
parallel  U>  A  B,W6  obtain  two  similar  triangles  P  Q  R  and  CP  N, 
for  which  we  have 
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PQiQR^CPiP  N, 

whence  we  obtain  for  the  statical  moment  of  an  element  of  the  arc 

PQ.PN^QR.OP^^QR.r. 

But  in  the  statical  moments  of  aD  the  other  elements  of  the  arc 
f  is  a  common  &ctor^  and  the  sum  of  all  the  projections  QR  of  the 
elements  of  the  arc  is  equal  to  the  chords  which  is  the  projection  of 
the  entire  arc ;  consequently  the  moment  the  arc  is  =  the  chord  s 
multiplied  by  the  radius  r.  Putting  this  moment  equal  to  the  arc 
}  multiplied  by  the  distance  if,  or  b  y  =  8  r,  we  obtain 

y      s  sr 

The  distance  of  the  centre  of  gravity  from  the  centre  is  to  the  ror 
dius  as  the  chord  is  to  the  arc 

If  the  angle  subtended  by  the  arc  &  is  =  /B''  and  the  arc  cor- 

responding  to  the  radius  1  =  /J  =  >^  n,  we  have  b  —  pr  and 


180* 


g^2r situ  H9  and  consequently 


2  simi  P^r 

y = — i— 

For  a  semicircle  P=zn  and  sin.  §  =  1,  whence 

2  7 

y^-f'^  0,6366 . . .  r,  approximatiyely  =  tt  f . 


Fie.  188. 


§  106.  In  order  to  find  the  centre  of  gravity  of  a  polygon  or 

oombination  of  lines  A  B  0  D,  Fig. 
133,  we  first  obtain  the  distances  of 
the  centres  Hy  K,  L  of  the  lines 
AB  =  h,  B  (7=?„  OD  =  U,  etc., 
from  the  two  axes  0  X  and  0  F, 
via.,  HHx  =  y„  HH^  =  a;,,  JT  iT,  = 
y»  jK'JST,  =  ^8,  etc.  The  distances 
of  the  centre  of  gravity  from  these 
axes  are 

»1  *  J    *T"   v%  it/j  "T*  •  •  • 


0Si  =  88^  =  x  = 


Hj    K^Sj 


*i  4*  frj  ~h  •  •  • 


0S,=S8^  =  y  =  ^±^^ 
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E.G.,  the  distance  of  the  centre  of  gravity  /S  of  a  wire  A  B  Cy  Fig. 
134>  bent  in  the  shape  of  a  triangle  from  the  baae  ^  ^  is 


N8=y  = 


Fio.184 


a  +  b  +  c       a  +  b  +  c'2' 


when  the  sides  opposite  the  angles 
Af  By  C  are  denoted  hj  Oy  b,c 
and  the  altitude  C  Ghj  h. 

Ifwe  join  the  middles  £r,  K,  M 
of  the  sides  of  the  triangle  and 
inscribe  a  circle  in  the  triangle 
thus  obtained,  its  centre  will  co- 
incide with  the  centre  of  gravity 
8;  for  the  distance  of  this  point 
from  one  of  the  sides  H  Ki& 


SD^  ND^N8  =  ~- 


a  +  J 


ch 


t^  AB  0 


a-hb  -h  c  '  2      2  {a  +  b  -{■  c) 
or  constant,  and  therefore  =  the  dis* 


Fio.  185. 


a  +  b  +  c' 
tances  S  E  and  8  F  from,  the  other  sides. 

§  109.  Centre  of  Gravity  of  Plane  Fignres. — The  centre 
of  gravity  of  a  parallelogram  A  B  C  D,  Fig.  135,  is  situated  at  the 

point  of  intersection  8  of  its  diagonals ; 
for  all  strips  K  L,  formed  by  drawing 
lines  parallel  to  one  of  the  diagonals 
B  Dy  are  divided  by  the  other  diagonal 
A  C  into  two  equ^  parts ;  each  of  the 
diagonals  is  therefore  a  line  of  gravity. 

In  a  triangle  A  B  Cy  Fig.  136,  eveiy 
line  C  D  drawn  from  an  angle  to  the 
centre  D  of  the  opposite  side  ^  ^  is  a  line  of  gravity ;  for  it  bisects 
every  element  K  Loi  the  triangle  formed  by  drawing  lines  paral* 
lei  to  A  B.  If  from  a  second  angle  A  we  draw  a  second  line  of 
gravity  to  the  middle  E  of  the  opposite  side  B  jC,  the  point  of  in- 
tersection 8  of  the  two  lines  of  gravity  gives  the  centre  of  gravity 
of  the  whole  triangle. 

Since  BD=:^BAvkniBE=^B  0,  DB  ia  parallel  to  ^  C 
and  equal  to  ^  A  Cy  the  triangle  JD  B  8  i&  similar  to  the  triangle 
C7^  ^  and  C8=2  8  D.     Adding  8  Dy  we  obtain  C8  +  8  D, 
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1^  CD  =  3  8D  and  inversely  8D  =  \  CD,  The  centre  of 
gravity  /S'  is  at  a  distance  equal  to  I  C  D  from  the  middle  D  of  the 
base  and  at  a  distance  equal  to  f  (7  2)  from  the  angle  C.  If  we 
draw  the  perpendiculars  C  H  and  S  JV  to  the  base,  we  have  also 


Fio.  13a. 


Fig.  137. 


JfS=  i  C  H'y  the  centre  of  gravity  /9  is  at  a  distance  from  the 
base  of  the  trian^e  equal  to  one  third  of  the  altitude. 

The  distance  of  the  centre  of  gravity  of  a  triangle  A  B  C,  Pig. 

137,  from  an  axis  JT  X  is  8  S^  =  D  D,  •{•  \{C  C^  -  D  A),  but 
D  Dx  =  ^{A  Ai  +  B  Bi)y  and  consequently  we  have 


iJB.,the  arithmetical  mean  of  the  distances  of  the  angles  fix>m  XX 
Since  the  distance  of  the  centre  of  gravity  of  three  equal  weights, 
applied  at  the  comers  of  a  triangle,  is  determined  in  the  same  way, 
the  centre  of  gravity  of  a  plane  triangle  coincides  with  the  centre 
of  gravity  of  these  tibree  weights. 

§  110.  The  determination  of  the  centre  of  gravity  of  a  trape- 
zoid A  B  CDy  Fig.  138,  can  be  made  in  the  following  manner. 
The  right  line  M  Ny  which  joins  the  centres  of  the  two  bases  A  B 
and  (7  2>,  is  a  line  of  gravity  of  the  trapezoid ;  for  if  we  draw  a  great 
number  of  lines  parallel  to  the  bsuses,  the  figure  will  be  divided  into 
a  number  of  small  strips  whose  centres  or  centres  of  gravity  lie 
upon  the  line  M  N.  In  order  to  determine  completely  the  centre 
of  gravity  5,  we  have  only  to  find  its  distance  8  H  from  the 
base^  B. 

Let  the  bases  A  B  and  CD  be  denoted  by  l^  and  J,  and  the  al- 
titude or  normal  distance  between  the  latter  by  h.  Now  if  we 
draw  D  E  parallel  to  the  side  B  C7,  we  obtain  a  parallelogram 
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B  CD  E,  whose  area  iab^h  and  the  distanoe  of  whose  centre  of 


h 


gravity  Si  from  A  B  ib  =:  ^y  and  a  triangle  ABB,  whose  area  is 
c.         and  the  distance  of  whose  centre  of  gravity  from  A  B 


IB  =  «. 

3 


Fig.  188. 


The  statical  moment  of  the  trape2oid  in  reference  to  A  B 
is  therefore 


bat  the  area  of  the  trapezoid  Is  i*  =  (i|  +  bt)  „> 


oonseqnently  the  nomud  distance  of  the  centre  of  gravity  tirom 
the  base  is 


/7«-«      kJh±lMK-h±lIl   * 
"  ~  *        i  (*.  +  *.)  *    ~   *.  +  *t   '8* 


*i  +»t 


The  distance  of  this  point  firom  the  middle  line  K  L  =  -^ 
of  the  trapezoid  is 

In  order  to  find  the  centre  of  gravity  by  construction^  we  hare 
only  to  prolong  the  two  bases,  make  the  prolongation  67  6r  =  },  and 
the  prolongation  A  F  ^  bt,  and  join  the  extremities  ^and  0  thns 
obtained  by  a  straight  line ;  the  point  of  intersection  fi' with  the  line 

JfJVis  the  required  centre  of  gravity;  for  from  ffS=^  -4 — r^-  s 
it  follows  that 

M8_bi  4-  2  »,__^  t,  +  b,  _MA+AF_MF 
iViS~"2*,  +  J.~  Ji  +  i  b^"  CG-^-NC  NCP 
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which,  in  Gonseqnenoe  of  the  Edmilarity  of  the  triangles  M  S  FBJid 
H  S  Gjis  perfectly  true. 

If  we  denote  by  a  the  projection  -4  0  of  the  side  A  D  upon 
A  B,  the  distance  of  the  centre  of  grayity  firom  the  comer  A  is 
determined  by  the  formula 

^^-'^-  3  (J.  +  b,)  • 

§  HI.  In  order  to  find  the  centre  of  grayity  of  any  other  four- 
sided  figure  ABCDy  Fig.  139,  we  can 
divide  it  by  means  of  the  diagonal  A  G 
into  two  trianglesy  and  then  determine 
their  centres  of  gravity  8i  and  8^  bj 
means  of  the  foregoing  rules ;  thus  we 
obtain  a  line  of  gravity  8x  /Si.  If  we 
again  divide  the  figure  by  the  diagonal 
B  D  into  two  other  triangles^  and  de- 
termine their  centres  of  gravity,  we 
obtain  a  second  line  of  gravity,  whose 
intersection  with  8i  8^  gives  the  centre  of  gravity  of  the  whole 
figure. 

We  can  proceed  more  simply  by  bisecting  the  diagonal  A  C^A, 
M  and  laying  off  the  longer  portion  B  E*oi  the  other  diagonal 
upon  the  shorter  portion,  so  as  to  have  D  F  =:  B  E.  We  then 
draw  ^  Jf  and  divide  this  line  into  three  equal  parts;  the  centre 
of  gravity  is  at  the  first  point  of  division  8  from  M  as  can  be 
proved  in  the  following  manner.  We  have  M  8x^  \  M  D  and 
M  8^^  \  M  B;  consequently  8x  8^  is  parallel  to  B  D^  but  8  8i 
multipKed  hj  A  ACD  =  8  8,  multiplied  hj  a  A  GB  or  8 8i. 
D  E=  88,.  BE,  whence  8  8i:  8  8,  =  B  E:D  E.  But  we  have 
B  E  =:  D  Fs,n(i  D  E=  B  F,  consequently  also  8  /S, :  8  8,= 
D  F:B  F.  Hence  the  right  line  M  F  cuts  the  line  of  gravity 
Si  8,  at  the  centre  of  gravity  8  of  the  whole  figure. 

§  112.  If  we  are  required  to  find  the  centre  of  gravity  8  o{  ^ 
polygon  ABGDEy  Pig.  140,  we  divide  it  into  triangles  and  find  the 

statical  moments  in  reference  to  two  rectangular  axes  JT  JTand  Y  Y. 
If  the  co-ordinates  0  -4,  =  a;,,  0  A,=i  y„  0  Bi  =:  x„  0  B,=z 
ffff  etc.,  of  the  comers  are  given,  the  statical  moments  of  the  tri- 
angles A  B  Oy  B  G  Oj  C  D  Oy  etc.,  can  be  determined  very  simply 
in  the  following  manner.  The  area  of  the  triangle  A  B  0\%,9i> 
cording  to  the  remark  which  follows,  =  i),  =  ^  (or,  y,  —  x,  yj. 
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that  of  the  following  triangle  5  (7  0  is  =  A  =  1  (^«  y»  —  ^  y^> 
etc.,  the  distance  of  the  centre  of  gravity  oiABO  from  T  Yi&j 
according  to  §  109, 

_  a?i  +  a;,  +  0  __  a^  -f  a;, 
^  -  3"         ""  ~3~' 

and  that  from  X  X  is  =  Vi  =  ^  >  those  of  the  centre  of  grav- 
ity  of  the  triangle  B  C  Obxq 

t*,  =  -^— — ~  and  V,  =  ^   g  ^ ,  eta 

Multiplying  these  distances  by  the  areas  of  the  triangles  we  ob- 
tain the  statical  moments  of  the  latter,  and  substitating  the  values 
thus  found  in  the  formulas 

2>,  w,  +  A  w«  +  •  •      J  2>,  v,  +  A  Vj  +  . .  • 

^=      A+A  +  ..     "'^^'^     g.  +  i?.  +  ...  ' 

we  obtain  the  distances  u  =  0  Si  and  t;  =  0  /Si  of  the  required 

centre  of  gravity  fi'  from  the  axes  V  Y  and  X  X. 

If  we  divide  in  two  ways  a  polygon  of  n  sides  by  means  of  a  di- 
agonal into  a  triangle  and  a  polygon  of  {n  —  1)  sides,  and  then 
Join  the  centre  of  the  former  with  that  of  the  latter,  we  obtain  in 
this  way  two  lines  of  gravity,  whose  intersection  gives  the  centre 
of  gravity.  By  repeated  application  of  this  operation,  we  can  find 
by  construction  the  centre  of  gravity  of  any  polygon. 

Example. — ^A  pentagon  AB  0  D  E^  Fig.  140,  is  given  by  the  co-ordi- 

FiG.  140. 


nates  of  its  comers  A^  By  (/,  etc.,  and  the  co-ordinates  of  its  centre  of 
gravity  are  required. 
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Cb-crdinates 
given. 

DouUe  area  of  the  triangles. 

The  trii^e  co-ordi- 
nate of  the  centre 
of  gravity. 

The  sextuple  statical 
moment 

1 

X 

y 

II 
21 

-  9 
—12 

3«^« 

3  V. 

6Z>,w» 

6i>„v. 

24 

7 
-16 

—  12 

18 

24.  21  —  7.  11=427 

7  .15  +  21.16=441 

16.9+12.15=324 

12.  12+  18.9  —  306 

18.  11  +  24.12  =  486 

31 

-  9 

-  28 

+    6 

+  42 

32 

36 

6 

—  21 

—  I 

13237 

-3969 
-9072 

1836 

20412 

13664 

15876 

1944 

—6426 

-  486 

Total,           1984 

22444 

24572 

The  distanoe  of  the  centre  of  gravity  from  the  axis  F  Fis  therefore 

1    22444 
SB%  =  ^  =  8  •  1984  "^  ^''^'''^ 


and  fiom  X  X  it  is 


„„  1    24572      ^^^^ 

BB^  =«  =  g.^^^g^  =  4,128. 


Remabk. — If  C  A^  =  a?!,  C  Bi—  x^y  CA^  =  y^  and  CB^  =  y,  are  the 
co-ordinates  of  two  comers  of  a  triangle  A  B  C^  Fig.  141,  the  third  comer 
(7  of  which  coincides  with  the  origin  of  co-ordinates,  its  area  is 

Fig.  141.  JO  =  trapezoid  ABB^A^-\-  triangle 

CBB^  -  triangle  C^ulj 

=(H^)(— .)  +  ¥*- 

^1  Vi  _  ^t  y%  -  gg  Vi 
2   ■"        2       " 

The  area  of  this  triangle  is  there- 
fore the  difference  between  those 
of  two  other  triangles  GB^  A^  and 
C A^  B^y  and  one  co-ordinate  of 
one  point  is  the  base  of  one  trian- 
gle and  the  other  co-ordinate  is  the  altitade  of  the  second  triangle.    In 
like  manner  one  co-ordinate  of  the  second  point  is  the  altitude  of  the  first 
triangle  and  the  other  co-ordinate  is  the  base  of  the  second  triangle. 

§  113.  The  Centre  of  Gravity  of  a  Sector,  A  C  By  Fig. 
142,  coincides  with  centre  of  gravity  /S  of  the  arc  -4,  B^,  which  haa 
the  same  central  angle  as  the  former  and  whose  radius  C  Ai\s  two 
tiiirdB  of  that  CAoi  the  sector ;  for  the  latter  can  be  divided  by  an 


2U 


GENERAL  PRINCIPLES  OP  ICECHANICB. 


IS  114 


Fia.  143. 


infinite  number  of  radii  into  small  triangles,  whoBe  centres  of  gmrity 
are  eitnat^  at  a  dietance  ^m  the 
centre  C  equal  to  two  thirds  of  itk- 
dins;  the  continuons  saccession  of 
theae  centres  forma  the  arc  A,  M,  Bv 
The  centre  of  gravity  S  of  the  sector 
lies,  therefore,  upon  the  radius  which 
bisectfl  this  snr&ce  and  at  the  distance 

4   Bin,  i  0 

from  the  centre,  when  r  denotes  the  radius  of  sector  and  0  th« 
arc  which  measures  ita  central  angle  A  C  B. 

For  the  semicircle  /J  =  t,  mn.  -^  (3  =  sin.  90*  =  1,  whence 
14 


y  =  s —  r  =  0,4244  r,  or  approiimatiTely 
For  a  qttadrant  we  hare 

4    Vi  4f^ 

.  and  for  a  sextant 

_4     J_     _ 2 


33 


=  0,6008  r. 


gll4.  TbeCeatreof  Gravity  of  the  Sagment  of  a  Circle, 

ABM,  Fig.  143,  is  found  by  putting 
^^-  ***■  its  moment    equal  to    the    difierence 

of  the  moments  of  the  sector  A  CB  M 
and  of  the  triangle  ACS.  If  r  ia 
the  r&dius  C  A,3  ihe  chord  A  B  and 
A  the  area  of  the  segment  A  B  3f,we 
haye  the  moment  of  the  sector 

=  sector  multiplied  by  C  ^  = 

r.arc    chord 


*^' 


i"'. 


the  moment  of  triangle 

=  triangle  multiplied  hj  C  8t 

_8r' ^ 

~    3         12' 

and  consequently  ilie  moment  of  the  segment  A 
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Hence  the  required  distance  is  y  =  j^-^- 

For  a  semicircle  «  =  2  r  and  ^  =  ^  tt  r*,  and  therefore 


y  = 


8r* 


12 


as  we  have  already  fonnd. 


4j- 

2 

In  the  same  way  the  centre  of  gray-  . 
ity  iS  of  a  section  of  a  ring  A  B  D  E, 
Fig.  144,  can  be  found;  for  it  is  the 
difference  of  two  sectors  A  0  B  and 
D  C E.  Hthe  radii  are  (7^  =  r,  and 
C  E  =  Vi  and  the  chords  -4  -B  =  «i 
and  D  E  ^  Sf,  iTQ  have  the  statical 

moment  of  the  sectors -^7^  and 


8 


and  eonseqnently  that  of  the  portion  of  the  ring 
Jf  =  ^         ,  or  since  -  =  — , 

^  =  -*   —  ^*        '* 


/Jr.-      dr^^^fr^:^^^ 


3  r.' 

Theareaof  thepi'eeeof  thieriiigi8i^=  ^^^^ —  ^ 

in  which  /3  denotes  the  arc  which  measures  the  central  angle 
AG  B  ;  hence  the  centre  of  grayity  8oi  the  section  of  the  ring  is 
^teimined  by  the  formula 

01-.,-^  -TihTL   ?     *■     _  a  /r.'  -  r,\    chord 
^^-y-p-  ;rr— i  •  q-  r,p  ~  8  W  -  r.V  * 


arc 


=  J  and  r,  +  r,  =  2  r. 

EzAMFLB. — ^If  the  ndius  of  the  extrados  of  an  arch  is  r^  c=  5  feet,  and 
that  of  the  intrados  is  r,  =  8^  feet,  and  if  the  central  angle  is  /9^  =  180% 
the  distance  of  the  centre  of  gravity  of  the  front  surface  of  the  arch  from 
its  centre  is 


4  rin.  65^     5'  •-  8,5*  _  4  .  0, 
^       3  oreildO''  *  6*  -  8,5«  ""8.2, 
=  8,480  feet. 

15 


9068     125  -  42,875  _  8,6252  ,  82,125 
2680  •     25  -  12,25    ~  6,8067  .  12,75 
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(§  115.)  Detennination  of  the  Centre  of  Gravity  by  the 
Aid  of  the  Calculas. — The  detennination  of  the  centre  of  gravity 
by  means  of  the  calculus  is  accomplished  in  the  following  man- 
ner. Let  A  N  Py  Fig.  145,  be  the  given 
surface,  A  iV  =  a?  its  abscissa  and  NP  =  y 
its  ordinate.  The  area  of  an  element 
of  the  surface  is 

d  F ^  y  dx  (see  Introduction  to  the 
Calculus,  Art.  29)  and  its  moment  in  ref- 
erence to  the  axis  of  ordinates  ^   I^  is 

WM  .dF^AN.dF^xydx\ 
if  we  put  the  distance  L  8  =^  A  Koi  the 
centre  of  gravity  8  of  the  whole  surface 
^fipom  the  axis  -4  JJ  =  w,  we  have 

Fu  ^  f  xy  dxy 

C  Oft  91  d  X        f  X  'U  d  X 
and  consequently    1)  w  =  - — ^ —  =     ..  ^, — . 

Since  the  centre  or  centre  of  gravity  M  of  the  element  N  M  P 
is  at  the  distance  N  M  =z  ^y  from  the  axis  A  X,  the  moment  of 
rf  -Pin  reference  to  this  axis  A  Xia 


NM.dF=  iydF:=iy'dx; 

putting  the  distance  K  8  ^  A  Lot  the  centre  of  gravity  8  of  the 
whole  surface  jPfrom  the  axis  -4  JT,  =  v,  we  have 

Fv  =  f  iy^  dxy  and  therefore 

ox  ^  _  hfy'dx  _  ,  fy'dx 

B.a,  for  the  parabola,  whose  equation  is  y*  =  jp  a;  or  y  =  Vp  .a^^ 
we  have 

_  f  Vp  ,xkxdx  _^  Vpfa^dx_fx\dx 
fVp.a^dx  ""  Vpfx^dx^f^dx 

or  L8=AK=iANy  and,  on  the  contrary, 

,     fpxdx     _,     ^fxdx   _  ^     /-i^ 
""  "  ^  V^fx\dx  ■"  "  ^J^^lTx  -  *  <P  1 0:1 

=  I  VJx  =ziy, 
or 

K8=  AL-  ^NP. 


u  = 
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§  116.  The  Centra  of  Gravity  of  Ciinred  Stirface8.^The 
centre  of  gravity  of  the  curved  sorfaoe  (envelope)  of  a  cylinder 

AB  CD,  Fig.  146,  Ues  in  the  middle  8 of 
the  axis  M  N  of  this  body ;  for  all  the  ring- 
shaped  elements  of  the  envelope  of  the  cyl- 
inder, obtained  by  cntting  the  body  parallel 
to  its  base,  have  their  centres  and  centres  of 
gravity  npon  this  axis ;  the  centres  of  grav- 
ity form  then  a  homogeneous  heavy  line. 
For  the  same  reason  the  centre  of  gravity 
of  the  envelope  of  a  prism  lies  in  the  middle 
of  the  line,  which  unites  the  centres  of  gravity  of  its  bases. 

The  centre  of  gravity  8  of  the  envelope  of  alight  cone  ABC, 
Fig.  147,  lies  in  the  axis  of  the  cone  one-third  of  its  length  from 
the  base,  or  two-thirds  from  the  apex ;  for  this  curved  surface  can 
be  divided  into  an  infinite  number  of  infinitely  small  triangles  by 
means  of  straight  lines  (called  sides  of  the  cone).  The  centre  of 
gravity  of  all  these  triangles  form  a  circle  H  K,  which  is  situated 
at  a  distance  eqnal  to  two-thirds  of  the  axis  ftt)m  the  apex  C7,  and 
whose  centre  or  centre  of  gravity  8  lies  in  the  axis  C  M. 

Fig.  14a 


I 


The  centre  of  gravity  of  a  zone  A  B  D  E,  Pig.  148,  of  a  sphere, 
and  also  that  of  spherical  shell,  lies  in  the  middle  8  of  its  height 
M  N;  for,  according  to  the  teachings  of  geometry,  the  zone  has 
the  same  afea  as  the  envelope  F  O  H  Koib,  cylinder,  whose  height 
is  equal  to  that  M  N  of.  the  zone  and  whose  radius  is  equal  to  that 
C  0  of  the  sphere,  and  this  holds  good  even  in  the  ring-shaped  ele- 
ments obtained  by  passing  an  infinite  number  of  planes  parallel  to 
the  base  through  the  zone;  hence  the  centre  of  gravity  of  the  zone 
and  of  the  envelope  of  the  cylinder  coincide. 

Rkmabk. — ^Tbe  centre  of  gravity  of  the  envelope  of  an  oblique  cone  or 
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pyramid  b  to  be  fbnnd,  it  is  true,  ftt  a  distuice  trom  the  base  eqoa)  to  one- 
tfeird  of  the  altitude,  but  not  iB  the  right  line  joining  the  apex  to  the 
eentre  of  gravi^  of  the  periphei;  of  die  base,  mnce  by  cutting  the  en- 
velope parallel  to  tbe  latter  ve  diyide  it  into  rings  of  different  tiucknesseB 
on  different  ^des. 

§  117.  Centre  of  Gravity  of  Bodies. — The  centre  of  j^rity 
5  of  ft  prism  A  E,  Fig.  149,  is  the  centre  of  the  line  nniting  the 
centres  of  gravity  Jf  and  JVof  the  two  bases 
*^' *"*"■  A  D  and  O  K-f  for  by  pafising  planes  parallel 

to  the  base  through  the  body  we  divide  it 
into  similar  slices,  whose  centres  lie  in  M  N, 
and  whose  continuous  succession  form  the 
homogeneoQS  heavy  line  M  N. 

For  the  same  reason  the  centre  of  gravity 

of  a  cylinder  is  to  be  found  in  the  middle  of 

its  axis. 

The  centre  of  gravity  of  pyramid  AD  F,  Fig.  150,  lies  in  the 

Btraight  line  if  J' joining  the  apei  J"  with  the  centre  of  gravity  U 

of  the  base;  fot  all  slices  such  es  N  0  P  $  iJhave,  in  consequence 

of  their  similarity  to  the  base  ABODE,  their  centre  of  gravity 

apOQ  this  line. 

Fi6.  1B0.  .  Fio.  161. 


If  the  body  is  a  tnangular  pyramid,  like  A  B  C  D,  Fig.  151,  we 
can  consider  each  of  the  four  comers  as  the  apex  and  the  opposite 
side  as  the  base.  The  centre  of  gravity  is  therefore  determined  by 
the  intersection  of  the  two  straight  lines  drawn  from  the  comers 
D  and  A  to  the  centres  of  gravity  M  and  N  of  the  opposite  eorfoces 
AB  Cand  B  CD. 

If  the  right  lines  E  A  and  E  Dare  also  given,  we  have  (accord* 
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ixigto^l09)BM^iEAmAEN==  J  ED.    Jf  J\ns  therefora 
parallel  ix)  A  D  and«=  {AD,  and  the  triangle  M  N  Sis  similar 

to  the  triangle  DAS,  In  conae- 
qaence  of  this  similarity  we  have 
alaoMS  =  iD  8  or  DS=3M8 
ejiiMD  =  MS-^8D  =  ^M8, 
or  inversely  Jf /S  =  i  M  D.  The 
distance  of  the  centre  of  gravity 
of  a  triangular  pyramid  from  its 
base  along  the  line  joining  the 
centre  of  gravity  M  of  the  base  to 
the  apex  D  of  the  pyramid  is  equal 
to  one-fourth  of  this  line. 

If  the  altitudes  D  II  mi  8  0 
are  given  and  if  we  draw  the  line 
H  My  we  obtain  the  similar  triangles  D  H  M  and  8  O  My  in  which, 
as  we  have  just  seen,  8  O  ^  \  D  H.  We  can  therefore  assert  that 
the  distance  of  the  centre  of  gravity  of  a  triangular  pyramid  from 
its  base  is  one-fourth  and  from  its  apex  three-fourths  of  its  altitude. 
Finally,  since  every  pyramid  and  every  cone  is  composed  of  tri- 
angular pyramids  of  the  same  height,  the  centre  of  gravity  of  every 
pyramid  and  of  every  cone  lies  at  a  distance  from  the  base  equal  to 
one-fourth  of  the  altitude  and  at*a  distance  from  the  apex  equal  to 
tiiree-fourths  of  the  altitude. 

We  determine  the  centre  of  gravity  of  a  pyramid  or  of  a  cone 
by  passing  a  plane,  at  a  distance  from  the  base  equal  to  one-fourth 
the  altitude,  through  the  body  parallel  to  its  base  and  by  finding 
the  centre  of  gravity  of  this  section  or  the  point  where  a  line 
drawn  from  the  centre  of  gravity  of  the  base  to  the  apex  will  cut  it 

§  118.  H  we  know  the  distances  A  A^y  B  5„  etc.,  of  the  four 
comers  of  a  triangular  pyramid  A  B  C  Dy  Fig.  153,  from  a  plane 
H  Ky  the  distance  8  8i  of  its  centre  of  gravity  8  from  the  plane  is 
their  mean  value 

„„       AA,  +  BB,  +  CC,-\-DD^ 

8bi  =5  J , 

which  can  be  proved  in  the  following  manner.    The  distance  of 
the  centre  of  gravity  M  of  the  base  ABC  from  this  plane  is  (§  109) 


MM  =  ^^1  +  BB,^^  CC, 
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and  the  distance  of  the  centre  of  gravity  S  of  the  pyramid  ia 
^  &  =  MM,  +  i  {DD,  -  MMO, 


ID  which  D  J)tia  the  diBtauce  of  the  apex.     Combining  the  loet  tvo 
equations,  we  obtain 

The  distance  of  the  centre  of  gravity  of  four  equal  weights 
placed  at  the  corners  of  the  triangular  pyramid  is  also  equal  io  the 
arithmetical  mean 

A  A,  +  BB,  +  CO,  +  ni), 

y  = 4 ; 

consequently  the  centre  of  gravity  of  the  pyramid  coincides  with 

that  of  these  weights. 

RsafABK. — The  determination 
of  the  volane  of  b  triangular  pyra- 
mid from  the  coordinateo  iif  its 
corners  is  very  simple.  If  we  pass 
through  the  spei  0  of  such  a 
pyramid  A  B  O  0,  Fig.  164,  three 
co-ordinate  plaoes  X  T,X  Z,  T  Z, 
and  denote  the  distances  of  the 
comers  A,  B,  C  from  these  planes 

we  have  the  volume  of  the  pyramid 
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-which  is  foand  by  couatdering  the  pynunid  as  the  a^regate  of  four  ob- 
tiqnely  tmncated  prismB. 

The  dbtances  of  the  centre  of  gisTit;  of  this  pynmid  from  the  three 
Go-ordioate  places  rZ,XZaad  STtae 

§  119.  The  oentre  of  ginTit;  3  of  any  polyhedron,  sach  as 
A  B  CD  0,  Fig.  !{>{>,  can  be  fonad  by  calcnlatmg  the  statical 


moments  and  Tolmnes  of  the  triangnlar  pyramids,  snch  asABCO, 
B  C  D  0,  into  irhich  it  can  be  decomposed. 

If  the  dUtences  of  the  comers  A,  B,  C,  etc.,  from  the  co-ordinate 
planes  Y  Z,X  Z  and  X  Y,  passing  through  the  common  apex  0  of 
all  the  pyramids,  are  «,,  x^  ;t^  etc,  y„  y^  y„  etc.,  and  Xi,tt,'^  etc, 
ve  have  the  Tolnmea  of  the  Tarions  pyramids 

r,  =  ±  i(^iy.2.  +  *.y.2. +aiy, «.-?:, y« I,- x.y.ij-i^s''*')) 

F,  =  ±\{xryiZt-\-Xty,z,  +  Xty,Zt-a^y,Zt-x^y,Zt-Xty,x,), 
etc,  and  the  distances  of  their  centres  of  grarity  from  the  co-ordi- 
nate planes  are 

^  t,  +  x,  +  T,      ^  y,+s,  +  y,       ^  «■  +  «.  +  '. 
4  4  i 

4  4  4 

From  these  valnes  we  calculate  the  distances  u,  v,  u>  of  the 
centre  of  gravity  8  of  the  whole  body  by  means  of  the  formulas 
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Fi  «i  +  F,  «t  +  . . .      _  Fi  t>i  4-  F,  t>,  +  . . . 

F.  +   F.  +  .7^'  »  -  •— rr     .     ir     . 


F,  w,  +  F,  w,  -h  •.. 
w  =  — --= — -  ^ 


F,  +F,  +  ... 


Example. — ^A  body  A  B  C  D  0^  Fig.  156,  bounded  by  six  triangles,  i» 
detenuined  by  the  following  values  of  its  co-ordinates,  and  we  wish  to  find 
the  co-ordinates  of  the  centre  of  gravity. 


Given  Co- 
ordinates. 

The  sextuple  volume  of  the 

triangular  pyramids 
A  B  CO  and  i?  C D  O. 

Quadruple 

Co-orxC- 

nates  of  the 

Centres  of 

Gravity. 

Twenty-four  fold 
Sutical  Moments. 

X 

20 

y 
23 

9 

41 

-* 

-* 

24 
F«t/, 

24 

F.c. 

24 

F««. 

[20.29.281 

[20.40.80] 

6TI= 

28.80.12 

^^ 

23.28.45 

=  81072 

77 

92 

99 

2392544 

2858624 

8076128 

45 

29  30 

1 

.41.45.4oJ 

141.12.29. 

12 

40  28 

[45.85.28] 

45.40.20] 

6R= 

29.20.12 

*   *■■    « 

29J38.88 

=  17204 

95 

104 

78 

1634880 

1789216 

1341912 

38  35 

20 

30.8840 

[30.12.35 

Total  48276 

4026924 

46478404418040 

From  the  results  of  the  above  calculation  we  deduce  the  distances  of 
the  centre  of  gravity  8  of  the  whole  body  from  the  planes  YZ^  X  Z  and  X  T^ 


1 
«=  4 


^=4 

1 
t«=4 


4026924  _ 
"48276"  -  ^'^^' 

4647840  ^.  ^„^   ^ 
-48276  =  ^'^«^'  ^^^ 


4418040 
46276 


=  22,879. 


Rbhabk. — We  can  also  determine  the  centre  of  gravity  of  a  polyhedron 
by  dividing  it  in  two  ways  by  means  of  a  plane  into  two  pieces  and  by 
joining  the  centres  of  gravity  of  each  two  pieces ;  the  intersection  of  the  two 
lines  gives  the  required  centre  of  gravity.  Since  both  lines  are  lines  of 
gravity,  the  intersection  must  be  the  centre  of  gravity  of  the  whole  body. 
K  the  lx)dy  has  a  great  number  of  comers,  this  process  becomes  very  long, 
in  consequence  of  the  number  of  times  this  division  must  be  repeated. 
The  five-cornered  body  in  Fig.  155,  which  must  be  divided  in  two  ways 
into  two  triangular  pyramids,  has  its  centre  of  gravity  at  the  intersection 
of  the  lines  joining  the  centres  of  gravity  of  each  two  of  these  pyramids. 
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§  120.   The  centre  of  gravity  of  a  truncaied  pyramid  or  frus- 

turn  of  a  pyramid  A  D  Q  Ny  Fig.  156, 
lies  in  the  line  0  M  joining  the  centres  of 
gravity  of  the  two  (parallel)  bases.  In  or- 
der to  determine  the  distance  of  this  point 
from  one  of  the  bases  we  must  calculate 
the  Yolumes  and  moments  of  the  complete 
pyramid  A  D  /'and  of  the  portion  NQ  Fy 
which  has  been  cut  away.  K  the  areas 
of  the  bases  A  D  and  iV  Q  are  =  Ox  and 
0^  and  if  the  perpendicular  distance  be- 
tween them  =  hy  the  height  x  of  the  por- 
tion of  the  pyramid,  which  is  wanting,  is 
determined  by  the  formula 

ff,  _  (*  +  xy 

0,  a?      ' 


▼henoe 


X 


VGr-  vg: 


and  A  +  «=  v^,  _  Vg; 

The  moment  of  the  whole  pyramid  in  refeienoe  to  ita  base  ia 

Gy (A  +  X)     h+x  _1^      ^'  g,' 
3         *      4     ~  12  ( ♦^G.  -  VGtY' 
and  that  of  the  part  of  pyramid,  that  is  wanting,  is 

G,xf-      *\       1       ***^W  1  *' 


G,* 


\*  '•"i/  ~  3  Vg,-  ■/e.  "^  I2  •  ( V^ -  VG,f 

hence  the  moment  of  the  troncated  pyramid  is 

y  (g.*  -  4  g.  VGTGi  ■<-  3  g.*)       y  

12  (g,  -  2  l^grg.  +  gj      -  13  •  (»•  +  »  ^'G',  g.  +  3  g,). 

Now  the  contents  of  the  truncated  pyramid  aie 


r={G,  +  VG^G»+Gt)p 

and  tiiersfoie  the  distance  of  the  centre  of  gravity  8  from  the 
iMseis 
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_  0,  +  2   VGT^,  +  3  g,     h 
*  0,  +  VW,G,  +  0,       ■  *■ 

The  distance  S,  S  of  this  point  from  the  plane  JT  L,  passing 
through  the  middle  of  the  body  parallel  to  ite  base  and  dividing  its 
height  into  two  equal  parts,  is 

A_    ^ [a (g.  +  *'o,~o,  +  g.)-(Oi + a VGrQl+  3 g.)l h 
3     *  g,  +  VoTg.  +  g.  * 


/         g.  -  g,        \  A 

^g,  +  /g7g7+  gJ  *' 


If  the  radii  of  the  bases  of  Afruatum  of  cone  are  r,  and  r^  or 
g,  =  IT  r*  and  g,  =  w  r.',  we  have 

.,  _  r,*  +  2  r,  r,  +  3  r,'     A 


ri"  +  r,  r,  +  r,' 
f  1*  -  *•.'  ^ 


;  and 


*'      n'  +  r,  r,  +  r,'     4 
ExAMFLB. — The  centre  of  greTit;  of  a  trancated  cone  whose  altitade 
is  A  =  30  inches  and  whoee  radii  are  r  =  13  inches  and  r,  =  8  inches  lies, 
as  is  always  the  case,  in  the  line  joining  the  centres  of  the  bases,  and  at  a 
distance 

.      13'  +  a.l2.8 +  8.8'      6.588      8M0       ^.„,.    ^ 

from  the  greater  base. 

§  121.  An  (AdisJc,  I.E.,  a  body  A  0  0  Q,  Fig.  157,  bonnded 
by  two  dissimilar  rectaagnlar  bases  and  by  four  trapezoids,  can 
be  decomposed  into  a  parallelopipedon 
A  F  R  P,  into  two  triangular  prisms 
E  H  R  Q  6.n^  G  KR  0  and  into  a 
fonr-sided  pyramid  HK  R.  By  the  aid 
of  the  moments  of  these  component 
parts  we  can  find  the  centre  of  gravity 
of  the  whole  body. 

It  is  easy  to  see  that  the  right  line 
joining  the  middle  of  one  base  to  that 
of  the  other  is  a  line  of  gravity  of  the 
body ;  we  have,  therefore,  but  the  distance  of  the  centre  of  gravity 
from  one  of  the  bases  to  determine.  Tjet  us  denote  the  length 
B  gand  the  width  .i  5  of  one  base  by  I,  and  b„  and  the  length 
Q  R  and  the  width  P  ©  of  the  other  base  by  U  and  S»  and  the 
height  of  the  body  or  the  distance  of  the  bases  apart  by  A.    The 
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contents  of  the  panJlelopipedon  are  then  =  b^  U  A,  and  its  moment 
is  i,  2,  A  .  ^  =  ^  J,  ;,  h\  The  contents  of  the  two  triangular 
prisms  are 

and  their  moments  are 

=  ( [*i  -ij^i  +  Ui  -  y  *»)  2  '  3» 
and  finally  the  contents  of  the  pyramid  are 

=  (*i  -  JO  (ii  -  h)  I 

and  its  moment  is 

From  the  above  we  deduce  the  Tolnme  of  the  vhole  body 

=  (^  Ji  ^1  +  2  it  2|  +  i,  Z,  +  Zi  ii)  -^y  its  moment 

=  (3  *,  Z,  +  ^  Z|  +  J,  t  +  J,  ?.)  ^ 

and  the  distance  of  its  centre  of  gravity  8  from  the  base  fti  ^ 

Ji  Zi  +  3  Ja  Zj  +  Jj  Zs  +  J«  Zi      A 

^  "■  2  J|  Z,  +  2  J,  Z,  +  *i  Z,  +  M,  •  2' 
We  can  also  put  (see  the  "Planimetrie  und  Stereometric  **  of 
G.  Koppe) 

TT—  J'  "^  J«   Zi  +  Zg    ,      fti  —  ft>   Zi  —  Z»   A 
•^^       2      •2''*"^       2'2'3- 
The  distance  yi  of  the  centre  of  gravity  from  the  cross  section 
through  the  middle  is  determined  by  the  formula 

h         t\l\  —  fttZf  , 

^'  ~  2  "^  ~  3  (J.  +  *.)  (I,  +  Z.)  +  (J.  -  h)  {h-U) 

Remajeix. — ^This  formula  is  also  applicable  to  bodies  with  elliptical 
basea  If  the  semi-axes  of  one  base  are  a^  and  \  and  those  of  the  other 
a,  and  &,,  the  volume  of  such  a  body  is 

and  the  distance  of  its  centre  of  gravity  from  the  base  tt  a^  \  is 

_    fl^  ftj  +  8  q,  5g  4-  ai  ^g  +  g,  &i      A 
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ExAMFLB.— If  the  embankment  A  C  0  Q,  Fig.  158,  for  a  dam  is  20  feet 
high,  260  feet  long  and  40  wide  at  the  bottom,  and  400  feet  long  and  15 

Fig.  158. 


feet  wide  on  top,  what  is  the  distance  of  its  centre  of  gravity  from  its  base  t 
Here  h^  =  40,  2^  =  250,  \  =  16,  Ig  =  400,  and  h  =  20,  and  consequently 
the  distance  is 

40  .  260  +  8  .  15  .  400  +  40  .  400  +  15  .  250      20 


y  = 


2  .  40  .  250  +  2  .  15  .  400  +  40  .  400  +  15  .  250  •  2 


4775 
5175 


10  =  ^  =  9,227  feet 


§  122.  If  the  circular  sector  A  CD,  Fig.  159,  is  revolved  about 
its  radius  C  Dy9k  spherical  sector  A  C  B  is  generated,  the  centre 

of  gravity  of  which  can  be  determined  in 
the  following  manner.  We  (jan  consider 
this  body  as  the  aggregate  of  an  infinite 
number  of  infinitely  thin  pyramids,  whose 
conmion  apex  is  the  centre  C  and  whose 
bases  form  the  spherical  zone  ADB.  The 
centres  of  gravity  of  each  of  these  pyramids 
are  situated  at  a  distance  equal  to  |  of  the 
radius  C  D  ot  the  sphere  from  its  centre 
(7,  and  they  form  a  second  spherical  zone 
J,  A  B,,  whose  radius  (7  i>,  =  j  CD. 
The  centre  of  gravity  of  this  curved  surface  is  also  that  of  the 
spherical  sector ;  for  the  weights  of  the  elementary  pyramids  are 
equally  distributed  over  this  surface^  which  is  therefore  every- 
where equally  heavy. 

If  we  put  the  radius  CA  =  CD  =  r  and  the  altitude  D  Jf  of 
the  exterior  zone  =  A,  we  have  for  the  interior  zone  C  Di  =  }  r 
and  ifi  A  =  I  *,  and  consequently  (§  116)  8 Di=  i  MiDi  =  ih, 
and  the  distance  of  the  centre  of  gravity  of  the  spherical  sector 
from  the  centre  C  is 

C8=CD,^SD^  =  ir-•ih  =  i(r--^. 

For  a  hemisphere  r  =  7t,  and  therefore  the  distance  of  its  centre 
of  gravity  8  from  the  centre  C7  is  ^ 
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§  123.  We  obtain  the  centre  of  gravity  iS^  of  a  spherical  seg- 
ment A  B  Dj  Fig.  160,  by  putting 
the  moment  of  the  segment  equal 
to  that  of  the  spherical  sector 
A  D  B  C  less  that  of  the  cone 
ABC.  Denoting  again  the  radius 
C  D  of  the  sphere  by  r  and  the 
altitude  D  M  hj  h,  we  haye  the 
moment  of  the  sector 
=  I TT  r"  A .  i  (2  r  -  A)  =  i  ff  r'  A  (2  r  ~  *), 
and  that  of  the  cone 

=  i  TT  A(2  r  -  A) .  (r  -  A) .  |(r  -  A)  =  i  TT  A  (2  r  -  A)  (r  «  A)'; 
hence  the  moment  of  the  segment  is 

Fy  =  i  TT  A  (2  r  -  A)  (r*  -  [r  -  A]*)  =  i  TT  A'  (2  r  -  A)'. 
The  contents  of  the  segment  are 

F  =  4  TT  A'  (3  r  -  A), 
and  consequently  the  required  distance  is 

If  we  put  again  A  =  r,  the  segment  becomes  a  hemisphere,  and, 
as  before,  we  have  C  S  =^  i  r. 

This  formula  is  also  true  for  the  segment  AiD  B^ofA  spheroid 
generated  by  the  revolution  of  the  arc  Z>  u^j  of  an  ellipse  about  its 
major  axis  (7Z>  =  r;  for  if  we  cut  the  two  segments  by  means  of 
plimes  parallel  to  the  base  A  B  into  thin  slices,  the  ratio  of  the 

corresponding  shoes  is  constant  and  =  :=:  =  =--  =  — i,when 

MA'       CE"       r' 

i  denotes  the  smaller  semi-axis  of  the  ellipse.    We  must  multiply 
not  only  the  volume,  but  also  the  moment  of  the  spherical  segment 

by -"5  to  obtain  the  volume  and  moment  of  the  segment  of  the 

spheroid,  and  therefore  the  quotient  (7  iS  =  -  , is  not  changed. 

In  general  we  have  C  S  ==  y  =  i  J  '^^^y  ^^  which  r  de- 
notes that  semi-axis  about  which  the  ellipse  is  revolved,  when  gen- 
erating the  spheroid. 

§  124.  Application  of  Simpson's  Rnle.— In  order  to  find 
the  centre  of  gravity  of  an  irregular  body  A  B  C  Dy  Fig.  161,  we 
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divide  it,  by  means  of  planes  equally  distant  from  each  other,  into 
thin  slices  and  determine  the  area  of  the  oroea  Bectiona  thus  ob- 
tained and  their  moments  in  reference  to  the  firat  parallel  plane 
A  B,  which  aerrea  as  base,  and  we  then 
Fw.  161.  combine  the  latter  by  means  of  Simpson's 

mle. 

If  the  areas  of  the  crosa-sections  are 
F„  F»  F„  Ft,  F.  and  the  total  height  or 
distance  M  JV  between  the  two  parallel 
planes  farthest  apart  =  A,  we  have,  ac- 
cording to  Simpson's  rule,  the  Tolume  of 
i,  J    the  body 

V=  (F,+  iF,+^F,  +  iF,  +  F,)  ^. 
Multiplying  in  this  formola  each  snr&ce  by  ita  diatance  from 
Its  base  we  obtain  the  moment  of  the  body,  viz., 

Vy  =  {0 . Fo  +  l.iF,  +  2.2 F,  +  3.iF,  +  i F,)-^.  ^, 
and  dividing  the  last  equation  by  the  firat  we  obtain  the  reqnired 
distance  of  the  centre  of  gravity  3 

{O.Ft  +  1.4:F,  +  2.2F,  +  3.iF,  +  JF,)  A 
Ft  +  iF,  +  2F,  +  iFt  +  Ft  4* 

If  the  number  of  ahcea  =  6,  we  have 

_  <i.Fti-l.iF,+2.2F,+3.iF,+i.2F,  +  5.iF,+  6F,    A 
*  ~  Ft  +4:  F,  +  ZFt  +  iFt  +  ZFt+  iFt  +  F,  '6' 

It  is  eaey  to  see  bow  this  formula  raries,  when  the  number  of 
slices  is  changed.  The  rule,  however,  requires,  that  the  number  of 
slices  shall  be  an  even  one,  or  the  number  of  surfacea  an  uneven  one. 
In  many  cases  we  need  determine  but  one  distance,  aa  a  line  of 
gravity  ia  also  known.  Solids  of  rotation  formed  upon  the  turn- 
ing lathe  are  very  common  examples  of  such  bodies.  Their  axis 
of  rotation  is  a  line  of  gravity. 

This  formula  is  also  applicable  to  the  determination  of  the 
centre  of  gravity  of  a  aurface,  in  which  case  the 
Fia.  163.  cross  sectione  Fo,  F„  Fh  etc,  become  lines. 

BxAKFiA  1.  For  the  parabolic  coooid  ABC,  Fig. 

163,  formed  by  the  revolution  of  a  portion  A  B  Mot 

a  parabola  aboat  its  axis  ^  jV,  we  obUun,  when  we  make 

^  but  one  section  iJiPftbrough  the  middle,  the  following. 

I  Let  the  altitude  4  Jf  =  ft,  the  radius  B  M  =  r, 

AIf=2fif=  g  and  consequently  the  radius  D  N 

0       =  r  V^.    The  area  of  the  section  tLrongh  AiBFf  =  0, 


MS=y=i 
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thit  throngli  N  F^  =  tr  S~N*  =  "^  and  that  throngh  M,F,  =  itr 
Hence  it  foUowB  that  the  volume  of  tliia  body  is 

V  =  \(0  +iF,  +  F,)  =  ~ViiTr'  +  *T^  =  i*r'h  =  iFth, 
and  that  ita  moment  is 

Fy  =  ^  (1  .  3  «  *-  +  a  «  f^  =  J  IT ,-  A'  =  t  y.  A'. 
Conieqnently  the  distance  of  the  centre  of  granty  8  horn  the  vertex  is 

Fro.  168.  Via.  164. 


ExAMFLB  S.  The  mean  half  vidths  of  the  vessel  AS  CD,  Fig.  164, 
are  r,  =  1  inch,  r^  =  1,1  inches,  r,  =  0,9  inches,  p,  =  0,7  inches,  and  r, 
=  0,4  inches,  and  ita  height  MIf=  8,8  inches;  reqnired  the  centre  of 
gravitj  of  the  space  within  it  The  cross  sections  are  J'',  =  1  t, 
F,  =  1^1  n.  Ft  =  0,81  T,  F,  =  0,49  ir  and  F^  =  0,16  tt,  and  therefore 
the  distance  of  its  centre  of  gravity  irom  the  horizontal  plane  A  Bia 
MS-  P-l'f  +  1  ■4.1.21  J  +  2.2.0.81  t,  +  B.4.  0,49 it  +  4.0,16. it  2,5 
~  1  ff  +  4 . 1,21  IT  +  2. 0,81  IT  +  4  .  0,49  ir  +  0,16 .it  '4 

14,60     2,5      36,50      „  „,„„ .    . 

=  -9;5r-i-  =  ^  =  '*'*"""'"'*''^ 

2S 
The  vacant  space  in  the  vessel  IB  F=9,S8ir.~  s  6,270  cubic  inches. 

(g  125-)  Setannination  of  the  Centre  of  Gravity  of  Sur- 
faces and  Solids  of  Rotation. — The  centre  of  gravity  of  carved 
Via.  165.  snrfacee  and  of  bodies  with  curved  sur- 

faces can  bo  determined  genDrally  by  the 
aid  of  the  calculus.  In  practice,  solids 
and  surfaces  of  rotation  occur  moat  fre- 
quently, and  we  will  therefore  hero  treat 
^  only  of  the  determination  of  the  centre 

of  gravity  of  these  forms.  If  the  plane 
curve  A  P,  Fig.  1C5,  revolves  about  its 
axis  A  C,  it  describes  a  so-called  surface 
of  rotation  A  P  Px;  and  if  the  sur&ce 
A  P  M  bounded  by  the  curve  A  P  and 
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its  co-ordinates  A  M  and  M  P  \a  revolved  abont  the  same  axis  a 
solid  of  rotation  bounded  by  a  circular  surface  P  M  P^  and  by  a 
surface  of  rotation  A  P  Py\B  produced. 

If  we  denote  the  abscissa  A  Mhj  x,  the  corresponding  ordinate 
by  y  and  the  corresponding  arc  ^  P  by  Sy  and  also  the  element 
M  Ji  =  P  R  of  the  abscissa  by  d  Xy  the  element  Q  R  of  the  ordi- 
nate hj  d  y  and  the  element  P  Q  of  the  curve  by  d  8,  we  have  the 
area  of  the  belt-shaped  element  P  Q  Q\  P\  generated  by  the  revo- 
lution of  d  8,  when  we  put  the  surface  of  rotation  A  P  Pi  =z  0, 

dO=:2n.PM.PQ  =  2nyd8y 

and^  on  the  contrary,  the  contents  of  the  element  of  the  solid  of  ro- 
tation A  P  Pi  =  V,  limited  by  this  element  of  the  surface,  are 

d  r=:nPld^.MN='rTfdx. 

Since  the  distance  of  both  elements  from  a  plane  passing 
through  A  at  right  angles  to  the  axis  A  Ois  equal  to  the  abscissa 
X,  the  moment  of  (f  0  is 

xd0^2nxyd8, 
and  that  otd  Vis 

xd  F=  nxy'  dx. 
Now  since 

0=if2nyd8  =  2n/yd8  and 
r=  fny'dx^nf^dx, 

and  since  according  to  the  above  formulas  the  moment  of  0  is 

/2nxyd8==2n/xyd8y 
and  that  of  Fis 

/  n  xy^  dx  =  n  f  x y*  d x, 

it  follows,  that  the  distance  A  8=  yof  the  centre  of  gravity  iSfrom 
the  origin  A  is 

1)  for  surfaces  of  rotation 

""    2'rT/yd8    "^  / y d ^ 
and,  on  the  contrary, 

2)  for  solids  of  rotation, 

^n  fx  y^  dx  _^  fxy^dx 

""    T^Sy^dx    ""    fy*dx' 

B.G.,  for  a  spherical  zone  whose  radius  O  Q  =  rwe  have,  since 

PQ       CQ^^ds        r 
PRQNdxy^ 
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A  8=  u  = 


fx  r  dx  _  f  xdx  ___  \^  ^ 
frdx    ""   /dx  ""    a?    ""  ^ 


x=^^AM. 


(Compare  §  116.) 

For  a  segment  of  a  sphere,  on  the  contrary,  we  have,  since  we 
can  pnt  jf*  =  2r  x  —  x\ 

.  o  _     _  f{2rx-x*)xdx  _  f^r^dx-  f^dx 
f{^rx'-:j^)dx    ^  fStrxdx-  S^  dx 


ro^  — 


^^  r-ix 


? 


_  /8  r  -  3  a?\  a? 
""\3r-a?/4' 


and  consequently 


CS=r-u=i 


^.  =  i(?JLZL^ 


Sr  —  x 


(Compare  §  123.) 


§  126.  Properties  of  Gnldintis,— An  interesting  and  often 
very  useful  application  of  the  theory  of  the  centre  of  gravity  is 
the  properties  of  Guldinus  (Fr.  methode  centrobarique,  Ger.  die 
Ouldinische  Regel).  According  to  these  the  contents  of  a  solid 
of  rotation  (or  the  area  of  a  surface  of  rotation)  is  equal  to  the 
product  of  the  generating  surface  (or  generating  line)  and  the 
space  described  by  its  centre  of  gravity  while  generating  the  body 
(or  surface).   The  correctness  of  this  rule  can  be  proved  as  follows : 

If  a  plane  surface  A  B  D,  Fig.  166,  is  revolved  about  an  axis 
XJ;  every  element  JP„  F^,  etc.  of  it  describes  a  ring;  if  the  dis- 
tances of  these  elements  F^,  F^,  etc.  from  the  axis  of  rotation 

XX  are  F^  JT,,  F,  X^  etc.  =  n,  r„  etc., 
and  if  the  angle  of  rotation  ib  F  K  F^ 
=  iS  CiSi  =  a'  or  the  arc  correspondiug 

jp^  to  the  radius  1,  =  a,  the  arc- shaped 
paths  described  by  the  elements  are 
ri  a,  r,  a,  etc.    The  spaces  described  by 

Bi  the  elements  -F,,  F^,  etc.,  can  be  re- 
garded as  curved  prisms  whose  alti* 
tudes  are  n  a,  r,  a,  etc.,  their  contents 
are  therefore  F^  r,  a,  F^  r,  a,  etc.,  and 
consequently  the  volume  of  the  whole  body  A  B  D  D^B^AyiB 

V-  F,r,a  ^-  F,r,a -{■..,.  =  {F,r,  +  F^r,  -¥...)  a, 
16 


Fig.  166. 
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If  y  =  C8  is  the  distance  of  the  centre  of  gravity  8  of  the  gen- 
erating surfEU^e  from  the  axis  of  rotation,  we  have 

(F,  +  JP,  +  ...)y  =  ^1^1  +  -^s*"*  +  •••* 

and  consequently  the  volume  of  the  whole  body 

But  Fi  -{•  Fi  •{-.,,  IB  the  area  of  the  surface  F,  and  y  a  is  the  arc 
S  Si  =  w  described  by  the  centre  of  gravity;  hence  it  follows 
that  V  =  Fwy  which  is  what  was  to  be  proved. 

This  formula  is  also  applicable  to  the  case  of  the  rotation  of  a 
line,  since  the  latter  can  be  considered  as  a  surface  of  infinitely 
small  width.  In  this  instance  we  have  F  =  I  w,  i.£.  the  surface 
of  rotation  is  the  product  of  the  generating  line  {I)  and  the  space 
{w)  described  by  its  centre  of  gravity. 

Ex  AMPLE  1.  If  the  semi-axes  of  the  elliptical  cross  section  ABED, 
Pig.  167,  of  a  half  ring  are  0  A  —  asxid  C  B  =  ft,  and  if  the  distance  CM 

of  its  centre  C  from  the  axis  X  X  =  r,  the  elliptical  generating  surface 
will  he  F  =  TT ah,  and  the  space  described  by  its  centre  of  gravity  (C) 
will  be  w  =  Trr.  Hence  the  volume  of  this  half  ring  is  F  =  tt*  a  5  r,  and 
that  of  the  whole  ring  is  Fj  =2  V=  2  ir^  ahr. 

If  the  dimensions  are  a  =  5  inches,  5  =  8  inches  and  r  =  6  inches,  the 
volume  of  one-quarter  of  the  ring  is 

i  .  9r' .  5  .  8  .  6  =  9,8696  .5.9  =  444,182  cubic  inches. 


Example  2.  The  volume  of  a  ring  with  the  semi-circular  cross  section 
A  B  D,  Pig.  168,  is,  when  CA=  C  B  =  a  denotes  the  radius  oi  this  cross 
.section  and  M  C  :=.  r  that  of  the  hollow  space, 

F=^.2  7r(r  +  —^  =  fra'(^r +  f  a). 

Example  3.  If  the  segment  of  a  circle  ABB,  Pig.  169,  revolves  about 
the  diameter  j&  i^ parallel  to  its  chord  A  B,  it  describes  a  sphere  AB^B 
with  a  cylindrical  hole  ABB^A^vo.  it.    If  A  is  the  area  of  the  segment 
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ud(  the  IsDgth  of  its  chord  J  £  ~  A,  S,,  we  have  ({114)  for  the  distance 
of  its  centre  of  gravity  8  from  the  centre  0 

uid  cmiseqaenti;  tbe  volume  of  the  sphere  with  the  cylindrical  bole  is 

For  a  complete  sphere  we  have  the  chord  or  height  of  the  hole  equal  to 
the  diameter  d  of  the  sphere,  and  consequently  its  volnme 


ExAMFi^  4.  We  are  required  to  find  the  areft  of  the  surface  and  the 
contents  of  the  cupola  ADB,  Fig.  170,  of  a  cloistered  arch,  when  the  half 


width  XA  =  XB=  a  and  the  altitade  jrD  =  A  are  given.    From  the 
two  given  dimensions  we  obtain  the  raditu  0  A  =  0  D  ot  the  generating 


The  central  angle  AOD  =  aia  given  by  the  formula 


The  centre  of  gravity  dofanan;i>^i>,  =2.^2>is  determined  by 
the  distutces 

chord  M  D      r  tin.  a      ,  „  .. 

~McA~D~~ ^^  OM=reot.  a; 

consequently  the  distance  of  the  centre  of  gravitj  8  from  the  axis  3fD  is 
„  „      r  tin.  a  /tin.  a  \ 

M8  = row.  a  =  r  I om.  al, 

a  \    a  r  ^ 

and  the  space  deeciibed  by  the  centre  of  gravity  in  describing  the  surface 


p  =  3  irr 


1 eo*.  aV 
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The  generatrix  D  A  D^  ib  2  r  ti,  consequently  its  half  is  J.  i>  =  r  a,  ieuid 
the  surface  of  rotation  A  D  B  generated  by  the  latter  is 

0  =  r  a .  2  n-  rl — "- eo9.a\  ==  2  ir  r"  (tin,  a-^aeos,  a). 

Very  often  we  have  a°  =  60°,  or 

a  =  ^)  ^^'  a  =  }  V8  and ow.  a  =  -)-; 
hence  the  required  area  is 

0  =  ffr«  (V8  -  g)  =  2,1615  .  r". 

The  distance  of  the  centre  of  gravity  of  the  segment  D  AD^  =zA=st* 
(a  —  iiiih  2  o)  fix>m  the  centre  C  is 

_  (2,  MP)*       2   r* Hn* a 
"■       12^      ~3'       A     ' 

and,  therefore,  its  distance  firom  the  axis  is 

,^o       r.c      ry^^      2  r» «n.»  a 

M8=  CS—  CM=  g  — -^ reos.a, 

and  the  Bpace  described  by  this  centre  of  gravity  in  one  revolution  around 
ifDis 

2  ttT  2  tt  t^ 

w  =  —J-  (f  r" «n.* a  —  Ajoa».  a)  =  —7—  [f  9in*  a  — {a  —  ^nn.  2  a)co9.a]. 

The  volume  of  the  body  generated  by  the  revolution  of  the  segment 
D  A  D^  is  found  by  multiplying  this  space  by  A^  and  the  volume  of  the 
cupola  by  dividing  the  last  product  by  two.      The  latter  volume  is 

F=  wr*  [f  m.'  a  —  ia^^ sin,  2  a)  eoi.  a] 
ILG.,  if  o**  =  60°,  we  have 

a  =  ^,  dn.  a  :=^  v8,  Mn.  2  a  =  ^  \^,  OM.  a  =  ^  and  therefore 
F=  ff  f  (#  V8  -  g)  =  0.8966  .  r». 

§  127.  The  properties  of  Guldinus  are  also  applicable  to  bodies 
formed  by  the  motion  of  the  centre  of  gravity  of  the  generating 
surface  along  any  curve,  as  long  as  the  surface  remains  at  right- 
angles  to  the  curve ;  for  every  curve  can  be  regarded  as  composed 
of  an  infinite  number  of  infinitely  small  arcs  of  circles.  The  vol- 
ume of  the  body  is  here  also  equal  to  the  product  of  the  generating 
surface  and  of  the  space  described  by  its  centre  of  gravity.  The 
properties  can  also  be  made  use  of,  when  the  generating  surface  in 
moving  forwards  is  always  at  right  angles  to  the  projection  of  the 
path  of  its  centre  of  gravity  upon  any  plane.  In  this  case  the 
generating  surface  is  to  be  multiplied  not  by  the  space  described, 
but  by  its  projection. 
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Heoo^  for  example,  the  volnme  of  one  tani  of  the  thread 
A  H  K,V\^  171,  of  a  screw  is  de- 
*^-  •'^-  termined  by  the  product  of  ita  crosa 

aectioD  A  B  D  E  hj  ih«  circum- 
ference of  the  circle,  whose  radiae 
is  the  distance  if  iS  of  the  centre 
of  gravity  S  of  the  surface  ABDB 
from  the  axis  C  Mot  the  screw. 

In  many  cases  we  can  combine 
the  ose  of  the  propertieB  of  Guldi- 
nns  with  that  of  S^pson's  rale. 
E.O.,  to  find  the  contente  of  the 
curved  embaukment  Atl>„  B,  D,  A„ 
Pig.  178,  we  need  only  know  the  central  angles  S^  CS^  =  2  At  CS, 
=  8  ^  C  iS;  =  ft  the  cross  aectiona  A,  D,  =  Ft,A,D,  =  F„AtD, 


=  F,  and  the  distances  CS,  —  r„  C  S,  ==  r,aai  C  S,  =  r,  of  the 
centres  of  gravity  8^  S,  and  St  of  these  cross  eectiona  from  the  cen- 
tral axis  ex.  The  Tolame  Fof  the  body  is  determined  by  the 
formula 


r  =  , 


(F,  rt  +  i  F,r,  +  F,  r,\  _  P*  ^  (F,  r,  +  4  F,  r,  +  F,  r,\ 


r A  _P'^{F 
I  "  180* A 


=  0,01745  (3* 


(F,  r,  +  iF,rt  +  F,  r,\ 


If  the  radii  r*,  r,  and  r ,  are  eqnal  to  each  other,  or  if  they  differ 
bnt  little,  we  can  put  r,  =  r,  =  r,  =  r  and  therefore 


g  128.  The  following  is  imother  spplicatioD  of  the  theory  of 
the  centre  of  gravity,  which  is  closely  allied  to  the  foregoing. 
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We  can  assume  that  every  obliquely  truncated  prietnatic  body 

A  B  K  L,  Fig.  173,  is  composed  of  infinitely  thin  prisms,  such  as 

jPi  0,,    If  Qi,  0„  etc,  are  the  bases  and 

lit  fh,  etc,  the  altitades  of  these  prismatic 

elements,  we  have  the  cont£nts 

ff,  A„  (7,  Ae  etc  ' 

and  consequently  the  volume  of  the 
whole  obliquely  truncated  prism 
V=  G,h,  +  0,fh  +  .... 
Now  an  element  F,  of  the  oblique 
section  jS*  Z.  is  to  the  element  Ot  of  the 
base  A  B  =  Oaathe  whole  obliqtie  sur- 
iace  .^  is  to  the  base  G ;  hence  we  have 


e,  =  |j?„o,  =  |netc«ia 

r=^(F,h,  +  F,h,  +  -.). 

Finally,  since  ^  A,  +  j;  J,  +  . . .  is  the  moi 
lole  oblique  section,  we  can  put 

F=^.Fh=Oi, 

I.S.,  the  voluTM  of  an  obliquely  truncated  prism  is  equal  to  the  volums 
of  a  complete  prism,  which  stands  on  the  same  base  and  whose  alti- 
tude is  equal  to  the  distance  8  0  of  the  centre  of  gravity  8  of  the 
oblique  section  from  the  base. 

The  distance  of  the  centre  of  gravity  of  the  oblique  section  of  a 
right  triangular  prism,  which  is  truncated  obliquely,  from  the 
base  is  > 

A  =  ^   +  At  +  ^ 

and  conseqaently  the  volume  of  this  prism  is 
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CHAPTER   III. 

EQUILIBRIUM  OF  BODIES  RIQIDLT  FASTENED  AND  SUPPORTED. 

§  129.  Method  of  Fastening. — The  propositions  relative  to 
the  equilibrium  of  rigid  systems  of  forces,  demonstrated  in  the  first 
chapter  of  this  section,  are  applicable  to  solid  bodies  subjected  to 
the  action  of  forces,  when  we  consider  the  weight  of  the  body  as  a 
force  applied  at  the  centre  of  gravity  and  acting  vertically  dotcn- 
wards. 

Bodies,  which  are  held  in  equilibrium  by  forces,  are  capable  of 
moving  freely,  lb.,  they  can  obey  the  influence  of  the  forces,  or 
they  are  in  one  or  more  points  rigidly  fiastened,  or  they  are  sup- 
ported hy  other  bodies. 

K  a  point  C,  Fig.  174,  of  a  solid  body  is  rigidly  fastened,  any 

Fig.  174 


other  point  P  of  the  body,  when  put  in  motion,  will  describe  a  path, 
which  lies  upon  ttie  surface  of  a  sphere,  whose  centre  is  the  fixed 
point  C  and  whose  radius  is  the  distance  C  P  of  the  other  point 
from  C.  If,  on  the  contrary,  we  fiELsten  a  body  in  two  points  0 
and  -D,  the  paths  described  by  all  other  points  in  consequence  of 
any  possible  motion  would  be  circles ;  for  the  path  of  each  point  is 
the  intersection  0  P  Q  of  two  spherical  surfeces  described  from 
the  two  fixed  points. 

The  planes  of  these  circles  are  parallel  to  each  other  and  per- 
pendicular to  the  straight  line  joining  the  two  fixed  points.  The 
points  upon  the  latter  line  remain  immovable ;  the  body,  therefore. 


\ 
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revolves  around  this  line  C  Z),  which  is  called,  for  this  reason,  the 
affds  of  rotation  or  revolution  of  the  body. 

The  planes  perpendicular  to  this  axis,  and  in  which  the  different 
points  revolve,  are  called  the  planes  of  rotation  or  revolution  of  the 
body.  We  obtain  the  radius  M  P  oi  the  circle  0  F  Qhy  letting 
fall  a  perpendicular  upon  the  axis  of  revolution  C  D,  The  greater 
this  perpendicular  is,  the  greater  is  the  circle,  in  which  the  point 
revolves. 

If  three  points  of  a  body,  not  in  the  same  straight  line,  are  firmly 
fastened,  then  the  body  does  not  move  in  any  direction,  since 
the  three  spherical  surfaces,  in  which  the  body  must  move,  cut  each 
other  only  in  a  point 


130.  Equilibrium  of  Supported  Bodies. — ^Every  force  pass- 
ing through  the  fixed  point  of  a  body,  E.O.,  through  the  centre  of  a 
ball  and  socket  joint,  is  counteracted  by  the  support  of  the  body, 
and  has,  therefore,  no  influence  upon  the  state  of  equilibrium  of 
the  body.  In  like  manner,  if  a  body  is  supported  in  two  points  or 
bearings,  every  force  whose  direction  cuts  the  axis  passing  through 
these  fixed  points  is  counteracted  by  the  supports,  without  pro- 
ducing any  other  effect  on  the  body.  A  couple  would  also  be 
counteracted  by  the  supports  of  a  body,  if  the  plane  of  the  couple 
contains  the  axis  of  revolution  passing  through  these  points,  or  is 
parallel  to  the  same.  Every  other  couple  (P,  —  P),  Fig.  175, 
produces,  on  the  contrary,  a  revolution  of  the  body  A  C  B  about 
the  axis  of  revolution  (7,  if  it  is  not  balanced  by  another  couple 
(see  §  95  and  §  97).  If  the  couple  retains  its  direction  during  the 
rotation,  its  lever  arm  and  consequently  its  moment  is  variable,  and 
both  become  =  0,  when  the  body  occupies  a  certain  position.    If  a 

body  AGB,  Fig.  175,  is  rigidly  fast- 
ened at  (7,  and  if  the  direction  of  the 
foioe  forms  the  angle  BAP^  o  with 
the  line  A  B  passing  through  the 
two  points  of  application,  a  rotation 
A  G  Ax  =  P  =  180*  —  a  is  necessary 
to  annul  the  moment  of  the  couple 
(P,  —  P) ;  the  same  is  also  true  of  a 
body  rigidly  fastened  in  an  axis  and 
acted  upon  by  a  couple,  whose  plane 
is  perpendicular  to  this  axis. 
If  a  body  A  By  Fig.  176,  rigidly  fastened  at  C,  is  acted  on  by  a 
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force  P,  whose  direction  does  not  pass  through  C>  we  can,  by  the 
addition  of  two  opposite  forces  P  and  —  Py  decompose  this  force 
into  a  couple  (P,  —  P)  and  a  force  +  P,  applied  in  C  and  coun- 
teracted by  the  point  of  support  The  rela- 
tions are  the  same^  when  the  axis  of  a  body  is 
rigidly  fastened  and  a  force  acts  upon  it  in  a 
plane  of  revolution.  Here,  however,  the  force 
+  P  is  divided  between  the  two  points  of  sup- 
port If  a  is  the  distance  C  A  oi  the  point  of 
application  A  of  the  force  from  the  axis  C  and  a 
the  angle  A  G  Ax,  formed  by  the  line  C  A  with 
the  direction  of  the  force,  we  have  the  moment 
of  the  couple  (P,  —  P),  which  tends  to  turn  the 
body,  M  =  Pa  sin,  a.  K  the  direction  of  the 
force  P  remuns  unchanged  during  the  rotation, 
M  changes  with  a  and  is  a  maximum  for  a  =  90' 
and  for  a  =  0*  or  180*  it  is  =  0.  The  work  done  by  the  force 
P  or  by  the  couple  (P,  —  P)  during  the  rotation  of  the  body  is 

A  =  P  .  KAi  =  Pa  (1  -  COS.  a). 

131.  Stability  of  a  Snapended  Body.— If  the  force  acting 
npon  a  body,  supported  at  one  point  or  in  a  line,  consists  only  of 
its  weight,  the  conditions  of  equilibrium  require,  that  the  centre  of 
gravity  shall  be  supported,  lb.,  that  the  vertical  line  of  gravity 
shall  pass  through  the  point  of  support 

If  the  centre  of  gravity  coincides  with  the  point  of  support,  we 
have  a  case  of  indifferent  equilibrium  (Fr.  equilibre  indifferent,  Ger. 
indifferentes  Gleichgewicht) ;  for  the  body  remains  in  equilibrium. 


Fio.  177. 


Fig.  178. 


^-^M 


no  matter  how  we  may  turn  it    If,  on  the  contrary,  the  body  is 
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rigidly  fastened  or  supported  at  a  point  (7,  lying  aboye  the  centre 
of  gravity  /S>  the  body  is  in  stable  equilibrium  (Fr.  stable,  Ger.  sich- 
eres  or  stabiles) ;  for,  if  we  bring  the  body  into  another  position,  one 
of  the  components  JV'of  the  weight  S  causes  the  body  to  return  to 
its  original  position,  and  the  other  component  F  is  counteracted  by 
the  fixed  point  C.  If  finally  the  body  A  By  Fig.  178,  is  fastened 
at  a  point  G,  which  lies  below  the  centre  of  gravity,  the  body 
is  in  unstable  equilibrium  (Pr.  eq.  instable,  Ger.  unsicheres  or 
labiles  Gleichgewicht) ;  for  if  we  move  the  centre  of  gravity  out  of 
the  vertical  line  passing  through  (7,  the  weight  O  is  resolved  into 
two  components,  one  Not  which,  instead  of  tending  to  bring  the 
body  back  to  its  original  position,  moves  it  more  and  more  from  it, 
until  the  centre  of  gravity  comes  vertically  below  the  point  of 
support 

The  circumstances  are  the  same,  when  a  body  is  supported  in 
two  points  or  in  an  axis ;  it  is  either  in  indifferent,  stable  or  unstable 
equilibrium  as  the  centre  of  gravity  coincides  with,  or  is  vertically 
below  or  above  the  point  of  support  If  a  body  is  supported  at  a 
point  or  in  a  horizontal  axis,  the  moment  with  which  the  body  seeks 
to  return  to  its  position  of  stable  equilibrium  ia  M  =  G  a  sin.  a, 
in  which  formula  G  denotes  the  weight,  a  the  distance  0  8i  of  the 
centre  of  gravity  8i  from  the  axis  C  and  a  the  angle  of  revolution 
S  G  Si.    The  work  done  is  -4  =  G'  a  (1  —  cos.  a). 

§  132.  Pressure  npon  the  Points  of  Snpport  of  a  Body. 

— ^When  a  body  GAD,  Fig.  179,  supported  in  two  points  G  and 

Fig.  179. 


D,  is  acted  upon  by  a  system  of  forces,  in  order  to  determine  the 
{conditions  of  its  equilibrium  we  refer  (according  to  §  97)  the 
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whole  system  to  two  forces,  the  diiection  of  one  of  which  is  parallel 
to  the  axis,  while  that  of  the  other  lies  in  a  plane  normal  to  this 

line.  Let  E  N—  N^  Fig.  180,  be  the  force  parallel  to  the  axis  XX 
passing  through  the  points  of  support  C  and  D  and  A  P  =^  P  the 

other  force,  whose  direction  lies  in  a  plane  Y  Z  Y  perpendicular  to 

XX.  We  can  resolve  the  first  force  into  a  force  +  Ny  tending  to 
displace  the  axis  in  its  own  direction,  and  a  couple  ( JV,  —  JV), 
which  is  transmitted  to  the  points  of  support  in  the  shape  of  an- 
other couple  (iVi,  —  N^)y  the  components  of  which  are 

iV,  =  4-  -2V^  and  -  JV,  =  -  ^  JV, 


d  denoting  the  distance  0  E  oi  the  parallel  fdrce  Nfrom  the  axis 
CD  and  /  the  distance  G D  oi  the  two  points  of  support  from 
each  other. 

Fig.  180. 


In  like  manner  we  decompose  the  force  P  into  a  force  +  P  and 
a  couple  (P,  —  P)y  and  the  former  again  into  its  components  Px 
and  Pf,  the  first  applied  in  C  and  the  second  in  D,  Designating 
the  distances  C  0  and  D  0  of  the  points  of  application  0  from  the 
two  points  of  support  C  and  D  by  li  and  /«,  we  have 


P,  =  -^  P  and  P,  =  -^  P, 

and  it  is  now  easy,  by  employing  the  parallelogram  of  forces,  to  find 
the  resultant  Si  of  the  forces  iVj  and  Pi  at  (7,  and  also  the  resultant 
jSi  of  the  forces  —  JV,  and  P,  at  D. 

If  we  put  the  angle  Y  0  {-^  P)  formed  by  the  plane  N  0  X 
with  the  direction  of  the  force  P  or  +  ^  =  a,  we  have  also  the 
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angle  iV,  (7  P,  =  a  and  Ni  D  Pt=:  180"  —  a,  and  oonsequently  the 
resulting  preasnres  in  C  and  D  are 

Sr  =  VN^*  -{-F,'  -h2N,P,cos.a 
and  S,  =  VJV;'  +  P,' -  2  NiP,co8.a. 

If,  finally,  a  denotes  the  perpendicular  0  i  to  the  direction  of 
the  force,  the  moment  of  the  couple  (P,  —  P),  which  tends  to  turn 
the  body,  is  if  =  P  a.  If  the  body  is  in  a  state  of  equilibrium,  a 
must  naturally  be  =  0,  and  therefore  P  must  pass  through  the 
axis  CD. 

EzAMFLB. — Let  the  entire  system  of  forces  acting  on  a  body  rigidly 

supported  in  the  axis  XX  he  reduced  to  the  normal  force  P  =  86  pounds, 
and  the  parallel  force  i^"  =  20  pounds ;  let  the  distance  of  the  latter  force 
from  the  axis  be  0  E  =  d  =  H  feet,  and  the  distance  CD  between  the 
two  points  of  support  be  2  =  4  feet ;  required  the  pressure  upon  the  axis 
or  on  the  fixed  points  0  and  D  supposing  that  the  direction  of  the  force  P 
forms  an  angle  a  =  65°  with  the  plane  X  F,  and  that  its  point  of  applica* 
tion  0  is  at  a  distance  0  0  =  l^  =  1  foot  fix)m  the  point  C. 

The  force  ilT  =  20  produces  in  the  axis  in  its  own  direction  a  thrust 
^  =  20  pounds  and  also  the  forces 
J  Iff 

JVi  =  y^  i\r  =  -^  .  20  =  7,5  pounds  and  —  JPj  =  —  7,5  pounds, 

which  are  counteracted  by  the  supports  O  and  D.  The  force  P  gives  rise  to 
the  forces 

Pj  =  y  P  =  -^T—  .  86  =  27  pounds  and  P,  =  -,* P=  J.  86  =  Opounds. 
Combining  the  latter  with  the  former  force,  we  obtain  the  resultants 


8^  =  V  7,5*  +  27«  +  2 . 7,5  .  27 .  aw.  65°  =  V  56,25+  729  +  171,160 

=  V  956,410  =  80,926  pounds,  and 
S^  s=  V  7,5*  +  9*~-  2 .  7,5. 9.<»«.  «5°  =  V  56,25  +  81  -  57,054 

=  V  80,196  =  8,955  pounds. 

§  133.  If  a  body  C  B  D,  Fig.  181,  firmly  supported  in  two 
points  C  and  D,  is  acted  upon  by  a  single  force  P,  whose  direction 
forms  an  angle  P  A  R  =  0  with  the  plane  of  rotation  Y  0  Z,we 
can  decompose  this  force  into  the  components 

A  P  =  P  =  Rcof.psaid 

AN-N^  Rsin.0, 
the  first  of  which  acts  in  the  plane  of  rotation  and  the  second 
parallel  to  the  axis,  and  we  can  treat  these  forces  in  exactly  the 
same  manner  as  the  resultants  P  and  Noi  the  system  of  foroes  in 
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the  last  paragraph.    Here  the  force  which  the  axis  must  counter- 
act in  its  own  direction  is  iV  =  ^  sin.  0,  and  the  components  of 


the  oonple  {N^i,  —  Ni),  which  act  in  (7and  D  in  opposite  directions 
and  at  right  angles  to  (7  Z),  are 

JVi  =  y-  JV  =  y»  -B  sin.  P  and  —  JV,  =  —  y  -B  sin.  /3, 

{  denoting  the  distance  O  D  of  the  two  points  of  support  G  and  D 
from  each  other  and  d  the  distance  0  Aoi  the  point  of  application 
A  of  the  force  R  from  the  point  O  on  the  axis. 

In  like  manner  the  force  acting  in  0  at  right  angles  to  (72>  is 
+  P  =  i?  COS.  P  and  its  components  in  (7  are 

P,  =  [•  P  =  ["  5  COS.  0,  and  in  D 

P,  =  ^jP  =  ^Bcos.p, 

li  and  2,  again  denoting  the  distances  0  0  and  D  Oot  the  points  0 

and  2)  from  the  plane  of  rotation  T  ZY. 

Substituting  the  values  of  N^,  P„  and  Pt  in  the  formulas 

8,  =   V  N,^  +  Pi'  +2iV;P,co«.a 

for  the  normal  pressures  in  C  and  2),  in  which  we  designate  by  a 
the  angle  YAP  formed  by  the  component  P  with  the  plane 
A  C  Dy  we  obtain 
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8,=  ^V{dstn.l3y  +  {l,cos.li)'-Zdl,si7Ulico8.licoa.a 
The  moment  of  the  remaining  couple  (P,  —  F)  is 
F .  WB  =  Fa=  Sd8in.acos.p. 

These  fonnulas  are  applicable  to  the  diecuseion  of  the  stability 
of  a  body  0  A,  Fig.  183,  revolring  about  an  inclined  axis  CD.    li 
is  here  the  weight  0  of  the  body, 
Fio.  188.  d  the  distance    0  S  =  0  S,  of  it* 

T  centre  of  grafity  from  the  axis  of 

rotation,  a  the  angle  SOS,=  0  S,L, 
which  the  centre  of  gravity  has  de- 
scribed in  turning  from  its  position 
^  of  equilibrium  S  in  the  plane  Y  S  y 
perpendicular  to  CD,  and  P  the  angle 
0  8,  F  formed  by  the  plane  of  revo- 
Intlon  with  the  vertical  line,  or  that 
formed  by  the  axis  of  revolution  CD 
with  the  horizontal  hne  D  H. 

The  work  done,  when  the  body  is 
brought  back  by  its  weight  to  its  position  of  eqnilibriun  and 
£',  to  S,  is 

A  =  0  .~K8co8.  0  =  G  d COS.  H  {1  -  COS.  a). 

g  134.  Eqnilibiinm  of  Forces  aroand  an  Axis. — The  re- 
sultant F  is  produced  by  all  the  component  forces,  whose  directions 
lie  in  one  or  more  planes  normal  to  the  axis.  But  in  this  case 
{according  to  g  89)  the  statical  moment  P  a  is  equal  to  the  sum 
FjOj  +  F,a,  +  •..  of  the  statical  momenta  of  the  components, 
and,  when  the  forces  are  in  equilibrium,  the  arm  a  is  —  0 ;  for  this 
force  then  passes  through  the  axis  itself,  and  consequently  this  sum 

P,a,  +  P,a,  -1-  ...  =  0; 
I.E.,  a  body  rigidly  supported  in  an  axis  is  in  cquihbrium,  and 
therefore  remains  without  turning,  when  the  sum  of  the  statical 
moments  of  all  the  forces  in  relation  to  this  axis  is  =  0,  or  when 
the  sum  of  the  moments  of  the  forces  acting  in  one  direction  of 
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rotation  is  equal  to  the  sum  of  the  moments  of  those  acting  in  the 
other. 

By  the  aid  of  the  last  formula  any  element  of  a  balanced  sys- 
tem of  forces,  such  as  a  force  or  an  arm,  can  be  found,  and  any 
force  of  rotation  reduced  from  one  arm  to  another. 

If  we  wish  to  produce  a  state  of  equilibrium  in  a  body  movable 
about  its  axis,  and  whose  moment  of  rotation  is  P  a,  we  haye  only 
to  apply  a  force  of  rotation  Q  or  a  couple,  the  moment  of  which 
Qi  =^  P  cty  the  difference  in  the  two  cases  being  that  by  the  addi- 
tion of  the  couple  (ft  —  0)  the  pressure  on  the  axis  is  not  changed, 
while  by  that  of  a  force  Q  a  force  +  Q\&  added  to  the  pressure  on 
the  axi&  K  the  force  Q  or  its  lever  arm  i  is  given,  we  can  calcu- 
late either 

^      P  a      ^      Pa 

In  the  latter  case  we  call  Q  the  force  P  reduced  from  the  arm  a 
to  the  arm  J,  and  we  can  thus  reduce  the  given  force  of  rotation  P 
to  any  arbitrary  arm,  or  we  can  replace  or  balance  it  by  another 
force  acting  with  any  Arbitrary  arm. 

We  can  also,  by  means  of  the  formula 

^  _  Pi  flh  4-  P»  gf  +  . . . 

^""  b 

reduce  a  whole  system  of  forces  to  one  and  the  same  arm. 

ExAiCFLB. — ^The  forces  P^  =  50  potmcls  and  P,  =  —  85  pounds  act 

on  a  body  moyable  about  an  axis  with  the  arms  a^  =  1^  feet  and  a^  = 

2)^  feet ;  required  the  force  ^  which  must  act  with  an  arm  a,  =  4  feet,  in 

order  to  produce  equilibrium  or  to  prevent  motion  about  the  axis.     We 

have 

50  . 1,25  -  85  .  2,5  +  4  P,  =  0,  and 

n       87,5  —  62,5      ^„,  , 

P,  =     *      — -i-  =  6,25  pounds. 

§  135.  The  Lever. — A  body  movable  about  a  fixed  axis  and 
acted  on  by  forces  is  called  a  lever  (Fr.  levier,  Ger.  Hebel).  If  we 
imagine  it  imponderable,  we  have  a  mathematical  lever;  but  if  not, 
it  is  a  material  lever. 

We  generally  assume  the  forces  of  a  lever  to  act  in  a  plane  at 
right  angles  to  the  axis  and  substitute  for  the  axis  a  fixed  point 
caHed  the  fvlcrum  (Fr.  point  d'appui,  Ger,  Euhe,  Dreh,  or  Stiitz- 
punkt).  The  perpendiculars  let  fall  from  this  point  upon  the  di- 
rection of  the  forces  are  called  (§  89)  the  arm^  of  the  lever.  If  the 
directions  of  the  forces  of  a  lever  are  parallel,  the  arms  of  the  lever 
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form  a  single  right  line^  and  the  leyer  is  then  called  a  straight 
lever  (Fr.  levier  droit,  Ger.  geradliniger  or  gerader  Hebel).  The 
straight  lever  acted  on  by  two  forces  only  is  one  or  two  armed,  ac- 
cording as  the  points  of  application  of  the  forces  lie  upon  the  same 
or  upon  opposite  sides  of  the  fulcrum.  We  distinguish  also  levers 
of  the  first,  second  and  third  sort,  calling  the  two-armed  lever  a 
lever  of  the  first  sort,  the  one-armed  lever  a  lever  of  the  second 
sort  or  of  the  third  sort,  according  as  the  force  (load),  which  acts 
vertically  downwards,  or  that  (power),  which  acts  vertically  up- 
wards, is  nearest  the  falcrum. 

§  136.  The  theory  of  the  equilibrium  of  the  lever  has  been 
completely  demonstrated  in  what  precedes,  and  we  have  only  to 
make  special  applications  of  ii 

For  the  two-anned  lever  A  0  By  Fig.  183,  when  the  arm  C  A 
of  the  force  P  is  denoted  by  a  and  that  C  B  of  the  other  force  Q, 
which  is  generally  called  the  load,  by  J,  we  have,  according  to  the 
general  theory  P  a=  Qb,i.E,the  moment  of  the  force  is  equal  to 
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the  moment  of  the  load,  or  also  P  :  Q  =  b:a,  I.E.  the  force  is  to  the 
load  as  the  arm  of  the  latter  is  to  the  arm  of  the  former.  The 
pressure  on  tlie  fulcrum  is  -B  =  P  +  Q. 

For  the  one-armed  lever  ABC,  Fig.  184  and  B  A  C,  Fig.  185, 
the  relations  between  force  (P)  and  load  ( Q)  are  the  same,  but  the 
direction  of  the  power  is  opposite  to  that  of  the  load,  and  therefore 
the  pressure  on  the  fulcrum  is  equal  to  the  difference  of  the  two ;  in 
the  first  case  we  have 


B  =  Q  —  P,  and  in  the  second  R^  P  --  Q. 
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If  in  the  bent  leyer  A  CB  the  arms  are  Cy=  a  and  C  0 
=  J,  Fig.  186,  we  have  again  P  \  Q  =^h:a,hut  in  this  case  the 

FiQ.  185.  Fig.  186. 

A 

,* 
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io 


pressnTe  R  on  the  fdlcrnm  is  the  diagonal  R  of  the  parallelogram 
C  P,  R  Qiy  eonstnicted  with  the  force  P,  the  load  Q  and  with  the 
angle  P^CQx^PDQ  =  a  formed  by  their  directions  with  each 
other. 

K  ff  is  the  weight  of  the  lever  and  GE=e,  Fig.  187,  the  dis- 
tance of  the  fulcrum  C  from  the  vertical  line  S  0  passing  through 
the  centre  of  gravity  /S  of  the  lever,  we  must  put  P  a  ±.  0  e  =  Qb, 
and  we  must  employ  the  plus  sign  of  O,  when  the  centre  of  gravity 
lies  on  the  same  side  as  the  force  P,  and  the  minus  sign,  when 
upon  that  of  the  load  Q. 

The  theory  of  the  lever  is  often  applicable  to  tools  and  ma- 

Flo.  187.  Fio.  isa 


DX     p 


chinery.  The  knee  lever  A  B  C  D,  Fig.  188,  which  is  sometimes 
cited  as  a  peculiar  sort  of  lever,  is  simply  a  bent  lever.  The  arm, 
which  is  movable  around  an  axis  (7,  is  acted  upon  by  a  force  at  its 

17 
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FtS.  180. 


end  A,  and  acts  by  means  of  a  rod  S  D,  (which  forms  with  the  arm 
an  acute  angle  A  3  D  =  C  B  E  =  a)  upon  the  load,  which  is  ap- 
plied at  Z>.  If  a  denotes  the  length  of  the  arm  G  A  and  itbe 
length  of  the  arm  C  B,  we  have  the  lever  arm  of  Q 

O  E  =  b  sin.  a,  whence 

P  a=  Qb  sin.  a,  or 

P  =  -  Q  sin.  a,  and  inversely 

«  =  l— • 

0  Stn.  a 
This  lever  is  employed  for  pressing  together  materials.    The 

pressure  increases  directly  with  P  and  t,  and  inversely  as  stn.  a.  By 
diminishing  the  angle  a  this  force  Q  can  be  arbitrarily  increased. 

ExuiPLE— 1)  If  the  end  ^  of  a  crowbar  ACS,  Fig.  189,  be  pressed 
down  wilh  a  force  P  of  60  pounds,  and  if  the  arm  0  A  of  the  power  is  13 
times  as  great  as  the  arm  C  3 
of  the  load,  then  the  latter,  or 
ratbei  tbe  force  <j  developed  in 
S,Kt2  times  as  great  asPiand 
we  have 
6  =  IS  .  60  =  730  ponnda. 

3)  IfaloadQ,  Fig.  100, hang- 
ing ftom  a  bar,  be  carried  bj 
two  workmen,  one  of  whom 
takes  hold  at  A  and  the  other 
at  B,  we  can  determine  how 
much  weight  each  has  to  sns- 
tahi.  Let  tbe  load  be  Q  =  ISO 
pounds,  the  wdght  of  the 
rod  be  (7  =  13  pounds,  the 
distance  A  B  of  tbe  two  work- 
men from  eacb  other  be  =  6 
feet,  the  distance  of  tlie  load 
from  one  of  tbem  B  bv  B^O  =  , 
m  feet  and  tbe  distance  of  tbe 
centre  of  gravity  of  tbe  bar  8 
from  tbe  same  point  heB  8  = 
S^feet.  If  we  regard  fas  tbe 
fulcmm,  the  force  P,  at  A  must 
balance  the  load  Q  and  0,  and 
therefore  we  have 
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P^,BA-  Q,BG  +  G.B8,  i.k., 

6  P^  =  2,6  .  120  +  8,6  .  12  =  800  +  42  =  842, 


and  therefore 


Pj  =  -^  =  67  pounds. 


If,' on  ihe  contrary,  A  be  regarded  as  the  fulcmm,  we  can  put 

P,  .  AB  =  Q  .  A~C  ■{'  G  .  2~5,  or  in  numbers 

6  P,  =  3,5  .  120  +  2,6  .  12  =  420  +  80  =  460, 

and  the  force  exerted  of  the  second  workman  is 

450 
P,  =  -^-  =  75  pounds. 

The  sum  of  the  forces,  which  act  upwards,  is  therefore  correctly 

Pj  +  Pg  =  57  +  76  =  182  pounds, 
or  as  great  as  the  sum  of  those  acting  downwards 

G  +  (?  =  120  +  12  =  182  pounds. 

3)  The  load  upon  a  bent  lever  A  C  B,  Fig.  191,  weighing  150  pounds, 
acts  yerticaUy  downwards  and  is  Q  =  660  pounds,  and  its  arm  C  B  =  ^ 

feet,  and,  on  the  contrary,  the  arm  of  the  force 
P,  a^  =  6  feet  and  that  of  the  weight  CFz=l  foot : 
required  the  force  P  necessary  to  produce  equili- 
brium and  the  pressure  B  on  the  bearings.  We  have 

'GA  ,P=CB,Q+  CW.  G,  I.B., 

6  P  =  4  .  650  +  1 .  150  =  2760, 

and  consequently 

2750 
P  =  ~-rr-  =  458J  pounds. 

The  pressure  on  the  bearings  is  composed  of  the 
vertical  force  Q  +  G^  =  650  +  150  =  800  pounds, 
and  of  the  horizontal  force  P  =  468)^  pounds,  and 
consequently  we  have 


3 


•M^ 


B 


ij  =  V(e  +(?)'  +  p" 

=  V  (800)"  -r(458J)« 

=  V^OOTO  =  922  pounds. 

§137.  More  than  two  forces  P and ^  may  act  on  a  lever;  it 
also  is  not  necessary  that  these  forces  act  upon  the  lever  in  one  and 
the  Bfiae  plane  of  rotation.  If  Qi,  Q^,  Q^  are  the  loads  on  a  lever 
A  CB»¥ig.  192,  and  Ji,  J„  J3  their  lever  arms  C  5„  C  B^  G  Ba, 
while  the  power  acts  with  the  lever  arm  C  A  =  a,  we  have 

Pa=^  Q,b,  +  Q,b,  -h  ft  J,; 
and  if  the  lever  is  straight,  the  pressure  on  the  fulcrum  is 

R  =  P  +  Q,  +  Q,+  Q,. 
If  the  several  forces  of  a  lever  act  in  different  planes  of  rotation 
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npon  the  lever  A  0  D  Bi  B^,  Fig.  193,  the  formula  for  the  moment 
P  a  =  Qibi  +  Qibi  +  . . ,  does  not  therefore  change,  but  a  differ- 
ent distribution  of  the  total  pressure  B  =  P'+  Qi  ■{-  C«  +  ft 

Fig.  193.  Fio.  198. 


A 

n  Bl  B,      B. 

1 

P 

^B 

upon  the  axis  takes  place  between  the  two  points  of  support  or 
bearings  C  and  2>.  K  we  denote  by  I  the  length  of  the  axis 
C  D  oi  the  lever  or  the  distance  of  the  fulcrums  from  each  other 
and  by  ^  ?i,  Z„  . . ,  the  distances  C  Oy  C  0„  C  0%  of  the  planes  of 
revolution  from  the  fulcrum  (7,  the  pressures  i?,  and  -S,  on  the 
bearings  at  D  and  C  are  determined  by  the  following  formulas 


B,  = J 


and 


ii,  =  ]i-R,  =  -P(^-^)  +  QAi-h)+  Q,{l-h) 


If  the  forces  acting  upon  a  bent  lever  are  not  parallel,  the  ex- 
pression P  a  =  Qibi  +  Qibi  -h  ..'  remains  unchanged,  but  the 

pressures  in  the  axis  reduced  to  the  fulcrum,  kg.,  — ~,  -y-,  ~-^,  act 

in  different  directions  and  cannot,  therefore,  be  combined  by  simple 
addition,  but,  on  the  contrary,  we  must  combine  them  in  the  same 
manner  as  several  forces  applied  to  a  point  and  acting  in  the  same 
plane  (see  §§  79  and  80). 

Example. — The  lever  represented  in  Fig.  198  supports  the  loads  Q^  = 
800  pounds  and  Q,  =  480,  acting  at  the  distance  0  0^  =  l^  =  12  inches 
and  O  O2  =  If  =  2i  inches  from  the  bearing  (7  with  the  arms  0^  B^  = 
&j  =  16  inches  and  0^  B^  =1^  =  10  inches ;  required  the  force  P,  which, 
acting  with  the  arm  0  ^  =  a  =  60  inches,  is  necessary  to  produce  equili- 
brium, and  the  pressure  on  the  bearings  at  C  and  D,  under  the  assumption, 
that  the  force  acts  at  a  distance  0  0  =  l^  =18  inches  from  the  journal  C, 
and  that  the  length  of  the  entire  axis  \b  0 1)  =  I  =z  Z2  inches. 

The  force  required  is 
P=  gt  ^  +  Q«  h  ^  800.16+480.10  ^  80.16  +  480  ^  g^  ^  q^  ^  ^^ 

a  60  6 

pounds,  and  the  pressures  on  the  bearings  are 


f 
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180.18+800.13  +  480.34      „„ ,  ,        , 

B,  =  H  -  B,  =  800  +  480  +  160  —  862,8  =  877,6  pounds. 

RsMARK.— ^The  action  of  gravitj  on  the  lever  can  be  employed  with 

advantage  to  determine  the  centre  of  gravity  8  and  the  weight  0  of  a 

body  A  B,  Fig.  194.    We  support  the  body 

Flo.  IM.  flfBt  at  a  point  0  and  then  at  a  point  C,  at  a 

rg-ig__j.  diatance  C  C^  =  d  from  the  former,  and  eacb 

jfr~J\     }^  S         time  we  bring  the  body  into  equilibrium  by  a 

-^  ^'^       foice  acting  at  the  distances  CA  =  a  and 

Gi  A  =  a^  =  a  ~  d.     If  the  force  neceaaary 
in  the  first  case  be  =  P  and  in  the  second  case 
=  P,,  and  if  the  weight  of  the  body  be  0  and 
the  distance  of  ila  centre  of  gravity  Bftom  A\»  A  B  =  x,-ve  have 
P  a  =  0(p)  —  a)  and  P,  o,  =  fl  (a  —  »,),  whence 
(P  -  P,)  a  a,       , 

*=  pj^p:^'"^ 


§  138.  PreaBDTfl  of  Bodies  npon  one  auoth«r.— The  kw 

deduced  &om  experimeat  and  aniiouiiced  in  §  6ij :  "  Action  asd 

Feftction  are  eqna)  to  each  other,"  Ib  the  basis  of  the  whole  mechsn- 

ica  of  machinea,  and  we  mugt  here  explain  at  greater  length  its 

meaning.    If  two  bodies  if  and  if,,  Fig.  195,  act  upon  each  other 

with  the  forces  P  and  /*„  the  directions 

Fia.  MS.  of  which  do  not  coincide  with  that  of  the 

common  norm^  X  JT  to  the  two  enrfaces 

of  contact,  a  decomposition  of  the  forces 

always  occurs ;  only  that  force  N  or  JV,, 

whose  direction  is  that  of  the  normal,  is 

transmitted  from  one  body  to  the  other, 

the  other  component  force  S  or  S„  on 

the  contrary,  remains  in  the  body  and 

mnst  be  counteracted  by  some  other  force 

or  obstacle,  when  the  bodies  are  to  be 

held  in  equilibrium.     But  according  to 

the  principle  announced,  the  two  normal 

components  JVand  JV,  must  be  exactly 

*  equal.    If  the  direction  of  the  force  P 

ibniM  an  angle  N  A  P  =  a  with  the  normal  A  X  and  an  angle 

S  A  P  =  0  with  the  direction  of  the  other  component  S,  we 

hare  (see  §  ?8) 
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~  sin.  {a  +  0)'      ~  sin.  (a  +  0)' 
Designating  in  like  manner  JVi  A,  Pi  by  a,  and  Si  Ai  P,  by  0i, 
■we  have  also 


sin.  {a,  +  0,)  uin.  (a,  +  /3.) ' 

and,  finally,  since  M  =  M, 

P  sin.  0      _      P,  siTi.  01 
sin.  {a  +  0)-  ain.  {a,  +  0,)- 
ExAMFi.ic. — How  are  the  forces  decomposed,  when  a  body  Jf,,  Fig.  IM, 
held  fast  by  an  impediment  D  if,  is  pressed 
Fia.  196.  upon  by  unotlier  body  M,  movable  about 

its  axis  O,  with  a  force  P  =  250  poundsl 
The  angles  formed  by  the  directions  are 
the  following : 

PAN=a=W 
PA8=  0  =  48° 

p,  J,  jf,  =  a,  =  es" 

P,  J,   S,  =  (9,  =  60*. 
The  normal  pressure  between  the  two 
bodies  is  determined  by  the  first  fornmla 

„       „  P»in.0 


-  "'  -  «■».  i.2  +  0) 

850  «fn.48°       ,„  ,„ 
= .— QM-  =  187,18  pounds i 

from  the  second  we  have  the  preesare  on  the  axis  or  bearing  0 
P  tin.  a  2S0  tin  86' 

and,  finally,  by  combining  the  third  and  fourth  formula  we  obtun  the 
component  which  presses  against  the  impediment  D  E 

'  «»7i.  )J,  tm.  B0°  "^ 

g  139.  In  conseqtience  of  the  equality  of  action  and  reaction, 
the  equilibrinm  of  a  supported  body  is  not  changed,  when,  instead 
of  the  support,  we  substitnte  a  force,  which  counteracts  the  pressure 
or  tension  transmitted  to  the  support,  and  which  is,  therefore, 
equal  in  magnitude  and  opposite  in  direction  to  it  After  having 
introduced  this  force,  any  body  eapported  or  partially  retained 
may  be  considered  as  entirely  free,  and  consequently  ita  state  of 
equilibrium  can  be  treated  in  the  same  manner  as  that  of  a  &ee 
body  or  of  a  rigid  system  of  forces. 
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If,  E.Qt  a  body  M,  Fig.  197,  is  movable  around  its  axis  C,  the 
force  N  is  transmitted  to  a  second  body  Jf,,  the  force  8  is  counter- 
acted by  the  axis  C  and  we  can  assume,  that  the  body  is  entiti-ly 
free  and  that  besides  P  two  other  forces  —  N  and  —S  act  upon  it 
If  the  body  Mi  presses  upon  J/"  with  the  force  Ni  and  against  the 
fixed  plane  D  E  with  the  force  8„  the  equilibrium  would  not  be 
disturbed,  if  instead  of  these  impediments  we  should  substitute  two 
opposite  forces  —  JV,  and  --  S,  and  combine  the  same  with  the 
forces  {B.G.  with  Pi),  which  act  upon  the  body.  In  a  state  of 
equilibrium  the  resnltant  of  the  forces  in  the  one  as  well  as  that 

Fm.  167. 


in  the  other  body  must  be  null,  and  therefore  the  resnltant  of 

—  JfanA  —  5  must  be  counteracted  by  P  and  the  resnltant  of 

-  y,  and  -  S,  by  P,. 

8ince  the  forces  JVand  JVi,  with  which  the  two  bodies  act  upon 
each  other,  are  in  equilibrium,  the  forces  P,  —  S,  P,  and  —  8, 
must  be  in  equilibrium,  when  the  combination  of  the  two  bodies 
(M,  M,)  is  in  equilibrium.  The  forces  N,  iVi  are  called  the  interior 
and  the  forces  P,  —  8,  P,  and  —  8,  the  exterior  or  extraneous 
forces  of  the  combination  of  bodies  or  of  the  system  of  forces,  and 
we  am  therefore  assert  that  not  onli/  (he  interior  forcen  are  in  equi- 
librium, but  that  the  exterior  forces  are  so  also,  wlien,  as  is  repre- 
sented in  Fig.  198,  we  suppose  the  forces  applied  in  any  point  0. 

%  140.  Stability. — When  a  body  supported  upon  a  horizontal 
plane  is  acted  on  by  no  other  force  than  that  of  gravity,  it  has  no 
tendency  to  move  forwards ;  for  its  weiglit,  acting  vertically  down- 
wards, is  completely  counteracted  by  this  plane,  but  a  rotation  of 
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the  body  may  be  produced.     If  the  body  A  D  B  F,  Fig.  199,  rests 

with  thu  point  D  on  the  horizontal  plaue  S  R,  it  will  jvniain  at 

reet  as  long  aa  its  centre  of  gravity  S  ia 

Pio.  199.  aupported,  i.e,  as  long  as  it  lies  in  the 

vertical  lino  (vertical  line  of  gravity), 

paeaing  through  the  point  of  support  D. 

Bat  if  a  body  is  EQpported  in  two  poinU 

upon  the  horizontel  surface  of  another 

body,   the   conditions   of   equilibrium 

U  require,  that  the  vertical  liue  of  gravity 

shall  pass  through  the  line  joining  the 

two  points  of  support    If,  finally,  a  body 

rests  upon  three  or  more  points  on  a  horizontal  plane,  equilibrium 

exists,  when  the  vertical  line  of  gravity  passes  through  the  triangle 

or  polygon  formed  by  joining  these  points  by  straight  linca 

We  must  also  distinguish  for  supported  bodies,  stable  and  un- 
stable equilibrium.    The  weight  G  oi  a 
^«-  200-  body  A  B,  Fig.  800,  draws  the  centre 

of  gravity  S  of  the  same  downwards; 
if  there  is  no  obstacle   to  the  action 
of  this  force,  it  produces  a  rotation  of 
the  body,  which  continues  until  the 
centre  of  gravity  has  assumed  its  lowest 
position  and  the  body  has  assumed  a 
'     state  of  equilibrium.     We  can  assert 
that  the  equilibrium  is  stable,  when  the 
centre  of  gravity  occupies  it«  lowest  position  (Fig.  201),  that  it  is 
unstable,  when  it  occupies  its  highest  position  (Fig.  202),  and  that 
Fio.  301.  Pig.  809.  Fia.  208. 


finally  the  equilibrium  is  indifferent,  when  the  centre  of  gravity  re- 
muns  at  the  same  height,  no  matter  what  may  be  the  position  of 
the  body  (Fig.  203). 
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EsAMPLEB. — 1)  The  homngeaeous  bodj  A  D  B  F,  Fig.  304,  cnmpoBed 
of  a  bemisphere  and  a  cjlinder,  rests  apon  a  horizoDtal  plane  H  R.    Re- 
quired the  height  8  F  =  h  of  the  cylindri- 
Flfl.  Mi.  ^1  portion  in  order  that  this  body  aball  be 

in  eqailibriiun.  Any  radine  of  a  sphere  is 
perpendicular  to  the  tangent  plane  com- 
tpooding  bi  it,  bat  the  horizontal  plane  is 
Boch  tt  plane,  and  consequemtlj  the  radius 
£J)  moBt  be  perpendicular  to  it  and  contain 
-  the  centre  of  gravity.  The  axii  F  8  L 
"'  pasung  through  the  centre  of  the  sphere  is 

also  a  line  of  gravity ;  the  centre  8,  as  inter- 
section of  the  two  lines  of  gravity,  is  therefore  the  centre  ot  gravity  of  the 
body.  If  ve  put  the  radius  of  the  sphere  and  of  the  cylinder  B  A  = 
8B=  8L  =  T,KaA  Ibe  altitude  of  the  cylinder  .!f  J"  =  BE=  A,  ne  hare 
fbr  the  volume  of  the  hemisphere  F,  =  f  ir  r*,  and  for  the  volume  of  the 
eytinder  F,  =  ir  r*  A,  for  the  distance  of  the  centre  of  gravity  of  the  ephera 
8,,  8  8^  =  ^  T  and  for  that  of  the  centre  of  gravity  of  the  cylinder 
8f,B8f=\h.  In  order  that  the  ceotre  of  gravity  of  the  vhole  body  fall 
in  S we  mnst  make  the  moment  of  the  hemisphere  f  it  r* .\r  equal  to  the 
moment  of  the  cylinder  nr'h.^h,  whence  we  have 
A'  =  jT^or  A  =  rVi=  0,7071  r. 
If  the  body  is  not  homogeneous,  but  on  the  contrary  the  hemispherical 
portion  bag  the  specific  gravity  e^  and  the  cylindrical  portion  the  specific 
gravity  <„  thai  the  moments  of  these  portions  are  |  n-  r* .  t^  f  r  and 
ir  r*  A  t,  .  I  A,  and  consequently  by  equating  them  we  have 

3 1,  *•  =  I,  r*,  or  A  =  r  y^  =  0,7071  y^  .  r. 
8)  The  piesBure,  which  each  of  three  legs  A,  B,  C,  Fig.  808,  of  an  arbi- 
Pjq  20B  trarily  loaded  table  has  to  bear,  can  be 

determined  in  the  following  momier. 
Let  S  be  the  centre  of  gravity  of  the 
loaded  table,  and  8  E,0  D  perpendicn- 
lars  upoD  A  B.  Designating  the  wei^t 
of  the  entire  table  by  O  and  the  preo- 
ran  tn  (7  by  A,  we  con  treat  j1  il  as  an 
axis  and  put  the  moment  of  if  =  the  mo- 
ment of  e,  LB.,  B.  CD=  Q.8S, 
from  which  ve  obtain 

and  in  like  manner  for  the  pressure  in  B,  we  have 
<i=~j^^-  ff.  and  for  that  in  4 

'^     aabo     ■ 
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§  141.  Let  nB  now  inTestigaie  more  folly  the  case  of  a  body 
resting  with  one  base  upon  a  horizontal  plane.  Such  a  body  pos- 
aeascB  stability  or  is  in  stable  equilibrium,  when  its  centreof  gravity 
is  supported,  i.e.  when  the  vertical  line  passing  through  its  centre 
of  gravity  passes  also  through  its  base,  since  in  this  caae  the  rota- 
tion, which  the  weight  of  the  body  tends  to  produce,  is  prevented 
by  the  resistance  of  the  body.  If  the  vertical  line  passes  through 
the  periphery  of  the  base,  the  body  is  in  unstable  equilibrium ;  and 
if  it  passes  outside  of  the  base,  the  body  is  not  in  equilibrium,  but 
will  rotate  around  one  of  the  sides  of  the  periphery  of  ils  base  and 
be  overturned.  The  triangular  prism  ABC,  Fig.  206,  is  conse- 
quently in  stable  equilibrium,  since  the  vertical  line  S  0  passes 
through  a  point  A'of  its  base  B  C.  The  parailelopipedon  A  B  CD, 
I^g.  207,  is  in  unstable  equilibrium,  because  the  vertical  line  8  0 
passes  through  one  of  the  edges  D  of  the  base  0  D.  Fimdly,  the 
cylinder  A  B  CD,  Fig.  208,  is  without  stability;  for  8  0  does  not 
pass  through  its  base  C  D, 

Fia.  300.  Fia.  aOT. 


Stability  (Fr.  stability,  Oer.  Stabilitat  or  Standfahigkeit)  is  the 

capacity  of  a  body  to  maintain  by 

its  weight  alone  its  position  and 

to  resist  any  cause  of  rotation.    If 

we  wish  to  select  a  measure  for  the 

stability  of  a  body,  it  is  necessary 

to  distinguish  the  case  of  simply 

moving  the  body  from  that    of 

actually  overturning  it.     Let  us 

first    consider    the    former  case 

alone. 

§  142.  FormuIaB  for  Stability. — A  force  P  whose  direction 

is  not  vertical  tends  not  only  to  overturn,  but  also  to  push  forward 

the  body  A  B  C  D,  Fig.  209.    Let  us  suppose  that  there  is  an 
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obstacle  to  its  paBhing  or  pulling  the  body  forwards,  and  let  na 
consider  only  tbe  rotation  aronnd  on  edge  C.    If  from  this  edge 
ve  let  fall  a  peipendicolar  C  E  =  a  npon  the  direction  of  the 
force  and  another   perpendicular 
*^®'  **•  C  N  =  e  npon  the  Terti<»l  line  of 

gravity  S  G  of  the  body,  we  haTO 
then  a  beat  lever  E  C  N,ta  which 
theformulaPa=  GeoTP  =  -0 
is  applicable.  If,  therefore,  the  ex- 
terior force  P  is  slightly  greater  than 

— ,  the  body  begins  to  turn  around 
(7  and  thus  loses  its  stability.  Its  stability  is  therefore  dependent 
upon  the  product  ((?  0)  of  the  veight  of  the  body  and  the  smallest 
distance  of  a  side  of  the  periphery  of  the  base  from  the  vertical  line 
passing  through  the  centre  of  gravity,  and  0  e  can  therefore  be 
conddered  as  a  measure  of  stabilitt/,  and  we  will  henceforth  call  it 
rimply  the  stability.  Hence  we  see  that  the  stability  increases 
equally  with  the  weight  0  and  with  the  distance  e,  and  conse- 
quently we  can  conclude  that  under  the  same  circumstanoes  a  wall, 
etc,  whose  weight  is  two  or  three  tons,  does  not  possess  any  more 
stability  than  one,  whose  weight  is  one  ton  and  in  which  the  dis- 
tance or  arm  of  the  lever  e  is  two  or  three  fold. 

g  14a  1)  The  weight  of  a  parallelopipedon  A  B  0  D,  Fig.  210, 
whose  length  is  2,  whose  breadth  i8^^=  CD  =  b  and  whose 
height  iB^i>  =  5C=A,  iaff=  Vy  =  hhly,  and  its  stabiUty 

St  =  a.  D~N  =  G.{'CD=^  =  \b'lily, 
y  denoting  the  heaviness  of  the  material  of  the  parallelopipedon. 
Fio.  810.  Fio.  an. 


3)  The  stabilities  of  a  body  B  D  E,  Fig.  311,  composed  of  two 


868  GBNEBAL  PBINCIPLEB  OF  MECHANICS.  [§  143. 

parallelopipedons,  in  reference  to  the  two  edges  of  the  base  Cand 
F,  are  different  from  each  other.  If  the  heiglite  are  B  C  and  E  F 
=  A  and  h,  and  the  vidths  C  D  and  D  F  =h  and  J,,  -we  have  the 
weights  0  and  0,  of  the  two  portions  =  bhly  and  h,h,ly;  the 
arms  in  reference  to  Care  (7jV=iJ  and  C  0  =  5  +  ^  J,,  and 
those  in  reference  io  Faxih  +  {b  and  S  b^  and  the  stabihty  is, 
first,  for  a  rotation  around  C 

S(^iGb+  G,(b  +  lb,),=  {\b'h  +  bb,k,  +  JVA.)iy, 
and,  secondly,  for  a  rotation  about  F 

Sl,=  0 {bi  +  ib)  +  i  G,b,  =  (i b,' k,  +  bb,h  +  \b'h)Iy. 

The  latter  stabibty  is  Stx  -  St  =  (h- k,)  bb,  ly  greater  than 
the  former.  If  we  wish  to  increase  the  stability  of  a  wall  j1  C  by 
offsets  D  E,  wo  must  put  them  upon  the  side  of  the  wall,  towards 
which  the  force  of  rotation  (wind,  water,  pressure  of  earth,  etc.) 
acts.  The  stability  of  a  wall  A  B  C  E,  Fig.  213,  which  is  battered 
on  one  side,  is  determined  as  followa  Let 
Via.  ai3.  ujg  i^^gtjj  gf  ^^g  ^^1  (^  ;_  j,,g  ^^^^  ^^ 

*  '        top  ^  fl  =  J,  the  height  £  C=  7(  and  the 

battor  =  n,  le.  when  the  heights  i"  = 

1  foot  the  batter  K  L  =  n,OT  for  a  height 

A  feet,  =  n  A.    The  weight  of  the  parallel- 

opipedon  A  C  \s  0  —  bhly,  that  of  the 

triMigular  prism  A  D  E  =  Gi  =  {nh . 

hly;  the  arms  for  a  rotation  about  E  are 

E  N=  ED  +  ^5  =  wA  +  JJaiid.ffO 

=  1  ED  =  \nh.    Hence  the  stabili^  ia 

fl!  =  G'(nA  +  ^6)  +  |ff,„A=:(^j'  +  „Ai+  i„'S')AIy. 

A  parallelopipedical  wall  of  the  same  volume  is  &  +  j  n  A  wide, 

and  Ob  stability  is 

5^,  =  .J(J+  },nhyhly=.{i,b'  +  i^nhb  +  in'h^)hly; 
the  stability  ia  therefore  St  —  St,  =  (b   +   {^  n  h)  ,  ^  nk*  ly 
smaller  than  tliat  of  a  battering  wall 

The  stability  of  a  wall  with  a  batter  on  the  other  aide  is 
St,  =  {b'  +  nkb-hln^  A')  .{hly, 
and  consequently  smaller  than  iS'^  by  an  amount 
St-St,  =  {b  +  i  »  A) .  J  n  A*  /  y, 
hut  greater  by  an  amount  St,  —  Sti  =  ^'f  n'  A'  I  y  than  the  sta- 
bility of  a  parallelopipedical  wall  of  the  same  volume. 

ExAKFLE. — What  IB  the  stability  per  runnijig  foot  of  a  etouo  wall  10 
feet  high,  1^  feet  wide  on  top  and  with  a  batter  of  §  of  a  foot  on  ita  back  t 
The  d^ieit;  of  this  wall  can  be  put  (J  61)  =  2,4,  conaequentl;  its  hearincaa 
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IB  r  =  63,4  ,  3,4  =  14B,7«  pounds ;  but  we  have  I  =  1,  ft  =  10,  6  =  1,38 

and  n  =  ^  =  0.3,  and  conseqnentty  the  required  stabilit;  ia 

S  =  [J .  (1,23)'  +  0,a .  1,25  .10  +  1  (0.3)' .  10=)  10  .  1  .  140,76 

=  (0,T8125-t-3,5+l,838Sj  1407,0  =  4,6146.  1497,6  =  6011  foot-ponnda. 

If  the  same  qoaotitr  of  materiaU  is  lued,  onder  the  same  circumatancai 
the  Btability  of  a  panllelopipedical  wall  wonld  be 
*■  =  [*■  (1.35)'  +  }  .  0,3  . 1,25  .  10  +  i  (0,3)' .  10'] .  149,76. 10 

=  (0,78125  +  1,35  +  0,5)  1497,6  =  3,681  .  1497,6  -  3700  foot-poonds. 

The  stability  of  tbe  ssime  wall  with  a  batter  on  its  front  would  be 
«,  =  [J  (1,35)'  +  ^  .  0,3  .  1,35  .  10  +  I  (0.a)'  .  10']  148,76  .  10 

=  (0,78135  + 1,35  +  0,66«)  1497,6  =  2,6979  .  1497,6  =  4040  foot-poundft. 

Remabk.— i-We  Bee  from  the  above  that  we  economize  material  b;  bat- 
tering tbe  wall,  by  fuiruBhing  it  with  coonterfortB  or  ofiscts,  by  building 
it  on  plinths,  etc  Tliis  satgect  will  be  treated  more  in  detail  in  the  second 
Tolnine,  where  Uie  presanre  of  earth,  arches,  bridges,  etc.,  will  be  con- 

§  144.  Dynamical  Stability. — We  mnst   diatiDgciah  from 
tbe  measnre  of  stability  given  in  the  last  paragraph  another  meae- 
nre  of  the  stability  of  a  body,  in  which  we  bring  into  consideration 
tbe  mechanical  effect  necessary  to  overturn  the  body.    The  work 
done  is  eqnal  to  the  prodnct  of  the  force  and  the  space ;  the  force 
in  a  heavy  body  is  ita  weight,  and  the  space  is  the  vertical  pro- 
jection of  the  space  described  by  the  centre  of  gravity,  and,  dbn- 
seqoently,  in  the  latter  sense  the  prodnct  0  s  can  lie  employed  aa 
the  meaanre  of  the  stability  of  a  body,  when  «  is  the  vertical  height, 
which  the  centre  of  gravity  of  the  body  mast  rise,  in  order  to  bring 
the  body  from  its  state  of  stable  into  one  of  nnstable  equilibrium. 
Let  C  be  the  axis  of  rotation  and  S  the  centre  of  gravity  of  a 
body  A  B  CD,  Fig.  313,  whose  dy- 
Fta.918.  namical  stability  is    to   be  deter- 

mined. If  we  cause  the  body  to 
rotate,  so  that  its  centre  of  gravity 
S  comes  to  S„  i.K.  vertically  above 
C,  the  body  is  in  unstable  equili- 
brinm ;  for  if  it  is  caused  to  revolve 
a  little  more,  it  will  tumble  over. 

If  we  draw  the  horizontal  line 

8  y,  it  will  cut  off   the   height 

If  Si  =  8,  which  the  centre  of  gravity 

has  ascended,  by  tbe  aid  of  which  we  obtain  the  dynamical  sta^ 

Mlity  Os.    If  now  we  have  CS=  C S,  =  r,  GM=  NS=e 

and  the  altitude  Cy=MS=a,ve  obtain 
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S,  N=s  =  r  —  a=   Va'  +  «*  —  a, 
and  the  stability  in  the  second  sense  is 

St  =  0(V^~+1'  -  a). 
The  &ctor  a  =  V^  +  a'  —  a  gives,  for  a  =  0,  <  =  e,  for  a  =  c, 
s  =  eiVi  ~1)  =  0.414  e,  for  a  =  n  e,  «  =  ( ^nT+l.  -  n)  e,  ap- 

proximativel;  =  («  +  o ")  «  =  n->  thns  for  o  =  10  e, «  =  Sfj 

and  for(i  =  <»,s  =  —  =  0j  this stabilitj, therefore, becomes  greater 
and  greater  as  the  centre  of  gravity  becomes  lower  and  lower,  and 
it  approaches  more  and  more  to  zero  as  the  centre  of  gravity  is 
elevated  more  and  more  above  the  base.  Sleds,  wagons,  ships  ete. 
should  therefore  be  loaded  in  such  a  manner,  that  the  centre  of 
gravity  shall  lie  not  only  as  low  as  possible,  hut  also  as  near  as 
possible  above  the  centre  of  the  base. 

If  the  body  is  a  prism  with  a  symmetrical  trapezoidal  section, 
such  as  ia  represented  in  Fig.  313,  and  if  the  dimensions  are  the 
following :  length  =  1,  height  M  0  =  h,  lower  breadth  C  D  =  ba 
upper  breadth  A  B  =  b»,we  have 

JfS  =  a  =  ^A?!.|(§ll0)md 
C  M  =  e  =  ^hu  whence 


=/(fFaWl' 


and  the  dynamical  stability  or  the  mechanical  effect 
overturn  this  body  is 

EzAUPLE. — What  is  the  stabilit;  of,  or  nbat  is  the  mechanical  efiect 
Fro  214.  neceflBory  to  overtuni,  tbe  granite   obelisk  AS  CD, 

Pig.  314.  when  its  height  is  A  =  80  feet,  its  upper  length 
and  breadth  I,  =  1^  and  £,  =  1  foot  and  its  lower 
lei^ta  and  breadth;,  =  4  test  and  fr,  =8)  feet!  The 
volome  of  this  body  is 

r=  (2  6,  i,  +  3Jg  i,  +  J,  I,  +  6,  'i)  g 

=  (2.f.l  +  8.4.}  +  1.4  +  #.J)V 
=  40,30  .  5  =  301,26  cubic  feet 
If  a  cubic  foot  of  granite  weighe  y  =  S.  68,4  =  187.2 
pounds,  we  have  for  the  total  weight  of  the  body 
a  =  a01,2S  .  187,2  =  87674. 
The  height  of  its  centre  of  gravity  above  the  base  is 
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a  = 


hh  +  ^  ^1  ^1  +  ^th  +  ^t  h     ^ 


.v  = 


=  10,842  feet 


40,25  •  »   ~      40,25 

Sapposing  a  rotation  around  the  longer  edge  of  the  base,  we  haye  the 
horizontal  distance  of  the  centre  of  gravity  from  this  edge,  e  =  ^hg  = 
^ .  ^  =  I  feet,  and  therefore  the  distance  of  the  centre  of  gravity  from  the 
axis  is 

C8-r  =  Va'  +  «•  =  V(l,75)''  +  (10,342)«  =  Vl  10,002  =  10,489; 
lience  the  height  that  centre  of  gravity  must  be  lifted  is 

$=:r-a=  10,489  -  10,842  =  0,147  feet, 
and  the  work  to  be  done  or  the  stability 

8t=G$=  87674  .  0,147  =  5588  foot-pounda. 

§  145.  Work  Done  in  Moving  a  Heavy  Body. — In  order 
to  find  the  mechanical  effect,  which  is  necessary  to  change  the 
position  of  a  heayy  body  by  causing  a  rotation,  we  must  pursue  the 
same  course  as  in  calculating  its  dynamical  stability.  If  we  cause 
a  heayy  body  A  C,  Fig.  215,  to  rotate  about  a  horizontal  axis  to 
such  an  extent,  that  the  inclination  M  C  8  =■  a  of  the  line  of 

gravity  C  S  =  r  becomes  M  C  Si  =  aj, 
the  centre  of  gravity  8  will  describe  the 
vertical  space  H  8i  =  Mi  8i  —  M  8  -Si 
=  r  {sin,  ill  —  sin.  a),  and  therefore  if  we 
designate  by  O  the  weight  of  the  body, 
the  mechanical  effect  required  is 

Ai=  08i=:  Or  {sin  a,  —  sin.  a). 

If  the  axis  of  rotation  is  not  horizon- 
tal, but  inclined  at  an  angle  P  to  the 
horizon,  we  have 

Si  =  r  COS.  0  {sin.  a,  —  sin.  a)  and 

Ai  =  G  Si=  0  r  COS.  P  {sin.  a,  —  sin.  o),  (Compare  §  133.) 
If  in  addition  the  body  is  moved  in  such  a  manner  as  not  to 
change  its  position  in  relation  to  the  direction  of  gravity,  and  if  its 
centre  of  gravity  and  all  its  parts  describe  one  and  the  same  space, 
the  vertical  projection  of  which  is  =  Sj,  then  the  moving  of  the 
body  will  require,  in  addition  to  the  above  mechanical  effect,  an 
amount  of  work  A^—  0  St,  and  consequently  the  total  work  done 


Fig.  216. 


wiUbe 


-4  =  ^,  +  -4,  =  G^  [r  COS.  P  {sin.  a,  —  sin,  a)  +  «,.] 


The  space  described  by  the  body  in  a  horizontal  direction  does 
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not  enter  into  the  question,  when  we  suppose  the  motion  to  be  slow, 
in  which  case  the  work  of  inertia  can  be  put  equal  to  zero. 

If  a  body  A  C,  Fig.  216,  lying  upon  a  bomontal  plane  .B  C  is  to 

be  placed  upright  upon  another  plane  C,  D^  we  have  /)  =  0",  or 

&}g.  &  =  !;  and  if  a  and  e 

Fra.218-  denote   the   horizontal   and 

reriical  co-ordinates  of  tlie 

centre  of  gravity  of  the  body, 

when  it   la  in  an   upright 

position,  the  radius  C  S,  = 

r  =  Va'  +  e*,  and  the  height 

E,S,  =  a=r  sin.  a,.     If  a 

is  tiie  angle  of  inclination 

B  C  8  formed  by  tlie  aide 

B  Coi  the  body  with  the  line 

of  gravity  C  S,  we  have  the 

original  height  of  the  centre 

of  gravity  above  the  suritice 

on  which  the  body  resta 

KS=  CSsin,  B  08=rnn.a=  Va'  +  e' sin.  a, 

and  consequently  the  height,  which  the  centre  of  gruTity  is  raised, 

while  the  body  is  being  placed  upright  is 

SS,=g,  =  EiS,  — E,M=a-  Va'  +  e"  sin.  a. 
If  now  3,  is  the  vertical  distance  of  the  plane  C,  D,  above  the 
first  plane  B  C,  we  have  for  the  entire  work  done  in  placing  the 
body  upon  6',  i>, 

A  ■=  Q  {a  —  Va'  +  e*  sin.  a  +  s,). 
This  determination  of  the  work  necessary  to  move  the  body  is 
perfectly  correct  only,  when  the  centre  of  gravity  is  raised  by  a  con- 
tinuous movement  iirom  8  \o  8^-  If,  on  the  contrary,  the  body  is 
first  placed  npright  and  then  raised,  the  mechanical  effect  neces- 
sary is 
A^O iF0-h8,)=6 (CO-E 8-^8,)  =  Q  {^^T7' {\-sin.a)+8,'[; 

tot  the  work  G .  0  JV which  the  body  performs,  when  the  centre  of 
gravity  sinks  from  0  to  :6^„  is  lost 

§  146.  Stability  of  a  Body  on  an  Inclined  Plana.— A  body 
A  C,  Fig,  ai?,  resting  upon  an  inclined  plane  (Fr.  plan  inclini, 
Oer.  schiefe  Ebene],  can  assums  two  motions;  it  can  elide  down 
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the  inclioed  plane,  or  it  can  overturn  by  a  revolntioQ  aronnd  one 

of  tha  edges  of  its  base.    If  the  body  is  left  to  itself  the  weight  0  ib 

decomposed  into  a  force  JVat  right  angles  to  and  a  force  P  pu^el  to 

the  base;  the  first  is  oonoteracted  entirely  by  the  inclined  plane, 

the  latter,  however,  moves  the  body  down  the  plane.    If  we  pat 

the  angle  of  inclination  of  the  plane  to  the  horizon  =  a,  we  have 

also  tiie  angle  0  S  2f=  a,  and 

'"•  *^'-  consequently  the  normal  presanrQ 

JV=  &  COS.  a  and 

the  sliding  force 

P  =  6  sin.  a. 

If  the  vertical  line  of  gravity 

■    8  6  passes  through  the  baae  C  D, 

asis^own  in  Fig.  SI7,  the  sliding 

motion  alone  can  take  place ;  bnt 

if  the  line  of  gravity,  as  in  Fig.  318,  passes  withoat  the  base,  th« 

body  will  be  overtnrned  and  is  withoat  stability. 

The  stability  of  a  body  A  C  opon  an  inclined  plane  F  H,  Fig» 

Fia.  218.  Fro.  819. 


219,  is  different  from  that  of  a  body  upon  a  horizontal  plane  H  R. 
IS  D  M  =  e  and  ^  s  =  a  are  the  rectangular  co-ordinates  of  the 
centre  of  gravity  S,  we  have  for  the  arm  of  the  stability 
D  E  =  D  0  -  M  N  =  ecos.a  -  asin.a, 
while,  on  the  contrary,  it  is  =  e,  when  the  body  stands  npon  a  hori- 
zontal plane.  Since  e  >  e  cos.  a  ~  a  sin.  a,  the  stability  in  refer- 
ence to  the  lower  edge  D  is  always  smaller  npon  the  inclined  plane, 

and  become  null,  when  e  cos.  a  =  a  sin.  a,  le.  when  tang,  a  =  -. 

If,  then,  a  body,  whose  stability  is  Ge  when  standing  npon  a  hori- 
zontal piane,  is  placed  npon  an  inclined  plane,  whose  angle  of  incli- 
nation correflponds  to  the  expression  tang,  a  =  ~,  it  loses  its  sta- 
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bility.  On  tlie  other  hand,  a  body  csa  acqaire  stability  npon  an 
inclined  plane,  althongh  wanting  it  vfaen  placed  npon  a  horizontal 
one.  Forarotation  abont  the  upper  edgeCthe  arm  is  CE\=  CO, 
+  M  N  =  ei  COS.  a  +  a  sin.  a,  while  for  the  same  position  on  a 
horizontal  plane  it  is  C  M  =  6v  If,  however,  e,  ia  uegatire^  the 
body  possesses  no  Etability  aa  long  as  it  rests  npon  a  horizontal 
plane ;  but  if  placed  upon  an  inclined  plane,  the  angle  of  inclina- 
tion a  of  which  is  such  that  we  have  tang,  a  >  -',  the  body  acqnires 

a  position  of  stable  equilibrium.  It,  in  addition  to  the  force  of 
gravity,  another  force  P  acts  upon  the  body  A  B  C  D,  Fig.  209,  it 
retains  its  stability,  if  the  direction  of  the  resultant  N  of  the  weight 

0  of  the  body  and  of  the  force  P  passes  through  the  base  CD 
of  the  body. 

EzAHPXB.— In  tlie  obelisk  in  tbe  example  of  paraf^ph  144,  «  =  }  and 
a  =  10,842  feet;  consequently  it  will  lose  ita  stsbilitj,  when  placed  npon 
an  iDclined  plane,  for  whose  angle  of  inclinatioo  we  have 
7  7000 

"^■"noliia'esei  =  »•"""=• 

and  whose  angle  of  inclinatjon  is  therefore 
0  =  9°  86'. 

§  147.  Theozy  of  tiie  Inclined  Plane. — Sipce  the  inclined 
plane  counteracts  only  the  pressure 
Pio.  220.  perpendicular  to  it,  the  force  P,  ne- 

"  "^      cessary  to  retain  the  body,  which  is 

prevented  from  turning  over,  on  the 
inclined  plane,  is  determined  by  the 
consideration,  that  the  resultant  N, 
Fig.  220,  of  P  and  6  must  be  per- 
pendicolar  to  the  inclined  plane.    Ac- 

1  cording  to  the  theory  of  the  parallel- 
ogram of  forces,  we  have 

P  _sin.PNO 
0  ~  sin.  PON' 
but  the  angle  P  N  0  =  angle  ff  0  A^  =  /'  B"  B  =  a,  and  the 
angle  P  0  N=  P  0  K  +  £ 0 N  =  0  +  90°,  when  we  denote 
the  angle  P  E  F  =  P  0  K  formed  by  the  direction  of  the  force 
vith  the  inclined  plane  by  f3;  hence  we  have 

P  _       sin.  a  P  __  sin.  a 

O  ~  sin.{0  +  90)'  ^^0~  mTP' 
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and  the  force,  which  holds  the  body  on  the  inclined  plane,  is 

For  the  normal  pressure  we  have 

N  _8im0  0  If 

0  "sin.  ON  CP 
or,  since  the  angle  0  G  N  -  90**  —  (a  +  P)9J3A  0  N  O  =  P  0  N 

=  90  +  ft 

N_  _  sin.  [900  ,  (g  +  /3)  ]  _  cos,  (a  +  P) 

0  "        «in.(90»  +/3)  COS.P      ' 

and  the  normal  pressure  against  the  inclined  plane  is 

^^_  gg05.  (o4-i3) 

-ZV    n  • 

If  a  +  j3  is  >  90*  or  j3  >  90*  —  a,  JV^  becomes  negatiye,  and 
then,  as  is  represented  in  Fig.  221,  the  inclined 
Fia  221.  plane  H  F  must  be  placed  aboye  the  body  0,  to 
which  the  force  P  is  applied.  If  the  force  P  is 
parallel  to  the  inclined  plane,  P  becomes  =  0  and 
COS.  /3  =  1,  and  we  have 

P  -=.  Q  sin.  a  and  N  =   0  cos.  a. 
If  the  force  P  acts  vertically  a  -^  i3  is  =  90% 
and  we  have 

COS.  0  =  sin.  a,  cos.  (a  +  j3)  =  0, 
P  =  0  and  N  =  0.     In  this  case  the  inclined 
plane  has  no  influence  upon  the  body. 

finally,  if  the  force  is  horizontal,  0  becomes  =  —  a  and  cos,  P 
=  cos.  a,  and  we  have 

n       O  sin.  a       ^  .  .  ,^      Ocos.O        0 

p  = =  Q  tang,  a  and  Jv  = 


COS.  a  "^  COS.  a        cos.  a 

Example. — In  order  to  retain  a  body  weighing  500  pounds  upon  a 
plane  inclined  to  the  horizon  at  an  angle  of  50**,  a  force  is  employed,  whose 
direction  forms  an  angle  of  76°  with  the  horizon :  required  the  intensity  of 
the  force  and  the  pressure  of  the  body  upon  the  inclined  plane.  The 
force  18 

500  tin.  50*         500  tin,  50*        .„  . 

P  =  Ti^a ?73T  = S¥5 =  ^^fi  pounds. 

cot,  (75"  —  50*)  co$.W  '   *^ 

and  the  pressure  upon  the  plane  is 
_      500«».75*       ..^^ 
^  "cot.  25'     ^    ^'®  pounds. 

§  14a  The  Principle  of  Virtual  Velocities.— If  we  com- 
bine the  principle  of  the  equality  of  action  and  reaction,  explained 
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in  g  138,  with  the  principle  of  Tirtnal  Telocitiea  (g  83  and  g  98),  w« 

obtain  the  following  law.    If  two  bodies  M,  and  M,  hold  each  other 

in  e<\ai^hrinm,  then,  for  a  Jinite  rectilinear  or  for  an  infinitely  smaU 

curvilinear  motion  of  the  point  A  ofprMmre  or  oofUact,  not  onlg 

the  sum  of  t/te  meehanieal  effects  of  ths  forces  of  each   separate 

body,  but  also  the  sum  of  the  me- 

^^-  8^-  chanical  effects   of  the  exterior 

forces  acting  upon  the  two  bodies 

{taken  together)  is  equal  to  zero. 

If  Pt  and  8t  arc  the  forces  in 

one  body  and  Pi  and  8,  those 

in  the  other,  when  the  point  of 

contact  ia  moved  from  A  io  B, 

the  Bpaces  deacribed  by  these 

forces  are  A  D„A  E„  A  D,  and 

A  Et,  and  according  to  the  law 

annoaaoed  above  we  have 

Pi.ZA  +  8,.TE,  +  P,irA+  5,.:j£'.  =  0, 

or  without  reference  to  the  direction 

P,  AD,  +  8.  AE,  =  P, .  AD^  +  S, .  AKt. 
The  oorrectnesB  of  this  law  can  be  demonstrated  as  follows. 
Since  the  normal  forces  N,  and  JV,  ara  eqnal,  their  mechanical 
effects  Ni.AC  and  N,  ■  A  C'must  also  be  equal  to  each  other,  the 
only  difference  being,  that  one  of  the  forces  is  positire  and  the 
other  negative.     Bnt  according  to  what  we  have  already  sc'en,  the 
mechanical  effect  of  the  rcsaltant  N,.  A  Cie  equal  to  the  sum 
of  those  P,AZ>,  +  8i.  A  E,  of  its  components,  and  in  like  man- 
ner lf,AC=P,.AZ>,+  8,.  A  £,;  consequently  we  have 
P, .  A~D,  +  S, .  AE,  =  P, .  I'D,  +  S, .  AEr 
This  more  general  application   of  the  principle  of   virtual 
Pie.  238.  velocities  is  of  Q^at  importance  in 

D  researches  in  statics,  the  determina- 

tion of  formulas  for  equilibrium  be- 
ing much  simplified  by  it.  If,  e.o., 
we  move  a  body  A  upon  an  inclined 
plane,  F  H,  Fig.  223,  a  distance  A  B, 
\  the  space  described  by  its  weight  Q 

is   =AO=ABsin,ABO  = 
A  B  »in,  FHR  =  A  B  sin  o, 
and,  en  the  contrary,  tlio  space  do- 
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scribed  by  the  force  P  is  = -4  D  =  A  B  cos.  B  A  D  =  A  B  cos.  P,BXiA 
finally  that  described  by  the  normal  force  iNT  is  =  0 ;  but  the  work 
done  by  i\r  is  eqnal  to  the  work  done  by  0  plus  the  work  done  by 
P,  and  we  can  therefore  put 


N.0  =  -  G.A  C7+  P. AD, 

consequently  the  forocy  which  holds  the  body  upon  an  inclined 
plane,  is 

p  _  -4   0    fy  ^  Cf  sifk  a 


A  D 


COS.0  ' 


Fie.  224 


-IT 


a  result,  which  agrees  perfectly  with  that  obtained  in  the  foregoing 

paragraph. 

On  the  contrary,  to  find  the 

normal  force  iNT,  we  must  move 
the  inclined  plane  H  F,  Fig.  224, 
an  arbitrary  distance  ^  .8  at 
right  angles  to  the  direction 
of  the  force  P,  determine  the 
space  described  by  the  exterior 
forces  and  then  put  the  me- 
chanical effect  of  the  weight  Q 
and  of  the  force  P  equal  to  the 
mechanical  effect  of  the  pressure 
JV  upon  the  inchned  plane* 
The  space  described  by  iVifl 

AD  —  AB  C08.BA  D=:ABcos.P; 
that  described  by  6  is 

A  C=ABcos.BA  0=:  A  B  cos.{a  +  p), 

and  that  described  by  the  force  P  is  =  0,  hence  the  mechanical 
effect  ia 


Hr.AD  =  G.A  (7+P.O, 


and  j^=.^^=a.^'^(^y\ 

AD  COS.P' 

as  we  found  in  the  foregoing  paragraph. 

§  149.  Theory  of  the  Wedge.— We  can  now  deduce  Tery 
fiimply  the  theory  of  the  wedge.  The  wedge  (Pr.  coin,  Ger.  Keil)  is  a 
moTable  inclined  plane  formed  by  a  three-sided  prism  F  H  Oj 
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Fig.  225,     The  force  K P=  P  acta  generally  at  right  anglefl  to 
the  back  J"  G  of  the  wedge  and  balances  another  force  or  weight 


A  Q=  Q,  which  presses  against  a  side  FH  of  the  wedge.  If  the 
angle,  which  measures  the  sharpneBs  of  the  wedge,  ia  F  S  0  =  a 
and  the  angle  formed  by  the  direction  K  P  or  A  D  ot  the  force 
with  the  side  6"  ^  is  QEK=BAD  =  6,  and,  finally,  if  the 
angle  L  A  H  formed  by  the  direction  of  the  load  Q  with  the  side 
/*  f  IB  =  /3,  the  spaces  described,  when  the  wedge  is  moved  from 
the  position  F  ff  Oto  the  position  ^  ^  6'u  are  fonnd  in  the  fol- 
lowing manner.    The  space  described  by  the  wedge  is 

AB  =  FF,  =  ffS„ 
that  described  by  the  force  is 

AD  =  ABcos.BAD  =  A  Bm.i, 
and  that  described  by  the  rod  .i  X  or  by  the  load  Q  is 

.  ~_  ABsin.AB  C  _  A  B  8in.a  _  A  Bsin-a 
~      sin.  A  CB      ~  sin.  HA  0  ~      sin.& 
On  the  contrary,  the  space  described  by  the  reaction  R  of  the 
base  B  Om  well  ba  that  described  by  the  reaction  corresponding 
to  the  pressure  against  the  guides  of  the  rod  is  =  0. 

Now  putting  the  anm  of  the  mechanical  effecte  of  the  exterior 
forces  P,  Q,  R  and  R,  =  0,  we  have 

P  .  AD  -  G .  AC  +  iZ .  0  +  5, .  0  =  0, 
from  which  we  obtain  the  equation  of  condition 

p  -  ^-  -^  =    Qj_ABjm^a__     Q  Bin,  a 
A  D  A~B  COS.  d  sin.  0  ~  sin-Hcos-i" 

If  the  direction  K  E  oi  the  force  passes  throngh  the  edge  H  of 
Uie  wedge  and  hisecta  the  angle  FH  G,  we  have  ^  =  a>  ^^^  therefore 


gl4S.]      EgUILIBRlUM  OF  BODIES  BIQIDLV  FASTENED  379 


Sin.  3  COS.  s 

If  the  direction  of  the  force  ie  parallel  to  the  base  or  dde  G  H, 
we  have  d  =  0,  and  conseqnently 

p^  Qein.a 
ein.  3  ' 
and  if  the  direction  of  the  load  is  also  perpendicolar  to  the  aide 
FJI,  we  have  (3  =  90*,  and  conseqnently 
P=Q8in.a. 
ExAH7LE.-^Tfae  B&arpDen  FH  Q  =  ao{  h  wedge  ia  36*,  tbe  direction 
of  the  force  ia  patallel  to  tbe  baae,  and  therefore  il  is  =  0,  and  the  load  acta 
at  right  angles  to  the  aide  P  B,  ls.,  0  is  =  90* :  required  the  rehitiona  of 
tbe  force  and  load  to  each  other;  in  thia  case  we  have 

P=  Q*b.  nor.^s  ftn.30>  =  0,4336. 
If  the  load  b  Q  =  180  poands,  the  force  is 

P  =  180  .  0,4326  =  64,086  poonda. 
la  order  to  move  the  load  or  rod  a  foot,  the  wedge  most  deeciibe  the 
■pace 

RziiABK  1.   The  relation  between  the  force  P  and  tbe  load  Q  of  tbe 

wedge  F  9  H,  Fig.  336,  can  be  detenniaed  by  the  application  of  tbe 

puallelogram  of  forces  in  tbe 

Fm,  836,  following  manner.      The  load 

upon  the  rod  AQ  =  Q  is  de< 

compooed   into    a    component 

A  Jf  =  i^perpendicnlar  to  the 

nde  ^.ffand  into  a  component 

A  8=  5, perpendicniar  to  the 

axb  of  the  rod.     While  5  is 

cotmteracted  b;  the  guides  of 

the  rod,  Alf=NiB  transmits 

ted  to  the  wedge  and  combines 

there  as  ^,  JIT,  with  the  force 

SP,  =  A^  =  P  of  the  wedge  to  form  aresnltant  A^B  =  B,  whose 

direction  must  be  petpendicnlar  to  the  base  O  Hoi  the  wedge,  in  which 

case  it  wilt  be  transmitted  completely  to  the  support  of  the  wedge.     Tbe 

partllelogmm  of  forces  A^  P  £  JIT,  gives 
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JP       9m.B  A^  N^  _  sin.  FHG  _rin,a 
N^  -  tin.  A^BN^"  tin.  PA^  B"  eo9.  (? 

and  from  the  parallelogram  of  foreea  A  If  Q  8  we  haTe 

2r_  rin.NQA_sin,QA8 1_. 

Q"  9m.AIf  Q'^  riTuLA  H"  dn.  /?' 

but  ance  iT^  is  =  iV,  we  obtain  by  multiplying  these  proportions  together, 

P    N_P_     mn,a 
If'  Q"  Q '"  anJeoT^  ^^ 

QtirLa 
nn,  fi  COB,  0* 

as  was  found  in  the  huge  text  of  this  paragraph. 

Rehabk  d.  The  theory  of  the  lever,  inclined  plane  and  wedge  will 
be  discussed  at  length  in  the  fifth  chapter,  when  the  influence  of  friction 
will  also  be  taken  into  consideration. 


CHAPTER    IV. 

BQXnLIBRIUM  IN  FUNICULAR  MACHINES. 

§  150.  Ftmicular  Machines. — We  have  preyionsly  considered 
the  solid  bodies  to  be  perfectly  rigid  or  stiflf  bodies  (Fr.  corps 
rigides ;  Ger.  starre  or  steife  Korper) ;  le.,  as  bodies,  whose  vol- 
Time  and  form  are  unchanged  by  the  action  of  exterior  forces  upon 
them.  Very  often  in  the  practical  application  of  mechanics  the 
supposition,  that  bodies  are  perfecdy  rigid,  is  not  permissible,  and 
it  becomes  necessary,  therefore,  to  consider  these  bodies  in  two 
other  states.  These  states  are  those  of  perfect  flexibility  and 
of  perfect  elasticity,  and  consequently  we  distinguish  flexible 
bodies  (Fr.  corps  flexible;  Ger.  biegsame  Korper)  and  elastic 
bodies  (Fr.  corps  61astiques;  Ger.  elastische  K5rper).  Flexible 
bodies  counteract  without  change  of  form  forces  in  one  direction 
only  and  follow  perfectly  those  acting  in  other  directions ;  elastic 
bodiea,  on  the  contrary,  yield  to  a  certain  extent  to  every  foroe 
acting  upon  them. 

A  rigid  body  A  B,  Fig.  227, 1,  counteracts  completely  the  force 


§151.]  EQUILIBRIUM  IN  FUNICULAR  MACHINES.  281 

P,  a  flexible  body  A  B,  Fig.  227, 11,  follows  the  direction  of  the 
force  P,  which  acts  upon  it,  in  snch  a  manner,  that  its  axis  assiunes 


Ibe  direction  of  the  force,  and  an  elastic  body  A  B,  Fig.  227,  IH, 
resists  the  force  P  to  a  certain  extent  only,  so  that  its  axis  under- 
goes a  certain  deflection.  Cords,  ropes,  straps  and  in  a  certain 
sense  chains  are  representatives  of  flexible  bodies,  although  they  do 
not  possess  perfect  flexibility.  These  bodies  will  be  the  subject  of 
the  present  chapter ;  elastic  bodies,  or  rather  the  elasticity  of  rigid 
bodies,  will  be  treated  of  in  the  fourth  section. 

We  understand  by  a  funicular  machine  (Fr.  machine  fanicu- 
laire ;  (}er.  Seilmaschine)  a  cord  or  a  combination  of  cords  (the 
word  cord  being  employed  in  a  general  sense),  which  is  stretched 
by  forces,  and  we  will  occupy  ourselyes  in  this  chapter  with  the 
theory  of  the  equilibrium  of  this  machine.  The  point  of  the 
fdniculaire  machine  to  which  a  force  is  applied,  and  where,  conse- 
quently, the  cord  forms  an  angle  or  undergoes  a  change  of  direc- 
tion is  called  a  knot  (Fr.  noeud ;  Ckr.  Enoten).  The  same  is  either 
fixed  (Fr.  flxe ;  Qer.  fest)  or  movable  (Fr.  coulant ;  Ger.  beweg- 
licb).  Tension  (Fr.  tension ;  Ger.  Spannung)  is  the  force  propa- 
gated in  the  direction  of  its  axis  by  a  stretched  cord.  The  ten- 
sions at  the  ends  of  a  straight  cord  or  piece  of  cord  are  equal  and 
opposite  (§  86).  A  straight  cord  cannot  propagate  any  other  force 
but  the  tension  acting  in  the  direction  of  its  axis;  for  if  it  did,  it 
would  bend  and  would  no  longer  be  straight. 

§151.  Eqnilibritiin  in  a  Knot. — Equilibrium  exists  in  a 
funicular  machine,  when  each  of  its  knots  is  in  equilibrium.  Con- 
sequently we  must  begin  wilh  the  study  of  the  conditions  of  equi- 
librium in  a  single  knot 

Equilibrium  exists  in  a  knot  K  formed  by  a  piece  of  cord 
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Fig.  228. 


A  K  By  Fig.  228,  when  the  resnitant  K  8  =  8  of  the  two  tensions 

of  the  cord  K  8i  =  8i  and  K  8%  =  8913  equal  and  opposite  to  the 

force  P applied  at  the  knot;  for  the 
tensions  of  the  cord  81  and  8^  pro- 
duce the  same  effect  in  the  knot 
K  as  two  forces  equal  to  them  and 
acting  in  the  same  direction  as 
they  do,  and  the  three  forces  are  in 
equilibrium,  when  one  of  them  is 
equal  and  opposite  to  the  resultant 
of  the  other  two  (§  87).  In"  Uke 
manner  the  resultant  R  of  the 
force  P  and  of  one  of  the  tensions 
81  is  equal  and  opposite  to  the 
second  tension  8iy  etc.  We  can 
profit  by  this  equality  to  determine  two  conditions,  E.G.,  the  ten- 
sion and  direction  of  one  of  the  ropes.  If,  £.0.,  the  force  Py  the 
tension  81  and  the  angle  formed  by  them 

AKP  =  180' "  as: 8  =180'  -a 
are  given,  we  have  fot  the  other  tension 

/S;=  VP'-h  8i'-2P8,cos.a 

and  for  its  direction  or  for  the  angle  B  K  8  =  p  formed  by  it 
with  K  8 


sin.  P  = 


81  sin,  a 

~8r'' 


EzAMFLB.~If  the  rope  A  KB,  Fig.  228,  is  festened  at  its  end  B  and 
stretched  at  its  end  ^1  by  a  weight  G  =  IZd  pounds  and  at  its  centre 
f  by  a  force  P  =  109  pounds,  whose  direction  is  upwards  at  an  angle  of 
25^  to  the  horizon,  what  will  be  the  direction  of  the  tension  in  the 
piece  of  cord  KB^ 

The  intensity  of  the  required  tendon  is 


flf,  =  V  109«  +  186*  -  2  .  109  .  186  «w.  (90»  -  25") 


=  V  11881  +  18226  —  29430  .  cos.  65«  =  V  17668,8  =  132,92  pounds. 
For  the  angle  0  we  have 


nn 


8.  rin,  a       135  .  tin.  W  , 

.  P  =  -^ ==  — J8292 — ,  ^^'  P  =  0,96401  -  1, 

9  ' 


whence  p  =  67^  0',  and  the  inclination  of  the  piece  of  cord  to  the  horiason  is 

(T"  -  26**  =  67**  0'  -  25°  0'  =  42**  0'. 


§  152.] 


EQUILIBBIUM  IN  FUNICULAB  MACHINES. 


283 


§  152.  If  a  cord  A  K  B,  Fig.  229,  forms  a  fixed  knot  K  in  con- 
seqaence  of  one  portion  of  the  cord  B  K  lying  upon  a  firm  sup- 
port My  while  the  other  portion  of 

the  cord  is  stretched  hy  a  force  K  8 
=  Sy  whose  direction  forms  a  certain 
angle  S  K  8\  =  a  with  the  direction 
of  the  first  portion  of  the  cord,  we 
have  the  tension  in  the  portion  K  B 
of  the  cord 


K8x  =  /?,  =  Sco9.fh 


while  the  second  component  KIf=N=8 sin.  a  is  counteracted 
by  the  support  M.    We  haye  also 

S,  =  8  VI-  {sin.  ay, 
and  therefore,  when  the  angle  of  divergence  is  small, 

or  inversely 

2 

If  a  cord  is  laid  upon  a  prismatical  body,  and  its  directions  thus 
changed  successively  an  amount  measured  by  the  angles  a„  a,,  Os, 

the  foregoing  decomposition 
Fig.  280.  ^f  ^he  force  is  repeated,  so 

>^  that  in  the  knot  ^the  ten- 

TTi  ^il  ^j  Pf  I   ^^'  sion  8 is  changed  into  8i  = 

8  COS.  a„  and  in  the  knot  JS\ 
the  tension  Si  into 
8%=^  8i  COS.  0,=  8  COS.  a,  cos.  a^ 
and  in  the  knot  JTj  the  ten- 
sion 8i  into 
8t  =  8f  COS.  <h  =  8  cos.  a,  cos.  a,  cos.  a^ 
If  the  angles  a„  o^  a,  are  equal  to  each  other  and  =  a,  we  have 

8^^  8  {cos.  ay 
8n=  8  {cos.  ay. 
K  the  prism  if  becomes  a  cylinder,  a  is  infinitely  small  and  n 
infinitely  great,  and  consequently 

or  if  we  denote  the  total  angle  of  divergence  nahj  P,  we  have 
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^.  =  (l-^^,I.E. 

a  3 
8n  =  S,  because  a  and  consequenilj  -^  is  infinitely  small  compared 

with  1. 

If,  therefore,  a  cord  is  laid  upon  a  smooth  body  so  as  to  coyer  a 
portion  of  the  periphery  of  its  cross  section,  its  tension  is  not 
changed  thereby ;  and  when  a  state  of  equilibrium  exists  the  ten- 
sion at  both  ends  of  the  cord  are  equal  to  each  other. 

§  153.  If  the  knot  JTis  movable,  if,  E.G.,  the  force  P  is  applied 
by  means  of  a  ring  to  the  cord  A  K  By  Fig.  231,  which  is  pafised 
through  it>  the  resultant  S  of  the  tensions  Sx  and  S^  of  the  cord  is 
equal  and  opposite  to  the  force  P  applied  to  the  ring ;  besides  the 
tensions  of  the  cord  are  equal  to  each  other.  This  equality  is  a 
consequence  of  §  152,  but  it  can  also  be  proved  in  the  following 
manner.  If  we  pull  the  rope  a  certain  distance  through  the  ring, 
one  of  the  tensions  6'i  describes  the  space  «,  the  other  tension  8%  the 
space  —  «,  and  the  force  P  the  space  0.  If,  therefore,  we  assume 
perfect  flexibility,  the  work  done  is 

P.O  =  8i.8  —  /?,.«, I.E.  5i«  =  8i80v Sy  =  8f, 

The  equality  of  the  angles  A  K  8  and  B  K  8,  foi-med  by  the 
direction  of  the  resultant  8  with  the  directions  of  the  rope,  is  also  a 
consequence  of  this  equality  of  the  tensions.  Putting  this  angle 
=  a  the  resolution  of  the  rhomb  K  8i  8  8^  gives 

8  =  P=^28i  COS.  o,  and  inversely 

p 

8,  =  8,^ 


2  COS.  a 


FiQ.  231. 
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If  ^  and  J?,  Fig.  232,  are  fixed  points  of  a  cord  A  KB  of  a 
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giyen  length  (2  a)  with  a  movable  knot  K,  we  can  find  the  posi- 
tions of  this  knot  by  constracting  an  ellipse^  whose  foci  are  at  u^  and 
B  and  whose  major  axis  is  equal  to  the  length  of  the  rope  2  a, 
and  by  drawing  a  tangent  to  this  curve  perpendicular  to  the  given 
direction  of  the  force.  The  point  of  tangency  thus  found  is  the 
poeitioii  of  the  knot;  for  the  normal  K  Sto  the  ellipse  forms  equal 
angles  with  the  radii  vectores  K  A  and  K  B,  exactly  as  the  result- 
ant jS^  does  with  the  tensions  Si  and  S^  of  the  cord. 

If  we  draw  A  D  parallel  to  the  direction  of  the  given  force, 
make  B  D  equal  to  the  given  length  of  the  cord,  divide  A  Din 
two  equal  parts  at  if  and  erect  the  perpendicular  M  Ky  we  obtain 
{he  position  ^  of  the  knot  without  constructing  an  ellipse;  for  the 
angle  A  K M  ^  angle  D K M and  AK^  D Ky  and  consequently 
the  angle  A  K  8-  angle  B  K  S  foA  A  K  ■{-  KB  =  DK  + 
KB  =  DB. 

EzAMFLB. — ^Between  the  points  A  and  B,  Fig.  288,  a  cord  0  feet  long  is 
stretched  by  a  weight  G  z=  170  pounds,  hong  upon  it  by  means  of  a  ring. 

The  horizontal  distance  of  the  two  points 
from  each  other  \bA  (7  =  6|^  feet  and  the 
vertical  distance  of  the  same  G  B  =  2  feet : 
required  the  position  of  the  knot  as  well  as 
the  tensionB  and  directions  of  the  two  por- 
tions of  the  cord.  From  the  length  A  D  z=: 
0  feet  as  hypothenuse  and  the  horizontal 
distance  A  C  =  ^^  feet,  we  obtain  the  ver- 
tical line 

OD  =  V  9»  -  6,5»  =  V  81  -  42,25 
=  V"38,76  =  6,226  feet, 
and  from  this  the  base  of  the  isosceles  tri- 
angle BDK 

BD-  OD^OB^  6,225  -  2  =  4,225  feet. 
On  account  of  the  similarity  of  the  triangles  B  KMdJid  JDAOyMve  have 
T^xr      ««.      ^^    T.   ^       4,225.9      «^^.^^ 

whence 

^ ir=  9  -  8,054  =  5,946  feet 

Hence  for  the  angle  a  formed  by  the  two  portions  of  the  cord  with  the  ver- 
tical line  we  have 


Feo.  288. 


OM.  a  = 


B  M      2,1125 


=  0,6917,  whence  a  =  46°  14', 


B  K      8,054 
and  finally  the  tension  in  the  cord  is 
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§  154.  Eqnilibrinm  of  a  Fanicnlar  Polsrgon.— The  con- 
ditione  of  eqnilibrium  of  a  funicular  polygon,  i-e.  of  a  stretched 
cord  acted  upon  in  difiercnt 
points  by  foroee,  are  the  same 
as  those  of  the  equilibrium 
of  forcea  applied  at  tlje  same 
point   Let -4  ^S,  Fig.  234, 1, 
be  a  cord  stretched  by  the 
ionxs  F„  P„  P„  F„  P,;  P, 
and  Pt  being  applied  in  A, 
jP,  in  if  and  P,  and  P.in  B. 
Let  UB  denote  the  tension  of 
the  portion  of  the  cord  A  K 
by  S,  and  that  of  the  portion 
B  -Khy  S„  then  we  have  St 
as  the  resultant  of  the  two 
forces  P,  and  P,  applied  in  A. 
Transferring  the  point  of  ap- 
plication of  this  tension  ^m  .i  to  f,  we  hare  S,  as  resultant  of 
S,  and  P|  or  of  P„  P,  and  P^    Transferring  the  point  of  applica- 
tion of  the  force  i?,  from  JT  to  S,  we  have  S,  aa  the  resultant  of  P, 
and  /*, ;  now,  since  S,  ia  the  resultant  of  Pi,  P„  and  Pt,  this  system 
of  forces  is  in  eqnilibrinm ;  we  can  therefore  assert,  that  if  certain 
forcea  P„  P„  /*„  etc.,  of  a  funicular  polygon  are  in  equilibrium, 
they  vtiU  also   hold 
^<i-  286,  each  other  in  equi- 

'  '  Ubrium,  when  they 

are  applied  without 
change  of  direction 
or  intensity  to  a  sin- 
gle point,  E.a.  to  C 
(11).  If  the  rope 
AE,K,...B,'Pig. 
235,  is  stretched  in 
the  knoto  K„  K^ 
etc.,  by  the  weights 
C,  0„  etc^  and  if 
its  extremities  are 
held  fast  by  the  yer- 
tlcal  forces  F,  and 
F,  and  by  the  hori- 
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zontal  forces  S,  and  H„  the  earn  of  tihe  Teitical  forces  ie 

F,+  F.-((?,+  G,+  G,  +  ...), 
and  the  sum  of  the  horizontal  forces  is  Ex  —  H^    The  conditions 
of  equilibrinm  require  both  these  snms  to  be  =  0,  and  therefore 
we  have 

1)  F,  +  F.  =  (?,  +  ff,  +  0.  +  ...  and 

2)  H,  =  H„  LB. 

ths  turn  of  the  vertical  forces  or  tensions  at  (he  extremities  of  the 
ropes  of  a  furticitlar  polygon  stretched  byweights  is  equal  to  the  sum 
of  weights  hung  upon  it,  and  the  horizontal  tension  at  one  extremity 
is  equal  and  opposite  to  that  at  the  other. 

If  we  prolong  the  directions  of  the  tensions  S,  and  S.  at  the 
extremities  A  and  B,  until  they  cut  each  other  in  0,  and  if  we 
transfer  the  point  of  application  of  these  teasions  to  this  point,  we 
obtainasingle  force  jP—  V,  +  F,;  for  the  horizontal  forces^)  and fi", 
boUnce  each  other.  Since  this  force  balances  the  sum  (?,  +  0,  + 
6,  +  ...  of  the  weights  attached  to  it,  the  point  of  application  or 
centre  ot  gravity  of  these  weights  must  be  in  the  direction  of  this 
force,  LE-'in  the  vertical  line  passing  through  C. 

g  155.  From  the  tension  8,  of  the  first  portion  A  K,  of  the 
rope  and  &om  the 
9, 


angle  of  inclination 
'  (S,  .4  ^i  =  O)  we  ob- 
tain the  vertical  ten- 
sion V,  =  S,  sin.  a, 
'  and  the  horizontal 
tension  S,  =  iS,  cos.  a,. 
If  we  transfer  the 
J  H,  point  of  application 
of  these  forces  from 
A  to  K„  we  have,  in 
addition  to  them, 
the  weight  0„  which 
acts  vertically  down- 
wards, and  the  verti- 
cal tension  in  the 
"  following      portion 

K,  Kt  of  the  rope  is  F,  =  T,  -  ff,  =  51  sin.  a,  —  ff„  while  the 
horizontal  tension  H,=  ni  =  H  remains  unchanged.  The  two 
latter  forces,  when  combined,  give  the  axi^  tension  of  the  second 
portion  of  the  rope 
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and  its  inclination  a,  is  determined  by  the  fonnula 

tang.  a^=z-f  =  -i— — i ?  lb. 

^  li  Si  COS.  Ox     ' 

tang,  a,  =  tang,  a,  —  ^ 

Transferring  the  point  of  application  of  Fg  and  H^  from  Ki  to 
-ffi,  we  have,  by  the  addition  of  the  weight  Of,  a  new  vertical  force 

Fi  =  F,  -  G^,  =  F,  -  {Gi  +  ft)  =  5,  5w.  a,  -  (ft  +  ft), 
which  is  that  of  the  third  portion  of  the  rope,  whDe  the  horizontal 
force  Hi=  H  remains  unchanged.    The  total  tension  in  this  third 
portion  of  the  cord  is 

and  its  angle  of  inclination  a,  is  determined  by  the  formula 

tang.  €l^=s  jy  = r-, h  lb, 

^  H  Si  COS.  a, 

//.«.,  ^  -  z,,^  «         ft+ft 
tang,  a,  =  tang,  a, ^^ — 

For  the  angle  of  inclination  of  the  fourth  portion  of  the  cord 
we  have 


tang,  a^  ==  tang,  a^  — 


If 


ft  +  ft  +  ft 
H 


ft  +  ft  4-  ft 
H 


>  etc. 


becomes  >  tang,  a,  or  ft  +  ft  +  ft  >  Fi, 


then  tang,  a^  and  consequently  04  becomes  negative,  and  the  cor- 
responding side  Ki  Ka  of  the  polygon  is  no  longer  directed  down- 
ward, but  upward.  The  conditions  are  the  same  for  any  point,  for 
which  ft  +  ft  +  ft  +  ...is  >  F,. 

The  tensions  81,  St,  St,  etc,  as  well  as  the  angles  of  mclination 
Oi,  ot,  a,,  etc.,  of  the  different  portions  of  the  rope  can  easily  be 
represented  geometrically.    If  we  make  the  horizontal  line  C  A  = 

C  B,  Fig.  236,  =  the  horizontal  tension 
//  and  the  vertical  line  CKx = the  vertical 
tension  Vi  at  the  point  of  suspension^, 
the  hypothenuse  A  JT,  will  give  the  total 
tension  51  of  the  first  portion  of  the  rope, 
and  the  angle  C  A  Ki  the  inclination  of 
the  same  to  the  horizon.  If,  now,  we 
lay  oflF  upon  (7^ithe  weights  ft,  ffg,  Gt» 
etc.,  as  the  divisions  JT,  K^  JT,  JTs,  etc., 
and  draw  the  transverse  lines  AK^^A  K^ 
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the  latter  will  indicate  the  tensions  of  the  difftrent  sncceedin^ 
portions  of  the  cord,  and  the  angles  C  A  K^y  C  A  K^  etc.,  the 
angles  of  inclination  o^  <H>  ^^  o^  these  portions. 

g  156b  From  the  investigations  in  the  foregoing  paragraph  we 
can  deduce  the  following  law  for  the  equilibrium  of  a  cord  stretched 
by  weights : 

1)  The  horizontal  tension  is  in  aU  parts  of  the  cord  one  and  the 

same,  viz.: 

ff=  Si  cos,  a,  =  S,  COS.  a^ 

2)  The  vertical  tension  in  any  portion  is  eqital  to  the  vertical 
tension  of  the  cord  at  the  end  above  it  mintis  iJie  sum  of  the  weights 
suspended  above  it,  or 

This  law  can  be  expressed  more  generally  thus :  The  vertical 
tension  in  any  point  is  equal  to  the  tension  in  any  other  lower  or 
higher  point  plus  or  minus  the  sum  of  the  weights  suspended  be- 
tween them. 

If  we  know  besides  the  weights  the  angle  a,  and  the  horizontal 

tension  ff,  we  obtain  the  vertical  tension  at  the  extremity  A  by 

means  of  the  formula 

F,  =  JSr.  tang.  a„ 

and  that  at  the  extremity  B  is 

V.=  (O,  +  0,  +  ..-+  ff,)-  ^1- 
Ify  on  the  contrary,  the  two  angles  of  inclination  a^  and  a,  at 
the  two  points  of  suspension  A  and  B  are  known,  the  horizontal 
and  vertical  tensions  are  determined  in  the  following  manner; 
we  have 

V^  _  tang,  a, 

Vi  ~~  tang,  a^ 

and  therefore  F.  =  ^\  ^"^-  \ 

tang,  a^ 

But  since  F,  -f  F,  =  ff,  4-  ff «  +  . . .  lb., 

/tang,  a  +  tang,  a^ 

\         tang,  c,  /  «      ■» 

we  have 

TT  _  {Oi  -*-  Gi  +  . . .)  tang. o>x       tn    x   n  \  *^^-  ®i  ^*-  ^« 

tang,  a,  -f  tang,  a,  ^  '  s%n.  (a,  +  a«) 

and 

p-  _  {0\  4-  ff 9  +  . . . )  tang,  o,^      in    x   n  \  *^^^-  ^"  ^^^'  ^^i 

tang,  a^  -f  tang.  a„  ^  '  sm.  (a,  -h  a  J 

and  consequently 

19 
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n=  Vi  cotg.  a,  =  Vn  cotg.  a^  =  ((7i  +  G^,  +  . . .  )     .    .    -- — ". 

If  the  two  ends  of  the  cord  have  the  same  inclination;  we  have 
^_  ^  ^_  ^  g.H-g.+^...+  g.,^„„,^,^^,„„„^ 

as  the  other  end  B. 

These  formulas  are  applicable  to  any  pair  of  points  or  knots  of 
the  funicnlar  polygon,  when  we  substitute  instead  of  (r,  +  G9  +  . . . 
the  sum  of  the  weights,  etc.,  suspended  to  the  cord  between  the 
two  points.  The  vertical  tensions  of  a  cord,  on  which  a  weight  G« 
is  hung  and  the  angles  of  inclination  of  which  are  a^  and  a.  4. 1,  are 

y  -^  (1   **^*  ^-  ^*-  ^«  -^  >  ^- 


''m  +  1    


sin.  (a„  +  a„  +. ,)        1  +  cotg.  a^  tang.  a„  + , 
__  ^   sin.  g^+i  COS.  o„. G^ 


and 


■"■^  *  "  sin.  (a„  +  a.»  + 1)       1  +  tang.  a„  cotg.  a^  + ,' 

These  laws  are  applicable  to  any  funicular  polygon  stretched  by 
parallel  forces,  when  we  substitute  instead  of  the  vertical  the  direc- 
tion of  the  forces. 

i  •  ExAMPLB.— The  funicular  polygon  A  K^  JT,  K^  B,  Fig.  287,  is  stretched 
^y  three  weights  G^  =  20,  O^  =  80  and  G^  =  16  pounds  as  well  as  by 

the  horizontal  foice  H^  =  25 
pounds ;  required  the  axial  ten- 
sions, supposing  the  extremities 
A  and  B  to  have  the  same  angle 
of  inclinati on.  The  vertical  ten- 
sions at  the  ends  are  equal  and  are 

V  -r  -  <^i  +  g»  +  Q"* 

*""*""  2 

20  +  30  +  16      „^  .       ^ 
= ^ =  88  pounds. 


Fig.  287. 


The  vertical  tension  of  the 

second  portion  of  the  cord  is 

F,  =  Fj  -  (?!  =  88  -  20  =  18 

pounds ;  that  of  the  third  is. 

Fa  =  F4  -  (7,  (or  G^j  +  Gf,  -  F^)  =  88  -  16  =  17  pounds. 

The  angles  of  inclination  a^  and  a^  of  these  extremities  are  determined 

by  the  formulas 

F        88 
ta-ng.  a^  =  tang,  a^  =  -^  =  —  =  1,82; 

those  of  the  second  and  third  portions  by  the  formulas 

G.  20 

tang,  a,  =  tang,  a^  ^  -^  =  1,82  —  ^  -  =  0,52  and 


G.  16 

tang,  a,  ==  tang,  a^  —  -^  =  1,82  —  gj  =  0,68 ; 


y 


'jtv  iy^ix  nx^ 


i« 


(2, 


(J't-Vf*  V  v''  C-  \^^  I  I''V\ 


.^r~w>^*-A. 
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whence  we  hare 

«j  =  a^  =  53'*  51',  a,  =  27°  28',  a,  =  84**  18'. 

Finally  the  axial  tensions  are 

5j  =  5^  =  VFi'  +  JT*  =  V  88*  +  26*  =  V1714  =  41,40  pounds, 
B^  =  VF^M^^ir*  =  V  18*  +  26*  =  V"794  =  18,18  pounds  and 
5,  =  VF,'  +  JT*  =  V 17*  +  26*  =  80,28  pounds. 

§  157.  The  Parabola  as  Catenary.— Let  us  suppose,  that 
the  cord  A  0  By  Pig.  238,  is  stretched  by  the  weights  ff„  ff„  (?„ 

eta,  hung  at  equal  horizontal 
distances  &om  each  other.  Let 
us  denote  the  horizontal  dis- 
tance A  Jf  between  the  point  of 
suspension  A  and  the  lowest 
point  (7  by  J  and  the  vertical 
distance  C M  hj a]  let  us  also 
put  the  similariy  placed  co-ordi- 
nates of  a  point  0  of  the  funicu- 
lar polygon  0  N  =  y  and  C  N 
=  a?.    If  the  vertical  tension  in 

^  ifl  =  F,  that  in  0  is  consequently  =  ^  .  F,  and  therefore  we 

have  for  the  angle  of  inclination  to  the  horizon  N  0  T  =  R  0  Q 
=  ^  of  the  portion  of  the  cord  0  Q 

V   y 

tang.  0  =  |  •  ;^ 
in  which  JET  designates  the  horizontal  tension. 


From  this  we  obtain  Q  R  =^  OR.  tang.  <!>  =z  0  R   • 
f  .  -=,  which  is  the  diflference  of  height  of  two  neighboring  comers 

0       Ja 

of  the  funicular  polygon.  If  we  put  y  successively  =  1)  R,2  0  R, 
d  0  R,  etc.,  the  latter  formula  gives  the  difference  of  height  of 
the  first,  second,  third,  etc.,  comers,  counting  from  the  lowest 
point  upwards ;  if  now  we  add  all  these  values,  whose  number  we 
can  suppose  to  be  =  m,  we  obtain  the  height  C  Noi  the  point  0 
above  the  lowest  point  C.    Here  we  have 

OR 


z^CN^l 


{OB  +  20R  +  90B  +  ...  +  m.OB) 


r 


OJP 


(1  +  2  +  3  +  .. .  +  ».)=|.?L(jL+i).^ 


in  accordance  with  the  rule  for  summing  an  arithmetical  series. 
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FinaUy,  putting  0  iJ  =  J,  we  Obtain 

_  F     m(m  +  1)     y' 

t 

or  snbstitutmg  for  the  valae  of  the  tangent  of  the  angle  of  4nclina- 

Y 

tion  a  of  the  end  A  of  the  rope  tang,  a  =  -==: 

JoL 

___  m(m  +  l)  y*  tang»  a 

If  the  nnmber  of  the  weights  is  very  great,  we  can  put  m  +  1 
=  m,  and  consequently 

y    y"  ^  f 


""^H 


2^  =  2*  ^^^•"- 


For  ^  =  a^  y  =  &,  and  consequently  we  have 

__  F      J  _  i  taring,  a 
^"H  '2  -        2 

•    ^    ^     y" 

or  more  simply  -  =  -^, 

which  is  the  equation  of  a  parabola. 

If,  therefore,  an  imponderable  string  is  stretched  by  an  infinite 
number  of  equal  weights  applied  at  equal  horizontal  distances  &om 
each  other,  the  funicular  polygon  becomes  a  parabola. 

For  the  angle  of  inclination  ^  we  have 

t/       2  IE  CL  ^  2  dC 

/ansr.0  =  |  .  -y  =  2y.    y  =  2y.  y  =  y  and 

%a 
tang,  a  =  -j-. 

The  subtangent  for  the  point  0  is 


%x 


NT=  OJftang.il>  =  yZJZ=:2x:=2  ON. 

If  the  chains  and  rods  of  a  chain  bridge  ABDF,  Fig.  239,  were 

Fio.  289. 

B  ._  A 


without  weight  or  very  light  in  proportion  to  that  of  the  loaded 
bridge  D  E  Fy  the  latter  weights  alone  would  have  to  be  considered, 
and  the  chain  A  C  B  would  form  a  parabola. 
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ExAMFLS.— The  entire  load  of  the  cbain  bridge  in  Fig.  239  is  6^  =  2  F 
=  820000  pounds,  the  span  is  il  J9  =  2  5  =  150  feet,  the  height  of  the  arc 
(7Jlf  =  a  =  15  feet;  required  the  tension  and  other  conditions  of  the 
chain.    The  inclination  of  the  chain  to  the  horizon  is  determined  by  the 

Ibnnala 

2a      90      2 

tang.  a  =  -y=^  =  ^  =  0,4,  whence  o  =  21''  48'. 

The  yertical  tension  in  each  point  of  suspension  is 
F=r  ^  weight  =  160000  pounds, 
the  horizontal  tension  is 

S=:  Veotg,  a  =  160000 .  ^  =  400000  pounds, 
and  the  total  tension  at  one  end  is 


3 


5=Vr*  +  IT"  =  FVl+«>^.«a  =  160000  .  f^l  +  Q-X 

/Oft 

=  160000  Y  -4--  ^^^  "^  =  ^^818  pounds. 

§  158.  The  Catenary.— If  a  perfectly  flexible  and  ineztensible 
oordy  or  a  chain  composed  of  short  links,  is  stretched  by  its  own 
weighty  the  axis  of  the  same  will  form  a  carved  line^  which  has  re- 
ceived the  name  of  the  catenary  curve  (Pr.  chainette,  Gr.  Ketten- 
linie).  The  strings,  ropes,  ribbons,  chains,  etc.,  which  we  meet 
with  in  practice,  are  imperfectly  elastic  and  extensible,  and  conse- 
quently form  curves,  which  only  approach  the  catenary,  but  which 
can  generally  be  treated  as  such.  From  what  precedes  we  know, 
that  the  horizontal  tension  in  the  catenary  is  equal  at  all  points, 
while,  on  the  contrary,  the  vertical  tension  in  one  point  is  equal  to 
the  vertical  tension  in  the  point  of  attachment  above  it  minus  the 
weight  of  the  portion  of  the  chain  between  this  point  and  the  point 
of  Buspengion.  Since  the  vertical  tension  at  the  vertex,  where  the 
catenary  is  horizontal,  is  =  0,  or  since  the  vertical  tension  at  the 

A^  point  of  suspension  is  equal  to 

the  weight  of  the  chain  from 
the  point  of  attachment  to  the 
vertex,  the  vertical  tension  in 
any  point  is  equal  to  the  weight 
of  the  portion  of  the  chain  or 
cord  below  it 

If  equal  portions  of  the  chain 
are  equally  heavy,  the  curve 
produced  is  the  common  cate- 
nary, which  is  the  only  one  we 


Fig.  240. 
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will  discuss  here.  If  a  portion  of  the  chain  or  cord  one  foot  long 
weighs  y,  and  if  the  arc  corresponding  to  the  co-ordinates  C  M  :=.  a 
and  MA^ly  Pig.  240,  is  ^  OC  —  /,  we  haye  for  the  weight  of 
the  portion  A  0  0  of  the  chain  0  =  ly. 

If,  on  the  contrary,  the  length  of  the  arc  corresponding  to  the 
co-ordinates  C  N  =  x  and  iV  0  =  y  is  =  «,  we  have  for  the  weight 
of  this  arc  V  —  ay.  Putting,  finally,  the  length  of  a  similar  piece 
of  chain,  whose  weight  is  equal  to  the  horizontal  tension  JJ,  =  (?, 
we  have  //  =  c  y,  and  we  have  for  the  angles  of  inclination  a  and 
0  in  the  points  ^  and  0 

tang,  a  =  tang.  SAI{=:-=:=  —  =  -  and 

tang.  <f>  =  tang.  NO  T=  ^  =  — =- 

§  159.  K  we  make  the  horizontal  line  O  ff.  Pig.  241,  equal  to 
the  length  c  of  the  portion  of  the  chain  measuring  the  horizontal 
tension  and  0  0  equal  to  the  length  /  of  arc  of  the  chain  on  one 
side,  in  accordance  with  §  155,  the  hypothenuse  0  H  gives  the 
intensity  and  direction  of  the  tension  of  the  cord  at  the  point  of 
suspension  A ;  for 

tang.  OH  G  =  -T^-jf  =  -  and 

WH  =   ^  0~G'  4-  CW*  =  Vr  +  c%  or 

8=  VCr  +  ff'  =  Vr  +  c'.y=^  G~H.y. 
If  we  divide  C  0  into  equal  parts  and  draw  from  H  to  the 

points  of  division  1,  2,  3,  etc.,  straight 
lines,  the  latter  give  the  intensity  and  di- 
rection of  the  tensions  obtained  by  dividing 
the  length  of  the  arc  of  the  chain  A  C  into 
as  many  equal  parts.  Por  example,  the  line 
jffiT  gives  the  magnitude  and  direction  of 
the  tension  or  tangent  at  the  point  of  di- 
vision (P)  of  the  arc  -4  P  C,  since  at  this 

point  the  vertical  tension  =  C  K .  y,  while 
the  horizontal  tension  is  constant  and  = 
c  .  y,  and  therefore  for  this  point  we  have 

•  as  is  really  shown  by  the  figure. 

This  peculiarity  of  the  catenary  can  be 
made  use  of  to  construct  mechanically,  approximatively  correctly. 


Fig.  241. 
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this  curye.  After  having  divided  the  given  length  of  the  catenary 
to  he  oonstmcted  in  very  many  equal  parts  and  laid  off  the  Une 
G  H  =^  Cy  which  measures  the  horizontal  tension,  we  draw  the 
transverse  lines  HI,  H2y  HS,  etc.,  and  lay  off  on  C Ha,  division 

C7 1  of  the  arc  of  the  curve  9aC  a,  pais  through  the  point  of  division 

{a)  thus  obtained  a  parallel  to  the  transverse  line  H\  and  cut  off 

again  from  it  a  part  ab  =  CI.    In  like  manner  we  draw  through 

the  point  (b)  thus  obtained  a  parallel  to  the  transverse  line  H2  and 

cat  off  from  itb  c  =  (71  equal  to  a  division  of  the  ara    We  now 

draw  through  the  new  point  (c)  a  parallel  to  H3  and  make  c  d 
equal  to  a  division  of  the  arc  and  continue  in  this  way^  until  we 
have  obtained  the  polygon  Cabcdef.   We  now  construct  another 

polygon  Oapy  d  eit>hj  drawing  O  a  parallel  to  Hi,  a  0toH2, 

/3  y  to  H3,  etc.,  and  by  making  (7o  =  aj3  =  /3y,  etc.,  =  ^1  = 

12  =  23,  etc.  If,  finally,  we  pass  through  the  centre  of  the  lines 
aoybP,  cy...f<f>ek  curve,  we  obtain  approximatively  the  catenaiy 
required. 

For  practical  purposes  we  can  often  obtain  accurately  enough 
a  catenary  corresponding  to  given  conditions,  e.o.  to  a  given  width 
and  height  of  the  arc  or  to  a  given  width  and  length  of  arc,  etc., 
by  hanging  a  chain  with  small  links  against  a  vertical  wall. 

§  160.  Approximate  Equation  of  the  Catenary.— In 
many  cases,  and  particularly  in  its  application  to  architecture  and 
machinery,  the  horizontal  tension  of  the  catenary  is  very  great 
compared  to  its  vertical  one,  and  therefore  the  height  of  the  arc  is 
small,  compared  with  its  width.  Under  this  assumption,  an  equa- 
tion for  this  curve  can  be  found  in  the  following  manner : ' 
Let  8  denote  thp  length,  x  the  abscissa  C  N  and  y  the  ordinate 

^  JV  0  of  a  very  low  arc  C  0, 

^'*^-  Pig.  242.    We  can,  according 

to  the  remark  upon  page  298, 
put  approximatively 


8 


=[-i(i)> 


and  therefore  the  vertical  tension  in  a  point  0  of  a  low  arc  of  a 
catenary  is 
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and  the  tangent  of  the  tangential  angle  T  0  N  =•  ^  is 

If  we  divide  the  ordinate  y  into  m  equal  parts,  we  find  the 
portion  £  Q  =  JV  27  of  the  abscissa  X  corresponding  to  such  a 
division  0  Rhj  putting 

RQ=OBtang.i>^ORJ^[l  +  l(^)'] 
Since  x  is  very  small  compared  to  y,  we  have  approzimatively 

B^  =  0  B.K   Substituting  now  0R  =  —  and  successively  for  y 

the  values  ^y  — ^,  — s  etc,  we  obtain  one  after  the  other  the  differ- 
m   m    m 

ent  portions  of  x,  the  sum  of  which  is 

cm*^  ^      cm*  2         ^^       ^      2  c 

the  latter  equation  is  that  of  the  parabola. 

If  we  proceed  more  accurately  and  substitute  in  the  formula 


^=o-e-ib^uin 


instead  of  x,  the  value  ^  just  found,  we  obtain 

2c'' 


Putting  y  again  successively  equal  to  - -,  — ,  — ^,   etc.,    and 


7n    mm 

instead  of  0  R,  ~,  we  obtain  successively  the  difierent  portions  of 
Xy  and  consequently  their  sum 

When  the  number  of  members  is  very  great,  the  sum  of  the  cardi- 

m* 
nal  numbers  1  +2  +  3...  +  mis  =  -^  and  the  sum  of  their  cubes 

m* 
is  =  -J-  (see  ^  Ingenieur,^  page  88).     Hence  we  have 

the  equation  of  very  powerftdly  stretched  catenary. 
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By  inyersion  we  obtain 

y»  =  2 ca; -  j|^  =  2cx-  -j^^  =  2  ca:  -  y,  whence 

2)  y  =  y  2  ex  — q-,  or  approximatiyely, 
The  measure  of  the  horizontal  tension  is  given  by  the  formula 

The  tangential  angle  is  detennined  by  the  formula 
The  formnla  for  the  rectification  of  the  curve  is 

■    «•=»[>- 1  (^)']=*['- 5  (!)■]• 

EzAKFLE — 1)  The  length  of  the  catenary  for  a  width  of  arc  2  ft  =  16 
feet  and  for  a  height  of  arc  a  =  2|^  feet  is 

=  16  +  16  .  0,065  =  17,04  feet ; 
and  the  length  of  the  portion  of  the  chain,  which  measares  the  horizontal 
tension,  is 

the  tangent  of  the  angle  of  inclination  at  the  point  of  suspension  is 

whence  the  angle  itself  is  a  =  82"  50'. 

2)  If  a  chain  is  10  feet  long  and  the  width  of  span  is  9)^  feet,  the  height 
of  arc  is 

a/Kj      ^        /8(10-W)      H        ./3       19        /57 

"  =  ra(2-^)^=V2— 2^-2  =r  2  -16  =  ^X2 

=  Vl,7812  =  1,885  feet, 
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and  the  measure  of  the  horizontal  tension  is 


^""  2a'^  6  ~2  .  1,886 


1,385 
+  -^  =  8,678  feet. 


8)  If  a  string  80  feet  long  and  weighing  8  ponnds  is  stretched  as  nearly 
horizontal  as  possible  by  a  force  of  20  pounds,  the  vertical  tension  is 
r  =  J  (7  =  4  pounds,  and  the  horizontal  force 

H-  VSP^V*  =  V20*^^»  =  V884  =  19,596  pounds, 
the  tangent  of  the  angle  of  inclination  at  the  point  of  suspension  is 

and  the  angle  itself  is  11°  82' ;  the  measure  of  the  horizontal  tension  is 

e=-  =H:^  =  ^H=  78,485  feet, 
the  width  of  the  span  is 

a5=2z[l  -  4  .  (I)']  =  80  .  [l  - 1 .  ( J|gy]=80-0,808=2».79aft., 

and  the  height  of  the  arc 

.  /3T"i      r      .  /  8  29,792 .  0,208         rr: 

a  =  y  ^&(?-&)  =  y  -— L___2 =  V  29,792  .  0,078  =  1,524  feet 

Remark  1.— We  find  from  the  radius  OA  =  OB  =  CD  =  r  and  the 
ordinate  ul  Jf  =  ^  of  an  arc  of  a  circle  A  B,  Fig.  248,  the  ordinate 
A  N  z=BN=  y^  of  half  the  arc  ^  D  =  BD,  by  putting 

3r5*  =  zir"  +  Bir  ==irs^  +  (cb^  o  My 


=  AM^HOB^  VOA*^AM*)*=^CA^^%  CA  ^OA*  -  A  IP, 

LB.  4  yi»  =  2  r»  —  2  r  |/r»  —  y». 
Hence  we  haye 


Fig.  248. 


small  compared  with  r, 


or  appronmatiyely,  if  y  is 


By  repeated  application  of  this  fonnula  we  find  the 
ordinate  of  a  quarter  of  the  arc 

and  that  of  an  eighth  of  the  arc 

=i(i+tt+i+tt)'iJj). 

Since  the  ordinates  of  very  small  arcs  can  be  put  equal  to  the  arcs 
themselves,  we  o'btain  for  the  arc  ^  J9  approximatively 
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*  =  8.y,  =  yn+[l  +  i+  (i)«]  ^V  or  more  accurately 

=  y  (l  +  [1  +  J  +  (J)»  +  (i)*  +  . . .]  3^^,). 

But  1  +  i  +  (i)»  +  {i)»  +  . . .  is  =  n:^=*  (8eelngeiiieur,page82), 
and  therefore 

or  substituting  instead  of  r  the  abscissa  B  M  =  x  by  putting  2rx  =  y*j 
we  obtain 

This  formula  is  not  only  applicable  to  the  arc  of  a  dicle,  but  also  to  All 
low  arcs  of  curres. 

Rbmabx  2.  K  we  compare  th^  equation        

Fie.  241  y  =y  2ex  — -j 


8 


found  above,  with  the  equation  of  the  ellipse 


y  =-  V^  2  a  a?  —  «• 
a 

(see  Ingenieur,  page  169),  we  find 

—  =  c  and  -j  =  i,  and  consequently 

a  =  9e  and  6  =  a  Vf  =  c  V8. 
The  curve  formed  by  a  powerfully  stretched  string  can  therefore  be 
considered  as  the  arc  A  CB,  Fig.  244,  of  an  ellipse,  the  m%)or  axis  of  which 

]8jr(7=a  =  86  and  the  minor  axis  isJri>=  K  E  =z  (  =  dV3  = 
a  VJ  =  0,577  a. 

(§  161.)  Equation  of  the  Catenary.— The  complete  equa- 
tion of  the  catenary  can  be  found  in  the  following  manner  by  the 
aid  of  the  calculn&    According  to  §  158,  we  have  for  the  angle  of 

suspension  T  0  JV  =  0,  Pig.  245, 
formed  by  the  tangent  0  jT  to  a 
point  0  of  the  catenary  ACB  with 
the  horizontal  co-ordinate  0  K, 
when  the  arc  (7  0  is  denoted  by  8 
and  the  horizontal  tension  by  iT  = 
cy, 

tang.  ^  =  — 

But  0  is  also  equal  to  the  angle 
0  P  R  formed  by  the  element  of 
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the  arc  0  P  =  (2  «  with  the  element  P  R  =  dy  of  the  ordinate 
0  N  ^  iff  and  hence 

J        /^  n  T>      OR     dx 
tang.OPB^p^  =  jy, 

in  which  0  £  is  considered  as  an  element  dxoi  the  abscissa  C  2f 
=  X.    From  the  above  it  follows,  that 

dx      8       dy*      c* 

But  rf  «'  is  =  rf  af  +  rf  y^  or  rf  y"  =  d  «•  —  rf  a?',  whence 

Clearing  the  eqoation  of  fractions  and  transposing,  we  obtain 

ads 
da^Cs*  -\-  c')  =  «•  d8*,  or  rfa;  =   ./— ,— --5. 

Putting  «•  +  c*  =  w,  we  have 

8«rf«  =  rft^andrfa;  =5— 7-  =Afr^rf«. 

By  integration  we  obtain  (according  to  Article  18  of  the  In- 
troduction to  the  Calculus) 

tt-*  du=  i  •  nr  ■*"  ^^'^''  =  ^  +  Const. 

=  i^«'  +  {?■  +  Canst 

Finally,  since  for  a;  =  0,  « is  also  =  0,  we  have  0  =  i^+  Canst^ 
LB.  Const.  =  —  c  and 

1)  a?  =  V«'  +  c"  —  c,  or  inversely 

«  =  i^  (a;  +  c)*  —  c"  =  1^2  c  a?  +  a;*,  and 
e  -a?" 


c  = 


2a; 


EzAXFLB. — ^If  a  chain  A  0  B^IO  feet  long  and  weighing  80  pounds, is 
suspended  in  such  a  manner  that  the  height  of  the  arc  is  0  M  =  4k  feet,  we 
Lave 

y  =  fj  =  8  pounds, 

*"-       2x     "~8        "■** 

and  consequently  the  horizontal  tension 

J7z=0y  =  8.|-  =  8f  pounds. 

(g  162)  As  in  the  last  paragraph  by  eliminating  e?  y  we  obtained 
an  equation  between  the  arc  s  and  the  abscissa  ar,  in  like  manner 
by  eliminating  dxwe  can  deduce  an  equation  between  the  arc  s 
and  the  ordinate  y.    For  this  purpose  we  substitute  in  the  equation 
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and  obtain  the  equation 

^  = .  ,  ^9  or  rfy"  («•  +  {?■)  =  c*  d«',  whence 

cds 

Dividing  the  numerator  and  denominator  by  e  and  putting 
-  =  v,  we  obtain 

and  the  formula  XTTT,  in  Article  26  of  the  Introduction  to  the 
GalculuSy  gives  U8  the  oorresponding  integral 

r    dv  . 

y^cj  -;^7~=  =  (?l(t;+ V1  + t;'),LE. 

2)y=.Z( ^ Y 

Substituting  in  this  formula  «  =  ^%cx  -^t^j  we  obtain  the 
proper  equation  for  the  co-ordinates  of  the  common  catenary 

3)  y  =  c?\^ ^ j,or 

Finally,  by  inTeiting  2  and  3,  we  obtain 
5)  «=  (^_g-Jj.|and 

c  denoting  the  base  2,71828 ...  of  the  Naperian  system  of  loga- 
rithms (see  Article  19  of  the  Introduction  to  the  Calculus). 

Example. — The  two  corresponding  co-ordinates  of  a  point  of  the  cate- 
nary are  2  =  2  and  y  =  8 ;  required  the  horizontal  tension  eol  tliis  curve. 
Approzimatively,  according  to  No.  3  of  paragraph  160,  we  have 

y*      *       ^      2       „^^ 
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Bat  according  to  No.  3  of  this  paragraph  (163),  we  have  exactly 


y  =  eiy j,  UD. 

__       /g  +  2  +  V4c'-H  4\ 


8 
Substituting  for  «,  2,68,  we  find  the  error 

=  8  -  8,036  =  -  0,036. 
n^  however,  we  assume  e  =  2,68,  we  find  the  error 

=  8  --  8,002  =  —  0,002. 
In  order  to  find  the  true  value  of  c,  we  put  according  to  a  well  known 
rule  (see  Ingenieur,  page  76) 


.-2,58/   ^0,086 

e  -  2,68  "  /i  *"  0,002  ""      '    * 


whence  it  follows  that  16,5  .  c  =  17,6  .  2,68  —  2,68  =  41,60  and 

«  =  ^T^  =  2,627  feet 
16,5  ' 

Rbmabk. — We  can  express  very  simply  «,  x  and  yfor  the  common  cate- 
nary in  terms  of  the  angle  of  suspension  ^ ;  for  from  what  precedes  we  have 

e  tin,  ^ 
$  =  e  tang.  6  =  

,  l-< \ i—         ^K         C  (1  —  00%,  if) 

«  =  c(V  1  +  tang,*  ^  —  1)  =  -^ -— ^  and 

^  i^      r  /  COS.  ^ 

ff  =  el  (tang.  ^  +  V  1  +  tang.*  if)  ==  e  I  (    "^  **^'  \ 

\     eos.  f     / 

By  means  of  these  formulas  we  can  easily  calculate  the  lengths  of  the 
arcs  and  of  the  co-ordinates  for  different  angles  of  suspension,  and  a  useftd 
table,  such  as  is  given  in  the  Ingenieur,  page  363,  may  be  thus  prepared. 
For  this  purpose  we  need  adopt  as  base  but  a  single  catenary,  and  in  this 
case  the  best  one  is  that,  in  which  the  measure  of  the  horizontal  tension  is 
=  1;  to  obtain  «,  x  and  ^  for  another  catenary  corresponding  to  the  hori- 
zontal tension  ^  we  have  but  to  multiply  the  values  of  «,  x  and  y  given  in 

$  y 

the  table  by  e.    If  tang.  ^  were  not  =  -,  but  to  --,  we  would  have  the  com- 
mon parabola,  for  which 

e  r  tin.  ^        _  ^         /i  ^  +  Al 

X 

e  Hn.  ^ 


=  Ti  tang.*  A  =  -  I  1   and 

2       *'     ^       2  \coB.  i^l 

y  =z  e  tang.  ^  = 


COS.  ^ 
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§  163.  EqaUItoinm  of  tb»  PoUey.— Ropes,  belts,  etc.,  are 
the  ordinary  means  employed  to  transmit  forces  to  the  pulley  and 
the  wheel  and  azle.  We  vill  here  discuss  only  the  most  genera)  part 
of  the  theory  of  these  two  apparatuses,  so  for  as  it  can  be  done  with- 
out taking  into  consideration  the  friction  and  the  rigidity  of  cordage. 

A  pulley  (Ft.  poulie ;  Ger.  Rolle)  is  a  circular  disc  or  sheave 
ABC,  Figs.  246  and  247,  movable  about  an  axis  and  around 
Fia.  240.  Fro.  347. 


!( 


J 


whose  circumference  a  string  is  laid,  the  extremities  of  which  are 
pulled  by  ihe  forces  P  and  Q.  The  block  (Fr.  chape ;  Ger.  Oeh&nse 
or  Lager)  of  a  fixed  pnlley  (Fr.  p.  fixe ;  Ger.  feete  R),  in  which  the 
axles  or  joamals  rest,  is  immovable.  That  of  a  movable  pulley 
(Fr.  p.  mobile ;  Ger.  lose  B.)  on  the  contrary  is  free  to  move. 

When  a  pnlley  is  in  equilibrium,  the  forces  F  and  Q  at  the  ex- 
tremities of  the  cord  are  equal  to  each  other ;  for  every  pulley  is  a 
lererwith  equal  arms,  which  we  obtain  by  letting  fall  from  the 
axis  C  the  perpendiculars  C  A  and  C  B  upon  the  directions  D  P 
and  D  Q  of  the  forces  or  corde.  It  is  also  evident,  that  during  any 
rotation  about  C  the  forces  P  and  Q  describe  equal  spaces  r  P, 
when  r  denotes  the  radius  CA  =  CB  sod  0"  the  angle  of  rotation, 
and  from  this  we  can  conclude,  that  P  and  Q  are  cqnal.  The  forces 
P  and  Q  give  rise  to  a  resultant  C  R  =  R,  which  la  counteracted 
by  the  journal  or  axle  and  is  dependent  upon  the  angle  A  DB  =  a 
formed  by  the  directions  of  the  cords,  it  is  given  by  construction 
as  the  diagonal  of  the  rhomb  CP,  R  Q,  couetmcted  with  P  imd  a; 

its  value  is  R=  %  P  cos.  k- 
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§  164.  The  weight  to  he  raised  or  the  resistance  Q  to  he  overcome 
in  a  fixed  pulley^  Fig.  246,  acts  exactly  in  the  same  manner  as  the 
force  Py  and  the  force  is  therefore  equal  to  the  resistance,  and 
the  nse  of  this  pulley  produces  no  other  effect  than  a  change  of 
direction. 

On  the  contrary,  in  a  morahle  pulley,  Pig.  247,  the  weight  B 
acts  on  the  hook-shaped  end  of  the  bearings  of  the  axle,  while  one 
end  of  the  rope  is  made  fast  to  some  immovable  object ;  here  the 
force  is 

R 


P  = 


a 
2  €08.-^ 


Designating  the  chord  A  M  B  corresponding  to  the  arc  covered 
by  the  string  by  a  and  the  radius  C  A  =  0  B,  ba  before,  by  r,  we 
have 


a  =  2AM=2GAco8.CA  M=%CAco8.ADM—%rco8.^ 
and  therefore 


r 
)  a 


2  C08.J: 


«""*  J 


r 
a 


Fig.  248. 


Hence,  in  a  movable  pulley,  the  force  is  to  the  load  as  the 

radius  of  the  pulley  is  to  the  chord  of  the  arc  covered  by  the  string. 

If  a  =  2  r,  I.E.  if  the  string  covers  a  semicircle,  Fig.  248,  the 

force  is  a  minimum  and  is  P  =  ^J  if ;  if  a  =  r  or 
if  60*  of  the  pulley  is  covered  by  the  string,  we 
have  P  =  A  The  smaller  a  becomes,  the  greater 
is  P;  LB.,  when  the  arc  covered  by  the  cord  is 
infinitely  small,  the  force  P  is  infinitely  great 
The  relation  is  inverted,  when  we  consider  the 
spaces  deifcribed ;  if  5  is  the  space  described  by 
P,  while  R  describes  the  space  A,  we  have  P«  = 
Rh^  whence 

8  _a 
h"  r 

The  movable  pulley  is  a  means  of  changing 
the  force,  and  is  used  to  gain  power ;  by  means 
of  it  we  can,  e.g.,  raise  a  given  load  with  a  smaller 
force ;  but  in  the  same  ratio  as  the  force  is  in- 
creased the  space  described  is  diminished. 
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RmfABK. — The  cotnbinationB  of  pnllejs,  nich  aa  block  and  tackle,  cte., 
■B  wdl  aa  the  inf  ueace  of  iiiction  and  of  the  rigidit;  of  cordage  upon  the 
state  of  eqailibrimu  of  puUeya,  will  be  treated  in  the  third  volome. 

1 165.  Wheel  and  AxIOl— The  wheel  and  axle  (Ft.  roue  bot 
Parbre,  0«r.  itadweUe)  ia  a  rigid  combination  A  B  F  E,  Fig.  319, 
of  two  pnlleys  or  wheels  moT- 
able  aboat  a  commoQ  axis. 
The  smaller  of  these  wheels 
is  called  the  axle  (Fr.  arbre, 
Ger.  Wello),  and  the  larger 
the  wheel  (Fr.  roue,  Ger.  Bad). 
The  rounded  ends  E  and  F, 
upon  which  the  apparatos 
rests,  are  called  tho  jonmals 
(Fr.  tourillons,  Ger.  Zapfi.'n). 
The  axis  of  revolution  of  a 
wheel  abd  axle  is  either  hori- 
zontal, vertical  or  inclined. 
We  will  now  discuss  only 
J.  ^  the  wheel  and  axle,  movable 

around  a  horizontal  axis.  We 
will  also  suppose,  that  the  forces  P  and  Q  or  the  force  P  and  the 
weight  Q  act  at  the  ends  of  perfectly  flexil>ie  ropes,  which  are 
vonnd  around  the  circumferences  of  the  wheel  iind  of  the  axle. 
The  questions  to  be  answered  are,  what  is  the  reLition  between  the 
force  P  and  the  weight  Q,  and  what  is  the  pressure  upon  the  hear- 
ings at  E  and  F  P 

If  at  the  point  C,  where  the  plane  of  rotation  of  the  force  P 
cuts  the  axis  E  F,  we  imagine  two  equal  opposite  forces  CP  =  P 
and  (77*=:  —  P  to  bo  acting  in  a  direction  parallel  to  that  of  the- 
force  of  rotation  P,  we  obtain  by  the  combination  of  these  three 
forces  a  force  C  P  =  P,  which  acts  upon  the  axis,  and  a  couple 
(P,  —  P),  whose  moment  is  =  P.  C  A  =  Pa,  when  a  designate 
the  arm  of  the  force  A  P  =  P  or  the  radius  C  A  oi  the  wheel 
Now  if  we  imagine  the  two  forces  D  Q  ■=  Q  and  D  Q  =  —  Q  tohe 
apphed  at  the  point  D,  where  the  plane  of  revolution  of  the  weight 
Q  cuts  the  axis  E  F,  we  obtain  also  a  force  D  Q  =  Q  acting  upon 
the  axis  and  a  couple  (^,  —  C)>  whose  moment  is  =  Q  .  D  D  =  Qb, 
when  b  designates  the  arm  of  the  weight  Q  apphed  in  B  or  the 
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radius  D  B  oi  the  axle.  Since  the  axial  foroes  C  P  =  P  and 
/)  §  =  ^  are  counteracted  by  the  bearings,  and  consequently 
can  have  no  influence  upon  the  revolution  of  the  machine,  it  is 
necessary,  in  order  to  have  a  state  of  equilibrium,  that  the  two 
couples,  which  act  in  parallel  planes,  shall  have  equal  moments 
(compare  §  94),  or  that 

Pa=  QbyOT 

P_h 

Q~  a 

In  every  wheel  and  axle  which  is  in  equilibrium^  whatever  may 
ie  its  length,  the  momsnt  P  a  of  the  power  is,  as  in  the  lever,  equal  to 
the  moment  Qh  of  the  load,  or  the  ratio  of  the  power  to  the  load  is 
equal  to  that  of  the  arm  of  the  load  to  the  arm  of  tlie  power. 

K  more  than  two  forces  act  upon  the  wheel  and  axle,  the  sum 
of  moments  of  the  forces  tending  to  turn  it  in  one  direction  is 
naturally  equal  to  the  sum  of  those  tending  to  turn  it  the  other. 

§  166.  The  axial  foroes  t7P  =  PandZ)  C=Ccan^ 
<lecomposed  into  the  vertical  forces  (7  P,  =  P,  and  D  Qi  =  Qi  and 
into  the  horizontal  forces  C  P^^  P^  and  D  Qt=  Qt;  the  first  two 
forces  combined  with  the  weight  of  the  machine  O,  which  acts  at 
the  centre  of  gravity  8  of  the  machine,  give  the  total  vertical 
pressure  on  the  bearings,  which  is 

F,  +  F,  =  P,  +  Ci  +  G^, 

while  the  horizontal  forces  P,  and  Q^  produce  the  lateral  pressures 
Hi  and  H^  on  the  bearings.  If  a  is  the  angle  of  inclination  P  CP^ 
of  the  direction  of  the  force  P  to  the  horizon  and  P  that  Q  D  Qt 
of  the  load,  we  have 

Pi  =  P  sin.  a  and  Pt  =  P  cos.  a,  as  well  as 
Qi=  Q  sin.  P  and  Qa=  Q  cos.  p. 


If  now  I  is  the  total  length  of  the  axis  E  F,d  the  distance  G  E, 

e  the  distance  D  E  and  c  the  distance  8  E  of  the  points  of  the  axis 
C,  D  and  8  from  one  extremity  E  of  the  axis,  we  have,  according  to 
the  theory  of  the  lever: 

1)  When  we  consider  E  as  fulcrum  of  the  lever  E  F,  which  is 
acted  on  by  the  forces  Pi,  Q^  and  O, 


F, .  EF=  P^.E  C  ^  Q,.  ED  +  O.E  8,'le. 
V,l  =  Pid+  Q.e-h  Gs, 


§  ie&  EQUnJBBIDM  IN  FUNICULAE  MACHINES, 

vhenoe  we  obtain  the  vertical  preaenre 

i)  considering  ^  aa  the  fnlcmm  of  the  sapposed  lerer, 
V,.FE=P,.FC+  Q,.FD+  G.FS,i.b. 
V,l=P,{l~d)  +  Q,  (l—e)  +  e{l-8), 
vhence  we  dednce  the  vertical  pressore 

P.(?-d)  +  g.a~e)  +  Gjl-s) 


The  horizontal  pressnree  ff,  and  ff,  are  fonnd,  as  follows,  &om 
the  horizontal  forces  P,  and  Qr 

1)  Coaaidering  B  as  the  fulcrum  of  the  lever  E  /'acted  on  by 
the  forces  P,  and  Q^  we  obtain 

ff,.EF=P,.EC-Q,.  El),  LB. 
IT,l=P,d-  Q.e, 
whence  ve  obtain  the  horizontal  presaore 

3)  Considering  Pm  the  fnlcmm,  we  ha™ 

H,.Fl;=P,.¥C-  Q,.FD,i:e. 
H,l=PA'-d)-Q.V-'), 
from  irtuch  we  dedDC«  the  horizontal  pressnre 

"' 1 • 
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By  the  application  of  the  parallelogram  of  forces,  we  obtain  the 
total  pressures  ^i  and  R^  upon  the  bearings  B  and  F,  and  they  are 

^,  =  VWTH^'  and  B,  =  VV,'  +  H,\ 

Finally^  if  ^i  and  d,  are  the  angles  Ri  E  Hi  and  22,  FH^  formed 

by  these  pressures  with  the  hoiizon,  we  have 

Y  Y 

tang.  6^  =  -^-  and  tang,  d^  =  -^\ 

ExAHPLB. — The  weight  Q,  suspended  to  a  wheel  and  axle,  acts  verti- 
cally  and  weighs  365  pounds ;  the  radius  of  the  wheel  is  a  =  If  feet ;  the 
radius  of  the  axle  is  &  =  f  foot ;  the  weight  of  the  wheel  and  axle  together 
is  200  pounds ;  the  distance  of  its  centre  of  grayity  from  the  journal  B  is 
1^  feet ;  the  centre  of  the  wheel  is  at  a  distance  d=zi  from  this  journal 
JE^  and  the  vertical  plane,  in  which  the  weight  acts,  ise  =  2  feet  distant 
from  the  same  point,  while  the  whole  length  of  the  axis  is  B  F=:l  =  ^ 
feet ;  now  if  the  force  necessary  to  produce  equilibrium  acts  downwards  at 
an  angle  of  inclination  to  the  horizon  of  a  =  50°,  how  great  must  it  be  and 
what  are  the  pressures  upon  the  bearings  ?  Here  we  hare  Q  =  865,  p  = 
90°,  and  consequently  Q^  =  Q  «n.  p  =  Q  and  Q^  =  Q  eos.  p  =  0,  P  \a 
unknown,  and  o  is  =  60°,  whence  F^  =  P  nn.  a  =  0,7660  .  P  and  P^ 
is  =  P  «?«.  o  =  0,6428  .  P,  but  a  is  =  1 J  =  J  and  &  =  f ,  whence 

P  =  -  G  =  f .  865  =  156,4  pounds,  P^  =  119,8  and  P,  =  100,5  pounds. 

Since  ?  =  4,  <Z;=f,  tf=:2  and  »  =  |,  we  hare  Z— (Z  =  Jj*,  Z  —  d  =  2 
and  I  —  $  = 


1)  On  the  bearing  F  the  vertical  pressure  is 

_        119,8  .  f  +  865  .  2  +  200.|       ^^^  ^ 

F,  =  — '- — ^ 2 =  ^^^fi  pounds, 

and  the  horizontal  pressure  is 

ff^  =  — *    '^'~ — '—  =  18,8  pounds, 
and  consequently  the  resulting  pressure  is 

i?8  =   f  Fg»  +  H~^  =   4/280«  +  18,8»  =  280,6  pounds, 

and  its  inclination  to  the  horizon  is  determined  by  the  formula 

280  0 
iang,d^  =  -^-^,  log  tang.  6^  =  1,17800,  from  which  we  obtain  d,  =86°  9' 5". 

2)  For  the  bearing  at  E 

119,8  .  V-  +  865  .  2  +  200  .  A       ,^^  ^ 
F,= ^— ^ 1  =  404,8  pounds  and 

-ffi  =  — '—^-f——-  =  81,7  pounds, 
and  consequently  the  resulting  pressure  is 

-Bj  =   4/Fi»  + Jffi»  =  4/404,8*  +  81,7 »  =41 8,0  pounds, 
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and  for  its  iDclination  d^  to  the  hoiizoii  we  hare 

404,8 
Umg.  6^  =  -gjy,  log  tang,  S^  =  0,69502  or  d^  =  78°  85'. 

We  see  that  these  results  are  correct,  for  we  have 

Vi  +V,^  280  +  404,8  =  684,8  =  Pi  +  Ci  +  G^,  and 
H^+R,  =  81,7  +  18,8  =  100,5  =  P,  +  Qr 


CHAPTER    V. 

THE  RESISTANCE  OF  FRICTION  AND  THE  RIGIDITY  OF  CORDAGE. 


§  167.  Resistance  of  Friction. — Heretofore  we  have  eup- 
posed  (§  138)  that  two  bodies  could  act  upon  one  another  only  by 
forces  perpendicular  to  their  common  plane  of  contact.  If  these 
bodies  were  perfectly  rigid  and  their  surfaces  of  contact  mathemat- 
ical planes,  i.e.  unbroken  by  the  smallest  hills  or  hollows,  this  law 
would  also  be  confirmed  by  experiment;  but  since  every  material 
body  possesses  a  certain  degree  of  elasticity  or  even  of  softness,  and 
since  the  surface  of  all  bodies,  even  the  most  highly  polished,  con- 
tains small  hills  and  valleys  and  in  consequence  of  the  porosity  of 
matter  does  not  form  a  perfectly  continuous  plane,  when  two  bodies 
press  upon  each  other  their  points  of  contact  penetrate,  pro- 
ducing an  adhesion  of  the  parts,  which  can  only  be  overcome  by  a 
particular  force,  whose  direction  is  that  of  the  plane  of  contact. 
This  adhesion  of  bodies  in  contact,  produced  by  their  mutual  pene- 
tration and  grasping  of  each  other,  is  wliat  is  called  friction  (Fr. 
fit)ttement,  Ger.  Reibung).  Friction  presents  itself  in  the  motion 
of  a  body  as  a  passive  force  or  resistance,  since  it  can  only  hinder 
or  prevent  motion,  but  can  never  produce  or  aid  it  In  investiga- 
tions in  mechanics  it  can  be  considered  as  a  force  acting  in  opposi- 
tion to  every  motion,  whose  direction  lies  in  the  plane  of  contact 
of  the  two  bodies.  Whatever  the  direction  may  be  in  which  we 
move  a  body  resting  upon  a  horizontal  or  inclined  plane,  the  fric- 
tion will  always  act  in  the  opposite  direction  to  that  of  the  motion, 
B.O.,  when  we  slide  the  body  down  an  inclined  plane,  it  will  appear 
as  motion  up  the  same.  If  a  system  of  forces  is  in  equilibrium,  the 
smallest  additional  force  produces  motion  as  long  as  the  fHction 
does  not  come  into  play;  but  when  friction  is  called  into  existence 
a  greater  addition  of  force,  the  amount  of  which  depends  upon  the 
friction^  is  necessary  to  disturb  tbe  equilibrium. 
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§  168.  In  oyercoming  the  friction,  the  parts  which  come  in 
contact  are  compressed,  the  projecting  parts  bent  over,  or  perhaps 
torn  away,  broken  off,  etc.  The  friction  is  therefore  dependent  not 
only  upon  the  roughness  or  smoothness  of  the  surfaces,  but  also 
upon  the  nature  of  the  material  of  which  the  bodies  are  composed. 

The  harder  metals  generally  cause  less  friction  than  the  softer 
ones.  We  cannot  establish  d  priori  any  general  rules  for  the  de- 
pendence of  friction  upon  the  natural  properties  of  bodies ;  it  is  in 
fact  necessary  to  make  experiments  upon  friction  with  different 
materials,  in  order  to  be  able  to  determine  the  friction  existing 
between  bodies  under  other  circumstances.  The  unguents  (Fr.  les 
enduits;  Ger.  die  Schmieren)  have  a  great  influence  upon  the 
friction  and  upon  the  wearing  away  of  bodies  in  contact.  The 
pores  of  the  bodies  are  filled  and  the  other  roughnesses  diminished 
by  the  fluid  or  half  fluid  unguents,  such  as  oil,  tallow,  &t,  soaps, 
etc.,  and  the  mutual  penetration  of  the  bodies  much  diminished ; 
for  this  reason  they  diminish  very  considerably  the  friction. 

But  we  must  not  confound  friction  with  adhesion,  I.E.,  with 
that  union  of  .two  bodies  which  takes  place  when  the  bodies  come 
in  contact  in  very  many  points  without  the  existence  of  any  pres- 
sure between  them.  The  adhesion  increases  with  the  surface  of 
contact  and  is  independent  of  the  pressure,  while  for  friction  the 
reverse  is  true.  When  the  pressures  are  small,  the  adhesion  appears 
to  be  very  great  compared  with  the  friction,  but  if  the  pressures 
are  great,  it  becomes  but  a  very  small  portion  of  the  friction  and 
can  generally  be  neglected.  Unguents  generally  increase  the  adhe- 
sions, since  they  produce  a  greater  number  of  points  of  contact 

§  169.  Kinds  of  Friction. — ^We  distinguish  two  kinds  of 
friction,  viz.,  sliding  and  rolling  friction.  The  sliding  friction 
(Fr.  frottement  de  glissement;  Gcr.  gleitende  Eeibung)  is  that 
resistance  of  friction  produced,  when  a  body  slides,  I.E.,  moves  so 
that  all  its  points  describe  parallel  lines.  Rolling  friction  (Fr.  f.  de 
roulement ;  Ger.  rollende  or  walzende  Eeibung)  on  the  contrary, 
is  that  resistance  developed,  when  a  body  rolls,  I.E.,  when  every 
point  of  the  body  at  the  same  time  progresses  and  revolves  and 
when  the  point  of  contact  describes  the  same  space  upon  the 
moving  body  as  upon  the  immovable  one.  A  body  M,  Fig.  250, 
supported  on  the  plane  ff  i2,  slides,  for  example,  upon  the  plane 
and  must  overcome  sliding  friction,  when  all  points  such  QaA,B,Q 
etc.,  describe  the  parallel  trajectories  A  Ai,  B  B^,  C  (7„  etc.,  and 
therefore  the  same  jwints  of  the  moving  body  come  in  contact  with 
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different  ones  of  the  support    The  body  M^  Fig.  251,  rolls  npon 
the  plane  H  R  and  most  therefore  overcome  rolling  Motion^  when 

Fio.  251. 


the  points  A^  By  etc.,  of  its  surface  move  in  such  a  manner,  that 
the  space  A  E  B^  =  the  Efpace  A  D  B  ^  A^  Di  B^  and  also  that 
space  A  E\b  ^  the  space  A  D  and  the  space  Bi  E  =  Bi  Z)„  etc. 

A  particular  kind  of  friction  is  the  friction  of  axles  or  journals 
which  is  produced,  when  a  cylindrical  axle,  journal  or  gudgeon 
revolves  in  its  bearing.  We  distinguish  two  kinds  of  axles,  hori- 
zontal and  vertical  The  horizontal  axle,  journal  or  gudgeon 
(Fr.  tourillon  ;  Cter.  liegende  Zapfen)  moves  in  such  a  manner  that 
different  points  of  the  gudgeon,  etc.,  come  successively  in  contact 
with  the  same  point  of  the  support  The  vertical  axle  or  pivot 
(Fr.  pivot;  Ger.  stehende  Zapfen)  presses  with  its  circular  base 
upon  the  step,  on  which  the  different  points  of  it  revolve  in  con- 
centric circles. 

Particular  kinds  of  friction  are  produced,  when  a  body  oscillates 
npon  an  edge,  as,  E.a.,  a  balance,  or  when  a  vibrating  body  is  sup- 
ported upon  a  iK)int,  as,  E.O.,  the  needle  of  a  compass. 

Friction  can  also  be  divided  into  immediate  (Fr.  immMiat; 
Ger.  unmittelbare)  and  mediate  (Fr.  mediat ;  Ger.  mittelbare).  In 
the  first  case  the  bodies  are  in  immediate  contact ;  in  the  latter, 
on  the  contrary,  they  are  separated  by  unguents,  as,  £.0.,  a  thin 
layer  of  oil. 

We  distinguish  also  the  friction  of  repose  or  quiescence  (Fr.  f.  de 
repos ;  Ger.  R  der  Ruhe),  which  must  be  overcome  when  a  body 
at  rest  is  put  in  motion,  from  the  friction  of  motion  (Fr.  f.  de 
mouvement ;  Ger.  B.  der  Bewegung),  which  resists  the  continuance 
of  a  motion. 

§  170.  Laws  of  Frictions. — 1.  The  friction  is  proportional 
to  tie  normal  pressure  between  the  rubbing  bodies.  If  we  press 
a  body  twice  as  much  against  its  support  as  before,  the  friction 
becomes  double.  A  triple  pressure  gives  a  triple  friction,  etc. 
If  this  law  varies  slightly  for  small  pressures,  we  must  ascribe  the 
variations  to  the  proportionally  greater  influence  of  the  adhesion. 
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'2.  The  frictioii  is  independent  of  the  rubbing  surfaces  or  sur- 
faces of  contact  The  greater  the  rubbing  surfaces  the  greater  is, 
it  is  true,  the  number  of  the  rubbing  parts,  but  the  pressure  upon 
each  part  is  so  much  the  smaller,  and  consequently  the  resistance 
of  friction  upon  it  is  less.  The  sum  of  the  frictions  of  all  the  parts 
is  therefore  the  same  for  a  large  and  for  a  small  surface,  when  the 
pressure  and  other  circumstances  are  the  same.  If  the  surfaces  of 
the  sides  of  a  parallelopipedical  brick  are  of  the  same  nature,  the 
force  necessary  to  move  the  brick  on  a  horizontal  plane  is  the  same 
whether  it  lies  on  the  smallest,  medium,  or  greatest  surface.  When 
the  surfaces  are  very  great  and  the  pressures  very  small,  this  rule 
appears  to  be  subject  to  exceptions  on  account  of  the  effect  of  the 
adhesion. 

3.  The  jfriction  of  quiescence  is  generally  greater  than  that  of 
motion,  but  the  latter  is  independent  of  the  velocity;  it  is  the 
same  for  high  and  low  velocities. 

4  The  friction  of  greased  surfaces  (mediate  friction)  is  gene- 
rally smaller  than  that  of  ungreased  surfaces  (immediate  friction) 
and  depends  less  upon  the  rubbing  bodies  themselves  than  upon 
the  unguent 

5.  The  friction  on  axles  is  less  than  the  ordinary  friction  of 
sliding.  The  rolling  friction  between  smooth  surfaces  is  in  most 
cases  so  small,  that  we  need  scarcely  take  it  into  account  in  com- 
parison with  the  friction  of  sliding. 

Rbmabk. — The  foregoing  rules  are  strictly  true  only,  when  the  pressure 
upon  the  unit  of  sarface  of  the  bearings  is  a  medium  one,  and  when  the 
velocity  of  the  circumference  of  the  journal  does  not  exceed  certain  limits. 
This  medium  pressure  is  from  250  to  500  pounds  per  square  inch,  and  the 
mean  velocity  of  the  circumference  should  be  2  to  10  inches.  When  the 
pressure  is  much  smaller,  the  adhesion  forms  a  very  sensible  portion  of  the 
resistance  which  then  becomes  dependent  upon  the  magnitude  of  the  rub- 
bing surfaces,  and  where  the  pressure  and  velocity  are  very  great  a  large 
quantity  of  heat  is  developed,  which  volatilizes  the  unguents,  thus  causing 
the  journals  to  cut  very  quickly.  When,  as  in  the  case  of  turbines,  rail- 
road cars,  etc.,  we  cannot  avoid  these 
great  velocities,  we  must  counteract  this 
heating  of  the  axle  by  increasing  the  rub- 
bing surfaces,  i.e.,  by  increasing  the  length 
and  thickness  of  the  axles. 

§  171.  Co-efficient  of  Friction. 

— From  the  first  law  of  the  foregoing 
paragraph  we  can  deduce  the  fol- 
lowing.   If  in  the  first  place  a  body 


Fig.  252. 
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A  Cy  Fig.  252,  presses  with  a  foroe  N  against  its  support,  and  if 

to  move  it  along,  I.E.,  to  oyercome  its  friction,  we  require  the 

force  F,  and  if  in  the  second  place,  when  pressing  with  the  force 

J>r,  a  force  Fi  is  necessary  to  transfer  it  from  a  state  of  rest  into 

one  of  motion,  wc  will  have,  according  to  the  foregoing  paragraph, 

F       N  Ft 

-^-  =  ^,  whence  J'=^.JV: 

If  by  experiment  we  have  found  for  a  certain  pressure  JVi  the 
coiTcsponding  friction  F^,  we  see  from  the  above,  that  if  the  rub- 
bing bodies  and  other  circumstances  are  the  same,  the  friction  F 
correspoTiding  to  another  pressure  N  can  he  found  by  multiplying 

this  pressure  by  the  ratio  ij^)  between  tlie  values  Fi  and  Nx  cor* 

responding  to  tJie  first  observation. 

This  ratio  of  the  friction  to  the  pressure  or  the  friction  for  a 
pressure  =  1,  B.G.  pound,  is  called  the  coefficient  of  friction 
(Pr.  coefficient  du  frottement ;  Ger.  Eeibtingscoefficient)  and  will 
in  future  be  designated  by  <t>.    Hence  we  can  put  in  general 

F=(I>N. 

The  coefficient  of  friction  is  different  for  different  materials 
and  for  different  conditions  of  the  same  material  and  must  there- 
fore be  determined  by  experiments  undertaken  for  that  purpose. 
If  the  body  A  O  is  pulled  along  a  distance  s  upon  its  support,  the 
work  to  be  performed  is  Fs.  The  mechanical  effect  <l>  N  s  ab- 
sorbed by  the  finction  is  equal  to  the  product  of  the  coefficient  of 
friction,  the  normal  pressure  and  the  space  described.  If  the  sup- 
port is  also  movable,  we  must  understand  by  *  =  ^,  —  «,  the  relative 
space  described  by  the  body,  and  Fs  =  <p  Nsia  the  work  done  by 
the  friction  between  the  two  bodies.  The  body  that  moves  the 
most  quickly  must  perform,  while  describing  the  space  S:,  the  me- 
chanical effect  (p  Nsi  and  the  body  which  moves  slower  gains  in 
consequence  of  the  friction  while  describing  the  space  s.^  the  me- 
chanical effect  (t>  Nsti  the  loss  of  mechanical  effect  caused  by  the 
friction  between  the  two  bodies  is 

(p  Nsi  —  0  NSi  =  0  N{8i  —  s,)  =  0  J^s, 

Examples — 1.  If  for  a  pleasure  of  260  pounds  the  friction  is  CI  potmdi, 
the  corregponding  coefficient  of  friction  is  ^  =  /^^  —  -^  =  O)^^* 

2.  In  order  to  pull  forward  a  sled  weighing  500  pounds  on  a  horizontal 
and  very  smooth  snow-covered  road,  when  the  coefficient  of  friction  is 
f  =  0,04,  a  force  F  =  0,04  .  500  =  20  pounds  is  necessary. 

8.  If  the  coefficient  of  friction  of  a  sled  loaded  with  500  pounds  and 
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polled  over  a  paved  road  b  0,46,  the  mechanical  effect  required  to  moTe 
the  sled  480  feet  ia  ^  JTi  =  0,46  .  600  .  480  =  108000  foot-poundB. 

§  172.   The  Angle  of  Friction  or  cf  Repose   and  tlie 
Cone  of  Priotion.— If  a  bod/ 
Fig.  233.  A  C,  Fig.  253,  Ilea  apon  an  in- 

B  F         clined  plane  F  H,  whose  angle  of 

inclination  iaF H R  =  a,-«e, can 
decomjxise  its  weight  into  the  nor- 
mal pressure  N  =  G  cog.  a,  and 
into  the  force  8  =  G  sin.  a  paral- 
lel to  the  plane.  The  Orst  force 
causes  the  friction  F=  <b  G  cm.  a, 
which  resietfi  every  motion  upon 
tlie  plane ;  consequently  the  force  neceeeary  to  pnsh  the  body  up 
the  plane  is 

P  =  F+  S  =  <l>Gc08.a  +  Gsin.a 
=  (sin.  a  +  ijt  COS.  a)  G, 
and  the  force  necessary  to  push  it  down  the  some  is 
P,  =  F  —  S  =  (<!i  COS.  a  —  sin,  a)  Q. 
The  latter  force  becomes  =  0,  lb.  the  body  holds  itaelf  upon 
the  inclined  plane  by  its  friction  when  sin.  a  =  <p  cos.  a,  i.e.  when 
tang,  a  =  0.    As  long  as  the  inclined  plane  has  an  angle  of  incli- 
nation, whose  tangent  is  less  than  9,  bo  long  will  the  body  remain 
at  rest  upon  the  inclined  plane;  but  if  the  tangent  of  the  angle  of 
inclination  is  a  little  greater  than  <j>,  the  body  will  slide  down  the  in- 
clined plane.    We  call  this  angle,  I.E.  the  one  whoso  tangent  is  equal 
to  the  coefficient  of  friction,  the  angle  of  friction  or  of  repose  or  of 
resistance  (Fr.  angle  du  frottement,  Ger.  Bcibungs— or  Euhewinkel). 
Hence  we  obtain  the  coefficient  of  friction  (for  the  friction  of  qoi- 
escence)  by  observing  the  angle  of  friction  p  and  putting^  =  tang. p. 
In  consequence  of  the  friction,  the  surface  F  H,  Fig.  254,  of  a 
body  connteracts  not  only  the  normal  pressure  N  of  another  body 
Pro  2H4  -^  -^t  ^^^  "^^  """y  oblique  pressure  P  when 

the  angle  N  B  P  =  a  formed  by  its  direc- 
tion with  the  normal  to  the  surface  docs 
not  exceed  the  angle  of  friction ;  since  the 
force  P  gives  rise  to  the  normal  pressure 
S"N  =  P  COS.  a,  and  to  the  lateral  or 
tangential  pressure  B  S  =  8  =  P  sin.  a 
and  since  tho  normal  pressure  P  cos.  a  pro- 
duces the  friction  ^  P  ccs.  a,  which  opposes 
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every  moTement  in  the  plane  F  H^  8  can  produce  no  motion  as 
long  as  we  have 

<p  P  COS.  a'>  P  sin.  aoT<f>  cos.  a  >  sin.  a,  i.E. 
tang,  a  <  ^or  a  <  p. 
If  we  cause  the  angle  of  friction  C  B  D  =^  pto  revolve  about 
the  normal  C  B,  it  describes  a  cone,  which  we  call  the  cone  of  fric- 
tion or  of  resistance  (Ft.  cone  de  fr.,  Ger.  Eeibungskegel).  The 
cone  of  friction  embraces  the  directions  of  all  the  forces,  which  are 
completely  counteracted  by  the  inclined  plane. 

Example. — In  order  to  draw  a  fall  backet  weighing  200  poands  ap  a 
wooden  plane  inclined  to  the  horizon  at  an  angle  of  50°,  the  coefficient  of 
friction  being  9  =  0,48,  we  would  require  a  force 

P=  (ipcas.a  +  nn.  a)  G  —  (0,48  cob.  50°  +  sin,  50°)  .  200 
==  (0,808  +  0,766)  .  200  =  215  pounds. 
In  order  to  let  it  down  or  to  prevent  its  sliding  down,  we  would  have  need 
of  a  force 

Pj  =  (^  «w.  a  —  «n.  a)  G^  =  —  {nn.  50°  —  0,48  cos.  50°)  .  200 
=  —  (0,766  —  0,308)  .  200  =  —  91,5  pounds. 

§  173.  Ea:periment8  on  FrictioxL — ^Experiments  on  friction 
have  been  made  by  many  persons;  those,  which  were  most  ex- 
tended and  upon  the  largest  scale,  are  the  experiments  of  Coulomb 
and  Morin.  Both  these  experimenters  employed,  for  the  determina- 
tion of  the  coefficient  of  friction  of  sliding,  a  sled  movable  upon  a 
horizontal  surface  and  dragged  along  by  a  rope  passing  over  a  fixed 
pulley,  to  the  end  of  which  a  weight  was  attached,  as  is  shown  in 
Kg.  255,  in  which  A  B  i%  the  surface,  0  D  the  sled,  E  the  pulley, 
and  i^'the  weight.  In  order  to  obtain  the  coefficients  of  frictions 
for  different  substances,  not  only  the  runners  of  the  sled,  but  also 
the  surface  upon  which  it  slid,  were  covered  with  the  smoothest 
possible  plates  of  the  material  to  be  experimented  on,  such  as  wood, 
iron,  etc    The  coefficients  of  friction  of  rest  were  given  by  the 

weight  necessary  to  bring 
^<*-  ^^-  the  sled  from  a  state  of 

rest  into  motion,  and  the 
coefficients  of  friction  of 
motion  were  determined 
by  aid  of  the  time  required 
by  the  sled  to  describe  a 

N^N^'o^^--^ -xr^^c^-K^^i^m.^^^^  certain   space  s.     If  G  is 

the  weight  of  the  sled  and 
P  the  weight  necessary  to  move  the  same,  we  have  the  friction 
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=  <f>  G,  the  moving  force  =  P  ^ip  G  and  the  mass  M  = ' 

g 

whence,  according  to  §  68,  the  acceleration  of  the  nniformly  acceler- 
ated motion  engendered  is  P  —  <t>  G 

and  inversely  the  coefficient  of  iriction  is 

.      P      P+0  p 

*  =  0 G-'-ff 

2s 
Bnt  we  have  also  (§  11)  «  =  ^  j!?  t\  whence^  =  -^  and 

P       P+  G    2j 

^""0  G      'gf 

If  we  allow  the  sled  to  slide  down  an  inclined  plane^  the  moving 

force  is  =  (?  {sin.  a  —  <t>  cos.  a),  and  the  accelerated  mass  is  =  — ; 

consequently  the  acceleration  is 

2  s       G  (sin.  a  —  0  cos.  a)         ,  ,  ,  . 

p  =z  —  =z—^ ^ 1  =g(sin.a-'<t>cos.a) 

T 

2  s 
or  — 5  =  sin.  a  —  0  cos.  a,  and  consequently  the  coefficient  of  sliding 

■    2  s 

fiiction  is  0  =  tang,  a -5 . 

^  g  f  cos.  a 

If  h  denotes  the  altitude,  I  tiie  length  and  a  the  base  of  the 
inclined  plane,  we  have  also  0  = 75. 

Q>       g  CL  V 

In  order  to  determine  the  coefficient  of  friction  for  the  firiction 
of  axles  or  journals,  they  employed  a  fixed  pulley  A  C  By  Fig.  256, 
around  which  a  rope  was  wound,  to  which  the  weights  P  and  Q 
were  suspended ;  from  the  sum  of  the  weights  P  +  ^  we  have 
the  pressure  R  upon  the  axle,  and  from  their  diflference  P  —  Q  the 
force  at  the  periphery  of  the  pulley,  which  is  held  in  equilibrium  by 
the  friction  F  =  <t>  {P  -h  Q)  on  the  surface  of  the  axle.  K  now 
C'  ^  =  o  =  the  radius  of  the  axle  and  (7  D  =  r  =  the  radius  of  the 
journal,  we  have,  since  the  statical  moments  are  equal, 

{P^Q)a=:Fr  =  <t>{P  +  Q)r, 
and  consequently  the  coefficient  of  fiiction  of  rest 

and,  on  the  contrary,  when  the  weight  P  falls  and  Q  rises  in  the 
time  t  a  distance  s,  the  coefficient  of  friction  of  motion  is 
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The  engineer  Hlra  employed  in  his  (the  latest)  eiperiments 
apon  fiiction  of  journals  the  apparatus  represented  in  Fig.  357, 
Fio.  259.  Fia.  887. 


which  be  called  a  friction  balance  (Fr.  balance  de  frottoment,  Ger. 
BeibnngEwage).  Here  C  is  an  axle,  which  is  kept  in  constant 
rotation,  as,  E.G.,  by  a  water-wheel,  D  is  the  bearing,  and  A  D  B 
is  s  lever  of  equal  arms,  which  prodncea  the  pressnre  between 
the  jonmal  and  its  bearing  by  means  of  the  weights  /*and  Q,  The 
pressure  on  the  axle  R=  P  -^  Q  produces  the  friction 

F=<}>R  =  >t>{P  +  Q) 
between  the  jonmal  and  its  bearing.  With  this  foroe  the  revoMng 
shaft  seeks  to  turn  the  bearing  and  the  lever  AD  B,  which  is  attached 
to  it,  in  the  direction  of  the  arrow ;  and  therefore,  in  order  to  keep 
the  whole  in  equilibrinm,  we  must  make  the  weight  P  on  one  side 
A  80  much  greater  than  the  weight  Q  on  the  other,  that  i*  —  C 
will  balance  the  friction.  But  the  friction  F  acts  with  the  arm 
C  D  =  T  =  the  radius  of  the  bearing  and  the  difference  of  the 
weights  P  —  Q  with  the  arm  C  A  =  a,  which  is  equal  to  the  hori- 
Bontal  distance  between  the  axis  C  of  the  shaft  and  the  vertical 
line  through  the  point  of  suspension  A,  and  therefore  we  have 

Fr  =  <i>Rr^<^iP+Q)r={P-Q)a, 
and  the  coefficient  of  friction  required 

'^-p-TQ-r- 
Rekabe. — Before  Conlomb,  Amootons,  Camus,  Bulffinger,  Muschcn- 
brcick,  Pei^naon,  Vinco  and  others  had  stndied  the  subject  of  friction  and 
made  experimenta npoD  h.  The  rranltsof  all  tbese  rcsearchea have,  however, 
little  practical  valae;  for  the  ezperimenta  were  made  apon  tooamnll  a  scale. 
The  same  objection  applies  to  those  of  Ximenes,  which  were  made  abont 
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the  same  time  as  those  of  Coalomb.  The  results  of  Ximenes  are  to  be  found 
in  the  work  "  Teoria  e  Pratica  delle  resistenze  de'  solidi  ne'  loro  attriti, 
Pisa,  1782."  Coulomb^s  experiments  are  described  in  detail  in  the  work : 
^'Th^rie  des  machines  simples,  etc.,  par  Coulomb.  Nouy.  6dit.,  1821." 
An  abstract  from  it  is  to  be  found  in  the  prize  essay  of  Mettemich,  **'  Yom 
Widerstande  der  Reibung,  Frankfurt  und  Mainz,  1789."  The  later  experi- 
ments on  friction  were  made  by  Rennie  and  Moria.  Rennie  employed  in 
his  experiments  in  some  cases  a  sled,  which  slid  upon  a  horizontal  surface, 
and  in  others  an  inclined  plane,  down  which  he  caused  the  bodies  to  slide, 
and  from  the  angle  of  inclination  determined  the  amount  of  the  friction. 
Rennie's  experiments  were  made  with  most  of  the  substances,  which  we 
meet  with  in  practice,  such  as  ice,  cloth,  leather,  wood,  stone  and  the 
metals ;  they  also  give  important  data  in  relation  to  the  manner  in  which 
bodies  wear,  but  the  apparatus  and  the  manner  of  conducting  these  experi- 
ments do  not  allow  us  to  hope  for  as  great  accuracy  as  Morin  seems  to  have 
attained  in  his  experiments.  A  German  translation  of  Rennie's  Experiments 
is  to  be  found  in  the  17th  volume  (1882)  of  the  Wiener  Jahrbiicher  des 
E.  K  Poiytechnischen  Institutes,  and  also  in  the  84th  volume  (1829)  of 
Dingler's  Polytechnisches  Journal.  The  most  extensive  experiments  and 
those,  which  probably  give  the  most  accurate  results,  are  those  made  by 
Morin,  although  it  cannot  be  denied  that  they  leave  certain  points  doubtful 
and  uncertain,  and  that  here  and  there  there  are  points,  upon  which  more 
information  could  be  desired.  This  is  not  the  place  to  describe  the  method 
and  apparatus  employed  in  these  experiments ;  we  can  only  refer  to  Morin's 
writings :  "  Nouvelles  Experiences  sur  lefrottement,"  etc.  A  capital  discus- 
sion of  the  subject  ^*  friction,"  and  a  rather  frill  description  of  almost  all  the 
experiments  upon  it,  Morin's  included,  is  given  by  Brix  in  the  transactions 
of  the  Society  for  the  Advancement  of  Industry  in  Prussia,  16th  and  17th 
Jahrgang — Berlin,  1887  and  1888.  Later  experiments  on  mediate  friction, 
with  particular  reference  to  the  different  unguents,  made  by  M.  C.  Ad. 
Him,  are  described  in  the  "  Bulletin  de  la  society  industrielle  de  Mulhouse, 
Kos.  128  and  129, 1855,"  under  the  title  of  "  Etudes  sur  les  principaux 
ph^nom^es  que  pr^sentent  les  frottemcnts  m^diats,  etc. ;"  an  abstract  of  it 
is  to  be  found  in  the  "  Polytechnisches  Centralblatt,  1855.  Lieferung,  10." 
The  latest  researches  upon  friction  by  Bochet  are  described  under  the  title, 
"  Nouv.  Recherches  exp^rimentales  sur  le  frottcment  de  glissement,  par  M. 
Bochet,"  in  the  Annales  des  Mines,  Cinq.  Serie,  Tome  XIX.,  Paris,  1861. 
Prof.  Riihlmann  gives  some  information  in  regard  to  the  experiments  with 
Waltjen's  friction  balance  in  the  **  Polytechnisches  Centralblatt,    1861. 

Heft  10." 

« 

§  174,  Friction  Tables. — The  following  tables  contain  a  con- 
densed summary  of  the  coeflBcients  of  friction  of  the  substances, 
most  generally  employed  in  practice. 
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TABLE  L 


COEFFICIENTS  OF  FRICTION  OF  REST. 


Condition  of  the  surfuxs  and  nature  of  the  unguents. 

Name  of  the  rubbing  bodies. 

t 
0,80 

1 

1 

0,65 

o 
•S 

5 

« 
X 

H 

0,14 

f 

Q 
0,22 

1 

1 

0,80 

ii 

f  Mimmam  value. 

Wood    uponl^^ 

0,50 

0,68 

— 

0,2J[ 

0,19|  0,86 

0,35 

wood  ....  1  Maximum     " 

0,70 

0,71 

— 

— 

0,25  0,44 

0,40 

Metal     upon 
metal .... 

'  Minimum  value. 
Mean             '' 
Maximum     " 

0,15 
0,18 
0,24 

— 

0,11 
0,12 
0,16 

0,10 

0,11 

— 

0,15 

Wood  on  metal 

0,60 
0,50 

0,65 

0,10 

0,12 

0,12 

010 

Hemp  in  ropes,  (  Mini'm  value. 

V,AV 

plaitB,  etc.,  on  -  Mean        " 

0,63 

0,87 

wood [Max^m      '* 

0,80 

Thick  sole  leath- 

f 

er  as  packing 

On  edge  .  .  . 

0,48 

0,62 

0,12 

on    wood    or 

Flat 

0,62 

0,80 

0,18 

— 

— 

— 

— 

0,27 

cast  iron  .  .  . 

% 

Black    leather  f  „  ^     ^ 

Made  of  wood, 
straps      over  • 

^                             "       metal 
drums   .  .  .  .  l^ 

0,47 
0,54 

— 

— 

— . 

— 

0,28 

0,88 

Stone  or  brick 

^ 

apon  stone  or 

Mini'm  value. 

0,67 

hrick,well  pol-     Max^m      " 

0,75 

• 

ished I 

Stone  upon  wrought  j  Min.  val. 
iron i  Max.    " 

0,42 

• 

0,49 

Pearwood  upon  stone 

0,64 
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TABLE  n. 


COEFFICIENTS  OP  FRICTION  OF  MOTION. 


Condition  of  the  surfaces  and  nature  of  the  unguents. 

Name  of  the  rubbing  bodies. 

1 

•1 

. 

0,30 

1 

5 

« 
0,06 

■ 

1 
0,06 

1 

M 

% 

I 

i 

0,14 

0,08 

Min.  value. 

Wood      upon 

Mean    " 

0,86 

0»25 

^^ 

0,07 

0,07 

, 

^^^ 

0,16 

0,12 

wood  .... 

Max.     ** 

0,48 

— 



0,07 

0,08 

— 

— 

0,16 

0,15 

Metal     upon 

Min.  value. 

0,15 

— 

0,06 

0,07 

0,07 

0,06 

• 

0,12 

— 

0,11 

metal .  .  .  . " 

Mean    " 

0,18 

0,81 

0,07 

0,09 

0,09 

0,08 

0,15 

0,20 

0,13 

Max.     " 

0,24 

— 

0,08 

0,11 

0,11 

0,09 

0,17 

— 

0,17 

Wood    uponf^-™'°«- 
metal ^  ^^    " 

0,20 

— 

0,06 

0,07 

0,06 

— 

— 

— 

0,10 

0,42 

0,24 

0,06 

0,07 

0,08 

0,08 

0,10 

0,20 

0,14 

Max.     « 

0,62 

— 

0,08 

0,08 

0,10 

— 

— 

— 

0,16 

Hemp  in  ropes,  j  On  wood, 
etc (On  iron  . 

0,45 

0,88 

— 

.— 

0,15 

— 

0,19 

Sole  leather  flat 

TRaw  .  .  . 

0,54 

0,86 

0,16 

.^ 

0,20 

upon  wood  or 

-j  Pounded. 

0,80 

—. 

metal 

^  Greasy .  . 

.^ 

0,25 

The  same    on  f  ^^ 

Dry    .  .  . 

0,84 

0,81 

0,14 

0,14 

edge  for  pi^Kj^^y 

0,24 

ton  packing.  I 

Remark. — More  complete  tables  of  the  coefficients  of  friction  are  to  be 
found  in  the  "  Ingenieur,"  page  408,  etc.  The  coefficients  of  friction  of 
loose  granular  masses  will  be  given  in  the  second  volume,  when  the  theory 
of  the  pressure  of  earth  is  treated. 

§  175.  The  Latest  Experiments  on  Friction. — From  the 
experiments  of  Bochet  upon  sliding  friction,  we  find^  that  the 
results  obtained  by  the  older  experimenters  Coulomb  and  Morin 
must  imdergo  some  important  modifications.    The  former  experi- 
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ments  were  made  with  railroad  wagons  weighing  from  6  to  10  tons, 
which  were  caused  to  slide  on  a  horizontal  railroad  either  upon 
their  wheels,  which  were  made  fasty  or  upon  a  kind  of  shoe  (patin). 
The  shoes  were  £Etstened  to  the  frame  of  the  wagon  before,  between 
and  behind  the  wheels,  and  in  the  different  series  of  experiments 
they  were  coTered  with  soles  of  different  materials,  such  as  wood, 
leather,  iron,  etc.,  on  which  a  pressure  of  2, 4, 6, 10  and  15  kilograms 
per  square  centimetre  could  be  produced.  The  wagon,  thus 
transformed  into  a  sled,  was  moved  by  a  locomotive  attached  in 
front  by  means  of  a  spring  dynameter,  which  gave  the  pull  or  force, 
which  balanced  the  sliding  friction.  In  order  to  prevent,  as  much 
as  possible,  the  resistance  of  the  air,  the  wagon,  which  preceded  the 
sled,  had  a  greater  cross-section  than  the  latter. 

The  correctness  of  the  formula  F  =  <!>  N,  according  to  which 
the  friction  F  is  proportional  to  the  pressure,  is  proved  anew  by 
these  experiments ;  but  it  was  found,  that  the  co-efBcient  of  fric- 
tion was  dependent  not  only  upon  the  nature  and  state  of  the  rub- 
bing sur&ces,  but  also  upon  other  circumstances,  viz. :  the  velocity 
of  the  sliding  body  and  the  specific  pressure,  le.,  the  pressure  per 
unit  of  surface.    Bochet  puts 

in  which  v  denotes  ths  velocity  of  sliding,  «  the  value  of  ^  for  infi- 
nitely slow  and  y  the  value  <p  for  a  very  rapid  motion.  According 
to  this  formula  the  coefficient  decreases  gradually  from  «  to  y  as 
the  velocity  increases.  The  mean  value  of  the  coefficient  a  is 
=  0,3,  when  v  is  expressed  in  meters,  and  on  the  contrary  =  0,091,. 
when  V  is  given  in  feet  Hence  we  can  assume  the  co-efflcient  of 
friction  to  be  constant  only,  when  the  velocities  vary  from  0  to  at 
most  1  foot  and  when  the  other  circumstances  remain  the  same. 
The  co-efflcients  fc  and  y  are  different  for  different  materials  and 
depend  upon  the  degree  of  smoothness  of  the  rubbing  surfaces,, 
upon  the  unguents,  upon  the  specific  pressure  etc. 

The  co-efficient  of  friction  ic  attains  its  maximum  value  for 
wood,  particularly  soft  wood,  leather  and  gutta-percha  sliding  upon 
dry  and  ungreased  iron  rails.  Here  we  have  k  =  0,40  to  0,70.  The 
mean  value  for  soft  wood  is  «  =  0,60  and  for  hard  wood  «  =  0,55. 

The  value  k  is  also  very  different  for  the  friction  of  iron  upon 
iron.    If  the  surfaces  are  not  polished  we  have  k  =  0,25  to  0,60 ; 
and,  on  the  contrary,  for  polished  surfaces  we  have  «  =  0,12  to 
21 
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0,40.  The  friction  of  iron  upon  iron  is  not  diminished  by  sprink- 
ling it  with  water,  but  the  friction  of  wood,  leather  and  gatta- 
percha  is  considerably  diminished  by  wetting  the  rail  When  the 
surfaces  are  oiled,  tc  sinks  to  from  0,05  to  0,20. 

The  co-eflScient  y  is  always  smaller  than  «.  When  the  velocities 
are  great,  the  surfaces  smooth,  the  unguent  properly  applied  and 
the  specific  pressure  a  medium  one,  y  has  nearly  the  same  value  for 
all  substances. 

The  friction  of  rest  is  greater  only  in  those  cases  where  wood 
or  leather  slide  upon  wet  or  greased  rails,  and  then  it  is  twice  as  great 

According  to  these  experiments,  we  have 

1.  for  dry  soft  wood,  when  the  pressure  is  at  least  10  kilo- 
grams per  square  centimeter  or  142  pounds  per  square  inch, 

_0,30_ 
^       l+0,3v         '     ' 

2.  for  dry  hard  wood  under  the  same  pressure 

0,30  ^  ^^ 

3.  for  half  polished  iron,  dry  or  wet,  under  a  pressure  of  more 

than  300  kilograms  per  square  centimeter  or  4267  pounds 

per  square  inch, 

_0^15_ 

4.  for  the  same  either  dry,  under  a  pressure  of  at  least  100 
kilograms  per  square  centimeter  or  polished  and  greased 
under  specific  pressure  of  at  least  20  kilograms,  and  also 
for  resinous  wood  with  water  as  unguent  under  the  same 
pressure, 

♦  =  rrSi;  +  »■<"' ' 

6.  for  wood  properly  polished  and  rubbed  with  fatty  water  or 
fat  under  a  pressure  of  at  least  20  kilograms  per  square 
centimeter  (284  pounds  per  square  inch), 

If  V  is  given  in  feet,  we  must  substitute  in  the  denominator 
0,091 1;  instead  of  0,3  V. 

Remark. — It  is  very  desirable  that  these  experiments,  made  on  so  large 
a  scale  and  giving  results  which  differ  so  much  from  those  already  known, 
should  be  repeated. 
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g  176.  Inellued  Plane. — Oub  of  the  most  important  applies- 

tiom  of  the  theory  of  sliding  friction  ia  to  the  determiudtion  of  the 

oooditioDB  of  equilibrium  of  a  body  A  C  upon  an  inclined  plane 

f^.  Fig.  258.     If,  as  in  §146, 

Eto.  868.  ^  ff  £  =  a  is  the  angle  of  incU- 

nstion  of  the  inclined  plane  and 

P  0  S,  =  0  the  angle  formed  by 

the  direction  of  the  force  P  with 

the  inclined  plane,  we  have  the 

normal  force  due  to  the  weight  0 

JV.=  6  COS.  a, 

the  force  which  tends  to  move 

the  body  down  the  plane  =  S~ 

Q  (7  «>»,  o,  the  force  JV,,  with  which 

the  force  P  seeks  to  raise  the 

body  from  the  plane,  =  Psin.  (i  and  the  force  S,  with  which  it 

draws  the  hody  up  the  plane  =  P  cos.  0.     The  resulting  normal 

force  is 

K^  N,  -  2f,  =  G  COS.  a  ~  P  sin.  p, 

and  consequently  the  friction  is 

F=  <t>{Gcos.a-  P sin. 0). 
If  we  wish  to  find  the  force  necessary  to  draw  the  body  up  the 
plane,  the  friction  must  be  overcome,  and  therefore  we  have 
S^  =  8+  F,i.-E.  P  cos.fi  =  Gsin.a  +  <l>  (G cos.  a  -  P  sin.  13). 
But  if  the  force  neoessary  to  prevent  the  body  from  eliding  down 
the  plane  is  required,  ae  the  friction  assists  the  force,  we  will  have 
-      S,+F=S,i.v.Pco8.0  +  <t>{Gcos.a~  Psin.l3)  =  G  sin.a. 
From  these  equations  we  obtain  in  the  first  case 
P_  sin,  a  +  0  COS.  a 
~CO8.0+  ipsin-d 
p  _  sin.  a  —  ip  COS.  a    „ 
~  «w.  /)  —  0  sin.  0  ' 
If  we  introduce  the  angle  of  friction  or  of  repose  p  by  putting 


<t>  =  lang.  p 


_  sin.p 


P  =  ^ 


1  COS.  p  ±  COS.  a  sin.  p 
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or  according  to  a  well-known  trigouometrical  formula 

the  npper  dgna  are  for  the  case,  when  motion  ia  to  be  prodaced,  and 
the  lower  ones,  when  motion  is  to  be  prevented.  . 
Ab  long  m  we  have 

COS.  (0   +   p)  ^  C08.  (P-p) 

the  body  will  move  neither  up  nor  down. 

If  a  is  <  p,  the  force  necessary  to  pnsh  the  body  down  the 
plane  is 

_  ein,  {p  -  a) 
'^  -  COS.  (p  +  0)  "• 

The  latter  fonnnia  can  be  found  by  the  simple  application  of 
the  parallologram  of  forces  0  F  Q  0,  Fig.  259.     Since  a  body 
counteracts  any  force  from  another  body, 
Fi».  869.  vhGia.  the  angle  of  divergence  of  the  di- 

rection of  the  force  from  that  of  the  normal 
to  the  eurfoce  ie  eqnal  to  the  angle  of 
friction  p  (g  173),  a  state  of  equilibrium 
will  exist  in  the  foregoing  case,  when  the 
reenltant  OQ  ~  Qot  the  forces  /*  and  (7 
forma  an  angle  If  0  Q  =  p  with  the  nor- 
xnoL    If,  in  the  general  formnla 
F_  sin.0  OQ 
G~  sin.P  0<i^ 
we  enbatitnte  ff  0  e  =  GON+  NOQ  — 
a  +  psoAP  0  Q  =P  OS  +  8  0  Q  =&  + 
90°  —  ft  we  obtein 
P  _        sin,  (ffl  +  p)        _  sin,  (a  +  p) 
0  ~  tin.  (0  -  p  +  Q0°)~  COS.  (J3  -  p)' 

If  the  force  P,  is  to  prevent  the  body  from  sliding  down  the 
inclined  piano,  the  reanltant  Q,  fells  on  the  lower  side  of  the  normal 
0  W,  and  the  angle  of  friction  p  enters  in  the  calculation  with  a 
negative  sign,  and  consequently  we  have 

P  _  sin,  (a  —  p)  \ 

G~  COS.  {13  +  p)' 


m 
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If  the  body  lies  npon  a  horizontal  plane^  a  is  =  0,  and  the  force 
neoessaiy  to  moye  it  forward  becomes 

p  _         <t>  0 G  sin,  p 

""  co8.0-\-(l>8in.p  ~~  COS.  {0  —  py 
If  the  force  acts  parallel  to  the  inclined  plane,  I.E.,  in  the 
direction  of  its  slope,  we  have  i3  =  0,  and  therefore 

P  =  {sin.  a±<t>  COS.  a)  0=  ^^'  ^"^  ^  ^^  .  G.    (Compare  §  172.) 

If,  finally,  the  force  acts  horizontally,  we  have 
0  =  —  a,  COS.  j3  =  COS.  a  and  sin.  j3  =  —  sin.  a,  and  consequently 
T>  _  **^«  ^  ±  ^  COS.  a     ^  __  tang,  a  ±  <(>      ^ 

Jr  —  — —  ,      ;  •    Cr    «—  r         — ;  •    6r,  I.E. 

COS.  a  T  0  sxn.  a  1  =F  ^  tang,  a 

P  =  tang,  (a  ±  p)  G,  which  is  also  given  by  the  direct 
resolntion  of  the  parallelogram  0  P  Q  G. 

Farther,  the  force  necessary  to  push  the  body  np  the  plane 
becomes  a  minimum,  when  the  denominator  cos.  {P  —  p)  becomes  a 
maximum,  that  is,  when  it  is  =  1,  or  when  i3  —  p  is  =  0,  le.  when 
P  =z  p.  When  the  angle  formed  by  the  direction  of  the  force  with 
that  of  the  inclined  plane  is  eqj|^  to  the  angle  of  friction,  this 
force  is  a  minimum  and  is  P  =  sin.  (a  +  p) .  G. 

Example. — What  is  the  pressure  along  the  axis  of  a  .wooden  prop 
A  Bj  Fig.  260,  which  prevents  the  mass  of  rock  A  B  G  D,  weighing  O  = 
5000  pounds,  from  sliding  down  an  inclined  plane  (the  floor  of  a  mine), 
when  the  inclination  of  the  prop  to  the  horizon  is  85°,  that  of  the  inclined 
plane  0  2>,  60°  and  when  the  coefficient  of  friction  ^  is  =  0,75  ?  Here 
we  have 

G  =  6000,  a  =  50°,  /?  =  35°  -  50°  =  -  15°  and  ^  =  0,75, 
and  the  formula  gives 

_      tin.  a  —  ^  eo».  a     ^        tin.  50°  —  0,75  cot.  50°      ^^^^ 
eat.  /?  —  ^  tin.  (3  cot.  15    +  0,7o  tin.  15 

^  0,766  -  0,483     ^^^  ^  1420  ^ 

0,966  +  0,194  1,180  -^      F  ^     • 

If  the  prop  was  horizontal,  we  would  have 
Fig.  260.  /?  =  —  50°  and  tang,  p  =  0,75,  or  p  =  86°  52', 

from  which  we  ohtain 

P  =  (7  tang,  (a  —  p)  =  5000  tang.  (50°  -  86°  52') 
=5000  tang.  18°  8'=5000 . 0,2883=1166  pounds. 
In  order  to  push  the  same  mass  of  rock  by 
means  of  a  horizontal  force  up  the  floor,  wheu 
the  other  circumstances  are  the  same,  a  force 
P=  G  tang,  {a  -^^  p)  =  5000  tang.  86°  52' 
=  5000  .  18,2676  =  91888  pounds  would 
be  necessary. 
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177.  The  normal  preSBnre,  with  which  a  body  A  C  presses 
upon  the  inclined  plane  F H,  Fig.261,  while  being  pushed  up  it,  is 
„      rt  0)nn.OPQ  0  sin.  (90'  -  o  -  (i) 

^=Q^o»-P=    Hn.FOQ    ""■  P  =  sin.(P+m'-p)  '^^ ^ 

_  G  COS.  (a  +  0)  COS.  p 

-     sr(/j  -  rt 

and>  on  the  contnu-y,  when  we  prevent  its  sliding  down,  we  have 

N,  =  Q,  cot.  Q,ON,  =  Q,cos.p  = ^SmfTp). ' 

If  ihc  direction  of  the  force  is  parallel  to  the  direction  of  the 

plane,  we  have  0  =  0  and  N  =  0  cos.  a,  and  when  its  direction  is' 

horizontal,  we  have  0  =  —  a  and 

Oc03.p 


JV  = 


COS.  {a  ±  p)' 


The  normal  pressure  becomes  null,  when  eo$.  (a  +  0)  =  Q  ot 
a  +  0  =  90',  and  becomes  negative,  when  a  +  0  is  >  90°  or.  0  is 
>  90*  —  a.  In  tlie  latter  case  the  inclined  plane  is  not  under  but 
over  the  body,  as  is  represented  in  I'ig.  262.  Here  again  the  two 
extreme  cases  of  C(|uilibrium  exist  wlien  the  resultant  Q  or  ^i, 
*  which  in  transmitted  to  the  inclined  plane  F  ff,  diverges  from  the 
normal  either  above  or  below  it  at  an  angle,  which  is  that  of  the 
friction  A'' 0  Q  =  2f  0  Q,  =  p. 

In  the  foregoiug  development  of  the  formulas  for  the  equili- 
brium of  a  body  upon  an  inclined  plane  it  is  suppoHed,  that  the 
resultant  Q  can  be  completely  transmitted  from  the  body  A  C  to 
the  support  FUR,  which  forms  the  inclined  plane ;  this  is  only 
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poeaible  (according  to  §  116),  vhen  the  direction  of  thia  furce  -paasca 
through  the  supporting  Burfiice 
Fm-  saa.  0  £>  ot  the  body  A  C.    Otber- 

Trise  the  body  A  C,  Fig.  263,  has 
a  tendency  to  revolve  or  overturn 
about  the  onter  edge  C,  and  this 
tendency  increases  with  the  dis- 
tance C  K  =  e  of  this  edge  from 
the  direction  0  Q  ot  the  reault- 
ant  Q. 

If  a  denotes  the  distance  C  L 

of  the  direction  0  P  at  the  force 

and  h  the  distance  C  E  of  the 

G  vertical  line  of  gravity  0  O  ot 

the  body  from  the  outer  edge  C, 

tiien  the  moment,  vith  which  the  body  seeks  to  turn  from  left  to 

right  about  C,isQe  =  Pa-  0  &. 


throngh  the  edge  C  and  wonld  be  counteracted  by  the  inclined 
plane  ;  it  P  a  were  <.  0  b,  the  body  would  have  a  tendency  to  turn 
from  right  to  left,  which  turning  would  be  prevented  by  its  im- 
penetrability. 

If,  on  the  contrary,  P  a  is  >  G  b  the  body  must  receive  a  second 
suf^rt  or  be  guided  by  a  second  inclined  plane  /*,  if,.  If  this 
second  inclined  plane  counteracts  in  A  the  force  N  and  the  fric- 
tion 0  JV"  caused  by  it,  the  inclined  plane  F,  ff,  will  react  upon  the 
body  in  A  with  the  opposite  forces  —  JV  and  ~  ^  N,  which  pre- 
vent the  turning  of  the  body  about  C,  and  the  sum  of  the  momenta 
of  these  forces  must  he  equal  to  the  moment  of  rotation  of  the 
force  Q,i.Yi.Nl-^<t>Nd==Q»  =  Pa-Qh,OT 

1)  N{1  +  0rf)  =  Pa-  Ob, 

I  and  d  designating  the  distances  C  D  and  C  Bot  the  edge  A  from  C 
in  the  directions  parallel  and  at  right  angles  to  the  inclined  jilane. 

I^  further,  JV,  is  the  pressure  of  the  body  upon  the  inclined 
plane  F  H&i  Cand  0  N,  the  friction  caused  by  it,  we  can  put 

2)  P  CO8.0  =  G  sin.  a  +  ii,  (X  +  JV,)  and 
S)  Pein.P  =  Oan.a  +  N-  Jf,. 

Eliminating  JV,  from  the  last  two  equations  we  obtain  the  equa- 
t»a  of  condition. 
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P  {c08.  P  +  <l>  situ  P)  =  G  (sin.  a  +  0  co«.  a)  +  2  0  JV, 

and  substituting  the  yalue  H  =  —z -— =-  from  equation  (1)  we 

have  the  equation 

F  {cos.  /J  +  0  sin.  P)  =  a  (sin.  a^<t>cos.a)  +  ^  »  (^^  -  ^  ^) 

or  P  ( — ~-  (cos.  P  +  <t>  ^^'  P)  —  <P  A 

=  G  I — ^—  (sin.  a  +  0  cos.  a)  —  0  }|, 

from  which  we  obtain  finally 

P  —  (^  +  <A^)  (si^  g  4-  0  cos.  a)  —  2<pb  ^ 
"  (I  +  0  d)  (cos.  P  +  0  sin.  )3)  -  2  0  a 

—  (^  +  ^  ^)  ^^-  (<^  +  P)  —  ^  ^  ^  gQg«  P    ^2 
""  (^  +  0  rf)  co«.  (3  —  p)  —  2  0  a  COS.  p  ' 

If  iVis  =  0,  we  have  P  a  =  G  b  and 

sin.  (a  +  p)       ft     , 

7^ — ^  =  -,  whence 

COS.  (P  —  p)       a 

p  ^  sin,  (a  +  p)  ^ 

cos,  (P  —  p)     ' 
as  we  found  before. 

§  178.  The  Theory  of  the  Equilibrinm  of  Supported 
Bodies  referred  to  the  Equilibrimn  of  Free  Bodies. — In 

investigating  the  conditions  of  equilibrium  of  a  body,  taking  into 
consideration  the  friction,  we  will  accomplish  more  surely  our 
object,  if  we  imagine  the  body  entirely  free  and  suppose,  that  every 
body,  with  which  it  comes  in  contact,  acts  upon  it  with  two  forces, 
viz. :  with  one  force  N,  which  proceeds  from  it  and  is  normal  to  the 
surface  of  contact,  and  with  another  force  0  iV,  which  opposes  the 
supposed  motion  of  the  point  of  contact  on  this  surface  and  which 
is  caused  by  the  friction  between  the  two  bodies.  In  this  way 
we  obtain  a  rigid  system  of  forces,  whose  state  of  equilibrium  can 
easily  h^  determined  according  to  the  rules  given  in  §  90,  as  is 
shown  in  the  following  special  case. 

A  prismatical  bar  A  B,  Fig.  264,  is  so  placed,  that  its  lower  end 
rests  upon  a  horizontal  floor  C  Hand  that  its  upper  end  leans 
ngainst  the  vertical  wall  (7  F;  at  what  inclination  B  A  C  ^  a 
does  it  lose  its  equilibrium  ?  We  can  here  express  the  reactions 
of  the  floor  upon  the  body  by  a  vertical  force  R  and  by  the  fric- 
tion 0  jB,  which  acts  horizontally,  and,  on  the  contrary,  the  reaction 
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of  the  wall  by  a  horizontal  force  JV  and  by  a  friction  0  N  acting 
npwaidfl.    Hence,  if  G^  is  the  weight  of  the  rod  acting  at  its  centre 

of  gravity  /S>  we  have  here  a  system  of  ver- 
tical forces  Oy  Ry  <t>  N  and  a  system  of 
horizontal  ones  N  and  0  R. 

When  thede  forces  are  in  eqnilibrinm, 
we  have 

1)  G  =  R  +  (t>N, 

2)  <t>  R  =  JVand 


3)  G.AE=N.AD-h<t>N.Aa 
But  the  arm  A  B  ib  =  A  8  cos.  a  =. 
i  A  B  COS.  a,  the  arm  A  D  ^  A  B  sin.  a 
and  the  arm  A  C  =^  A  B  cos.  a,  hence  the 
third  equation  becomes  simply 

i  O  COS.  a  ■=  N  (sin.  a  +  0  cos.  a). 

Combining  the  first  two  equations,  we  obtain 

ff  =  22  +  0«  i?  =  (1  +  0«)  iJ,  whence 


R  = 


Substituting  this  value  of  iVin  the  equation  (3),  we  have 

i  0  cos.  a  =  q — -— -=  (sin.  a  +  0  cos.  a),  or 

1  +  9 

1+0* 

and  the  tangent  of  the  required  angle  of  inclination  is 

.  ^  ^  _  1  +  0'  -  2  0'  _  1-0'  _  1  ~  tang.'  p 
tang.a^  2^  -     g^     ""     2  tang,  p 

COS.*  p  —  sin.*  p      COS.  2  p  .    ^ 

=    ^    . -^  =  -; — ~-  =  cotg.  2  p 

2  sin.  p  COS.  p        sin.  2  p  ^      ^ 

=  tang.  (90*  —  2  p) ;  therefore 

Z  B  A  (7=a  =  90'-2pandZ  ABC-(i  =  2p. 

§  179.  Theory  of  the  Wedge. — Friction  has  also  a  great 
influence  upon  the  conditions  of  equilibrium  of  the  wedge  (see 
§  149).  Let  us  suppose,  that  its  cross  section  forms  an  isosceles 
triangle  A  B  8y  Pig.  265,  the  acute  angle  of  which  A  S  B  =  a, 
that  the  force  acts  in  the  centre  M  of  the  back  of  the  wedge  A  B 
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and  at  right  angles  to  it  and  that  the  body  6*  ZT  jS*  presBce  with  a 
certain  force  iy  against  the  surface  of  the  wedge  B  S,  while  the 
wedge  reposes  with  ita 
^^■^  Burface  A  S  upon  a 

horizontal  plane.  The 
body  CHE  is  also  in- 
closed in  two  guides 
0  and  K,  which  com- 
pel  it,  when  the  wedge 
ispnshed  forward  npou 
the  horizontal  plane, 
to  rise  with  the  load  Q 
in  the  direction  E  C 
perpendicular  to  the  sur&ce  B  So! the  wedge. 

Since  the  direction  of  the  force  P  forms  equal  angles  with  the 
two  Bur&ces  A  S  and  B  Sof  the  wedge,  the  normal  prcssares  y,  N", 
and  consequently  the  frictaons  <(>  N,>p  JVcansed  by  them,  aie  equal 
to  each  other,  and  the  forces  P,  N,  N,<p  N  and  <p  N  must  hold 
each  other  in  equilibrium.  If  we  decompose  each  of  the  last  four 
forces  into  two  componenta,  one  parallel  and  the  other  perpendicu- 
lar to  tlie  direction  of  the  force  P,  the  enm  of  the  forces  having  the 
same  direction  as  P  mnat,  of  course,  be  in  equilibrium  with  P. 
But  the  directions  of  the  forces  N,  N  form,  with  the  direction  MS 

of  the  force  P,  an  angle  90  —  ^,  and  those  of  the  forces  >(>  N,^  N 
an  angle  ^,  and  therefore  the  components  of  JV,  JVin  the  direction 
M  S  aie  N  sin.  -^  and  JV  sin.  „,  and  those  of  ^  JV  and  ^  JVare  <P  N" 
COS.  TT,  and  <}>  N  cm.  ^,  and  conseqaently  we  can  pnt 

i>  =  a  iV  jww.  ^  +  2  0  JV«a.  ^  =  2  JV  (m».  ^  +  0  COS.  I). 

In  consequence  of  the  &iction  0  JVhetween  the  surface  B  So! 
the  wedge  and  the  base  of  the  hody  C  H  K,  this  body  is  pressed 
with  an  opposite  force  —  0  iV"  against  the  guide  Q  H,  which  causes 
a  friction  F,  =  0, .  0  JV  =  ^  0,  JV,  which  resists  the  upward  move- 
ment of  the  body  C  H  K;  hence  we  have 

N  -  F^  =  Q  or  N  (\  -  ^  <i>,)  =  Q  and 
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SnbBtdtntiDg  this  valne  for  If  in  the  above  equation,  ve  obtain 
the  force  necessary  to  raise  the  weight  Q 


P  =  -, 


-  [sin.  g  +  0  <™'-  oj)  approximative 


or  putting  the  coefficient  of  friction  0  along  the  guides  eqnal  to 
that  along  the  enrfaces  A  8  and  B  Sot  the  wedge,  we  obtain 

F  =      _f-i  I  tin.  ^  +  0  CM.  IJ,  approximatively 

=  3g({l  +  <!>')  sin.  ^  +  4>  cog.  ~). 

When  a  wedge  A  S  C,  Fig.  2S6,  is  nsed 

Fio.  366.  for  8plittingorcompreflaingbodie8,theforce 

npon  the  back  A  B  corresponding  to  the 

normal  pressure  Q  against  the  sides  A  C 

andf  Cis 

ExAKPLB.— Let  the  load  on  tbe  wedge  repr» 

■ented  in  Fig.  36S  b«  Q  =  060,  the  sharpness  of 

the  wedge  a  =  9S°  and  the  coefficient  of  friction 

^  =  ft  =  0,86;  required  the  mecbanical  ^bct 

seceBuy  to  move  the  load  <i  ^foot  along  Ita  guides. 

Ilufbrceis 

1800  787.27 

=  diSTM  t"'^*"  +  ^'^^^  =  O^SToi  =  ^^'^  poundfl. 
The  Bpace  described  by  the  load  SaEE^  =  i,  =  \  foot,  and  tbat  d«- 
acribed  bj  the  force  is 


=  flB, 


n  _  SE^         9  _      t.      _      0,25 
**•  3  ~  «n.  o  **'  a  ~  -    .    o  ~  <t»i.  121' 

1,1B6  feet, 


~  O.SIM  " 
and  oonaequentlf  the  mechanical  effect  neceaeaiy.  ie 

P  «  =  848,3  .  1,155  =  078,8  footpoundfl. 
If  w«  Mglected  theMctioD,  the  work  done  would  bei>i=  Qt,  —  \. 
650  =  82S ;  congeqnentlj  the  friction  Dearly  triples  the  mechanical  efibct 
neceaear;  to  raise  Q. 
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Fig.  267. 


§  180.  In  the  same  way  we  can  find  the  force  P  required,  when 
a  wedge  ABC,  Fig.  267,  raises  a  load  Q  vertically  upwards,  while 
moviqg  forward  itself  upon  a  horizontal  plane  H  0.  Let  the 
normal  pressure  between  the  wedge  ABC  and  the  block  Z>,  which 
is  pressed  vertically  downwards  by  the  load  ft  be  =  JV,  the  normal 
pressure  of  the  wedge  upon  the  suppoi*t  IIOhe  =  R  and  the  normal 

pressure  of  the  block  against  the 
guide  EBhe=:S.  Then  P  must  bal- 
ance the  forces  iZ,  <pi  R,  —  N  and 
—  ^  JV,  and  Q  the  forces  8,  0,  S,  If 
and  0  N. 

If  a  is  the  angle  of  inclination 
A  B  C  of  the  surface  A  B  of  the 
wedge,  we  can  decompose  N  into  the 
vertical  force  N  cos.  a  and  the  hori- 
zontal force  N  sin,  a,  and  <f>  N  into 
the  vertical  force  0  N  sin,  a  and  the 
horizontal  force  <f>  Ncos,  a,  and  there- 
fore we  can  put 

1)  P  =  01  i2  -f  Nsin.  a  +  0  Ncos,  a, 

2)  i?  =  Ncos.  a  —  0  Nsin.  a, 

3)  ^  =  lfcos.a—<l>  Nsin,  a—<f>^89aiiSi 

4)  8  =  N sin.  a  +  0  Ncos.  a. 
From  the  first  two  equations  we  obtain 

P  =  [(1  —  0  0,)  sin.  a  +  (0  +  0,)  cos.  a]  JVJ 
and  &om  the  last  two 

C  =  [(1  —  0  0,)  COS.  a  —  (0  +  0«)  sin.  a]  N\ 
and  dividing  the  first  by  the  second,  we  have 

P  __  (1  —  0  00  sin,  o  4-  (0  +  0i)  COS.  a 

"^""(1  —  0  0,)  cos.  a  ^  {ff>  +  0,)  sin.  a 

If  0  =  0,  =  <^^  we  have,  since  0  =  tang,  p  and 

20 


£L 


1-0 


i  =  ^an^r.  2  p, 


P  _  ,»7'w.  a  +  co«.  a  tangi2p  _  fangr.  a  +  tengr.  2  p 
^  ~  C05.  a  —  «in.  a  tang. 2 p  ""  1—  tang.atang.%p 

=  tewg^.  (a  +  2  p). 
K  we  disregard  the  friction  upon  the  points  of  support,  we  can 
put  01  and  0,  =  0,  and  consequently 

P  ^  8itua+±co8^  ^  tang,  a  +  <t>  ^  ^        .  ^^^    (Comp.6176.) 
Q      cos.  a  —  <l>sin,  a      1—0  tang. a 


=  tin.  a  +  COS.  a .  tang.  2  p. 
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When  the  load  Q  acts  at  right  angles  to  the  suiface  of  the 
wedge,  the  equations  (3)  and  (4)  mnet  be  replaced  by  the  following 
Q=  iV-^,  Sand 

whence  Q  =  (1  ~  ^  ^)  JV,  or  inTersely, 

N=        ^..and 
1  —  ^^, 

P  _  (1  —  j>  ifii)  sin,  a  +  (i^  +  »|)  COS.  a 

Q-  l-fxP, 

When  ^  is  =  ^,  =  ^  it  becomea 

P 

Q' 

The  Formolft  P  =  Q  tang,  (o  +  8  p)  ia  applicable  to  the  deter- 
mination of  the  conditions  of  equiUhrisin,  when  twobodies  J/'and  Jt^ 
are    fastened    together    by 

*•,  ~'   n""  268,  L  and  XL    The  force 

P  applied  to  the  back  of  the 
wedge  canses  the  tension, 
with  which  the  two  bodies 
are  drawn  against  one  an- 
other, 

Q  =  Pcotg.{a+2p). 

On .  the    contrary,    the 

force,  with  which  we  most 

press  npon  the  bottom  B 

of  the  key  in  order  to  loosen 

it,  I.E.  to  drlTe  it  back  in  the  direction  B  A,  is,  since  a  is  neg- 

atiye  here, 

P.  =  Q  tang.  {%  p  -  a), 
or  eabstitnting  the  former  value  of  Q,  we  bare 
p   =  p  tang.  (2  p  -  n) 

In  order  to  prevent  the  wedge  from  jumping  back  of  itself,  a 
most  <  2  p. 

§  181.  Coefflciants  of  Friction  of  AzIob.— For  axles  the 
friction  of  motion  alone  ia  important,  and  for  this  reason  only  the 
resnlts  of  experiments  npon  it  are  giren. 
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TABLE  m. 
COEFFICIENTS  OF  FRICTION  OF  AXLES,  ACCORDING  TO  MORIN. 


Condition  of  the  sur&ces  and  nature  of  the  unguents. 

• 

^      1 

■k  .. 

T3Xi          1 

Oil,  Tallow, 

•s 

•5 

-  3 

Name  of  the  rubbing  bodies. 

or   slight!; 
greasy. 

y  and  noic 
with  water 

ted        an 
stened  wii 
er. 

or  Lard. 

soft,  purifi( 
on  grease. 

• 

■ 

fi  ?! 

h 

B 

Greas 
ened 

geg 

< 

,       Well 
1             tai 

Very 
wag 

1 

Bell  metal  apon  bell  metal . 

___ 

^_^ 

0,097 

__ 

^^ 

i(                  u 

cast  iron. . . 

i— 

-^ 

.— 

0,049 

— 

— . 

-^ 

Wro't  iron    " 

bell  metal. 

0,251 

0,189 

— . 

0,075 

0,054 

0,090 

0,111 

... 

u               u 

cast  iron. . . 

— 

— 

— 

0,075 

0,054 

— 

— 

— 

Cast  iroD      '^ 

it 

0,137 

0,070 

0,075 

0,064 

— 

— 

0,137 

(i            t( 

bell  metal. . 

0,1940,161 

— . 

0,075 

0,054 

0,065 

— 

0,166 

Witi^tiron    " 

lig.  vitSB . . . 

0,188 

— 

— 

0,125 

— 

— 

— 

— 

Cast  iron      " 

It 

0,185 

— 

0,100 

0,092 

— 

0,109 

0,140 

lign'm  TitsB " 

cast  iron  . . 

..^ 

—. 

-^ 

0,116 

— 

— • 

•— 

0,158 

a              (( 

lig.  vitffi. . . 

—^ 

-^ 

0,070 

— 

-^ 

From  this  table  the  following  practically  important  conclusions 
can  be  drawn :  for  axles,  journals  or  gudgeons  of  wrought  or  cast 
iron  running  in  bearings  of  cast  iron  or  bell-metal  (brass),  greased 
with  oil,  tallow  or  lard,  the  coefficient  of  friction 

is,  when  the  lubrication  is  well  sustained,  =  0,054, 
and  with  ordinary  lubrication,  =  0,070  to  0,080. 

The  values  found  by  Coulomb  differ  in  some  respects  from  the 
above. 

Remark. — By  his  experiments  upon  mediate  friction,  by  means  of  the 
friction  balance,  Him  obtained  several  results,  which  differ  somewhat  from 
those  already  known.  The  axle  employed  by  him,  consisting  of  a  hollow 
cast-iron  dmm  0,23  metres  in  diameter,  and  0,22  metres  long,  was  lubri- 
cated upon  the  outer  surface  by  dipping  it  in  oil  and  kept  cool  by  causing 
water  to  pass  through  its  interior.  The  bronze  bearing  (8  of  copper  and  1 
of  tin)  was  pressed  upon  it  by  means  of  a  lever  1^  metre  long  and  weigh- 
ing 50  kilogr.  while  the  axle  made  50  to  100  revolutions  per  minute.  It 
is  easy  to  see,  that  in  the  experiments  made  with  this  apparatus  the  fluidity 
and  adhesion  of  the  oil  employed  as  unguent  must  have  played  an  import- 
ant part,  since  not  only  the  velocity  of  revolution,  but  also  the  nibbing 
surface  was  very  great  compared  to  the  presBoie.    The  velocity  at  the  cir> 


§188.]  BESISTANCE  OP  FRICTION,  ETC.  335 

camference  of  the  dram,  since  its  circnmfereiice  was  72  oentimetres  and 
since  it  reTolved  f  to  ->^  times  in  a  second,  was  60  to  120  centimetres,  or  24 
to  48  inches,  while  in  machines  it  is  generally  but  from  2  to  6  inches.  The 
horizontal  section  of  the  axle  was  22  .  28  =  506  square  centimetres,  and 
consequently  the  pressure  on  each  square  centimetre  of  this  section  was 

only  |r^  =  0,1  kilogram,  i.£.  6,45 . 0,220  =  1,42  pounds  upon  a  square  inch, 

while  this  pressure  in  ordinary  machines  is  generally  more  than  one  hun- 
dred pounds.  Hira^s  experiments  weie  consequently  made  under  condi- 
tions different  from  those  generally  met  with  in  very  large  and  powerful 
machinery,  and  under  which  the  other  experiments,  such  as,  E.a.,  those  of 
Morin,  were  tried,  and  therefore  the  variation  in  the  results  obtained  is 
perfectly  explicable.  The  principal  results  of  Him^s  experiments  are  the 
following. 

The  mediate  friction  is  dependent  not  only  upon  the  pressure  and  the  na- 
ture and  character  of  the  rubbing  surfaces  and  of  unguent,  but  also  upon 
tbe  Telocity  and  upon  the  temperature  of  the  rubbing  surfaces  and  of  the 
surroundings,  as  well  as  upon  the  magnitude  of  these  surfaces.  The  fric- 
tion is  directly  proportional  to  the  velocity,  when  the  temperature  is  con- 
stant; and  if  the  temperature  is  disregarded,  it  increases  with  the  square 
root  of  the  velocity.  From  other  experiments  Hirn  concludes,  that  the 
mediate  friction  is  also  proportional  to  the  square  root  of  the  I'ubbing  sur- 
fisoes  as  well  as  to  the  square  root  of  the  pressure.  In  regard  to  the  par- 
ticular influence  of  the  temperature,  the  following  formula  was  given  by 
these  experiments: 

F  =  — «— , 
1,0492' ' 

in  which  t  denotes  the  temperature  of  the  robbing  surface,  F^  the  friction 
at  0^,  and  F  that  at  t  degrees  of  temperature. 

One  of  the  principal  results  of  these  experiments  was  the  determination 
of  the  mechanical  equivalent  of  heat.  This  subject  will  be  treated  more  at 
length,  when  we  discuss  the  theory  of  heat. 

§  182.  Work  Done  by  the  Frietioii  of  Axles.—If  wc 
know  the  pressure  R  between  the  axle  and  its  bearing,  and  if  the 
radius  r  of  the  axle,  Fig.  269,  is  given,  we  can  easily  calculate  the 
work  done  by  the  friction  on  the  axle  during  each  revolution.  The 
friction  la  F  =  <t>  Jiy  the  space  described  is  the  circumference  2  tt  r 
of  the  axle,  and  consequently  the  mechanical  eifect  lost  by  the 
friction  iBA=<t>R,27rr=2n(t)Rr.  If  the  axle  makes  u 
reyolutions  per  minute,  the  mechanical  effect  expended  in  each 
second  is 

L  =  2iTipRr.^  =  ^7^  =  0,105  .uipRr. 
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The  work  done  by  the  friction  increases,  therefore,  with  the 
pressure  on  the  asle,  with  the  radins  of  the  axle  and  with  the 
number  of  revolutions.  We  have  therefore  the  following  pi-actical 
rule,  not  to  increase  unneceasarilj  the  pressure  on  the  axles  in 
rotating  macliines,  to  make  them  as  small  as  possible  without  en- 
dangering their  solidity  and  durability  aad  not  to  allow  them  to 
make  too  many  revolutiuns  in  a  minate,  at  least,  when  the  other 
circamBtauces  do  not  require  it 

FiQ.  360.  Fn.  970. 


By  the  use  of  friction-wheels  instead  of  plumber-blocks,  the 
work  done  by  the  friction  is  diminished.  In  Fig.  S70  A  B  is  & 
shaft,  whose  journal  O  E  E,  rests  upon  the  circumferences  E  H 
and  Ef  S,  of  the  wheels  (friction-wheels),  which  revolve  around  D 
and  Df  and  lie  close  behind  one  another.  The  given  pressure  R 
upon  the  shaft  gives  rise  to  the  pressure 


Here  a  denotes  the  angle  D  C  D,  included  between  the  lines  join- 
ing the  centres,  which  are  also  lines  of  pressure.  In  eonscqnenco 
of  the  rolling  friction  between  the  axle  C  and  the  circumference  of 
the  wheels,  the  latter  revolve  with  this  axle,  ami  the  frictions  <p  N 
odA.  ^  JV|  are  produced  on  the  bearings  D  and  i?,,  tlie  sum  of  which 

iflJf=«(JV"+ JVi)=-*-^.    If  the  radius  D  .g"  =  A -fi",  be  de- 

noted  by  a,  and  the  radius  of  the  axle  by  r„  ve  obtain  the  force, 
which  must  be  exerted  at  the  -circumference  of  the  wheels  or  at 
that  of  the  axle  C  to  orercome  the  friction,  and  it  is 


Fig.  271. 
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while,  on  the  contrary,  it  is  =  0  22,  when  the  axle  lies  directly  on  a 

step. 

If  we  neglect  the  weight  of  the  friction- 
wheelfl,  the  work  done  when  these  wheels  are 

employed  is  V  = ' —  times  as   great   as 

Oi  COS.  ^ 

when  the  shaft  revolves  in  a  plnmber-block. 

K  we  oppose  a  single  friction-wheel  G  H, 
Fig.  271,  to  the  pressure  R  of  the  axles  and 
if  we  counteract  the  lateral  forces,  which  in 
other  respects  can  be  neglected,  by  the  fixed 

cheeks  f  and  X,  a  becomes  =  0,  cos. »  =  1  and  the  above  ratio 

Example.— A  water-wheel  weighs  80000  ponnds,  the  radius  of  its  cir- 

cmnference  a  is  10  feet  and  that  of  its  gudgeon  is  r  =  6  inches ;  how  much 

force  is  requtied  at  the  circumference  of  the  wheel  to  overcome  the  friction 

or  to  maintain  the  wheel  in  uniform  motion,  when  running  empty,  and  how 

great  is  the  corresponding  expenditure  of  mechanical  effect,  when  it  makes- 

5  revolutions  per  minute  ?     We  can  here  assume  a  coefficient  of  friction 

^  =  0,075,  and  consequently  the  friction  is  ^  i?  =  0,076  .  80000  =  2290 

16    12       192 
pounds.    Since  the  radius  of  the  wheel  is  — ^ —  =  —  =  88,4  times  as 

great  as  that  of  the  gudgeon  or  the  arm  of  the  fiicticHi,  the  friction  re- 
duced to  the  dicumference  of  the  wheel  is 

6  B       2250 

=  88,4  =  W  "  ^^'^^  ^"^^ 

2    6    ?r 
The  circumference  of  the  gudgeon  is  — '     '     =  2,618  feet ;  and  conse- 

quently  the  space  described  by  the  friction  in  a  second  is 

2,618  .  5       ^^^«^^   , 
-~^ —  =  0,2182  feet, 

and  the  work  done  by  the  friction  during  one  second  is 

L  =  0,2182  .  ^  j»  =  0,2182  .  2250  =  491  footrpounds. 
If  the  gudgeon  of  this  wheel  is  placed  on  friction  wheels,  whose  radii 

axe  but  6  times  as  great  as  the  radius  of  the  gudgeon,  that  is,  if  — ^  =  |^, 

the  force  necessary  at  the  circumference  of  the  wheel  to  overcome  the  fric- 
22 
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tioD  woold  be  only  ^ .  S9fii  =  11,73  poaodB  sad  tbe  mectuudcal  effect 
expended  bnt  i^  =  98,3  ponndB.  But  in  this  case  the  sapport  wotdd  be 
mnch  lesa  safe. 

g  183.  Frictloii  on  a  Partially  Worn  Beazisg. — The  {no- 
tion of  an  axle  A  C  B,  Fig.  372,  npoo  a  bearing,  which  is  partially 
worn,  BO  that  the  shaft  Ib  supported  in  a  single  point  A,  is  smaller 
than  that  of  a  new  axle,  which  touches  all  points  of  its  bearing. 
If  BO  rotation  takes  place,  the  axle  presses 
Fio^ra.  n-^n  the  point  B,  throagb  wliich  the  direction 

of  the  resulting  pressure  R  passes ;  if  the  shaft 
begins  to  rotate  in  the  direction  A  B,  the  axle 
rises   ia  consequence  of  the  friction  on   its 
bearing,  nntil  the  force  8  tending  to  move  it 
down  balances  the  friction  F.     The  result- 
ant R  18  decomposed  into  a  normal  force  2f 
and  a  tangential  one  S,  N  is  transmitted  to 
the  plumber  block  and  produces  the  friction  F  —  ip  N,  which  acts 
tangentially,  S,  however,  puts  itself  in  equilibrium  with  F,  and 
we  have,  therefore,  S  =  <}>  Jf.    According  to  the  theorem  of  Pytha- 
goras, we  have  R'  ^  Jf*  +  S',  whence 

JP  =  (1  +  *')  2f', 
or  inversely  the  normal  pressure 

y  =     ,  and  the  friction  F  =  ■   _        ■   . 

V 1  +  0'  f  1  +/ 

or  introducing  tbe  angle  of  friction  potip  =  tang,  p 

F  =        -_'^^z^=  =  R  tang,  p  oot.  p  =  R  sin.  p. 
V  I  +  tang*p 
Consequently,  when  the  shaft  begins  to  turn,  the  point  of  pres- 
sure B  moves  in  its  bearing  in  the  opposite  direction  through  an 
angle  A  C  5  =  the  angle^of  friction  p. 

The  moment  F.C A  =  Fr  of  the  friction  on  the  axle  is 
naturally  equal  to  the  moment  B  r  Bin.  p  of  the  pressure  R  upon 
the  bed,  both  being  referred  to  the  axis  of  revolution  C.  If  tiiere 
were  no  motion,  we  would  have 

F=  <b  B  =  R  tang,  p  = : 

the  friction  after  the  motion  begins  is  cot.  p  times  as  great  aa 
before.  Generally  ^  =  lang.  p  is  scarcely  j'g  and  cos,  p  >  0,995, 
80  that  the  difference  is  scarcely  ^^55  =  ^Jj ;  we  can,  therefore, 
in  ordinary  cases  neglect  the  effect  of  tbe  motion. 
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Fio.  978.  If  the  'wheel  A  B  revolTCS  with  a  nave,  Fig, 

S'33,  about  a  fixed  axle  A  C,  the  friction  is  the 
same  as  if  the  axle  moved  in  an  ordinary  plumber- 
block,  but  when  the  nave  is  worn  the  arm  of  the 
friction  is  not  the  radius  of  the  shaft,  but  that  of 
the  opening  in  the  nave. 

§  184.  Friction  on  a  Triangular  Bearing.— If  we  lay  the 

axle  in  a  priBmatical  bearing,  we  have  more  pressure  ou  the  bearing, 

and  consequently  more  friction  than,  when  the  bearing  is  circular. 

.   If  the  bearing  A  D  IS,  Fig.  274,  is  tri- 

^°  ^*-  angular,  the  axle  is  supported  at  two 

points  A  and  B  and  at  both  of  them 

friction  must  be  overcome.    The  results 

ing  pressure  S  is  decomposed  into  two 

components  Q  and  Q„  each  of  which  is 

again  decomposed  into  a  normal  stress 

Jfoi  JV,  and  into  a  tangential  one,  which 

IS   eqn&l  to   the  friction   F  =   ip  Jf  and 

/*,  =  (f  2f,.    According  to  the  foregoing  paragraph,  we  can  put 

these  frictions  —  Q  sin.  p  and  ^i  ein.  p,  consequently  the  t«tal 

friction  ieF  +  F,  =  (Q  +  Q,)  sin.  p. 

The  forces  Q  and  Qi  are  fonnd,  by  the  resolution  of  a  parallelo- 
gram of  forces  formed  of  Q  and  Q„  with  the  aid  of  the  resnltant  J?, 
of  the  angle  of  friction  p  and  of  the  angle  A  C  S  =  ia,  corespond- 
ing  to  the  arc  .il  S  included  between  the  two  points  of  contact; 
now  we  have 

Q0R  =  ACD-CAO-a-pmA 
Q{0  R-  B  CD  +  CB  0  =  a  +  p  and  therefore 
Q0Q,  =  a-p+a  +  p  =  2a. 
By  employing  the  formula  of  g  78,  we  obtain 

*  «n.  3  a  ^  stn.  »a  ' 

whence  the  required  friction  is 

F+F,  =  (Q+  ft)  »».p  =  (n».  l--p]  +  «•».  [.  +  p])  ^£^1. 

But  from  trigonometry  we  know,  that  sin.  (a  —  p)  +  sin.  {a  +  p) 
=  3  sin.  a  cos.  p,  and  that  sin.  2  a  =  2  ain.  a  cos.  a,  and  we  can 
therefore  pnt 

_,      _  _  8  sin,  a  R  sin,  p  cos,  p  _  R  sin.Zp 
'  ~~         2  sin,  a  COS.  a  ~    'Zcos.a  ' 
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which,  owineto  the  smaUnessof  ftwe  can  make  =  ~,    When 

'  ^  '  cog.  a 

a  trian^Iar  bearing  is  used,  the  friction  becomes times  greater 

than  vben  a  circular  one  is  employed.    If,  s-o.,  A  D  B  is  60*, 
A   C  B  is  180*  -  60*  =  120'  and  ^  C  D  =  a  =  60",  we  haye 

^  times  =  twice  as  mnch  fHctton  as  for  a  circnlar  bearing. 

§  185.  Friction  of  a  IVew  Bearing. — By  the  aid  of  the  latter 

fonnnla  we  can  find  the  friction  on  a  new  circular  bearing,  when 

the  axle  is  supported  at  all  points.    Let  A  D  B,  Fig.  275,  be  such 

a  bearing.    Let  us  divide  the  arc  A  D  B  along 

Fia.  STo.  which  the  bearing  and  axle  are  in  contact  into 

very  many  part«,  such  as  ^  N,NO,  etc.,  whose 

projections  npon  the  chord  A  B  tat  equal,  and 

let  as  suppose  that  each  one  of  these  parts 

transmits  from  the  axle  to  the  bearing  equal 

portions  —  of  the  whole  pressure  B.    Here  » 

denotes  the  number  of  these  parts.    According 
to  the  foregoing  paragraph,  the  friction  of  two 
parts  N  0  and  ^i  0,  opposite  to  each  other  is 
—  ^         OTW.  3  p 

~  n'coa.  NCD' 

N  P 
But  COS.  NCD  is  also  =  cos.  0  2fP  =  -jz^  2fP  represent- 
ing the  projection  of  the  part  N  0  on  A  B,  and  therefore 


consequently  the  friction  correqK>nding  to  these  two  parts  N  0  and 
JVi  0.  is        ^  RHn-Zp    n.NO  ^  Rnn.Zp   j^ 
~        n        '  chord   ~     chord 
In  order  to  find  the  fHction  for  the  entire  arc  A  D  B,wei  have 
only  to  substitute  instead  of  N  0  the  e.TO  A  D  =  ^  A  D  B;  for  the 

sum  of  all  the  frictions  is  equal  to  — ^ — ^ —  .  the  sum  of  all  the 
^  chord 

parts  of  the  arc ;  conseqnently  the  fHction  on  a  new  bearing  is 

'^  chord  A  B" 
or  putting  the  angle  at  the  centre  A  C  B  corresponding  to  the  arc 
contained  in  the  bearing  =  2  a*  and  the  chord  A  £  =  %  A  C  tin.  a, 
we  have 
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F  = g — - .  — —  or  approximatively, 

assuming  3  p  =  2  sin,  p, 

d 

F  =  R  sin.  p  .  —. — . 

Hence  the  initial  friction  increases  with  the  depth,  that  the  axle 
is  sunk  in  its  bearing,  £.0.9  if  the  bearing  includes  the  semi-circum- 
feience  of  the  axle,  we  have  a  =  ^  tt  and  sin.  a  =  1,  and  therefore 

F=  ^  .  S  sin.  p  is  r  =  1,57  times  as  great  as  it  is  when  a  bearing 

has  been  worn.   If  the  axle  does  not  lie  deep  in  its  bearing,  or  if  a  is 

lows  that  F=  ll  '{■'  tt)  H  ««-  p  or  =  5  sin.  p,  when  a  is  very 

gmalL 

(§  186.)  Fencelets  Theorem.— The  pressure  S  on  the  bear- 
ings is  generally  given  as  the  resultant  of  two  forces  P  and  Q, 
which  act  at  right  angles  to  each  other,  and  it  is  consequently 

r=  V  P*  +  Q\  So  far  as  we  need  it  for  the  determination  of  ttie 
Motion 

F==(t>R==ipirp^'Q\ 

we  can  content  ourselves  with  an  approximate  value  of  V  P^  +  Q\ 
partly  because  an  exact  value  of  the  coefficient  0  can  never  be 
given,  as  it  depends  upon  so  many  accidental  circumstances, 
partly,  also,  because  the  product  0  72  is  generally  but  a  small 
fraction  of  the  other  forces,  which  act  on  the  machine,  E.a.,  the 
lever,  pulley,  wheel  and  axle,  etc.,  which  is  supported  by  the  bear- 
ings.    The  formula  for  calculating  the  approximate  value  of 

VP*  -{-  Q*  is  known  as  Poncelef  s  theorem,  and  its  truth  can  be 
demonstrated  in  the  following  manner.    We  have 

vp^  +  or  =  p  i/i  +  (I)"  =  p  vr+^, 

in  which  «  =  ^  and  if  Q  is  the  snudler  force,  2;  is  a  simple  frac- 
tion. Now  let  Ufl  put  VI  -^  of  =  ^  +  V  a?,  and  let  us  determine 
the  coefficients  11  and  v  corresponding  to  certain  conditions.    The 

relative  error  is     

V'l  -♦- 0^  —  f*  —  v»       ^        fl-hVX 

M    =     ^ =1 . 
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This  equation  corresponds  to  the  curve  0  S  Py  Fig.  276,  whose 
ordinate,  when  the  abscissa  a;  =  0,  is^  0=y  =  l  —  /*,  and,  when 

the  abscissa^  5  =  1,  isy  =  l  —  ^^-^^-X.  The  curve  also  cuts  the 

axis  of  abscissas  in  two  points  K  and  N  and  at  8  lies  at  its  greatest 

distance  C  S  from  this  axis.   If 
Pio.  276.  ^g  put  y  =  0  or 

I  N^ ^ 3  ^^^  solve  the  equation  in  relation 

^"'^^  to  Xy  we  obtain 

the  values  of  which  are  the  abscissas  A  JTand  A  Noi  the  points 
iTand  iV,  where  the  curve  cuts  the  axis,  and  also  those  values  for 
which  the  en*or  is  =:  0.  In  order  to  find  the  abscissa  A  Cof  the 
maximum  negative  error  C  Sy  we  must  put  the  differential  ratio 

rfy  _  Qi  +  y  a;)  (1  +  a:*)->  x  —  v  (1  +  a^)l  _ 

(see  Article  13  of  the  Introduction  to  the  Calculus). 
This  condition  is  fulfilled  by  putting 

(^  +  V  x)  (1  +  a?)-^x  =  v  (1  +  «")*  or 

(li  -{-  V  x)  X  =:  V  (1   +  X*),  LB.  X  =  -. 

V 

According  to  this  formula,  the  abscissa  AG—-  gives  the  greatest 
negative  ordinate.    , 

V 

r  1  +  --1 

In  order  to  have  neither  a  great  positive  nor  a  great  negative 
error,  let  us  put  the  three  ordinates  -40  =  1—  /*,  J?P=1  — 

~~Jk"' wid  0 S  =  Vfj^  +  V*  —  1  *equal  to  each  other,  and  deter- 
mine from  them  the  coefiBcients  fi  and  v.    We  have 

fi  =  ^^-^,  LB.,  V  =  (  V'T-  1)  ;i  =  0,414 ;i* and 

2  -  ^  =  Vfi'  +  V',  LB.,  2  =  ^  (1  +  4/ 1  -f  0,414') 
and  consequently 
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I*  =  :; ^ =  0,96  and  V  =  0,414  .  0,96  =  0,40. 

We  can,  therefore,  put  VT^^  o^  =  0,96  +  0,40  .  jr,  and  in  like 
manner  the  resultant 

R  =  0,96  P  +  0,40  q, 

and  we  know  that  in  this  case  the  greatest  error  we  can  make  is 
±y  =  l— /A=l  —  0,96  =  0,04  =  four  per  cent  of  the  true 
value. 

This  formula  supposes,  that  we  know,  which  of  the  two  forces 
is  the  greater ;  if  this  is  unknown  to  us,  we  assume 

Vl  -^nf  =  fi{l  +  x) 
and  obtain  in  that  way 

In  this  case  not  only  rr  =  0,  but  also  a;  =  ao  gives  an  error 

V 

1  —  /I.    If  we  put  a?  =  -  =  1,  we  have  the  greatest  negative  error 

Putting  these  errors  equal  to  each  other,  we  obtain 

1 -,  =  , /2-1,  or,  =  ^-A_  =  _j__^  =  _^^  =  0,828. 

In  case  we  do  not  know,  which  of  the  forces  is  the  greatest,  we 

can  write 

B  =  0,83  (P  +  0, 

then  the  greatest  error  we  can  make  is  ±  y  =  1  —  0,83  =  17  per 

cent  =  J  of  the  true  value. 

If,  finally,  we  know  that  x  is  not  over  0,2,  we  do  best  to  neglect 

X  altogether  and  to  put  f^  P*  +  ^  =  P ;  if,  however,  x  is  over 
0,2,  it  is  better  to  make 


iTp^  +  C"  =  0,888  P  +  0,490 .  Q. 

In  both  cases  the  maximum  error  is  about  2  per  ceni"* 

• 

§  187.  The  Lever. — The  theory  of  friction  just  given  is  appli- 
cable to  the  material  lever,  to  the  wheel  and  axle  and  to  other 
machines.  Let  us  now  take  up  the  subject  of  the  lever,  discussing 
at  once  the  most  general  case,  that  of  the  bent  lever  A  C  B, 
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Pig.  277. 


Fig.  277.    Let  ub  denote,  as  formerly  (§  136),  the  arm  of  the  lever 

CA  of  the  power  F  by  a,  the 
lever  arm  C  B  oi  the  load  Qhjh 
and  the  radius  of  axle  bv  r,  and 
let  us  put  the  weight  of  the  lever 
=  0,  the  arm  C  E  oi  the  same 
=  8  and  the  angles  A  P  K  and 
B  Q  K  formed  by  the  directions 
of  the  forces  with  the  horizon 
=  a  and  (i.  The  power  P  produces  the  vertical  pressure  P  sin.  a 
and  the  load  Q  the  vertical  pressure  Q  sin,  0,  and  the  total  vertical 
pressure  is  F  =  ff  +  P  sin.  a  -{-  Q  sin.  P.  The  force  P  produces 
also  the  horizontal  pressure  P  cos.  a  and  the  load  an  opposite 
pressure  Q  cos.  j3,  and  the  resulting  horizontal  pressure  is  jBT  = 
P  COS.  a  —  Q  COS.  0,  and  the  total  pressure  on  the  axle  is 
Bz=zfi  Fh-  vH=fi{O^P8in.a  +  Qsin.0)+  v{Pco8.a-'Qeos.0) 
in  which,  however,  the  second  part  v  (P  cos.  a  —  Q  cos.  0)  is  never 
to  be  taken  as  negative,  and,  therefore,  when  Q  cos.  0  is  >  P  cos.  a 
the  sign  must  be  changed,  or  rather  P  cos.  a  must  be  subtracted 
from  Q  COS.  3.  In  order  to  find  the  value  of  the  force  correspond- 
ing to  a  state  of  unstable  equilibrium  so  that  for  the  smallest  addi- 
tion of  force  motion  will  take  place,  we  put  the  statical  moment 
of  the  power  equal  to  the  statical  moment  of  the  load  plus  or  minus 
the  moment  of  the  weight  of  the  machine  (§  136)  and  plus  the 
moment  of  the  friction ;  thus  we  have 
Pa-  Qb±:  Gs  +  <l>Br 

=  Q  b  dtz  O  s  +  (p  {fi  V  +  V  H)  fy  whence 
„  ^  QbdzGs  -h  (l>[fJL{G  -{-  Qsin.0)  T  vQ  cos.  0]  r 
""  a  —  fi  0  r  sin.  a  ^  v  <t>  r  cos.  a 

K  P  and  Q  act  vertically,  we  have  simply  B  :=  P  '\-  Q  -{•  O 
and  therefore  Pa  =  Qb±Gs'\'<p{P-\-Q  +  G)r.  If  the  lever 
is  one  armed,  P  and  Q  act  in  opposite  directions  to  each  other  and 
i2i8  =  P  —  ^4-(?  and  therefore  the  friction  is  less.  But  B 
must  always  enter  into  the  calculation  with  a  positive  sign,  for  the 
friction  <^  B  only  resists  motion  and  never  produces  it  We  see 
from  this,  tliat  a  single  armed  lever  is  mechanically  more  perfect 
than  a  double  armed  one. 

Example. — If  the  arms  of  the  bent  lever  represented  in  Fig.  277  are 
a  =  6  feet,  5  =  4  feet,  «  =  ^  foot  and  r  =  1|  inches,  if  the  angles  of  incli- 
nation are  a  =  70*,  /?  =  50*,  and  if  the  load  is  Q  =  6600  pounds  and  the 
weight  of  the  lever  (7  is  =  900  pounds,  the  force  necessary  to  produce 


I 
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miBteble  equilibrium  is  determined  u  follows.    The  Mctiofn  being  diBie* 

garded,  we  bave  Pa  +  G  a  =s  Qh  and  therefore 

„       Qb--Ga       5600.4- 900.  i       „^.^  , 

P  =  — = =  =  8658  pounds. 

a  6 

If  we  pat  fi  =  0,96  and  v  =.  0,40,  we  obtain 

/t{Q  +  Q»n,p)  =  0,96  (900  +  5600  tin.  50"^  =  4982  pounds^ 
V  Qeo$,  P  =  0,40  .  5600  eo9,  50*"  =  1440  pounds, 
finn.a=z  0,96  .  »n,  W  =  0,903  and 
veM.a  =  0,40  .  609.  70*  =  6,187. 
Ifc  is  easy  to  see,  that  Peoi.  a  is  here  smaller  than  Q  cm,  ,d ;  for  since  P  ia 
approximatively  8658  pounds,  we  have  Peoi.  a  =  1251  pounds,  while,  on 
the  contrary,  Qoos.  fiiB  =  8600  pounds ;  therefore  we  must  employ  in  this 
case  lor  V  Qeoi,  p  and  for  v^roM.  a  the  lower  sign  and  put 

_  5600  .  4  -  900  .  i  4-  ^  r  (4982  -f  1440) 
^-  6  -  f  r  (0,902  -  0,187) 

Assuming  the  coefficient  of  friction  ^  =  0,075,  we  obtain 

^  r  =  0,075  .  A  =  0,009875  and  6422  ^  r  =  60 
and  the  force  required 

^       22400  -  450  +  60        22010       „^^^ 
^=       6  -  0,0717—  =  M^  =  8«'^«P*>^°^- 
Here  the  Terdcal  pressure,  when  we  substitute  the  force  P  =  8658  pounds 
determined  without  reference  to  the  friction,  is 

F=  8658  tin.  70»  +  5600  »».  50*  +  900  =  8487  +  4290  +  900 
=  8627  pounds, 
and,  on  the  contrary,  the  horizontal  pressure  is 

ff=  5600  eo8,  50  —  8658  eas.  70  =  8600  —  1251  =  2849  pounds. 
Here  ^is  >  0,2  F,  and  therefore  we  have  more  correctly 

B  =  0,888  .H+  0490  r=  0,888  .  8627  +  0,490  .  2849  =  8811,  and 
consequently  the  moment  of  the  iHction  is 

=  frB=  0,009375  .  8811  =  82,6  foot-pounds ; 
and  finally  the  force 

P       22400-450  +  82.6       ^^^  , 

P  = g =  8672  pounds, 

which  Tslue  differs  yery  little,  it  is  true,  from  the  one  obtained  above. 

§  188.  Friction  of  a  Pivot— If  in  a  wheel  and  axle  there  is 
a  pressure  in  the  direction  of  the  axis,  which  is  always  the  cas6| 
when  the  axle  is  vertical,  in  consequence  of  the  weight  of  the 
machine,  friction  is  produced  upon  the  base  of  one  of  the  journals. 
Since  there  is  pressure  at  all  points  of  the  base  between  the  pivot 
and  the  step  (or  footstep),  this  friction  approaches  nearer  to  the 
ordinary  friction  of  sliding,  than  to  what  we  have  previously  con- 
sidered as  axle  friction,  and  we  must  therefore  employ  in  this  case 
the  coefficients  of  friction  given  in  Table  U.  (page  320).    In  order 
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to  find  the  work  done  by  this  friction,  we  must  know  the  mean 

space  described  by  the  base  A  B,  Fig,  378,  of  such  a  piTot    We 

aesume  that  the  preBsure  if  is  equally  distributed  over  the  whole 

surface,  that  is,  we  Buppose  that  the  friction  upon  equal  portions 

of  the  base  is  equally  great    If  we  divide  the  baee  by  means  of  the 

radii  OD,  C  E,  etc.,  in  equal  sections  or  triangles,  such  asD  C  E, 

theBe  correspond  not  only  to  equal  frictions,  but 

Fio.  UTS.        alao  to  equal  momentB,  and  we  need  therefore  only 

find  the  momeat  of  the  friction  of  one  of  these 

triangles.    The  frictions  on  such  a  triangle  can  be 

considered   aa   parallel    forces,   since  they  all  act 

tangentially,  lk,  at  right  angles  to  the  radius  C  D ; 

and  since  the  centre  of  gravity  of  a  body  or  of  a 

■  surface  is  nothing  else  than  the  point  of  application 

I  ^fl^^  '     of  the  resultant  of  the  parallel  forces,  which  ara 

equally  distributed  over  the  body  or  surfece,  we  can 

consider  the  centre  of  gravity  S  of  this  sector  or 

triangle  J)  C  E  as  the  point  of  application  of  the 

resultant  of  all  the  frictions  upon  it    If  the  pressure  on  this  sectoi 

is  =  —  and  radins  CD=  CE=r,it  follows  (according  to g  113), 

that  the  statical  moment  of  the  friction  of  this  sector  is 

and  finally  tliat  the  statical  moment  of  entire  friction  of  the  pivot  is 

the  rubbing  surfoce  is  a  ring  ABED,  Fig,  279, 
If  the  radii  of  the  same  toe  CA  =  r,  and  CD  = 
r»  we  have  here  to  determine  the  centre  of  gravity 
8  of  A  portion  of  a  ring.  Hence,  according  to 
g  114,  the  arm  ia 


and  therefore  tlie  moment  of  the  friction  ia 

'^=i*«(f::-^:)- 

If  we  introduce  the  mean  radius  -—^ — ■'  =  r 

and  the  breadth  of  the  ring  r,  —  rt  =  h,  we  obtain  alao  for  the 
moment  of  the  friction 
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The  mechanical  effect  of  the  IHction  ib,  id  the  first  caae, 
A  =  27T.l^Jir  =  i'Titilir,  and,  in  the  second  case, 

From  the  ahove  data  it  is  easy  to  calcuhite  the  friction  upon  a 
journal  composed  of  one  or  more  collars,  Then  a  vertical  shaft  is 
bome  by  it  It  is  also  easy  to  see,  that,  in  order  to  diminish  the 
loss  of  mechanical  effect,  the  pivots  should  be  made  as  small  as 
possible,  and  that,  when  the  other  circumstances  are  the  same,  the 
friction  ie  greater  on  a  ring  than  on  a  full  circle. 

RuMPi.m^A  turbine,  Nreighing  1800  ponnds,  makea  100  rerolntionB 
per  minnte,  and  the  di&meter  of  the  bue  of  the  pivot  is  1  inch ;  how  mach 
mecbBnical  effect  is  conamned  in  a  second  b;  the  friction  of  this  pivot } 
AHunuiig  the  coefficient  of  frictioD  ^  =  0,100,  we  obtain 

tB=  0,100  .  1800  =  180  pooads, 
the  space  described  in  o  revolntion  is 

=  ^nr  =  i.  8,U  .  ^  =  0,1745  feet, 
and  therefore  the  work  done  in  one  revolution  is 

1=  180  .  0,174S  =  81,41  foot-pounds. 
But  this  machine  makes  in  a  second  ^  =  f  revolntions,  and  therefore 
ttie  required  loss  of  tnecbamcal  efiect  is 

=  -  .'    =  63,8  foot-pounds. 

g  189.  Friction  on  Conical  Pivots.— If  the  end  of  the  asle 

A  B  D,  Fig.  S80,  is  conical,  the  friction  is  greater  than  when  the 

pivot  is  flat,  for  the  axial  presanre  R  is 

Pia.  280.  decomposed  into  the  normal  forces  If,  If,, 

etc,  which  produce  fHction  and  whose 

sum  is  greater  than  E  alone.    If  half  the 

■  I  angle  of  convergence  ADC=BDC=a, 

we  have 

B  »,  """ 

and  therefoK  the  Mctioa  of  thu  ooDical 
pivot  is 

Bin.  a 
li  we  denote  the  radtns  C  A  =  C  B  oi  the  axle  at  the  place  of 
entrance  in  the  step  by  r„  we  have,  in  accordance  with  what  pre- 
cedes, the  statical  moment, 
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stn.  a     '  '  ^  sui.  a 

or,  sinoe     .  '     =  — ; — —  =  the  side  D  A  of  the  oone  =  o,  we  have 
sin.  a      stn.  a 

M=  %^Jia. 
If  we  allow  the  axle  to  penetrate  a  very  short  distance  into  the 
step,  the  friction  is  less  than  for  a  flat  pivot^  and  for  this  reason 
fre  can  employ  conical  pivots  with  advantage.    If,  E.a., 

r,  r  ,        . 

a  =  —. —  =  =r,  or  rv  =  *r  stn.  a, 

the  conical  pivot,  whose  radios  is  r„  occasions  only  half  as  much 
loss  of  mechanical  eScct  as  the  Bat  pivot,  whose  radius  is  r. 

If  the  pivot  forms  a  trnncated  cone,  Fig.  381,  friction  is  pro- 
duced on  the  conical  surface  and  on  the  flat  haae,  and  we  have  for 
the  statical  moment  of  the  fiiction 

when  r  denotes  the  radius  C^  at  the  point,  where  the  pivot  enteri 
the  step,  r,  the  radios  of  the  hase  and  a*  half  the  angle  of  conver- 
gence. In  consequence  of  the  great  lateral  pressure  N  the  step 
becomes  soon  ao  worn  that  finally  only  the  pressure  on  the  hase 
B  F  lemaiDS  and  the  moment  of  the  biction  becomes  ilT  t=  |  ^  i£  r|. 


Vertical  shafts  or  pivots  are  very  often  rounded  ofiT  as  in  Figa, 
283  and  333.  Although  by  this  rounding  lie  Mctioa  is  not  in 
any  way  diminished,  yet  a  diminntion  of  the  moment  of  the  fric- 
tion can  be  prodaced  by  diminishing  the  penetration  of  the  pivot 
into  the  step.  If  we  suppose  the  ronuded  surface  to  he  spherical, 
we  obtain  with  the  aid  of  the  calculus,  for  a  hemispherical  atop  &e 
moment  of  friction 

and  for  a  st^  forming  a  low  segment  approximatively 
Jf  =  f  [l  +  0,3  (^)']  <t>  R  r„ 
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in  which  formala  r  denotes  the  radius  of  the  sphere  M  A  =  M  B 
and  r,  the  radius  of  the  step  C  A  =  C  B. 

RxKABK.— The  prwBure  B  upon  the  centie  ABB,  Fig.  284,  of  tlie 
apindle  of  a  turning-latbe  u  perpendicular  to 
Fia.  884.  the  direction  of  tbe  axis  D  X  and  is  decom- 

poBed  into  a  nofmal  presmire  N  and  a  lateral 
prenure  ^parallel  to  tUe  axis.  Retaining  the 
■ame  notation,  that  we  employed  above  for 
conical  pivots,  ne  have 

JIT  = and  8  =  R  Uaui  a. 

not.  a  ^ 

The  moment  of  the  friction  caoaed  by  JUTia 

M=fN. ir,=if^, 

or  since  r,  =  OA  =  DAiin.  ADO^atin.  a,  when  a  denotes  the  lenjjth 
(72)  of  the  portiui  of  the  centre  which  ia  buried,  we  have  M=  i^Ba 
tang.  a. 

The  lateral  force  8  is  entirely  or  partly  coanteracted  by  an  opposite 
fbice  8i  oa  tbe  other  centre. 

ExAMPLX. — If  the  weight  of  the  shaft  and  other  parte  of  a  whim  gin  is 
S  =  6000  pounds,  the  radlns  of  its  conical  pirot  is  a  r  a  1  inch  and  the 
angle  of  convergence  2  o  of  tbe  latter  is  =  W,  the  statical  moment 
of  the  friction  ia 

If  tbe  shaft  in  hoisting  a  bucket  out  nf  a  mine  makes  u  =  24  revoln- 
tions,  tbe  mechanical  effect  consomed  by  the  friction  of  the  pivot  dnring 
this  time  [> 

A  =  2itu.if  -r^  =  a  IT .  34  .  47,1  =  7108  foot-poonds. 

g  190.  The   BO-ealled  Antl-firictioti   Pivots. — Supposing 
tbat  the  axial  pressure  on  a  pivot  ABBA,  Fig.  285,  is  propor- 
tional to  the  surface  of  tho  cross- 
^^'  2*'  section,  we  can  put  the  vertical 

pressure  per  square  inch  R,  =  ^ 

R  being  the  total  pressure  and  0 
the  area  of  the  vertical  projection 
J  /)  i)  ji  of  the  whole  rubbing 
surface  ABBA.  If  now  a  is  the 
1^  angle  of  inclination  C  T  0  o{  the 
element  0  of  the  surface  to  the 
ails  C  Tot  the  pivot,  the  normal 
pressure    on    each    square    inch 
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of  the  bearing,  will  be  JVi  = 
will  be 


R^ 


8iru  a 


and  the  corresponding  friction 


F,^it>N,^<l> 


R. 


<t>R 


8tn.  a       0  sin.  a' 

and  if  y  denotes  the  distance  or  radius  of  friction  M  Oy  the  moment 
of  this  friction  is 


G 


sin,  a' 


or,  since  -~ —  =  tangent  0  T. 
SITU  a  " 


R 


OT. 


Fig.  286. 


In  order  to  obtain  a  regular  wearing  away  of  the  axle  and  of  its 
step,  the  moment  Fi  y  must  be  the  same  for  all  positions,  and  con- 
sequently the  tangent  0  T  must  have  the  same  value  for  all  points 
of  the  generating  curve  A  0  B  oi  the  axle,  and  therefore  the  mo- 
ment of  the  friction  on  the  whole  pivot  is  when  0  T  ^  a 

M=  Fiy  .  Q  =  ip  Rcu 

The  curve  A  0  By  whose  tangent  0  Ty  measured  from  the 
point  of  tangency  to  the  axis  C  Xy  is  constant,  is  a  tractrix  or  trac- 
toryy  and  is  generated  by  drawing  a  heavy  point  Ay  Pig.  286,  over  a 

horizontal  plane  by  means  of  a  string, 
whose  end  moves  along  a  straight  line 
C  X.  This  string  forms  the  constant 
tangent  lines  A  (7=al=)32  =  y3, 
etc.  =  a.  In  order  to  construct  this 
curve,  we  draw  C  A  =:  a  perpendicular 
to  the  axis  0  X  and  take  in  C  Aya 
near  to  Ay  and  lay  off  a  1  =  a,  take  J3 
in  a  1,  near  to  a  and  lay  off  )3  2  =  a, 
here  again  take  y  near  to  /3  and  lay  off 
y  3  =  a,  etc.,  and  we  then  draw  a  curve 
tangent  to  the  sides  ^  a,  a  j3,  i3  y,  y  d . . ., 
eta  This  method  gives  the  tractory 
the  more  accurately  the  smaller  the 
sides  A  a,  a  j3,  j3  y,  y  d . . .,  etc.,  are. 
Schiele  calls  this  curve  the  anti-friction 
curve.  (See  the  Practical  Mechanics' 
Journal,  June  number,  1849,  translated  in  the  Polytechnisches 
Centralblatt,  Jahrgang,  1849.) 

If,  as  is  represented  in  Pig.  285,  we  make  the  anti-friction  curve 
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end  at  the  circumference  of  the  shafb  the  maximum  radius  of 
friction  O  A  =  r  is  at  the  same  time  the  constant  tangent  a,  and 
therefore  the  moment  of  the  friction  Jf  =  0  fi  r  is  independent  of 
the  length  of  the  pivot  When  the  rubbing  surface  is  flat  and  of 
the  same  radius^  the  moment  of  friction  is  ifi  =  |  0  JS  r,  that  is, 
one  third  smaller,  and  it  decreases  still  more  in  time ;  for  the  exte- 
rior portions  are  more  worn  than  the  interior  ones,  and  thus  the 
surface  of  friction  becomes  less. 

The  'phigB  and  chambers  of  cocks  are  sometimes  made  in  the 
form  of  the  anti-friction  curve ;  for  in  this  case  the  conditions  are 
the  same  as  in  a  pivot 

Reicabk. — When  the  pressure  B  on  the  pivot  is  so  distributed  that  the 
amoant  of  the  wearing,  measured  in  the  direction  of  the  pressure,  is  equal 
in  all  points  of  the  circumference  of  the  pivot,  we  have 

8%n»a^       nn.a^      9in.ag 
and  for  conical  pivots,  where  # 

«i  =««  =  «8  •••  =  «;  -^1  yi  =-2v;  y^  =  J^,  y, . . . 

If  O^,  0,,  O3  . . .  denote  the  surfaces,  upon  which  the  normal  pressures 
Jfj,  i^g,  jYg  . . .  act,  we  have 

B  =  y^  0^  nn.  a^  +  i^,  O,  tin.  a^  +  JT,  0,  tin,  o,  +  .  .  . 
or  for  conical  pivots  B  =  (ifj  Oj  +  JT,  O,  +  ilTj  0,  +  .  .  .)  tin,  a. 

The  portions  of  the  surface  can  be  considered  as  rings  of  the  same 

height  -,  whose  widths  are  — -, — ,  and  whose  radii  are  y^,  y„  y^y  conse- 
quently we  have 

A  K  A 

Oi  =  2 IT y.  — -. — ,  0,  =:  2  IT y,  — ; — ,  0,  =  2 fl-y.  — -, — ,  etc. 

0.  =  ^  Oi,  0,  =  ^  0„  etc.,  and  also 

JTi  0^  =2^8  ^8  =  JV;  Og  . .  .,  and  -B  =  n .  if^  0^  Hn.  a. 

Therefore,  under  the  above  assumption,  the  normal  pressure  on  the 

equally  high  rings  of  the  circumference  of  the  pivot  are  equal. 

t> 

Inversely  we  have  N^  0.  =  — ; — ,  hence  the  moment  of  the  Mction ' 

on  the  pivot  is 
M=i^iy^  0^  y,  +  iV;  0,  y,  +  iT,  0,  y,  +  . . .) 

=  ^^"^1  Oi(yi  +  y«  +  ---+yO  =  — ^— (yi  +y,  +  ...  +  y-). 

If  we  have  a  truncated  conical  pivot,  whose  radii  are  r^  and  r„  we  must 

Aft      ■  ^  1.         ^M      \ 

put  y^  +  y,  +  . . .  +  y»  = ^ — ^,  from  which  it  follows  that  M  = 

%tm,a 

For  a  complete  conical  pivot,  whose  radius  is  r,  =  0,  we  have  M  = 
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6  B  T.  Br 

^. — ~,  while  in  a  foregoing  paragraph  (|  189)  we  found  if  =  |  ^  — ; — -. 

See  the  article  by  Mr.  Reye  upon  the  Theory  of  Friction  of  Axles  in  Vol. 
6  of  the  Civilingenienr,  as  well  as  the  article  upon  the  same  subject  by 
Director  Grashof  in  the  5th  volume  of  the  Journal  of  the  Association  of 
German  Ingenieura. 

g  191.  Friction  on  Points  and  Knife-Edges. — In  order  to 
diminish  as  much  as  possible  the  friction  of  the  axles  of  rotating 
bodies^  they  are  often  supported  on  sharp  points,  knife-edges,  etc. 
If  the  bodies  employed  were  perfectly  solid  and  inelastic,  no  loss  of 
mechanical  effect  in  consequence  of  the  friction  would  take  place 
by  this  method,  since  the  space  described  by  the  friction  is  immeas- 
urably small ;  but  since  every  body  possesses  a  certain  degree  of 
elasticity,  upon  placing  it  upon  the  point  or  knife-edge,  a  slight 
penetration  takes  place  and  a  surface  of  friction  is  produced,  upon 
which  the  friction  describes  a  certain  space,  which,  although  small, 
occasions  a  loss  of  mechanical  effect.  When  the  rotation  or  yibrar 
tion  of  a  body  supported  in  this  way  has  continued  some  time,  such 
surfaces  of  friction  are  arcs  developed  by  the  wearing  away  of  the 
point  or  knife-edge,  and  the  friction  is  then  to  be  treated  as  we  have 
previously  done.  This  mode  of  support  is  therefore  only  employed 
in  instruments  such  as  compasses,  balances,  etc.,  where  it  is  impor- 
tant to  diminish  the  friction  and  where  the  motion  is  not  constant 

Coulomb  made  exj^eriments  upon  the  friction  of  a  body  sup- 
ported by  a  hard  steel  point  and  movable  around  it  According 
to  these  experiments,  the  friction  increases  somewhat  £aster  than 
the  pressure,  and  changes  with  the  degree  of  sharpness  of  the 
supporting  point  It  is  a  minimum  for  a  suriTace  of  garnet,  greater 
for  a  surface  of  agate,  greater  for  a  surface  of  rock  crystal,  still 
greater  for  a  surface  of  glass,  and  the  greatest  for  a  steel  surface. 
For  very  small  pressures,  as,  E.Q.,  in  the  magnetic  needle,  the  point 
can  be  sharpened  to  an  angle  of  convergence  of  10°  to  20°.  If, 
however,  the  pressure  is  great,  we  must  employ  a  much  larger 
angle  of  convergence  (30°  to  45°).  The  friction  is  less,  when  a  body 
lies  with  a  plane  surface  upon  a  point  than  when  the  point  plays  in 
a  conical  or  spherical  hollow.  The  circumstances  are  the  same  for 
a  knife-edge  such  as  that  of  a  balance.  Balances,  which  are  to  be 
heavily  loaded,  have  knife-edges  with  an  angle  of  convergence  of 
90°.    When  the  balance  is  light,  an  angle  of  30°  is  sufficient 

If  we  assume  that  the  needle  A  B,  Fig.  287,  has  pressed  down 
the  point  F  0  0  an  amount  DOE,  the  height  of  which  0  M=hy 
and  the  radius  of  which  D  M  =  r,  and  if  we  suppose  the  volume 
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j  TT  r*  A  to  be  proportional  to  the  pressure  R,  the  measure  of  the  fide- 
tion  can  be  found  in  the  following  manner.  K  we  put  ^  n  r*  h  = 
fi  Ry  in  which  /ia  is  a  coefficient  given  by  experiment,  and  substi- 
tute the  angle  of  convergence  DC  £!  =  2a  or  h  =  r  cotg.  a,  we 
obtain  for  the  radius  of  the  base 


=  y^3^Jgto«y.a  ^^ 


From  this  we  see  that  we  can  assume,  that  the  firiction  on  a  pivot 
increases  with  the  cube  root  of  the  fourth  power  of  the  pressure 
and  with  the  cube  root  of  the  tangent  of  half  angle  of  oonvergence. 

Fig.  287.  F10. 288. 

C. 


The  amount  of  friction  of  a  beam  A  By  Fig.  288,  oscillating  on 
a  knife-edge  C  dy  can  be  found  in  like  manner.  If  a  is  the  half 
angle  of  convergence  D  0  Myl  the  length  C  Ci  of  the  edge  and  R 
the  pressure,  we  have 

§  192.  Friction  of  Rolling.— The  theory  of  rolling  friction 
is  as  yet  by  no  means  established  upon  a  firm  basis.  We  know, 
that  the  friction  increases  with  the  pressure,  and  that  it  is  greater, 
when  the  radius  of  the  roller  is  small  than  when  it  is  large ;  but 
we  cannot  yet  give  the  exact  algebraical  relation  of  the  friction  to- 
the  pressure  and  to  the  radius  of  the  rolling  body.    Coulomb  made- 

a  few  experiments  with  rollers  of 
lignum-vitse  and  elm  from  2  to  10* 
inches  thick,  which  were  rolled 
upon  supports  of  oak  by  winding 
a  thin  string  around  the  roller  and 
attaching  to  the  ends  of  it  the  un- 
equal weights  P  and  Qy  Fig.  289. 
According  to  the  results  of  these- 
experiments,  the  rolling  friction  is 
directly  proportional  to  the  pressure 
and  inverselv  to  the  radius  of  the 


^  •» 
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rollers,  so  that  the  force  necessary  to  overcome  the  rolling  Motion 

can  be  expressed  by  the  formula  F  =  f . —,  R  denoting  tiie  press- 

nre,  r  the  radiuB  of  the  roller  and  /  the  coefficient  of  friction  to  he 

determined  by  experiment.    If  r  is  given  in  English  inches,  we 

have,  according  to  these  experiments,  * 

For  rollers  oflignum-vitBB,  /  =  0,0189        O^OIlr^ 

For  rollerB  of  elm,  /  =  0,0320.    "  (^-  *  ^ '  -* 

The  author  fonud  for  cast-iron  wheels  30  inches  in  diameter, 

rolling  on  ca^t-iron  rails, 

/  =  0,0183,  and  Sectionsrath  Rittinger      «?.  o/  7j? 
/=  0,0193.  .oi^-y 

According  to  Pamboar,  we  have  for  iron  railroad  wheels  sbtnit 
89,4  inches  in  diameter 

/=  0,0196  to  0,0216.  O.ol^TT    tf.ox/ 


comes  the  friction,  acts  with  a  lever-arm  H  C  =  H  L  =  r  equal  to 
the  radius  of  the  roller,  and  that  it  describes  the  same  space  as  the 
latter.    If,  however,  it  acta  on  a  lever  arm  H  K  =  %r,  the  space 
described  by  it  ia  double  that  described  by  the  roller  on  the  sup-  - 
port^  and  the  friction  is  therefore 

The  conditions  of  equilibrium  of  rolling  friction  can  be  found 

in  the  following  manner.    In  consequence  of  the  pressure  Q  of  the 

roller  AC  B  upon  the  base  A  0,  Fig.  290,  the  latter  is  compressed ; 

the  roller  rests,  therefore,  not  upon  its  lowest  point  A,  hut  upon 

the  point  0  which  lies  a  little  in  front  of  it.    Transferring  the 

points  of  application  A  and  B  of  the  forces  Q  and  F,  of  which  tho 

latter  F  is  tie  force  necessary  to  overcome  the  friction,  to  their 

pjg  ggQ  point  of  intersection  D,  and  constructing 

u  with  Q  and  F  the  parallelogram  of  forces, 

we  obtain  in  its  diagonal  D  R  the  force 

R,  with  which  the  roller  presses  upon  its 

support  in  0,  and  it  is  tlierefore  necessary 

that  the  moments  of  the  forces  of  the  bent 

lever  A  0  JV  shall  be  equal  to  each  other. 

If  we  put  the  distance  0  JV^of  the  point 

of  support  0  from  the  direction  of  the 

force  =  a,  and  the  distance  0  M  oi  the 

same  point  from  the  vertical  line  of  grav- 
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ity  of  iJie  body  =  /,  we  have 

Fa  =  Qf, 
^m  which  we  obtain  the  required  eqnatioD 

The  arm  /  i«  a  quantity  to  be  determined  by  experiment  and  ib 
aa  small,  that  we  can  eabstitnte  instead  of  a  the  distance  of  the 
lowest  point  A  from  the  direction  of  the  force  F,  as  well  as  instead 
of  Q  the  total  pressnre  R. 

Hence  we  have  F  = 
acts  horizontally  and  throngh  the  centre  C,  o  =  r  or 


F  = 


Lj 


and  on  the  contrary,  when  this  force  acts  tangentially  at  the  high- 
est point  K  of  the  roller,        „        /  _ 

The  Bo-called  coefficient  of  friction  /  of  rolhng  friction  is  there- 
fore no  nameless  'luantity,  but  a  line,  and  most  therefore  be  ex- 
pressed in  the  same  unit  of  measure  as  a. 

If  a  body  A  S  B  ia  placed  upon  two  rollers  C  and  D,  Fig.  891, 
and  moved  forward,  the  force  P  required  to  move  the  body  ie  very 
small,  as  we  have  only  two  rolling 
FW-Xrt-  frictions  to  overcome,  viz.,  one 

between  A  B  and  the  rollers  and 
the  other  between  the  rollera  and 
the  snri'ace  H  K.    The  space  de- 
scribed progressively  by  the  roll- 
ers IB  bat  one-half  that  described 
by  the  load  R,  so  that  new  rolleii 
must  be  continually  pushed  under 
it  in  front,  for  the  points  of  con- 
tact A  and  B  between  the  rollers  and  the  body  A  B  move  exactly 
as  much  backward,  in  consequence  of  the  rolling,  as  the  axes  of 
the  rollers  move  forward.    If  the  roller  A  H  has  turned  an  arc 
A  0,  it  has  also  moved  forward  the  space  A  A,  equal  to  this  arc, 
0  has  come  in  contact  with  0„  and  the  new  point  of  contact  0, 
has  gone  backward  behind  the  former  one  (A)  a  distance  A  0,  = 
A  0.    If  we  designate  the  coefficients  of  friction  on  //  K  and  A  B 
by/ and  /„  we  have  for  the  force  necessary  to  move  the  body  forward 
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RsifABE.— The  extennve  experiments  of  Hoiin  upon  the  naiBtance  of 
wagons  on  roads  confirm  this  law,  sccording  to  which  this  resistance  in- 
creases directly  as  the  pressure  and  inveiBeljasthe  thiekneas  of  the  roUefi. 
Another  French  engineer,  Dupoit,  on  the  contrary,  infers  &Dm  his  experi- 
menta,  that  rolling  friction  increases  directly  as  the  presanre  and  inversely 
as  tbe  sqnare  root  of  the  radius  of  the  rollers.  The  newer  eKperiments  of 
Pnirfc  and  Banrage  by  means  of  railroad  wagons,  also  lead  to  the  concia- 
slon,  that  rolling  fhction  increases  inversely  as  the  square  root  of  the  radios 
of  the  wheel.  See  Comptee  lendnet  de  la  society  dea  ingcnienis  dvila  i 
Paris,  5  et  6  annte  Particalar  theoretical  views  upon  the  subject  of  roll- 
ing  Mcrion  are  to  be  fbuud  in  Von  Geretner's  Hccbanics,  Vol.  I,  {  BS7,  and 
in  Briz's  treatise  on  friction,  Att.  0.  This  sutject  will  be  treated  with 
more  detail  in  the  Third  Part,  under  the  head  of  transportation  on  roadi 
and  railroads. 

g  193.  Friction  of  Cords.— We  have  now  to  gtndy  the  &io- 
Fm  303.  ^'^^  "^  flexible  bodiea    If  a  perfectly 

flexible  cord  atretched  by  a  force  Q  is 
laid '  OTer  tbe  edge  C  of  a  rigid  body 
ABB,  Fig.  292,  and  is  thus  compelled 
to  deviate  f^m  its  original  direction  an 
angle  D  C  B  —  a°,  a  preeanre  R  is  pro- 
dnced  at  this  edge,  which  g^ves  rise  to  a 
friction  F,  in  consequence  of  which  a 
force  P,  which  is  either  greater  or  less 
than  Q,  ia  necessary  to  produce  unstable 
equilibrium.    The  preaeure  is  (§  77) 

B  =  V  P*  +  (^  —  2  P  Qco».a,  and  consequently  the  friction 
F=  **'P'+  Q'  ~2P  Qeos.a. 
If  now  we  snbstitnte  P  =  F  +  Q  and  P*  ajF[m)ziinatiTely 
=  <?  +  2QF,ve  obtain 

F=<t>^Q'  +  2QF+  Q"  -2Q'eos.a-2FQc08.a 


=  «  ^2(1  -COS.  a)  iOr  +  Q  F)  =  2  *  Mn.  ^  VQ^+QF, 

for  which  we  can  write  8  ^  ««.  sr  (C  +  ^  ^,  wbenwetdteinto 

account  only  the  first  two  membCTs  of  the  square  root    Henoe  we 
have 

F=  i>Fsin.^  +i4>Qain.% 

and  oonseqaently  the  friction  required  is 
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d  ^  Q  nn.  H 

^= r^' 

1  —  0  sin.  ^ 
for  which  we  can  generally  write  accurately  enough 

F  =  2<l>  Q  sin.  5  (l  +  0  «^  5)1  a^d  very  often 

/^  =  2  0  0  ««•  2> 

l^hen  the  angle  of  deviation  a  is  very  smalL    Hence,  in  order  to 
draw  the  rope  over  the  edge  C,  we  need  a  force 

(2  0  «n.  I  \ 

and,  on  the  contrary,  tiie  force  necessary  to  prevent  the  weight  Q 
from  sinking  is 

(2  1>  sin.  I 
1  + -a 
1-0  sin.  ^ 

we  caa  put  approximatively 

P  =  [1  +  2  0  #in.  I  ( 1  +  0  «n.  IJJ  C»  or  more  simply 


Pz=z  (1  +2  0wn.|j  Qsjii 

p.= — « — -^,„ 

1+20  «».  2  (^  "*"  ^  **^  2/ 
P.  =  — -«— ^  =  (l-2^««.?)C. 


1  +  20  «».  5 

If  the  cord  passes  over  several  edges,  the  forces  P  and  P,  at  the 
other  end  of  the  cord  can  be  calculated  by  repeated  application  of 
these  formulas.  Let  us  consider  the  simple  case,  where  the  cord 
A  B  Cy  Fig.  293,  is  laid  upon  a  body  with  n  edges,  and  where  the 
deviation  at  each  edge  is  the  same  and  equal  to  a.  The  tension  of 
the  first  portion  of  the  cord  is 

When  that  at  the  end  is  :±e  Q;  that  of  the  second  is 
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that  of  the  third  is 


.  =  (: 


1  +  i<pain.^]Q,  =  [l  +%'l>sin. 


and  in  general  the  tension  at  the  other  end  ie 

P  =  (l  +  2  0  «■».  ^'q, 

Then  it  is  required  to  produce  motion  in  the  direction  of  the  force 
i*.  Interchanging  P  and  Q,  we  obtain  the  force  neoeaeaiy  to  pre* 
Tent  motion  in  the  direction  of  the  force  Q  and  it  ia 


(l  +  2*«n.^" 


The  friction  in  the  first  case  ifl 

J-  =  />  -  e  =  [(i  +  3  0  «»■  I)"- 1]  Q, 

and  in  the  second 

F=Q-P,  =  [{l  +  2't>»in.^'-i\P. 

=  [l  -  (l  +  3  0  sin.  I)""]  Q. 
The  same  formnlaa  are  also  applicable  to  the  case  of  a  body 
composed  of  links,  as,  E.Q,  a  chain  ABE,  Fig.  294,  which  is 
passed  roimd  a  cylindrical  body,  when  «  is  the  number  of  links 
lying  upon  the  body.  If  the  length  of  one  joint  of  the  chain  ia 
=  I  and  the  distance  CA  of  the  axis  .4  of  a  link  from  the  centra 
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C  of  the  arc,  which  is  covered,  =  r,  we  have  for  the  angle  of  devia- 
tion DBL=iACB^a.  sin.  jr  =  jr— . 

EzAMFLB. — How  great  is  the  friction  on  the  circumference  of  a  wheel 
4  feet  high,  covered  witb  twenty  links  of  a  chain,  each  five  inch^  long 
and  1  inch  thick,  when  one  of  the  ends  is  fastened  and  the  other  subjected 
to  a  strain  of  50  pounds  ?    Here  we  have 

Pj  =  50  pounds,n  =  20,  »».  ^  =  j^-^  =  j^; 

now  if  we  substitute  for  ^  the  mean  value,  0,85,  we  obtain  the  friction,  with 
which  the  chain  opposes  the  revolution  of  the  wheel 


^=[(.....,».i)"-.].»=[(..i)--.]. 


50 


Fig.  295. 


=  r/JI)     -  l1 .  60  =  2,974  .  60  =  149  pounda 

§  194.  If  a  stretched  cord  A  B,  Fig.  295,  lies  upon  a  fixed 
cylindrically  rounded  body  A  C  By  the  friction  can  also  be  found 

by  the  rule  given  in  the  foregoing  paragraph. 
Here  the  angle  of  deviation  is  F  D  B  =  a*  = 
angle  at  the  centre  A  C  B  oi  the  arc  A  B  of  the 
cord ;  if  we  divide  the  same  in  n  equal  parts  and 
regard  the  arc  ^  ^  as  consisting  of  n  straight 

lines,  we  obtain  „  edges  with  the  deviation  J 

and  therefore  the  equation  between  the  power 
and  the  load  is  as  in  the  foregoing  paragraph 

P=(l  +2^«n.^)V 

On  account  of  the  smallness  of  the  arc  -,  sin.  k —  can  be  ro- 

n         2  n 

CL 

placed  by  ^ — ,  and  we  can  put 

p  =  (i .  i^)-fl. 

Dereloping  according  to  the  binomial  theorem,  we  obtain 
p-/l,„^«  ,  «(n-l)(0e)'      «(n-l)(«-a)(»a)'        \ 

^-i^+^-F  +  TTa — S^-*-— 17273 ir-^'")^' 

or,  since  nisvery  great  and  we  can  put  n  —  1=  n— 2  =  «  —  3 . .  .=», 
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P  =  (l  +^o  +  J^(*o)«  +  j-i-g.(0o)'  +  ...)«. 

But  1  H-  «  +  3 — 5  +  = — ft— «   +  . . .  =  fi",  «  being  the  base 

2,71828  of  the  Naperian  system  of  logarithms  (see  Introduction  to 
the  Oaleulus),  and  we  can  therefore  write 

F  =  e^  ^ .  Q  OT  Q  =  P  e""  ^  ^,  and  inversely 
1  ,  P        2,3026  ,,      p       ,     ^, 

If  the  arc  of  the  cord  is  not  given  in  parts  of  tt,  but  in  degrees^ 

a* 
then  we  must  substitute  a  =  -^  .  'rr,  and  if  finally  it  is  expressed 

by  the  number  u  of  coils  of  the  rope,  we  must  put  a  =  2it  u. 

The  formula  P  =  e*^  ,  Q  shows,  that  the  friction  of  a  cord 
J'  =  P  —  ^  on  a  fixed  cylinder  does  not  depend  at  all  upon  the 
diameter  of  the  same,  but  upon  the  number  of  coils  of  the  cord, 
and  also  that  it  can  easily  be  increased  to  almost  infinity.  If  we 
put  ^  =  j,  we  have 

for  i  coils,  P  =  1,69  Q 

**    i     ^     P=z  2,85  Q 

''    1     "     P  =  8,12  Q 

«    2     "     P  =  65,94  Q 

«    4     «     P  =  4348,56  Q. 

(Rbocabk.)— From  the  equation  P=  ( 1  +  2  ^  nn.  |j  Q  in  f  108,  it  fol- 
lows that  /• ' 

P-C  =  2^«n.|  0, 

or  substituting  instead  of  a  the  element  da  of  the  arc  and  instead  of  P  -^  Q, 
the  corresponding  increase  d  P  of  the  variable  tension  P  of  the  cord  and 
putting  Q  =  P,  we  obtain 

••■r*      A     da  _       dP  ,       ji 

<«P  =  2  0  Y  -P»  ^^  -p"  ==  ^  ^«^  ^ 

whence  by  integration  we  obtain 

IP  :r:  i^a  -^  (Jon, 

In  the  begmning  a  is  =  0  and  P  =  Q,  and  therefore  we  have 

P 

Z  C  =  0  +  Con,  mdl  P  ^  I  Q  =  I  yr  =  i^  a, 

or  inversely 

~==«**,orP=/*C. 
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BZAJIFLE. — In  order  to  let  down  s  ahafl  a  vaj  great  but  indiTlrfble 
weigbt  P  =  1300  poniide,  we  wind  Dm 
Fig.  296.  ^^^  ^^  -wiact  thia  weight  is  attached, 

If  tiniBi  around  a  finnly  bateoed  lug 
A  B,  Fig.  390,  and  we  bold  the  otlwT 
end  of  the  rope  in  the  band.  What  force 
must  be  exerted  at  this  end  of  the  lope, 
when  we  wish  tbe  weiglit  to  descend 
Blowlf  and  uniformly  1  If  we  pnt  here 
f  =  0,8,  we  obtain  for  this  force 

«=  i'tf-**  =  tsoo.*-"'-^'" 

=  1900  .  •-  *S  ■ 

88 
I  g  =  I  laOO  -  45  "  =  7,0901  -  2,6919 

=  4,4^8, 
or         iog  (i  =  1,9686,  whence 
Q  =  89,0  poonda. 

§  195.  Rigidity  of  Chains. — If  ropea  or  bodies  compoaed  of 
Bales,  ete.,  are  Md  on  a  pulley  or  ft  cylinder  movable  about  its 
axis,  the  bictioo  of  corda  and  cbaine  considered  in  the  last  para- 
graph ceases,  becaiiBe  the  cironmfesenoe  of  the  wheel  and  the  cord 
haye  the  same  velocity,  and  hence  force  is  only  Decessary  to  bend 
the  rope  as  it  lays  itself  upon  the  pulley,  and  sometimes  to 
straighten  it  as  it  is  nnrolled  from  the  pulley. 

If  it  is  a  chain,  which  winds  itself  around  a  drum,  tbe  resistance 
during  the  rolling  lotd  onroUing  oonsista  of  the  friction  of  tiic  bolts 
against  the  links,  since  the 
^°'  '*'■  former  are  turned  through  a 

certain  angle  in  their  bcar- 
ingi.  If  A  B,  Fig.  397,  is  a 
link  of  the  chitin  and  B  0 
the  following  one,  if  C  is  the 
axis  of  rotation  of  tbe  pulley, 
nponwliich  the  chain,  stretch- 
ed by  the  weight  Q,  winds, 
and  if  finally  C  if  and  C  i^T 
ara  perpendiculars  let  fall 
upon  tbe  major  axis  of  the 
links  A  B  tmA  B  0,  then 
M  C  N  =  a"  is  tbe  angle 


362  GENERAL  PBINGIPIiES  OF  MECHANICS.  [§  105. 

turned  through  by  the  pulley,  while  a  new  link  lays  itself  upon  it, 
and  JT  5  0  =  180°  -  ^  ^  ff  is  the  angle  described  by  the  link 
B  O  with  its  bolt  B  D  upon  the  link  A  B  during  the  same  time. 
IlBD=^BBz=rii9  the  radius  of  the  bearing  of  the  bolt,  the 
point  D  of  the  pressure  or  friction  describes  an  arc  Z)  ^  =  r,  a, 
while  a  link  lays  itself  upon  the  roller,  and  the  work  done  by  the 
friction  at  the  point  D  is,  =  (pi  Q  .  Vi  a.  Supposing  the  force  Pi 
necessary  to  overcome  this  friction  to  act  in  the  direction  of  the 
greater  axis  B  G,  we  have  the  space  described  by  it  in  the  same 
time  8  =  (7  JV  multiplied  by  the  arc  of  the  angle  M  0  iV=  C7  JV.  a, 
and  therefore  the  work  done  =  P, .  (7  JV.  o,  equating  the  two 
mechanical  effects,  we  have  Pi .  (7  JV'.  a  =  ^j ,  Qria,  and  the  force 
required  is 

a  denoting  C  2fthe  radius  of  the  drum  plus  half  the  thickness  of 
the  chain. 

If  we  neglect  the  friction,  the  force  necessary  to  turn  the 
pulley  would  be  P  =z  Q, 

but  when  we  take  into  account  the  friction  caused  by  the  winding 
of  the  chain  upon  the  pulley,  we  have 

K  the  chain  unwinds  from  the  drum,  the  resistance  is  the  same ; 
if,  therefore,  as  on  a  fixed  pulley,  the  rope  is  wound  upon  one  side 
and  unwound  upon  the  other,  the  required  force  is 

P  =  (l  +  0,  ^j  Q,  or  approximatively  =  /l  +  2  ^i  -^J  Q. 

If,  finally,  the  pressure  on  the  axle  is  =  jR  and  the  radius  of  the 
axle  =  r,  the  force  necessary  to  overcome  all  the  resistances  is 

EzAKFLE. — How  great  is  the  force  P  at  the  end  of  a  chain  pasdag 
Fig.  298.  round  a  roller  A  0  B,  Fig.  298,  when  the  wdght 

acting  vertically  is  Q  =  110  pounds,  the  weight 
of  the  roller  and  chain  is  50  poands,  the  radius  a 
of  the  roller,  measured  to  the  middle  of  the  chain, 
is  a  =  7  inches,  the  radios  of  the  axle  C7  is  =  f  of  an 
inch  and  that  of  the  bolts  of  the  chain  is  =  f  of  an 
inch  ?  If  we  put  ^  =  0,075  and  ^^  =  0,15,  we  obtain, 
according  to  the  last  formula,  the  force 

P=^l +2 . 0,15 .  ■|^).110  +  0,075.~  (110  +  50+P), 
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or  aasoming  in  the  rigbt-hand  member  P  approximatiTely  =  110 
P=  1,016  .  110  +  0,0067  .  270  =  111,76  +  1,81  =  118,6  poonda 

§  196.  R^;idit7  of  Cordage. — ^If  a  rope  is  passed  oyer  a  pulley 
or  winds  itself  upon  a  shaft,  its  rigidity  (Fr.  roideur,  Oer.  Steifig- 
keit)  comes  into  play  as  a  resistance  to  its  motion.  The  resistance 
is  not  only  dependent  upon  the  material,  of  which  the  rope  is  made, 
but  also  upon  the  manner,  in  which  it  is  put  together,  and  upon  the 
thickness  of  the  rope ;  it  can  consequently  be  determined  by  experi- 
ment alone. 

The  principal  experiments  for  this  object  are  those  made  by 
Coulomb  and  those  made  more  recently  by  the  author  himself. 
While  Coulomb  employed  only  small  hemp  ropes  from  |  to  at  most 
1  j  inches  in  thickness  and  made  them  wind  upon  rollers  of  1  to  at 
most  6  inches  in  diameter,  the  author  employed  hemp  ropes  2 
inches  thick  and  wire  ropes  from  3  to  1  inch  thick  and  passed 
them  over  rollers  fix)m  2  to  6^  feet  in  diameter.  Coulomb's  experi- 
ments were  made  in  two  different  ways.  In 
^^-  ^^-  one  case;  like  Amonton,   he  employed  the 

apparatus  represented  in  Fig.  299,  where  A  B 
is  a  roller  around  which  two  ropes  are  wound, 
the  tension  being  produced  by  a  weight  Q 
and  the  rolling  down  of  this  roller  by  a  weight 
Py  which  pulls  upon  this  roller  by  means  of  a 
thin  string.  In  the  other  case  he  laid  the 
ropes  around  a  cylinder  rolling  upon  a  hori- 
zontal surface  and,  after  having  subtracted  the 
^u^r....  ^.s . ,  rolling  friction,  calculated  the  resistance  of  the 
y..  -■l^^:7|'|j;;^^^      rigidity  from  the  difference  of  the  weights, 

which  were  suspended  to  the  two  ends  of  the 
rope  and  which  produced  a  slow  rolling  motion. 

According  to  the  experiments  of  Coulomb,  the  resistance  of  the 
rigidity  increases  tolerably  regularly  with  the  amount  of  the  ten- 
sion of  the  rope ;  but  there  is  also  a  constant  member  Ky  as  might 
have  been  expected;  for  a  certain  force  is  necessary  to  bend  an  un- 
stretched  rope.  It  was  also  shown,  that  this  resistance  was  inversely 
proportional  to  the  radius  of  the  roller;  that  for  a  roller  of  twice 
the  diameter  it  is  only  one-half,  for  one  of  three  times  the  diam- 
eter, one-third,  etc.  Finally,  the  relation  between  the  thickness 
and  rigidity  of  a  rope  can  only  be  determined  approximatively  from 
these  experiments,  as  we  might  have  supposed ;  for  this  rigidity  de- 
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pends  upon  the  natnrd  of  the  material  of  the  ropes  and  upon  the 
size  of  the  fibres  and  strands.  When  a  rope  is  new^  the  rigidity  is  pro- 
portional^ approximatively,  to  d^*\  and  when  it  is  old,  to  d***,  rf 
denoting  the  diameter  of  the  rope.  The  assumption  by  some 
authors  that  it  varies  with  the  first  power,  and  that  of  others  that 
it  varies  with  the  square  of  the  thickness  of  the  rope,  are  therefore 
only  approximatively  true. 

§  197.  Prony's  Fonniila  for  the  Rigidity  of  Hemp 
Ropes. — According  to  the  last  paragraph,  the  rigidity  of  hemp 
ropes  can  be  expressed  by  the  following  formula: 

in  which  d  denotes  the  thickness  of  the  rope,  a  the  radius  of  the 
pulley  measured  to  the  axis  of  the  rope,  Q  the  tension  of  the  rope, 
which  passes  round  the  pulley,  and  n,  K  and  v  empirical  con- 
stants.   Prony  found  from  Coulomb's  experiments  for  new  ropes 


and  for  old  ones 


yS  =  —  (2,45  -f  0,053  q)y 


/Sr,  =t  ^  (2,46  +  0,053  G), 


in  which  formulas  a  and  d  are  expressed  in  lines  and  Q  and  S  in 
pounds.  These  formulas  are,  however,  based  upon  Paris  measures; 
for  Euglish  measures  they  become,  when,  expressed  in  inches  and 
pounds,  ^^q ^j4 gg  ^  ^^^  ^^ 

St=r~  (6,96  +  0,14  Q). 

Since  even  these  complicated  formulas  do  not  agree  as  veil  as 
conld  be  wished  with  the  results  of  experiment,  we  can,  as  long  as 
we  do  not  take  into  account  the  later  experiments,  write  with 
Eytelwein 

^=^*'-a«  =  86-o£-    , 

In  this  formula  a  must  be  expressed  in  English  feet  and  d  bx 
English  lines,  but  Q  and  S  m&y  be  expressed  in  any  arbitrary  sys* 
tem  of  weights.  If  wd  employ  the  metrical  system  of  meaSoresiy 
we  have 
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a 

The  results  given  by  this  formula  are  not  suffioiently  accurate,  ex- 
cept when  the  tension  upon  the  rope,  as  is  generaUj  the  case  in 
practice,  is  very  great 

The  rigidity  of  tarred  ropes  was  found  to  be  about  one-sixth 
greater  than  that  of  untarred  ones,  and  wet  ropes  were  found  to  be 
about  one-twelfth  more  rigid  than  dry  ones. 

ExAKFLE. — If  the  tension  upon  a  new  rope  9  Unas  thick,  which  passes 
round  a  pulley  5  inches  diameter,  is  850  poonds,  the  rigidity,  according  to 
Prony,  is 

8  =  1  (!)>•'  (14,89  +  0,289  .  850)  =  0,618  .  46,216  =  28,38  pounds, 
and  according  to  Eytelwein 


S  = 


9* .  850 


8604 


-—  =  87,76  pounds. 


If  the  temdon  w&e  but  Q  ^  150  pounds,  we  would  hare,  according  to 
Pwmy, 

S  =  0,613  .  28,1  :==  14,16, 

and  according  to  Eytelwein 

81.150 
°  "  8604  .  A  -  ^^'^* 

In  this  case  the  formulas  give  results,  which  coincide  better  with  each 
other.    We  see  from  the  above  example,  how  uncertsin  these  formulas  are, 

Rekabk. — ^Tables  for  facilitating  the  calculation  of  the  resistance  due 
to  the  rigidity  of  cordage  will  be  found  in  the  Ingenieur,  page  865.  Ac- 
cording to  Moiin  (see  his  Lemons  de  M^anique  Pratique),  we  have,  when 
n  denotes  the  number  of  strands  in  the  rope  and  a  the  radius  of  the  pulley 
in  centimetres,  for  untarred  ropes 


a 
and  for  tarred  ropes 


d  =t  V0,1388  n  centimetres  and 

S  =  ^  (0,0297  +  0,0246  n  +  0,0868  Q)  kilograms 

=  — -  (0,1110  +  0,6848  (P  +  0,1857  Q)  kilograms, 


d  =  V  0,186  n  centimetres  and 
S-^a  ^^^^^"^^  +  ^»^^^  »  +  ^»^1®  ®  kilograms 
«=  -T-  (0,3918  +  0,5001  ^  +  0,1124  Q)  kilograms. 
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If,  hoverer,  d  and  a  are  expreeaed  in  inclieB,  and  8  and  Q  in  poaoda, 
we  can  put  for  untaired  ropea 

B  =  —  (0,621  +  84,70  J  +  0,84«  (g), 

and  for  ttured  oitea 

8=  —  (3,198 +  1B,06<P  + 0,3889  C). 

If,  B.Q.,  for  an  antarred  rope  we  have  d  =  i  inch,  a  =  |  bch»  and 
C  =  BBO  pounds,  then 

S  =  ~.  ^{0,631  +34,70.^  +  0,8445.850) 

=  ^  (0,681  +  18,898  +  180,676)  =  80,4  ponnda, 

while  in  tbia  case  (last  example)  Pronj's  formnla  gave  8  =  28,88  pounds. 

§  198.  Experiments  Upon  the  Rigidity  of  Thick  Ropes. — 
The  author,  in  his  experiments  npon  the  nudity  of  cordage,  made 
use  of  the  apparatus  represeotfid  in  Fig.  300.    The  sheave  or  roller 
B  D  E,  oyer  which  the  rope  to  be 
Fio.  800.  (^gj^  jg  paaae^i^  ,^,^  together  with  a 

pair  of  iron  wheels  C  L  M,  fastened 
upon  a  shaft  or  axle  C,  and  these 
wheelfi  ran  upon  two  horizontal  raila 
H  R,  to  one  end  F  of  the  rope  a 
weight  G  was  attached,  and  to  the 
E  It     other  end  A  a  cross  E,  upon  which 

weights  were  hung  until  the  wheels 
and  pulley  began  to  roll  forward 
slowly.  In  order  to  be  ae  independ- 
eut  as  possible  of  errors  arising  from 
imperfections  in  the  apparatus,  addi- 
tional weights  were  afterwards  added 
at  F  until  a  rolling  motion  in  the 
oppositedirectionwasproduced.  The 
arithmetical  mean  of  the  weights 
added  gave,  when  the  rolling  fric- 
tion was  deducted,  the  rigidity  of 
the  rope.  The  coefQcient  of  rolling 
friction  to  he  used  was  determined  in  the  same  way,  except  that  a 
thin  string,  whose  rigidity  could  be  neglected,  was  employed  instead 
of  a  rope.    The  mean  valne  of  this  coefSoient  was  given  in  g  193. 
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The  resistance  due  to  the  rigidity  is,  according  to  the  author's 
Tiews,  due  less  to  the  rigidity  proper  than  to  the  friction  of  the 
different  wires  or  strands  upon  each  other;  for  in  passing  over  the 
pulley,  they  naturally  change  their  relative  positions.  When  a 
wire  rope  passes  round  a  fixed  pulley,  the  first  part  of  this  resist- 
ance is  wanting,  as  the  rope,  in  consequencfe  of  its  elasticity,  gives 
out,  when  it  straightens  itself,  as  much  mechanical  effect  as  was  em- 
ployed in  bending  it  around  the  pulley.  Hence  the  rigidity  of  the 
rope  in  this  case  consists  solely  of  the  fiiction  of  the  wires  upon 
one  another,  a  conclusion  which  is  confirmed  by  the  author's  ex- 
periments ;  for  he  found  the  resistance  to  be  forty  per  cent,  less, 
when  the  ropes  were  freshly  oiled  or  tarred  than  when  they  were 
dry.  The  conditions  are  different  in  the  case  of  hemp  ropes,  for 
they  do  not  possess,  especially  after  long  use,  any  elasticity,  and 
the  strands  and  fibres  require  force  not  only  to  bend  them,  but  also 
to  straighten  them. 

§  199.  New  Fcrmnlas  for  the  Resistance  Due  to  the 
Rigidity  of  Cordage. — Since  the  rigidity  of  a  rope  depends  not 
only  upon  its  thickness,  but  also  upon  the  amount  of  bending  it  is 
subjected  to,  and  also  upon  the  manner  in  which  it  is  put  together, 
the  author  considers,  that  these  conditions  can  be  very  well  ex- 
pressed by  the  formula 

a 

the  constants  ^and  v  must  be  determined  specially  for  each  kind 

of  rope.    The  experiments  of  the  author  also  showed,  that  for  wire 

K 
ropes  we  should  put  simply  K  instead  of  — ,  or 

a 
1.  For  tarred  hemp  ropes  1,6  inches  thick  passing  round  sheaves 
from  4  to  6  feet  in  diameter,  he  found 


,S  =  1,5  +  0,00565  ^  kilograms, 


when  the  radius  a  is  expressed  in  metres,  or 

8  =  3,31  +  0,222  ^  pounds, 

when  a  is  expressed  in  inches. 

2.  For  a  new  untarred  hemp  rope  |  inch  thick,  upon  a  pulley 
21  inches  in  diameter,  he  found 
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S  =  0,086  +  0,001 64  ^  kilograms  =  0,1896  +  0,06457  ^  ponnda 

3.  A  wire  rope  8  lines  in  diameter,  formed  of  16  wires,  each  1^ 
lines  thick,  and  weighing  0,68  pound  per  running  foot,  was  passed 
around  pulleys  from  4  to  6  feet  in  diameter,  and  gave 

S  =  0,49  +  0,00238  ^  kilograms  =  1,08  +  0,0937  ^  pounds. 

4  For  a  freshly-tarred  wire  rope,  with  a  hemp  centre  in  each 
strand  and  in  the  rope,  which  was  7  lines  in  diameter,  was  com- 
posed of  4.4  =  16  wires,  each  1^  lines  thick,  and  weighed  0,67 
pound  per  running  foot,  he  found,  with  a  pulley  21  inches  in 
diameter, 

S  =  0,57  +  0,000694  ^  kilograms  =  1,26  +  0,0272  ^  pounds. 

Rbmabk. — A  detailed  description  of  the  anthor^s  experimcntB  is  to  be 
found  in  the  Zeitscbrift  fiir  Ingenienrwesen  (dem  Ingenieur),  by  Bome- 
mann,  Briickmann  and  Roting,  Vol.  I,  Freiberg,  1848.  The  hemp  ropes 
of  1  were  formerly  employed  in  Freiberg  for  hoisting  from  the  shafts  by 
means  of  a  water-wheel  and  drum  (Ger.  Wassergopel),  but  of  late  they 
have  been  replaced  by  the  wire  ropes  of  8  and  4.  Both  of  these  kinds  of 
ropes  can  support  with  sextuple  security  a  load  of  80  cwt.  It  was  shown 
by  the  above  experiments  that,  when  the  load  was  the  same,  the  resistance 
due  to  the  rigidity  of  wire  ropes  was  less  than  that  due  to  the  rigidity  of 
hemp  ones.  If  we  assume  the  tension  of  the  rope  to  be  Q  =  2000,  and  the 
radius  of  the  sheave  to  be  a  =  40  inches,  we  have  for  hemp  ropes 

8  =  8,81  +  0,222  m^  =  14,41  pounds, 
and,  on  the  contrary,  for  wire  ropes 

3  =  1.08  +  0,0937  m^  =  5,8  pounds, 

§  200.  Theory  of  the  Fixed  Pulley.— Let  us  now  apply 
the  principles  just  enunciated  to  the  theory  of  the  fixed  pulley. 


Fia.  801. 


Fig.  802. 
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Jjdt  A  CBy  Fig.  301  or  Fig.  302,  be  the  pulley,  and  let  a  be  ito 
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radius  C  A  =z  C  B,  r  the  radius  of  its  axle,  O  its  weight,  d  the 
thickness  of  the  rope,  Q  the  weight  suspended  to  one  end  of  the 
latter,  8  the  resistance  due  to  the  rigidity,  F  the  friction  upon  the 
axle,  reduced  to  the  circumference,  and  F  =  Q  -{•  F  -^  8  the  force 
at  the  other  end  of  the  rope.  The  rigidity  of  the  rope  is  shown  by 
the  £ict  that  the  rope  does  not  immediately  assume  the  curvature 
of  the  pulley  as  it  is  wound  upon  the  sheave,  nor  straighten  itself 
immediately,  when  it  is  unwound.  On  the  contrary,  it  approaches 
the  sheave  in  an  arc,  the  curvature  of  which  constantly  increases, 
and  leaves  in  an  arc,  the  curvature  of  which  constantly  diminishes. 
The  difference  between  the  elastic  wire  ropes  and  the  unelastic 
hemp  ones  is  that  the  former  leave  the  sheave  somewhat  sooner 
and  the  latter  somewhat  later ;  hence  the  arm  C  D  of  the  force  in 
the  first  case  (Fig.  301)  is  somewhat  greater,  and  in  the  second  case 
(Fig.  302)  somewhat  less  than  the  radius  (7  J  =  a  of  the  sheave. 
If  we  neglect  the  friction  upon  the  axle  and  put  P  =  (Q  +  8), 
we  have 

{Q  +  8).0D=  Q.CE, 

and  consequently  the  rigidity  of  the  rope  is 

and  the  ratio  of  the  arms  is 

CD         ^  Q' 

the  value  of  which  can  easily  be  calculated  by  substituting  one  of 
the  values  of  8. 

We  can  also  determine  this  force  F  =  Q  +  8  -^  F  without 
employing  the  ratio  of  the  arms  of  the  lever  by  substituting  in 
that  formula  either  with  Prony  for  thin  hemp  ropes 

or  with  the  author  for  wire  or  thick  hemp  ropes. 

a 

and  the  friction  upon  the  axles 'reduced  to  the  circumference  of 
the  pulley  is 

F=<l>-  {Q  +  O  +  F)y  or  approximatively, 


i'=^^(2C+  ff). 


U 
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Hence,  in  the  first  case,  we  hare 

F  =  Q  +  ^{JS:  +  vQ)  +  <t>U2Q+  G) 
and  in  the  second 

In  the  case  of  the  wheel  and  axle  a  redaction  of  the  force  fi 
the  drcnmference  of  the  axle  to  that  of  the  wheel  is  necessary* 

ExAMFLB. — ^If  a  wire  rope  8  lines  in  diameter  passes  oyer  a  pulley 
5  feet  high,  whose  axles  are  8  inches  in  diameter,  and  if  the  tension  upon 
the  rope  is  1200  pounds,  we  have  the  required  force,  when  the  coefficient 
of  fnction  is  ^  =  0,075  and  i^  weight  of  the  pulley  =  1600  pounds 

P  =  1200  +  1,08  +  0,0987  .  A#fa  +  0,076  .  -^  (2400  +  1600) 
=  1200  +  1,08  +  8,748  +  14,62  =  1219  pounds ; 

hence  -If  =  1,6  per  cent,  of  the  force  is  lost  in  consequence  of  the  rope's 
passing  round  the  pulley. 

If  instead  of  a  wire  rope  we  employed  a  hemp  one  1,6  inches  thick,  we. 
would  have  •' 

P  =  1200  +  8,81  +  0,222  .  m^  +  14,62  =  1227 

and  the  loss  of  force  would  be 

27 
P  —  C  =  T5  =  3,26  per  cent. 


FOURTH   SECTION. 

THE  APPLICATION  OP   STATICS  TO  THE  ELAft- 
TICITY  AND  STRENGTH  OF  BODIES. 


CHAPTER    I. 

ELASTiaTY  AND  STRENGTH  OP  EXTENSION,  COMPRESSION 

AND  SHEARING. 

§  201.  Elasticity. — The  molecules  or  parts  of  a  solid  or  rigid 
body  are  held  together  by  a  certain  force,  called  cohesion  (Ft.  cohe- 
sion ;  Ger.  Cohasion)^  which  must  be  overcome,  when  the  body 
changes  its  form  and  size,  or  if  it  is  divided.  The  first  effect,  which 
forces  produce  upon  a  body,  is  a  variation  in  the  relative  position 
of  its  parts,  in  consequence  of  which  a  change  of  form  and  volume 
occurs.  If  the  forces  acting  upon  a  body  exceed  certain  limits,  a 
separation  of  the  parts  takes  place  and  perhaps  a  division  of  the 
whole  body  into  pieces.  The  capability  of  a  body  to  resume  its 
original  form,  after  the  force  which  caus^  its  change  of  shape  has 
been  remoired,  is  called  in  the  most  general  sense  of  the  word  its 
elasticity  (Ft.  elasticity ;  Ger.  Elasticitat).  The  elasticity  of  every 
body  has  certain  limits.  If  the  change  of  form  and  volume  exceeds 
a  certain  amount,  the  body  remains  of  the  same  form  after  such  a 
change,  although  the  forces  which  have  produced  the  variation 
have  ceased  to  act.  The  limit  of  elasticity  is  very  different  for 
different  bodies.  The  bodies,  which  permit  a  great  change  of 
Tolnme  before  their  limit  of  elasticity  is  reached,  are  called  perfectly 
elastic;  those^  whose  limit  of  elasticity  is  reached  when  they  have 
undergone  a  veiy  slight  change  of  form,  are  ealled  inelastic, 
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although  no  such  bodies  really  exist  It  is  an  important  rule  in 
architectui'e  and  in  the  construction  of  machinery,  not  to  load  the 
materials  employed  to  such  an  extent  that  the  change  of  form 
produced  shall  reach;  much  less  exceed^  the  limit  of  elasticity. 

§  202.  Elasticity  and  Strength.— Different  bodies  present 
different  phenomena,  when  they  are  changed  in  their  form  beyond 
the  limit  of  elasticity.  If  a  body  is  brittle  (Fr.  cassant ;  Ger.  sprode), 
it  flies  in  pieces,  when  its  form  is  changed  beyond  its  limit  of  elas- 
ticity ;  if,  however,  it  is  ductile  or  malleable  (Fr.  ductUe;  Ger.  ge- 
schmeidig),  as,  E.O.,  many  metals,  we  can  cause  considerable 
changes  in  its  form  beyond  its  limit  of  elasticity,  without  causing 
a  separation  of  its  parts.  Some  bodies  are  hard  (Fr.  dur ;  Ger.  hart), 
others  soft  (Fr.  mou ;  Ger.  weich) ;  while  the  former  oppose  great 
resistance  to  a  separation  of  their  parts,  the  latter  permit  it  with- 
out much  di£Sculty. 

We  understand  by  elasticity,  in  the  more  restricted  sense  of  the 
word,  the  resistance  with  which  a  body  opposes  a  change  of  its 
form,  and  by  strength  (Fr.  resistance,  Ger.  Festigkeit)  the  resistance 
with  which  a  body  opposes  division.  In  what  follows,  both  sub- 
jects will  be  treated.  According  to  the  manner  in  which  the  extra- 
neous forces  act  upon  bodies,  we  can  divide  elasticity  and  strength 
into 

I.  Simple  and 

11.  Combined; 

and  the  former  again  into 

1)  Absolute  or  the  elasticity  and  strength  of  extension, 

2)  Reacting,  or  the  elasticity  and  strength  of  compression, 

3)  Relative,  or  the  elasticity  and  strength  of  flexure, 

4)  The  elasticity  and  strength  of  sheering  and 

6)  The  elasticity  and  strength  of  torsion  or  ttvisting. 

If  two  extraneous  forces  P  and  —  P  act  by  extension  (Fr. 
traction,  Ger.  Zug)  in  the  direction  of  the  axis  of  a  body  A  B,  Fig. 

Fig.  808.  303,  the  latter  resists  the 

n         n^ai^K-^^^^H^B^  D    extension  and  tearing  by 

A^^^^^^^^^^^^^B  means  of  its  absolute  elas- 

ticity and  strength  or  its  elasticity  and  strength  of  extension  (Fr. 
^lasticite  et  resistance  de  traction,  Ger.  Zug  oder  absolute  Elasticit&t 
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und  Festigkeit) ;  if,  on  the  contrary,  two  forces  P  and  —  P  press 
Fie.  804  the  body  together  in  the  direction 

of  the  axis  of  the  body  A  By  Fig. 

304,  so  that  the  latter  is  compressed 
and  finally  cmshed,  the  elasticity  and  strength  of  compression  or  the 
reacting  dastidty  and  strength  (Fr.  elasticite  et  resistance  de  com- 
pression, Oer.  Dmck  or  ruckwirkende  Elasticitat  und  Festigkeit) 
must  be  overcome.  If,  farther,  three  forces  P,  ft  5,  which  balance 
each  other,  are  applied  at  three  different  points  A,  By  (7,  in  the 
axis  of  the  body  A  By  Fig.  305,  and  act  at  right  angles  to  the  same, 
this  body  wonld  be  bent  or  perhaps  broken,  and  it  is  the  relative 
elasticity  and  strength,  or  the  elasticity  and  strength  of  flexure  (Fr. 
Elasticite  et  resistance  de  flexion,  Oer.  Biegnngs  oder  relative  Elas- 
ticitUt  und  Festigkeit),  that  must  be  overcome,  in  order  to  bend 
or  break  it  If,  in  the  latter  case,  the  points  of  application  A  and 
C  lie  close  together,  as  is  represented  in  Fig.  805,  a  distortion  is 

Fig.  806.  Fig.  306. 


produced  in  the  cross  section  D  D,  between  the  two  points  A  and 
C ;  if  the  force  P  is  great  enough,  the  body  is  divided  into  two 
]>arts,  and  in  this  case  the  elasticity  and  strength  of  sheering  (Fr. 
Elasticite  et  resistance  par  glissement  cisaillement  ou  tranchant, 
6er.  Elasticitat  und  Festigkeit  des  Abschierens)  is  overcome.  K 
two  couples  (Py  —  P)y  {Qy  —  Q)y  which  balance  each  other,  act  upon 
a  body  C  A,  Fig.  306,  in  such  a  manner  that  their  planes  are  at 
right  angles  to  the  axis  of  the  body,  a  tvnsting  of  the  body  is  pro- 
dnced^  which  may  become  a  lorenchingy  and  here  the  elasticity  and 
strength  of  torsion  (Fr.  Elasticity  et  resistance  de  torsion,  Ger.  Dreh- 
nngs-elasticitftt  und  Festigkeit)  is  to  be  overcome. 

If  several  of  the  forcefr  here  enumerated  act  at  the  same  time 
upon  a  body,  the  combined  elasticity  and  stre^igth  or  a  combination 
of  two  or  more  of  the  simple  elasticities  and  strengths  comes  into 
play. 
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Pig.  307. 


§  203.  Extension  and  CompressioiL'Tbe  most  simple 
case  of  elasticity  and  strength  is  presented  by  the  extension  and 
compression  of  prismatic  bodies,  when  they  are  acted  upon  by 
forces  whose  directions  coincide  with  the  axis  of  these  bodies.    It  is 

of  conrse  not  necessary 
that  both  should  be 
motive  forces.  The  ac- 
tion is  the  same,  when, 
the  body  is  firmly  sus- 
pended or  supported  at 
one  end  and  at  the 
other  end  subjected  to 
a  pull  or  to  a  thrust 
We  can  obtain  an  ex- 
ample of  this  case  ei- 
ther by  suspending  to 
a  prism  A  B  C  D^  Pig. 
307,  which  hangs  vertically,  a  weight  P,  or  by  loading  with  a  weight 
P  a  prism  A  B  C  D^  Fig.  308,  which  is  supported  at  the  bottom. 
In  the  first  case,  the  body  is  extended  a  certain  amount  C  Ci  = 
D  Di~  X,  and  in  the  second  case,  it  undergoes  a  similar  compres- 
sion ;  if,  therefore,  the  initial  length  of  thQ  body  is  -4  i?  =  J8  C  = 
/,  it  becomes,  in  the  first  case, 

^  A  =  ^  <7i  =  ^  -D  +  -D  A  =  i  +  ^, 
and  in  the  second  case, 

A  D,=^  B  0,=^  A  D  ^  D  D,=zl—X. 

The  extension  or  compression  X  increases  with  the  pull  or  thrust 
P,  and  is  a  function  of  the  same.  This  function  or  algebraical 
relation  between  P  and  A  cannot  be  determined  d  priori ;  it  ia 
dependent  upon  the  physical  properties  of  the  body,  and  is  difierent 
for  difierent  materials.  If  we  regard  P  and  X  as  the  co-ordinates  of  a 
curve  and  construct  this  curve  with  the  corresponding  values  of  P 
and  A  determined  by  experiment,  we  obtain  by  this  means  not  only 
a  graphic  representation  of  the  law,  according  to  which  bodies  are 
extended  and  compressed  by  extraneous  forces,  but  also  a  means  of 
determining  the  peculiarities  of  this  law.  

If  we  lay  off  from  A  on  the  positive  side  of  the  axis  XX, 
Fig.  309,  the  tensions  or  tensile  forces,  which  act  upon  a  body,  as 
abscissas  A  B,  A  M,  etc.,  and  at  their  ends  the  corresponding 
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extensions  as  ordinates  B  Dy  M  Oy  eta,  parallel  to  T  Yy^e  obtain 
a  cnrve  A  D  0  W,  which  represents  the  law  of  the  extension  of 
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this  body ;  and  if,  on  the  contrary^  we  cnt  off  on  the  negative  side 

of  the  axis  X  X  from  A  the  pressures  or  thrusts  as  abscissas  A  Bxy 
A  Ml,  etc,  and  at  the  extremity  of  the  same  lay  off  the  correspond- 
ing compressions  as  ordinates  j9,  Z>i,  if,  Oi,  etc,  we  obtain  a  curve 
A  Dx  Ox  Wiy  by  which  the  law  of  compression  of  the  body  is  graph- 
ically represented.  According  to  the  results  of  many  experiments, 
these  two  curves  pass  without  interruption  into  one  another,  have- 
consequently  at  .i  a  common  tangent  O  A  Ox,  and  are  therefore 
properly  only  branches  of  the  same  curved  line  W  0  D  ADxOx  W,. 
Although  the  curve  as  a  whole  differs  considerably  from  a  right 
line,  yet  in  the  neigborhood  of  the  origin  of  co-ordinates  A  it 
nearly  coincides  with  the  tangent  O  A  0„  and  since  for  this  line 
the  ordinates  are  proportional  to  the  abscissas,  we  can  also  assume 
that  the  small  extensions  and  compressions  prod/uced  by  the  pulls  or 
thrusts  A  By  A  Bxy  ete^  are  proportional  to  these  forces  (Hooks' 
Law). 

The  total  extension  M  0,  produced  by  the  pull  A  M,  consists 
of  two  parts,  viz. :  the  permanent  extension  or  set  M  ft  which 
remains  in  the  body,  when  the  stress  has  ceased  to  act,  and  the 
elastic  extension  Q  0,  which  vanishes  with  the  pull.  It  is  the  same 
for  compression.    The  total  compression  Mx  Ox  is  the  sum  Mx  Qx  4- 
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Qi  Ox  of  Hie  permanefU  compression  or  set  -Jf,  Qi  and  of  the  elastic 
'one  Q\  Oi*  When  the  forcefi  are  small,  the  permanent  change  is  ^ 
very  small  compared  with  the  total  one,  that  it  can  be  i-egarded  as 
not  existing,  and  consequently  the  total  extensions  and  compres- 
sions can  be  treated  as  the  elastic  ones.  If  the  force  exceeds  a  cer- 
tain limit  A  B  {A  J?i),  the  so-called  limit  of  elasticity,  if,  E.O.,  it 
becomes  A  M  {A  Mi),  the  permanent  change  of  length  or  set  forms 
a  considerable  portion  of  the  total  extension  M  0  or  of  the  total 
compression  Jfi  Oi,  If  the  pull  or  thrust  reaches  a  certain  value 
A  UotA  Z7i,  the  extensions  UR,  U  FT  and  the  compressions  17,  /?, 
and  Ui  Wi  attain  the  limit  at  which  the  cohesive  force  of  the  body 
is  no  longer  able  to  balance  the  pull  or  thrust,  and  consequently  a 
tearing  asunder  or  a  crushing  of  the  body  takes  place. 

If  a  body  has  been  subjected  to  a  force,  which  has  not  extended 
or  compressed  it  beyond  the  limit  of  elasticity,  the  body  will  not 
assume  any  further  set,  when  subjected  to  another  pull  or  thrust, 
which  does  not  reach  the  limit  of  elasticity. 

§  204.  Fundamental  Laws  of  Elasticity.  Modulus  of 
Zilasticity. — The  lengthening  or  extension  of  a  prismatical  body, 
produced  by  a  force  P,  is  proportional,  in  the  first  place,  to  the 
length  I  of  the  body,  since  we  can  assume  that  equally  long  por- 
tions are  equally  extended,  and  it  is  inversely  proportional  to  the 

cross-section  F  of  the  body,  since  we  can  sup- 
PiG.  810.  pQgg  j.^Q  enrtire  stretching  force  to  be  equally  dis- 

— ^ JL —  tributed  over  the  entire  cross-section  of  the  body, 

1 1  ■      '^^  therefore,  a  body  A  B,  Fig.  310,  whose  length 

■  I      is  =  unity  and  whose  cross-section  =  unity,  is 


^  I  Hi     extended  an  amount  a  by  a  stress  P,  the  exten- 


BT  ■'     sion  produced  in  another  body  F  0  of  the  same 

material,  whose  length  is  =  Z  and  whose  cross- 
section  is  =  i^  by  the  same  stress  is 

P  HA  3  -  ^^ 

F' 

The  extension  a  is  of  course  dependent  upon 
the  pull  P  alone  and  is  different  for  different 
^       materials;    but    according    to    what    precedes 
^(§  203)  we  can  assume  that  for  small  pulls,  which  do  not  exceed 
the  limits  of  elasticity,  the  extension  is  proportional  to  the  cor- 
responding stress,  or  that  the  quotient  -p  is  a  constant  quantity. 


gaol]  ELASnaTY  and  strength  op  EXraiNSION,  ETC.      377 

Now  if  A  By  Fig.  311,  represents  the  tension  P  of  a  prism, 
▼hose  lengtii  is  =  nnity  and  whose  cross-section  =  unity,  within 

Pig.  311. 
Y 


-X- 


-Y 

the  limits  of  elasticity  and  B  D  the  corresponding  extension  <r, 
and  if  we  denote  the  angle  GAV'=DAB  of  the  tangent  to  the 
corye  of  extension  at  A  by  a,  we  have  aho 

B  D       o        .  xi_     ^ 
tang,  a  =  -r-j.  =  p-,  and  therefore 

a  =  P  tang,  a,  whence  we  obtain 
-.   ,       PI  tang,  a 

1)  A  =  — j^- 

The  quantity  tang,  a  is  dependent  upon  the  physical  proper- 
ties of  the  body  and  can  be  determined  by  experiment  only.  If 
we  assume  Z  =  1,  j^  =  1  and  P  =  1,  we  obtain  tang,  a  =.  X,  and 
this  quantity  tang,  a,  to  be  determined  by  experiment,  is  the  exten- 
sion which  is  produced  in  a  prism,  whose  length  is  unity  and  whose 
cross-section  is  unity,  by  the  tensile  force  unity  (see  Combes :  Traite 
de  T exploitation  des  mines,  tome  I.).  If  in  the  formula  (1)  we 
assume  F  =  1  and  A  =  Z,  we  obtain  the  expression 

1  =  P  tang,  o,  or  -z =  cotang.  a  =z  P; 

tang,  a 

is  that  force,  which  would  stretch  a  prism,  whose  cross- 


henoe  ^ 

tang,  a 

section  is  one  square  inch  (1),  its  own  length,  were  thai  possible  with- 
out  surpassing  the  limit  of  elasticity. 
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This  hypothetical  empirical  quantity =  cotg.  a  is  called 

the  modulus  of  elasticity  (Fr.  coefScient  d'elasticit^ ;  Oer.  Elastici- 
tatemodul)  of  the  body  or  material  and  will  hereafter  be  designated 
by  the  letter  E. 

According  to  this  we  haye 

or  the  relative  extension,  lb^  its  ratio  to  the  entire  length  of  the 
body  ON  -^  -    ^ 

Inrersely  the  force  corresponding  to  the  eztensicm  A  is 

4)  F  =  j  FE. 

The  same  formulas  obtain  also  for  the  compression  A,  caused  by 
a  thrast  Fy  and  the  modulus  of  elasticity  E  =  cotang.  a  is  the  same 
as  for  extension  as  long  as  the  limit  of  elasticity  is  not  sur- 
passedy  although  in  this  case  it  denotes  that  force,  which  would 
compress  a  prism  of  the  cross-section  unity  its  whole  length,  or  to 
an  infinitely  thin  plate,  provided  that  this  were  possible  without 
exceeding  the  limits  of  elasticity. 

RmiABK  1. — We  can  also  put  the  modulns  of  elasticity  E  equal  to  the 
weight  of  a  prism  of  the  same  material  as  the  body,  upon  which  £!  acts,  and 
of  the  same  cn)9s-section  unity.  If  a  is  the  length  of  this  body  and  y  the 
heayiness  or  the  weight  of  one  cubic  inch  of  the  same  material,  we  have 

E  =  a  y,  and  therefore  inverBely  a  =  — 

Tredgold  (after  Young)  used  this  length  as  the  measure  of  the  elasticity 

(see  T.  Tredgold  on  the  strength  of  cast  iron  and  other  metals).    If  i7  is, 

B.O.,  80O0Q00O  pounds  for  cast  steel  and  y  =  0,8  pounds,  we  hare 

80000000 
»  =  — iTo —  =  100000000  inchesw 

T.S.,  a  steel  rod  100000000  inches  long,  would  extend  a  steel  bar  of  the  same 
cross-section  its  whole  length,  if  the  law  of  extension  given  above  were  true 
for  all  limits. 

Remake  2. — Dariixg  the  extension  or  compression  of  a  body  a  change 
of  crosB-aection  takes  place,  which,  according  to  Wertheim  (see  Comptes 
lendues,  T.  26),  amounts  to  |  of  the  longitudinal  extension  or  compression. 
If  2  is  the  initial  length,  F  the  initial  cross-section  and  Fthe  initial  volume 
J?*  {  of  the  body,  l^  and  F^  being  the  length  and  cross^ection  during  the 
action  of  the  force  P,  we  have  the  corresponding  volume 

Fj  =F^l^=Fl  +  FQ^  -Z)  -  (F-^  F^)  J,  or 
V^-V^F{l^-l)^iF^F^)l, 
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tnd  the  lelatiYe  change  of  Yolume  is 


I 


F 


F  "^  F  /I        l\ 

Bat  we  know  that  — ^j— ^  =  |  \~-i — j, 


whence  it  follows  that 


=»M 


r,-r 


LB.,  the  increase  in  whims  it  one4hird  the  inereaee  in  length, 

V  —  V 

According  to  the  theoiy  of  Poisson,     ^  y 

EzAXFLK— 1)  If  the  modulos  of  elastidtly  of  brass  wire  is  14000000 
pounds,  what  force  is  necessary  to  stretch  a  wire  10  feet  long  and  3  lines 
thick  one  line  ?    Here  we  have 

2  =  10  .  12  =  120  inches,  ^^-f^ inch  and  consequently  j  =  -niW« 

but  F  =  —J-  =  0,7854  (^)*  =  0,0218  square  inches,  hence  the  force  re- 

qaiied  is 

p  -=  ^^^ .  0,0218 .  14000000  =  212  pounds. 

2)  If  the  modulus  of  elasticity  of  iron  wire  is  81000.000  pounds,  and  an 

iron  surveyor's  chain  66  feet  long  and  0,2  inch  thick  is  submitted  to  a  pull 

of  150  pounds,  the  increase  in  length  is 

'  =  0;785rW  •  SVOO^O  =  ^'^^^  ^^^«*  =  ^'^^  ^^• 

§  20S  Proof  Load,  Proof  Strength,  Ultimate  Strength.— 
The  force  A  B,  Pig.  312,  which  stretches  a  prismatical  body,  whose 


380  GENERAL  PRINCIPLES  OF  MECHANICS.  [§  205. 

cross-section  is  unity,  to  the  limit  of  elasticity,  is  called  the  modulus 
of  proof  strength  of  extension,  and  will  in  future  be  designated  by 
T,  while  the  thrust  necessary  to  compress  the  same  to  its  limit  of 
elasticity  is  called  the  modulus  of  proof  strength  of  compressiony  and 
will  hereafter  be  designated  by  Ti* 

From  the  moduli  of  proof  strength  Tand  r„  with  the  aid  of 
the  modulus  of  elasticity^,  the  extension  a  and  the  compression  a^ 
at  the  limit  of  elasticity  can  easily  be  found ;  for  we  hare 

r*  =  "-5=?  and  -z-  =  -^ir* 
1^1        E 

If  ^is  the  cross  section  of  a  prismatical  body,  whose  moduli  of 

proof  strength  are  Tand  T^  we  have  ihffii  proof  strength  or  proof 

had 


jx    j  for  a  pull,  P  -  FT 

^    \  and  for  a  thrust,  P,=^  F  T,. 


In  constructions  the  bodies  should  never  be  loaded  beyond  their 
limit  of  elasticity,  and  the  loads  should  therefore  never  surpass  the 
proof  strength  of  the  cross-section  of  the  prismatical  bodies  em- 
ployed. Cross-sections  must  therefore  be  determined  by  tiie  follow- 
ing formulas : 

JP^  =  ^  and 

On  account  of  the  accidental  overloading  and  concussions,  to 
which  buildings  and  machines  may  be  subjected,  and  also  on  ac- 
count of  the  changes,  which  the  bodies  undergo  in  the  course  of 
time,  owing  to  the  action  of  air,  water,  etc.,  we  render  these  con- 
structions safer  by  substituting  in  the  foregoing  formula,  instead 
of  the  proof  load,  only  one-half  or  one-third  of  the  same,  i.e.  by 
making  the  cross-section  two  or  three  times  as  great  as  those  given 
directly  by  the  formula.    In  order  to  have  an  mfold  security,  we 

P  P 

must  substitute  in  the  formulafl  F=  ^  or  Fi  =  ^,  instead  of  T 

T     T 

or  T^  the  working  or  safe  loads  —  or  --. 

mm 

The  force  A  U,  Fig.  313,  necessary  to  tear  apart  a  prismatical 

body,  whose  cross-section  is  unity,  is  called  its  modulus  of  rupture 

or  of  ultimate  strength  of  extension,  and  is  denoted  by  the  letter  K\ 

and  in  like  manner  we  call  the  force  A  C7i  which  crushes  a  body, 
whose  cross-sectioD  is  unity,  the  modulus  of  rupture  or  of  ultimate 
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strength  of  compression,  and  we  denote  it  by  Ki.    If  the  cross-sec- 
tion of  the  prismatical  body  is  F,  we  haye 

Fia.  813. 
Y 

V 


3) 


P  =  F  Kior  the  force,  which  will  tear  the  body,  and 


\P^F 
}P,=  F 


Ki  for  the  force,  which  wiU  crush  it 
The  cross-section  of  bodies  is  often  determined  from  the  moda- 
lus  of  rupture  by  substituting  in  the  formulas 

F 
4)    ' 


J  and 


K     K 
instead  of  E  the  working  load  of  rupture,  lb.  a  small  part  —  or  — , 

B.0,,  a  fourth,  sixth,  tenth,  etc.,  of  the  numbers  determined  by  ex- 
periment. We  call  n  a  factor  of  safety.  If  the  proof  strength  of 
all  substances  were  the  same  fraction  of  the  ultimate  strength,  that 


Ib,  if  the  ratios 


A  B       T     ^  AB, 

'-^:^  and    ,  .^^ 
K         AU, 


T 

=  ~  were  fixed  constants,  the 


A  U  K  —  AU,  K, 
determination  of  the  cross-section  by  means  of  the  moduli  of  proof 
strength  would  give  the  same  result  as  that  by  means  of  the  work- 
ing load  of  rupture ;  but  since  this  ratio  is  different  for  different 
bodies,  the  determinations  by  the  aid  of  the  moduli  of  proof 
strengths  T  and  7\,  or  rather  by  means  of  the  working  or  safe  loads 

T        T 

—  and  — ,  are  generally  more  correct  and  proper,  and  the  deter- 


in 


m 
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K        K 

mination  by  the  worJcing  or  safe  loads  of  rupture  —  and  —  is  only 

to  be  employed,  when  the  modulus  of  proof  strength  is  unknown. 
If  the  cross-section  of  a  body  is  a  circle,  whose  diameter  is  dy  we 

have  ^  =  F,  whence  P  =^  ^  T  =z  0,7864  (P  Tand 


d  =  V^  =  1,128*^  =  1,128  |/J. 

Example  1. — ^What  weight  can  a  hanging  column  of  fir  support,  if  it  is 
5  inches  wide  and  4  inches  thick?  Assuming  the  modulus  of  proof 
strength  to  be  8000  pounds,  the  cross-section  being  i^  =  5  . 4  ±=  20  square 
inches,  we  haye  P  =  i^  T  =  20  .  8000  =  60000  pounds  as  the  pnx>f  load 
of  this  column.  If,  however,  we  assume  the  modulus  of  rupture  to  be 
K  =  10000  pounds,  and  we  desire  a  quadruple  security,  we  have  P=  FK 
=  20  .  i^l^^  =  60000  pounds.  In  order  to  be  secure  for  a  great  length  of 
time,  we  take  but  a  tenth  part  of  JT,  and  obtain  thus  P  =s  20  .  1000  = 
20000  pounds. 

Example  2. — ^A  round  wrought-iron  rod  is  to  be  turned  so  as  to  bear  a 
weight  of  4500  pounds;  what  should  be  its  diameter?    Here  T  is  18700 

pounds,  whence  d  =  1,128  /i^  =  1,128  \/ ^^  =  0,658  inchea    The 

modulus  of  rupture  of  average  wrought-iron  is  =  58000  pounds ;  if,  how- 
ever, we  wish  fiye-fold  security,  we  take  K  =  11600  pounds,  and  we  have 

d  =  1,128  /~  =  1,128  j/^  =  0,7025  inches. 

§  206.  Modulus  of  Resilience  and  Fragility.— When  we 

stretch  a  prismatical  body  by  a  force,  which  gradually  iocreases  from 
0  ix>P  =  AM=NOy  Fig.  314,  and  by  this  means  lengthen  it 
from  0  to^  =  JfO  =  iiiV^,  a  certain  amount  of  work  is  done, 
which  is  determined  by  the  product  of  the  space  or  total  extension 
A  N  and  the  mean  value  of  the  pull,  which  increases  gradually  from 
0  to  P  =  JV  0.  This  product  can  be  expressed  by  the  surface 
A  N  Oy  whose  abscissa  is  the  extension  A  N  =^  X  and  whose  ordi- 
nate is  the  pulling  stress  N  0^  A  M=^  P,  If  the  extension  does 
not  exceed  the  limit  of  elasticity,  the  surface  A  N  0  can  be  con« 
sidered  as  a  right-angle  triangle,  whose  base  and  altitude  are  A  and 
Pf  and  the  work  done,  oorresponding  to  it,  is 

i  =  I  ;i  P* 

If  we  substitute  in  it 

A  =  <TZandP  =  i^7; 
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we  obtain  the  upork  to  be  done  in  stretching  it  to  the  limit  ofekU' 
tieity  a 


in  which  V  denotes  the  Tolume  Flot  the  body  and  A  a  number, 
given  by  experiment^  which  is  called  nwdulua  of  reeilience  for 
extension  and  is  determined  by  the  expression 

In  like  manner  the  work  necessary  to  compress  it  to  the  limit 
of  elasticitff  IB 

in  which 

denotes  the  modulos  of  resilience  for  compression  at  the  limit  of 
dcLstidty. 

Similar  formulas  can  be  employed  for  the  work  done  in  tearing 
or  crushing  prismatical  bodies ;  for  the  first  case  we  have 

and  for  the  second, 

L,  =  F5„ 

B  =  the  surfioce  A  UW  denoting  the  modulus  of  fragility  for 

tearing ;  and  Bi  =  the  surfiu^e  A  Ui  W^  the  modulus  of  fragility 

for  crushing. 
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We  see  from  the  foregoing  that  the  mechanical  effect  necessary 
to  stretch  or  compress  a  prismatical  body  to  the  limit  of  elasticity, 
as  well  as  that,  which  is  necessary  to  produce  a  tearing  or  crashing 
of  the  same,  is  not  at  all  dependent  upon  the  different  dimensions, 
but  only  upon  the  volume  V  of  the  body;  that,  b.g.,  for  two  prisms 
of  the  same  material  the  expenditure  of  mechanical  effect  in  pro- 
ducing rupture  is  the  same,  when  one  is  twice  as  long  as  the  other 
and  the  cross-section  of  the  former  but  one-half  that  of  the  latter. 

Example.— If  the  modulus  of  elasticity  of  wrought  iron  is  ^  =  28000000 

pounds  and  the  extension  of  the  same  at  the  Umlt  of  elasticity  a  =  r^^^ 

T 

the  modulus  of  proof  strength  is,  since  a  =  ^, 

T^aS=z  =  18700,  (approximatively) 

and  coDsequently  the  modulus  of  resilieiice  for  extension  is 

_       !••  18700 

^  =  *^  ^=  2^  =  *"•  ^=  2TT600  =  «»28 pounds. 

Hence,  in  order  to  stretch  a  prismatical  body  of  wrought  iron  to  the  limit 

of  elasticity,  the  mechanical  effect 

X  =  -4  F  =  6,28  Fis  necessary. 

If,  E.G.,  the  ▼olume  of  this  body  were  F  =  20  cubic  inches,  the  me- 

124  6 
dianical  effect  would  be  X  =  6,28  .  20  =  124,6  inch-pounds  =  -^^ 

=  10,88  foot-pounds. 

(§  207.)  Extension  of  a  Body  by  its  Own  T^eight— 

If  a  prismatical  body  A  By  Fig.  315,  has  a  considerable  length  {, 
it  undergoes,  in  consequence  of  its  weight,  a  notable  extension, 
which  can  be  determined  in  the  following  manner.  Let  ^denote 
the  cross-section  of  the  body,  y  its  heaviness  or  the  weight  of  a  cu- 
bic inch  Of  the  matter  composing  it  and  x  the  variable  length  of  a 
portion  of  it ;  the  tension  in  an  element  M  N\&  produced 
Fio.  815.  |jy  ^ijg  weight  of  the  part  of  the  body  B  M  lying  below 
i^  and  consequently  [according  to  §  204,  (2)]  the  cor- 
responding extension  of  the  length  Jf  JV  =  6zoi  this 
j^l     element  is 

F  E  E 

By  integration  we  obtain  the  extension  of  the  entire 
piece  B  M 

and  consequently  that  of  the  entire  body  A  B  ia 
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in  which  Q  —  y  Fl  denotes  the  weight  of  the  whole  body. 

If  this  weight  was  not  equally  distributed  in  the  body,  but 
applied  at  its  end  B^  the  extension  would  be 

'  "  Te  "" 

The  extension  A  =  j  A,  of  a  body  in  consequence  of  its  own 
weight,  is  but  one  half  as  great  as  that  produced  by  the  same  weight 
at  the  end  of  the  body. 

The  same  law  obtcuns  of  course  for  the  compression  X  produced 
in  a  body  by  its  own  weight 

If  in  either  case  a  pull  or  thrust  P  acts  upon  the  body,  we  have 
the  extension  or  compression  produced 

FE  "^  ^  FE  "■         FE      ' 

in  which  the  upper  sign  is  to  be  employed,  when  the  force  P  acts 
in  the  same  direction  as  the  weight  ff,  and  the  lower  one,  when  it 
acts  in  the  opposite  direction.  In  the  latter  case,  the  extension  is 
of  course  smaller  than  when  P  is  the  only  tensile  or  compressive 
force. 

The  total  extension  or  compression  is  =  0,  when 

i  G  =  P,  or  6  =  y  ^i  =  2  P,  or 

2P 


Z  = 


y  F' 


The  force  P,  acting  at  the  end  of  the  body,  extends  it  equally 

X    '     p 
in  aU  parts,  viz.,  in  the  ratio  j  =  p-^y  while,  on  the  contrary,  the 

weight  0  stretches  or  compresses  it  in  the  variable  ratio  -?-  =  ^. 

The  ratio  of  the  total  extension  at  any  point,  at  the  distance  x  from, 
the  point  of  application  of  the  force  P,  is 

A,  _A       rfA_/P  \  1 

I   ^l'^di^\F^'^/E' 

If  the  force  P  ads  in  the  same  direction  aa  0,  the  wftTJirm"! 
ratio  of  extension  or  compression  is  for  a;  =  I,  and  it  is  then 

P  +  0 
E 
25 
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and,  on  the  contrary,  the  minimum  is  for  a;  =  0,  lb.,  at  the  point 

X  p 

of  application  of  P,  and  it  ia  -~  =  -p-p^ 

If  P  and  O  act  in  opposite  directions^  we  must  distinguish  the 

P  P 

cases,  in  which  I  <  -=—  and  in  which  I  >  -p-^*    In  the  first  case 

the  ratio  of  extension  or  compression  -y-  =  l-^  —  y  rr j  -j^  is  a 

p 

maximum   for  a;  =  0   and  =  -^ETrif  ^^d  a  minimum  and  = 

/P  \  1 

I  =^  ^  y  Ij  -=  (or  X  =  I,    In  the  latter  case  there  is  a  positive 

P  /         P\  1 

maximum  -=rp  for  x  =  0,  and  a  negative  maximum  I  y  Z  —  -^^  I  -p- 

p 

for  a?  =  I,  and,  on  the  contrary,  for  x  =  -^ —  the  function  becomes 

=  zero. 

In  order  that  the  body  shall  be  extended  or  compressed  to  the 

limit  of  elasticity  only,  the  maximnm  of  the  ratio  of  extension  or 

/P  \  1  T 

compression  I  ^  ±  y  x  I  -=-  should  be  at  most  =  a  =  =,  or  more 

simply  the  maximum  of  f -^^  =b  y  jcj  =  7!    But,  when  P  and  O 

have  the  same  directumy  this  maximum  is 

_P  ,_P  +  y^/_  P  +  g 

"^  F       '^  F        ^      F    ' 

and  therefore  we  must  put         J, =  T,  or  P  =  i^  (JT  —  y  ^, 

hence  the  required  cross-section  is 

F=       ^ 


r-  yt 

If,  on  the  contrary,  the  forces  P  and  ff  act  in  opposite  directions, 

P  (  P\ 

we  have  two  maxima,  one  =  -p  and  the  other  =  f  y  i  —  —  I,  and 

therefore  the  corresponding  cross-section  is  equal  to  the  greater  x>t 

the  values  xr      ^      j  r?      ^       m 

P=  -=-  and  P  =  — _  —  T. 
T  yl 

If  in  (he  formulas  we  substitute  K  instead  of  T^  we  obtain  the 

conditions  of  tearing  and  crushing,  that  is,  in  the  first  case, 

P  =  P(^  —  y  Z),  and  in  the  second  either 

P  =  FKoT  P  =  P(y «  -  K). 
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For  P  =  0  we  have  either 

T 

yi— r=  0  andi[  =  -or 

7 
the  first  formula  being  applicable  to  the  case,  when  the  body  is  ex- 
tended or  compressed  to  the  limits  of  elasticity^  and  the  second  to 
the  case,  when  a  tearing  or  crashing  of  the  body  takes  place. 

Rem ABK. — The  energy  stored  by  a  body,  which  is  extended  or  oom- 
presaed  by  its  own  weight,  can  be  calculated  in  the  following  manner.  The 
element  MN,  Fig.  816,  whose  length  is  dx,  is  gradually  stretched  by  the 

weight  y  Fit  of  the  portion  of  the  body  B  Man  amount,  which 

Fio.  816.  .  .    „    .        ^        ,         yxdx       ,    ,  ,    , 

increases  gradually  from  0  to  a  A  =  ^—=, — ,  and  the  work  done 

in  accomplishing  it  is 

kitegrating  this  expression,  we  ontain  the  expression  for  the 
quantity  of  work  done  in  extending  all  the  elements  of  the  rod 
from  B  to  Jf, 

and  that  done  in  extending  the  entire  rod 

*•    8^  "■*•     ZFE    "^'SFE''*       ' 

01 
in  which  (according  to  {  207)  A,  =  ^  ^p^  denotes  the  total  extension  o£ 

the  rod. 

ExAifFLB. — ^If  a  lead  wire,  whose  modulus  of  rupture  is  JT  =  8100  and' 
the  weight  of  a  cubic  inch  of  which  is  =  0,412  pounds,  is  suspended  verti- 
cally, it  will  break  by  its  own  wdght,  when  its  length  is 

-      K       8100      „^„ .  .    ,  «^^  ^   , 

Z  =  —  =  s-TT^  =  7624  mches  =  627  feet. 
7        0,412 

If  the  modulus  of  proof  strength  is  T  =  670,  it  is  stretched  to  the  limit 

of  elasticity,  when  its  length  is 

T        670 
L  =  ^  =  zr~^  =  1626  inches  =  186,5  feet, 

*  y         0,412 

and  if  its  modulus  of  elasticity  is  ^  =  1000000  pounds,  we  haye  for  the 

corresponding  extension 

T  670 

A  =s  -^  Zj  =  Jq-qqqqq  •  135,5  =  0,090786  feet  =  1,0894  inches. 

§  20a  Bodies  of  XTnifonu  Strength.— If  the  pnll  or  thrust 
P  upon  a  vertical  prismatical  body  is  sensibly  augmented  by  its 
weight  Oy  we  must  of  course  put 

P+  G^FTotP^FT-  G  =  F(T-ly), 
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and  determine  the  cross-section  of  this  body  by  means  of  the  for- 
mula (compare  §  207) 

P 

K  this  body^  aa,  e.o^  A  By  Fig.  31 7,  is  composed  of  prismatical 
parts,  we  can  saye  material  by  giving  to  each  of  these  parts  a  cross- 
section  calculated  by  means  of  this  formula.  If  the 
length  of  these  portions  of  the  body  are  Zi,  l^y  l^  etc,  and 
if  the  load  P  is  gradually  increased  by  the  weights  F^  /,  y, 
Fi  lijy  FiU  y,  eta,  of  the  portions  to  P„  Pj,  P^  etc.,  the 
required  cross-section  of  the  first  portion  is 

that  of  the  second  should  be 


that  of  the  third 

^  ^^-Y^ri;-y-  T-W 

If  the  length  of  all  the  parts  is  the  same,  or  2i  =  2,  =  ^  etc.,  =  Z, 
we  haye  more  simply 

P       _PI      T     \ 
^~  T-ly~  T  \T-ly) 

*~  T-ly~  {T-lyY      T\T-ly)' 

„  _    F,T    _P  (      T     \*     . 
^»-  r^TTy  -  T  W^^  '  *^' 
or  in  general  for  the  cross-section  of  the  nth  portion 

F  -^  I       ^      \ 

If  the  cross-section  of  all  the  pieces  are  to  be  the  same,  that 
cross-section  should  be 

P        _  P  i       T      \ 
T-nly  ""  T  \T-nly/ 
THiile  in  this  case  the  yolume  of  the  whole  body  would  be 

-_         y^.         nPl 
V=nFl  =  -= =-, 

in  the  former  case,  where  every  piece  has  its  own  proper  cross-sec- 
tion, the  volume  is  determined  by  the  geometrical  series 


F  = 
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Bnt  the  sum  of  the  geometrical  aeries  in  the  parenthesifl  is  (see 
Ingenieur,  page  82) 

whence  it  follows,  that 

"■  =  7  [(f^/-  •]  =  '^'^- 

and  that  the  weight  of  the  whole  body  is 

6  =  (i?:  -  ^0  T. 

If  the  length  I  of  the  parts  is  very  small,  and,  on  the  contrary^ 
their  number  n  very  great,  and  if  we  denote  the  total  length  »  2  by 
Oj  we  have,  reasoning  as  in  §  194, 

in  which  e  =  2,71828  is  the  base  of  the  Naperian  system  of  loga- 
rithms, and  therefore  we  haye 


in  which  i^  =  -Tiv  denotes  the  area  of  the  first  cross-section* 


P 
T 

We  haye  also  approximatiyely 
and,  on  the  contrary, 

^=  f[i  ^  ¥ + (¥)■]• 

The  yolume  of  the  body,  composed  of  yery  many  small  por- 
tions, is  found  in  the  manner  shown  aboye  to  be 

''•=ffe4rf)--]=^(--'). 

approximatiyely 
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while  on  the  contrary,  the  Yolnme  of  the  body  with  a  constant 
cross-section  is  approximafcively 

The  formulas 


«v 


«v 


Fig.  318.    Fig.  819. 


hold  good,  of  coarse,  for  every  body,  such  as  A  B,  Fig.  318,  and 
A  B,  Fig.  319,  in  which  there  is  a  constant  variation  of  the  cross- 
section.  In  order  to  find  the  cross-section  F^ 
for  any  position  M  and  the  volume  of  the  body 
cut  off  at  the  same  point,  we  have  only  to  sub- 
stitute in  this  formula  for  a  the  distance  B  M 
of  the  given  position  from  the  point  of  applica- 
tion B  of  the  tensile  or  compressive  force.  The 
bodies  thus  determined  have  at  every  point  a 
cross-section  corresponding  to  the  load  they 
support,  and  are  therefore  called  iodies  of  unir 
form  strength  (Fr.  solides  d'egale  resistance, 
Ger.  Eorper  von  gleichem  Widens tande).  These 
bodies  have  (the  other  circumstances  being  the 
same)  the  smallest  volume,  require  therefore  the  least  quantity  of 
material  and  are  for  this  reason  generally  the  cheapest  and  most 
advantageous  that  we  can  employ.  If  we  compare  such  a  body 
with  a  prismatical  one,  we  find  from  the  above  approximate  formu- 
las, that  the  economy  of  volume  is 

-  "    T  L  2  r   "^  6  I  T/  J  ■"    2T'    V    "^  3    T/* 

Bbicabk. — Since  the  relative  extenrion  and  compressioD  of  a  body  of 

T 
uniform  strength  is  everywhere  the  same,  viz.,  a  =  -^  its  total  extension  is 

T 

A  =  (T  a  =  -^  a,  while  for  a  prismatical  body  it  is  only 

'^""         FB         ^    P  +  G    '  F 

Example. — What  mast  be  the  cross-section  of  a  wrought-iron.pump 

rod,  whose  length  is  1000  feet,  when,  in  addition  to  its  own  weight,  it  mast 

support  a  load  P  =  75000  pounds  t     If  instead  of  the  modulus  of  proof 

T 
strength  7=  18600  we  employ  for  safety  a  working  load -^r  =  9800  pounds 

and  pat  the  weight  of  a  cable  inch  of  wronght-iron 

7,70  .  62,425       ^  ^^^^ 
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the  required  croBa-Bection  is 

„  P  75000  76000 

^=r^r^  =  9«00-.1300bT0;2782=6962  =  13»W  B^^are  inches, 

and  the  weight  of  the  rod  is 

G  =  F.ayz=z  12,68  .  12000  .  0,2782  =  42000  pounds. 

If  we  could  give  this  rod  the  form  of  a  body  of  uniform  strength,  we 
would  have  for  the  smallest  cross-section 

P        76000 
^•^  Y^  "9800  ^  ^'^  ^^**^  ^^^^ 

and  for  the  greatest 

-P.  =  8,06  .  <j».«w->.»  =  8,06  ^'••^  =  8,06  . 1,432  =  11,54  square  inches, 

and  the  weight  of  the  rod  would  be 

G,  =  r^r={Fn—P)  T=  (11,54  -  8,06)  9800  =  82S64  pounds. 

If  the  modulus  of  elasticity  of  wrought  iron  is  ^  =  28000000  pounds, 
the  extension  of  the  rod  in  the  latter  case  would  be 

T  18600 .  1000       186       93  ^   ^       « ^« .    ^ 

^  =  JT '^  = -¥8000000- =  280  =  iiO^^*  =  ^»®^  "*^^«^ 

and,  on  the  contrary,  in  the  first  case  it  is 

P  ^  I  Q         75000  +  21000    ^  ^        96000    ^  ^^      ^  ». .    v 
-PtV  ^  =  75000  4-  42y00  '  ^»^  =  liToOO '  ^>^^  =  «.Winchea 

§  209.  Experiments  npon  Extension  and  Compression. 

— In  order  to  study  thoroughly  the  laws  of  the  elasticity  of  any 
Bubstancey  it  is  necessary  not  only  to  submit  prismatical  bodies  of 
this  substance  (which  should  be  made  as  long  as  possible)  to 
extension  or  compression  by  weights,  which  are  gradually  increased 
in  amount  until  rupture  is  produced,  but  also  to  observe  the  exact 
extension  or  compression  produced  by  each  weight  K  we  place 
the  bodies  to  be  experimented  upon  in  a  vertical  position,  the 
weights  can  be  hung  or  laid  upon  them,  and  they  then  give 
directly  the  pull  or  thrust  to  which  the  body  is  subjected.  In 
order  to  avoid  experimenting  with  too  great  weights,  we  generally 
prefer  to  let  the  weights  act  upon  the  body  by  means  of  a  lever 
with  unequal  arms;  the  weights  are  always  hung  upon  the  long 
arm  (a),  and  the  body  is  acted  upon  by  the  shorter  arm  {b).  Mul- 
tiplying the  weight  0  by  the  ratio  ^  of  the  arms,  we  find  the  corre- 
sponding pull  or  thrust  P  =  t  ft     The  so-called  hydraulic  press 
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caD  also  be  employed  with  adTaotage  instead  of  weighU  to  prodnoe 
very  great  tensile  or  compressive  forces.  In  order  to  observe  the 
amount  of  the  extension  or  compressiont  a  fine  line  is  drawn  npoa 
the  bar  to  be  experimented  with  near  each  of  its  ends,  or  a  pair  of 
pointers,  with  verniers  attached,  are  fastened  to  it  at  those  points, 
and  in  order  to  detennine  not  only  the  elastic,  but  also  the  perma* 
Dent  extension  or  set,  we  measure  the  distance  between  these  lines 
or  pointers  not  only  before  and  during  the  application  of  the 
weights,  but  also  afttr  they  have  been  removed,  and  it  is  generally 
preferable  to  allow  several  minutes  or  even  hours  to  elapse  between 
the  application  or  removal  of  the  weights  and  the  measurement; 
for  when  the  forces  are  very  great  the  extension  and  compression 
do  not  assume  the  true  value  in  a  moment,  but  only  after  a  certain 
time.  This  distance  is  measured  either  with  a  bar  compass  or 
directly  by  means  of  a  division  on  the  rod  iteclC  The  so-called 
cathometer  is  also  employed  for  this  purpose ;  it  consiste  essentially 
of  a  vertical  staff  and  of  a  spirit-level,  which  is  capable  of  sliding 
up  and  down  the  former  (see  Ingenieur,  page  334).  In  order  to 
observe  the  compression  on  long  rods,  we  must  enclose  them  in 
tube-shaped  guides ;  they  must  also  be  well  greased  from  time  to 
time,  so  that  they  can  slide  without  resistance  in  their  gnidea. 

If  we  wish  to  determine  the  modulus  of  ultimate  strength  of  a 

body,  we  can  employ  shorter  pieces  for  the  experiments.    In 

p^    gg.  experimentitig  upon  rupture  by 

ez^«7Mi(Mt  we  employ  bodies  with 

large  heads  A  and  B,  Fig.  320, 

through  which  holes  are  bored 

exactly  in   the  axia    In   the 

middle  of  each  hole  a  circular 

knife-edge  is  made,  so  that  the  body  shall  be  pulled  exactly  in  the 

line  of  the  axis  by  means  of  the  bolt  CD  and  the 

clevis  FE,  which  is  applied  to  its  ends. 

In  experimenting  upon  rupture  by  crusJiiny, 

).   the  two  bases  of  the  body  {A,  Fig.  321)  are 

'1   made  parallel,  it  is  then  brought  between  two 

^  cylinders  S  and  C,  whose  bases  are  gronnd  flat ; 

while  the  rounded  head  of  one  of  the  cylinders 

is  acted  on  by  the  compressive  force,  the  other 

is  supported  by  the  large  bed-plate  D,  and  both 

slide  in  the  interior  of  cylinder  £!  F.     The 

pressnre  P  upon  tlie  head  H  of  the  cylinder  iB 
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produced  either  by  a  hydraulic  press  or  by  a  one-armed  lever 
L  0,  such  as  is  partially  represented  in  the  figures 

While  the  rupture  of  a  body  by  tearing  occurs  in  the  smallest 
cross-section^  and  the  body  is  therefore  divided  in  two  parts  only, 
the  rupture  by  crushing  takes  place  generally  in  inclined  surfaces, 
and  the  body  is  divided  into  several  pieces.  Prismatical  bodies  are 
divided,  in  the  first  place,  into  two  pyramids,  whose  bases  are  those 
of  the  body  and  whose  apexes  are  at  its  centre,  and  in  the  second 
place,  into  other  pyramidical  bodies,  whose  bases  form  the  sides  of 
the  body  and  whose  apexes  are  also  situated  at  its  centre.  Bodies^ 
whose  structure  in  different  directions  is  different,  of  course  do  not 
act  thus ;  E.G.,  a  piece  of  wood  would  be  compressed  by  a  force 
acting  in  the  direction  of  the  fibres,  in  such  manner,  that  at  its 
smallest  cross-section  the  fibres  would  be  bent  out  in  a  spherical 
form. 

§210.  Experiments  upon  Exteneion.--We  are  indebted 
to  Gerstner  for  the  first  thorough  experiments  upon  the  extension 
and  elasticity  of  iron  wire.  He  employed  in  his  experiments  iron 
wire  firom  0,2  to  0,8  lines  in  diameter  and  made  use  of  the  lever 
apparatus  represented  in  Fig.  322  with  the  pointer  O  D  lb  feet 

Fio.  822. 


long,  the  counter-balance  O  and  the  sliding  weight  Q.  The  wire 
E  F,  which  was  about  4  feet  long,  was  firmly  fastened  at  one  end  E 
and  the  other  was  wound  round  a  pin  F,  which  was  turned  by  the 
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eadlesB  screw  jS',  bo  that  the  wire  conld  be  sabjectcd  to  any  deeired 
strain.  The  este&aiun  of  the  wire  was  shown  by  the  pointer  D 
upon  a  rod  A  B'rabi  times  ite  natural  size.  The  knife-edge  (7  of 
the  lever,  the  pin  F,  aroand  which  the  upper  end  of  the  wire  is 
wonod,  and  the  endless  screw  S,  which  turns  the  pin,  are  all  repre- 
sented on  a  larger  scale  in  Fig.  333. 

Gerstner  proTes  b;  his  ei- 
perimentB,  that  every  extension 
is  the  sum  of  two  extensions,  oue 
of  which  {the  elastic  extettsion) 
disappears,  when  the  weight  is 
removed,  and  the  other  (the  per- 
manent extension,  or  set)  remains, 
BO  that  the  extension  X  is  not  ex- 
actly proportional  to  P  within  the  Umits  of  elasticity,  and  that  it 
ia  more  proper  to  replace  the  formula 

.=^ 

by  the  following  series 


[i..^.(A)-] 


FB, 

in  which  a  and  &  ore  numbers  determined  by  experiment. 

Quite  extensive  experiments  upon  the  elasticity  and  strength 
of  wrought  iron  and  iron  wire  were  afterwards  made  by  Lagerhjelm 
and  by  Brix.  Both  experimenters  employed  in  their  researches  a 
bent  lever  A  C  B,  Fig.  324,  the  longer  arm  C  B  of  which  was  de- 
pressed by  the  weighte  (?,  which  were  laid  upon  a  scale-pan  IT,  and 
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thus  the  iron  bar  or  wire  D  E^  which  was  fastened  to  the  shorter 

arm  C  A^  was  stretched  to  any  desired  extent    In  the  apparatus 

C  A 
used  by  Biix,  the  ratio  of  the  arms  of  the  lever  was  j^  =  j'^, 

and  one  end  D  of  the  wire  was  attached  to  the  arm  C  A  with 
clampSy  hooks  and  bolts,  and  the  other  end  was  fastened  in  the 
same  way  to  a  screw  Sy  which  was  turned  by  means  of  a  train  of 
wheels  by  a  crank  K.  The  increase  in  length  was  given  by  two 
verniers,  which  were  screwed  fast  to  the  ends  of  the  wire  and 
moved  along  two  scales  divided  into  quarter  lines.  When  the  wire 
had  been  firmly  fastened  in  the  clamps,  the  scale-pan  was  gradually 
loaded  with  heavy  weights,  and  in  each  experiment  the  wire  was 
stretched  by  turning  the  crank  JT  until  the  lever  was  lifted  from 
its  support  and  the  tension  of  the  wire  balanced  the  weight  0, 
The  experiments  were  made  with  wire  1^  to  1^  lines  thick  and 
gave  for  the  average  value  of  the  modulus  of  rupture  of  unannealed 
wire  K  =  98000  pounds,  and,  on  the  contrary,  after  annealing, 
K  =  64500  pounds.  The  average  modulus  of  elasticity,  on  the 
contrary,  for  annealed  and  unannealed  wire  was  found  to  be 
E  =  29000000  pounds ;  it  was  also  found,  that  the  limit  of  elas- 
ticity was  reached,  when  the  strain  was  0,5  K  for  unannealed  and 
0,6  K  for  annealed  wire. 

When  the  tensions  were  greater,  the  extension  became  perma- 
nent, and  the  total  extension  of  unannealed  wire  at  the  instant  of 
rupture  was 

X  A 

J  =  0,0034,  and  that  of  annealed  wire  j  =  0,0885, 

or  26  times  as  much.  In  the  apparatus  used  by  Lagerhjelm  the 
tension  on  the  wire  was  produced  by  a  hydraulic  press,  the  piston 
rod  of  which  was  attached  to  the  end  of  the  iron  bar. 

Lagerhjelm  employed  in  his  experiments  iron  rods  36  inches 
long,  i  inch  thick,  the  cross-sections  of  which  were  circular  and 
square.  According  to  his  experiments,  the  average  modulus  of 
elasticity  for  Swedish  wrought  iron  is 

E  =  46000000  pounds ; 
the  modulus  of  rupture  or  of  ultimate  strength  is 

E=  ^^^E  =  92000  pounds ; 
and  the  modulus  of  proof  strength 

T  =a.E=  :r^  .  46000000  =  28750  pounds. 
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Wertheim,  in  his  experiments  upon  tlie  eUsticit;  and  oobesion 
of  the  metals,  allowed  the  wire  to  hang  freely,  and  fosteoed  to  the 
end  of  the  same  a  weight-box,  which  wae  supported  upon  tlie  floor 
bj  means  of  feet,  which  could  be  raised  or  lowered  by  turning  a 
screw.  In  order  to  stretch  the  wire  by  means  of  the  weights 
placed  in  the  box,  the  foot-screws  were  turned  until  the  box  ewang 
freely.  A  cathometer  was  employed  to  determine  t^e  extension  of 
the  wire. 

The  experiments  were  performed  at  very  different  tempera- 
tures, and  with  wire  made  of  Tarioua  metals,  such  as  iron,  steel. 
brass,  tin,  lead,  zinc,  silver,  etc.  ■  The  principal  results  of  these  ex- 
periments will  be  found  in  the  table  given  in  §  313. 

The  apparatus,  with  which  Fairbaim  performed  his  experiments, 
consists  essentially  of  a  strong  wronght-iron  lever  or  balsnce-beant 
A  V  D,  Fig.  325,  whose  fhlcmm  D  is  firmly  retained  by  a  strong 
bolt  F,  which  can  be  raised  or  lowered  by  means  of  a  nut.    Two 

Flo.  835. 


iron  pillars  give  the  necessary  reostance  to  the  bed-plate  H  H, 
through  which  impasses.  The  piece  of  irou  £  if  to  be  experi- 
mented npon  is  suspended  by  means  of  a  chain  to  the  support  K  K, 
which  reposes  upon  the  two  columns  T  T  and  is  connected  by  a 
bolt  and  clevis  to  the  stirrup  C  of  the  lever  AC  D.    To  the  longer 
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ami  of  the  latter  there  is  suspended  not  only  a  constant  weight  Oy 
hat  also  a  scale-board  for  the  reception  of  smaller  weights ;  the 
bolt  X  serves  to  support  the  lever,  and  the  latter  is  raised  by  means 
of  a  rope  0  P,  which  passes  over  a  pnlley  and  is  wonnd  upon  the 
shaft  fT  of  a  windlass  U  Y  Z.  After  the  weights  had  been  laid  on» 
the  arm  E  of  the  lever  was  allowed  to  sink  gradually  by  turning 
the  crank  Uy  until  the  piece  of  iron  to  be  tested  was  finally  sub- 
jected to  the  tension  produced  by  iVand  0, 

Rbmabk.— Geratner'B  experiments  upon  the  elasticity  of  iron  wire,  etc., 
are  discussed  in  Cterstner's  Mechanics,  Vol.  I.  For  the  experiments  of 
Lagerhjelm,  see  Pfaff's  translation  of  the  treatise :  Researches  for  the  pur- 
pose of  determining  the  density,  homogeneity,  elasticity,  malleability,  and 
strength  of  bar  iron,  etc.,  by  Lagerhjelm  (Nurnberg,  1829),  and  the  informa- 
tion m  r^^ard  to  the  experiments  of  Brix  is  to  be  found  in  the  treatise  on 
the  cohesion  and  elasticity  of  some  of  the  iron  wires  employed  in  the  con- 
Btruction  of  suspension  bridges  (Berlin,  1837). 

The  experiments  of  Wertbeim  upon  the  elasticity  and  cohesion  of  the 
metals,  etc.,  as  well  as  of  glass  and  wood,  are  discussed  in  *'  Poggendorf 's 
Annalen  der  Physik  und  Chemie,''  Erganzungsband  II,  t845.  In  the 
latter  experiments  the  modulus  of  elasticity  of  the  bodies  named  was  de- 
termined not  only  by  experiments  upon  extension,  but  also  by  experiments 
upon  flexion  and  vibration.  For  Fairbaim's  experiments  on  the  strength 
of  materials,  his  **  Useful  Information  for  Engineers''  can  be  consulted. 

§  211.  Iron  and  VTqoA, — ^The  most  complete  set  of  experi- 
ments upon  the  elsisticity  and  strength  of  cast  and  wrought  iron 
ane  those  more  recently  made  by  Hodgkinson.  By  these  we  have 
for  the  first  time  acquired  a  complete  knowledge  of  the  laws  of  ex- 
tension and  compression  for  these  materials,  which  are  of  such 
great  importance  in  their  practical  application&  Although,  accord- 
ing to  these  experiments,  iron  produced  in  different  ways  has 
different  degrees  of  elasticity  and  strength,  yet  it  is  possible  to 
express  the  behavior  of  this  body  in  regard  to  extension  and  com- 
pression by  means  of  curves. 

The  average  modulus  of  elasticity  of  cast  iron  (Pr.  fonte,  Ger. 
Gnsseisen)  is,  according  to  these  experiments,  for  extension  as  well' 
as  for  compression 

E  ^  1000000  kilograms,  when  the  cross-section  is  one  centime- 
ter, and  consequently 
^=14,22.  1000000=  14220000  pounds  when  the  cross-section  is 

one  inch. 

The  extension  at  the  limit  of  elasticity  is 

_X_  _1_ 

^  "  I  '^  1500* 
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This  extension  corresponds  to  the  modulus  of  proof  strength 

T  =        ^     =  667  kilograms,  or 

^      14220000       ^,^^  ^ 

=      j^5QQ      =  ^^0  pounds. 

The  compression  at  the  limit  of  elasticity,  on  the  contraiy,  is 

_  1 

and  therefore  the  modulus  of  proof  strength  is 

^      1000000       ,oooTi  14220000       ,^^^^ 

Tx  =        ^^      =  1383  kilograms  =  — =r^ —  =  18960  pounds. 

The  modulus  of  rupture  for  tearing  was  found  by  these  experi- 
ments to  be 

K  =  1300  kilograms  =  18486  pounds, 

and,  on  the  contrary,  that  for  crushing  ' 

Kx  =  7200  kilograms  =  102400  pounds. 

The  resistance  of  cast  iron  to  crushing  is,  therefore,  5^  times  as 
great  as  that  to  tearing. 

For  wrought  iron  (Fr.  fer;  Ger.  Schmiedeisen)  we  have  for 
extension  as  well  as  compression 

E  =  2000000  kilograms  =  28440000  pounds, 

and  the  limit  of  elasticity  is  reached,  when  <t  =  j  =  Tp7^  whence 
the  modulus  of  proof  strength  is 

T  =    ^^  =  1833  kilograms  =  18960  pounds. 

Finally  the  modulus  of  rupture  or  of  ultimate  strength  of 
wrought  iron  was  found  to  be  for  tearing 

K  =:  4000  kilograms  =  56880  pounds, 
and  for  crushing 

Ki  =  3000  kilograms  =  42660  pounds. 

The  modulus  of  elasticity  of  wrought  iron  is  therefore  about 
double  that  of  cast  iron,  and  while  the  modulus  of  rupture  by  tearing 
of  cast  iron  is  but  about  \  that  of  wrought  iron,  the  modulus  of  rup- 
ture by  crushing  of  cast  iron  is  nearly  2|  times  as  great  as  that  of 
wrought  iron.  The  relations  of  the  elasticity  and  strength  of  cast 
and  wrought  iron  are  graphically  represented  in  Fig.  326.    From 

the  origin  A  on  the  right-hand  side  of  the  axis  of  abscissas  X  X 
the  tensile  forces,  given  in  thousand  pounds  per  square  inch,  are 
laid  off  and  on  the  left-hand  side  the  compressiye  forces,  while  the 
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upper  half  of  the  axiB  of  ordinates  Y  Y  represents  the  correspond- 
ing extensions^  and  the  lower  half  the  compressions.  It  will  at 
once  strike  the  eye,  that  the  carve  of  cast  iron  has  a  great  deyelop- 
ment  on  the  side  of  compression  and  that  of  wrought  iron  on  the 
dde  of  extension ;  and  we  also  remark,  that  the  oorres  form 
approximatiTely  straight  lines  near  the  origin  A, 

Fio.  826. 


ThooMuidtlM  IOtY 
9 


Wroai^t  Iron 


Cut  Iron 


Afi  next  to  iron  wood  (Fr.  hois ;  Qer.  Holz)  is  most  generally 
employed  in  construction,  the  relations  of  the  elasticity  of  fir, 
beach  and  oak  wood  are  graphically  represented  in  the  figure  by 
a  curve.  The  average  modulus  of  elasticity  of  these  kinds  of 
wood  is 

E  =  110000  kilograms  =  1664200  pounds. 

The  limit  of  elasticity  is  reached,  when  a  =^^^  of  the  length,  and 

600 

the  corresponding  modulus  of  proof  strength  is 

110000  .oATl  n/,/v«  3 

=  180  kilograms  =  2607  pounds. 


r  = 


600 


Finally,  the  moduluB  of  rupture  for  tearing  is 
E  =  650  kilograms  =  9243  pounds, 


400 
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and^  on  the  contrary,  for  crushing 

K  =  450  kilograms  =  6399  pounds. 
The  ratio  156  :  1422  :  2844  approximatiyely  =  1 :  9  :  19  of  the 
moduli  of  elasticity  of  wood,  cast  and  wrought  iron  to  each  other 
is  expressed  in  the  figure  by  the  subtangents  ab^  ac  and  ad. 

Fig.  327. 

Wroogfat  Iron 


Cast  Iron  19 

The  modulus  of  resilience  A  =  ^  a  T{or  the  limit  of  elasticity 
is  expressed  by  the  triangles  A  ab,  A  Oi  Ci  and  A  ai  d^  the  bases 

1 


of  which  are  the  small  ratios  of  extension  c  ^  A  a  = 


a  =  A  Oi  =  3-=jr^  (approximatively). 


600 


and 


Erom  the  above,  we  have  for  wood 

A  =  ^a  T  =  I .  ^^  .  180  =  0,15  kilogram  centimeters 


for  cast  iron 
A  =  i.    ^ 


600 
~  ^  •  600  *  ^^^'^  ~  ^*^''  "^^^"P^™^ 


.  667  =  0,222  kilogram  centimeters  =  3,16  inch- 


1500 
pounds,  and  for  wrought  iron 
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A  =^  i  .  r^rw)  ~  ^9^^  Irilogram  centimeters  =  6,32  inch-ponnds. 

Properly,  a  complete  series  of  experiments  is  necessary  to  deter- 
mine the  modulus  of  fragility  for  tearing  or  crashing ;  for  this 
modulus  is  found  by  the  quadrature  (see  Art  29,  Introduction  to 
the  Calculus)  of  the  complete  branches  of  the  curve  on  either  side, 
and  this  is  especially  necessary  for  the  extension  of  wrought  iron  and 
for  the  compression  of  cast  iron,  since  the  curves  corresponding  to 
the  changes  in  these  bodies  differ  conside$rably  from  right  lines. 
The  extension  and  compression  of  wood  at  the  instant  of  rupture 
by  tearing  or  crushing  is  so  little  known,  that  we  are  unable  to 
give  with  any  degree  of  certainty  its  moduli  of  firagility.  If  we 
treat  the  corresponding  curve  as  a  right  line,  we  obtain  the  modu- 
lus of  resilience  for  tearing 
IT"!  650* 

B  =  i-r^f-  =z  =  1,91  kilogram  centimeters  =  27,2  inch- 

pounds,  and,  on  the  contrary,  the  modulus  of  fragility  for  crushing  is 

j^t  450* 

B=i  -j^ =i  •  noooo  ~  ^'^^  kilogram  centimetres  =  13,07  inch-lbs. 

When  cast  iron  is  ruptured*  by  tearing,  assuming  the  extension 
to  be  (7i  =  0,0016  and  the  mean  value  of  the  force  to  be  560  kilo- 
grams, the  modulus  of  fragility  is 
B  =  0,0016  .  650  =  1,04  kilogram-centimetres  =  14,8  inch-lbs. 

When  cast  iron  is  ruptured  by  crushing,  the  maximum  exten- 
sion can  be  assumed  to  be  (Tj  =  0,008  and  the  mean  crushing  force 
to  be  =  3600  kilograms;  hence  the  corresponding  modulus  of 
firagility  is 
Bi  =  0,008  .  3600  =  29  kilogram-centimetres  =  411  inch-lbs. 

We  can  assume  as  the  mean  value  of  o^  for  the  rupture  of 
wrought  iron  by  tearing,  0,008  and  for  the  mean  value  of  the 
force  3000  kilograms;  hence  the  corresponding  modulus  of  fra- 
gility is 

B  =  0,008  .  3000  =  24  kilogram-centimetres  =  341  inch-lbs. 

On  the  contrary,  for  the  rupture  of  wrought  iron  by  crushing, 
we  must  assume  a  =  0,0018  and  the  mean  force  to  be  =  1300 
kilograms;  whence  the  corresponding  modulus  of  fragility  is 

B  =  0,0018  .  1300  =  2,34  kilogram-centimetres  =  33,3  inch-lbs. 

§  212.  Numbers  Determined  by  Experiment — ^In  the 
following  tables  I  and  II  the  mean  values  of  the  moduli  of  elaa« 

26 
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ticity,  of  proof  strength  and  of  ultimate  strength  of  the  materials 
generally  employed  in  constructions  are  given.  The  first  table  is 
for  tensile  and  tiie  second  for  compressive  forces. 

The  value  of  the  relative  extension  <t  =  r-  for  the  limit  of  ehs- 

V 

ticity  given  in  the  second  column  of  the  tables  expresses  also  the 

T 

ratio  -p  of  the  values  of  T  and  E  given  in  the  third  and  fourth 

1 
columns.    In  practice  the  bodies  are  only  loaded  with  —  T,   E.G., 

\  T\x}  \  TyOT  the  cross-section  is  determined  by  substituting  in 
the  formula 

instead  of  K^  for  metals  the  modulus  of  safe  had  -  JT  =  \  Ky  iox 

wood  and  stone  =  tV  ^'  ^^^  ^^^  masonry  but  -^j^  K.  On  the  con- 
trary, for  ropes  we  can  employ  \  Kto  \  K.  We  call  n  a  fojcior  of 
mfety. 

The  lower  numbers  in  the  parenthesis  -j  >-  give  the  values  in 

kilograms,  assuming  a  cross-section  of  1  centimetre  square;  the 
upper  numbers  express  the  values  in  pounds  referred  to  a  cross- 
section  of  one  square  inch. 

Bemabk. — ^The  moduli  given  in  these  tables  are  for  unannealed  metals. 
For  awMdUd  metaU  (Ft.  metaux  cults,  Ger.  ansgeglute  Metalle)  the  modu- 
lus of  elasticity  is  generally  the  same  as  for  unannealed  metals,  while  the 
modulus  of  rupture  by  tearing  of  annealed  metals  is  generally  from  30  to 
40  per  cent  less  than  that  of  unannealed  ones.  Tempered  and  annealed  sted 
(Ft.  acier  tremp^  et  recuit,  Qer.  geharteter  und  angelassener  Stabl)  has  the 
same  modulus  of  elasticity  as  untempered  steel,  but  its  modulus  of  proof 
strength  is  20  to  80  per  cent  greater  than  that  of  untempered  steel.  When 
it  is  not  otherwise  stated,  the  moduli  for  metals  were  determined  with 
ivire,  which  had  on  the  outside  a  harder  crust  (caused  by  the  drawing) 
than  hammered  or  cast  metal  rods.  For  some  materials,  b.g.  wood,  iron, 
and  stone,  the  moduli  of  elasticity,  of  proof  strength  and  of  ultimate 
strength  vary  so  much  that  in  particular  cases  a  value  differing  25  per  cent, 
(more  or  less)  from  those  here  given  may  be  found. 
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TABLE  L 


HODUU  OF  ELASTICm  AND  STRENGTH  FOB  EXTENSION. 


Name  of  the  matfrial. 


Cast  iron 


Wro't  iron  in  rods. 


m  wire 


in  sheets. 


German  steel,  tem- 
pered and  annealed 

Fine  cast  steel. . . . 
Hammered  copj)er 


Sheet  copper, 


Copper  wire. 


ZinCy  melted 


Brass 


Brass  wire 


BronzCygun  metal.. 


Lead. 


Lead  wire 


Extension 
K 


V  = 


I 


at  the  limit  of 
Elasticity. 


1500 
I 

1500 
I 

1000 
I 

—         I  mm 

1250 


83s 

I 

450 

I 

4000 
I 

3650 

I 


1000 
I 


4150 

I 


1320 

I 

742 

I 


1590 

I 

477 
I 


1500 


0,000667 
0,000667 


0,001000 


=  0,000800 
=  0,001198 
=  0,002222 
=  0,000250 
=  0,000274 
=  0,001000 
=  0,000241 
=  0,000758 

=  0,001350 

=:  0,000629 

==  0,00210 
=  0,000667 


Modulus 
of  Elasticity  E, 


14  220000 
I  000000 

28  000000 

1  970000 

31  000000 

2  190000 

26  000000 

1  830000 

29  000000 

2  050000 

41  500000 
2  920000 

15  640000 
I  1 00000 

15  640000 
I  1 00000 

I  720000 
I  210000 

13  500000 
950000 

9  I 00000 

640000 

14  000000 
987000 

9  800000 

690000 

7 I 1000 
50000 

I  000000 
70000 


^%r^ 

«se; 

sf*' 

Sc'* 

|Sb 

"S'-f* 

•g-a" 

•gCll 

s|^ 

sS 

9480 

3»i6 

667 

0,222 

18700 

6,23 

^z^z 

0,44 

31000 

15,5 

2190 

I,IO 

20800 

8,32 

1475 

1,18 

34730 

20,8 

2460 

1,48 

92200 

102,4 

6490 

7,20 

3910 

0,49 

27s 

0,034 

4285 

0,59 

301 

0,041 

1720 

8,60 

12 10 

0,605 

3250 

0,392 

229 

0,029 

6890 

2,61 

485 

0,184 

18900 

12,76 

1330 

0,90 

6160 

1,94 

434 

0,136 

1490 

1,56 

105 

o,iio 

667 

0,22 

47 

o,ai6 

1 

18500  > 
1300  j 

58200) 
4090) 

88300) 
6210) 

46800  ) 
3290) 

1 16500) 
8190) 

145500 ) 
10230 ) 

33800  \ 
2380  j 

30400  ) 
2140) 

60300 ) 
4240) 

7500) 
526; 

17700) 
1242 ) 

5 1960  \ 
3654) 

36400  \ 
2560) 

1850 1 

130) 

3 100 1 
220 ) 
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MODULI  OF  ELASTICITT  AND  STRENCKTH  FOR  EXTENSION— Continued. 


Name  of  the  materiaL 


Tin 

Silver 

Gold 

Platina. . . 
Aluminum. 


Glass  

Wood  :  beach,  oak, 
pine,  spruce,  fir, 
in  the  direction 
of  the  fibres .... 

The  same  kinds  of 
wood  in  the  di 
rection  of  the 
radii  to  the 
yearly  rings. . . . 


The  same  kinds  of 
wood  parallel  to 
the  yearly  rings . 

Light  hemp  rope . . 

Strong  hemp  rope . 


Wire  rope. 


Chain  cable 


Leather  straps  (cow 
leather) 

Sheet  iron  (riveted 
with  one  row  of 
rivets)... ...... 


Eztenaion 
A 

'  =  7 

at  the  limit  of  Elasticity. 


—  =  O.OOIIII 


900 
I 


660 

I 


600 
I 

600 


0,001515 
0,001667 
0,001667 


600 


=   0,001667 


Modulus 
of  Elasticity  JB. 


{ 
I 
i 

{ 


5  700000 
400000 

10  400000 
730000 

11  400000 
800000 

22  800000 
I  600000 

9  6000000 

675000 

10  000000 
700000 


I  560000 

IIOOOO 


185000 
13000 


114000 
8000 


{ 


10400 
731 


II 


s 


6300 

440 

15800 

IIOO 

19000 

1300 

38000 
2700 


2600 

180 


b 


o 

3 


3»So 
0,24 

12,00 
0,83 

1,09 

31J 

2,25 


2>i7 
0,15 


5000) 

350) 

41200  ) 

2900  ) 

38400  ) 
2700) 

48300  ) 
3400) 

28900  ) 
2030) 

3530! 
248  j 


9200) 
650  [ 


570^ 
40) 


640) 

45) 

( 6830) 

(47000) 

( 3300) 
(51900) 

( 3650) 


{ 


4100) 
2903 

(37000) 
(  2600 ) 
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TABLE  IL 

THE  MODULI  OF  ELASTICITY  AND  STRENGTH  FOR  COMPRESSION. 


Name  of  the 
maieiiil. 


Cast  iron . 

Wrought " 

Copper  .  . 
Brass  .  .  . 

Lead .... 

Wood  in 
the  direc- 
tion of  the 
fibre.  .  . 

Basalt .  . 

Gneiss  and 
granite . 

Limestone 
Sandstone 
Brick  .  . 
Mortar.  . 


Compresaoo 
at  the  limit  of  dastidty. 


I 

1500 
I 

4000 


0,001333 
0,000667 
0,000250 


N 


3 

"8 


1 


14000000 
990000 

2800000b 
1970000 

15640000 
I I 00000 


WW 


b 
II 


9 

•8 


18700 
1320 

18700 
1320 

3910 

275 


1^ 

'  b 


« 

9 


12,44 
0,88 

6,23 
0,44 

0,49 
0,039 


.c 

to 

a 


M 

cS 

E 


o 

3 

3 


j  6800 ) 

1    480  f 

i  28000 ) 

{  1970  f 
8300  [ 

585  \ 
5200 

36s 

4150  I. 

292 ) 

830/ 

59  ( 
526) 

37 ) 


I 


Example  1.  What  should  he  the  cross-section  of  a  wrought-iron  rod 

1500  feet  long,  which  is  subjected  to  a  pull  of  60000  pounds  ? 

T 
Neglecting  the  weight  of  the  rod  and  allowing  a  strain  of  -^  =  0350 

pounds  per  square  inch,  we  obtain  the  required  cross-section  F  =  -Qbe^r 

=  6,42  square  inches.    Taking  into  account  the  weight  of  the  rod,  the 
weight  of  a  cubic  inch  of  iron  being  y  =  0,280  pounds,  we  haye 
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60000  60000  8000     ,„„ 

■^  =  9330^n5(>oTTro;a86  =  9830^  6040  =  WT^*^'^  *1*"^  ""='^ 

The  weight  of  the  md  ia  a  =  Flj  =  5040 .  18,93  =  70167  ponnds,  and 
the  extcnaion  of  the  Mme  by  the  pull  P  =  60000  poouda  and  by  the  weight 
O  =  T015T  pounds  is 

_  (P+  i  G)J lISOTe .  WOOO^  _  148617  __  .       . 

>i'       ~13,iia. 28000000"  82480  ~  M9  niches. 

ExAMFLB  3.  How  thick  mast  the  foundation  walls  of  a  bnllding  60  feet 
long  and  40  feet  wide  on  the  outmde,  and  weighing  8SO0OO00  pounds,  b6 
made  when  we  eniplo;  good  cut  pieces  of  gneiss  f  If  we  make  the  thick- 
ness of  the  wall  equal  to  x,  we  can  put  tlie  mean  length  of  the  wall  =  60 
—  n  and  the  mean  breadth  =  40  —  x,  and  therefore  the  mean  peripbeiy 
2 .  (60  —  J!  +  40  —  I)  =  200  —  4  le,  and  conBequently  the  base  of  the 
whole  niaaonry  ia  (300  —  4  *)  «  square  feet  =  144  (200  —  4  *)  z  =  57« 
(50  —  x)x  square  inches.  The  modulus  of  ruptnre  of  gneiss  for  crashing 
ia  8300  pounds.  If,  therefore,  we  asHume  a  coefficient  of  security  of  ^  or 
a  fkctor  of  safety  of  30  for  the  wall,  we  can  put  the  allowable  pressure 

upon  a  aqnaie  inch  =  —     -  =  41S  pounds ;  hence  we  have 

415 .  576  (50  -  «)  a  =  85000000, 
whence  50  *  —  ic"  =  146,4, 

and  finally  the  required  thickness  of  the  wall 

146,4 +^_  6,57  _ 

" 60  -  ^'^^^  +  W 

§  213.  Strength  of  Shearing.— The  strength  of  shearing  {Pr. 
Tesistance  par  gliBSement  ou  cisaiUemcnt,  Ger.  Schubfestigkeit  or 
Widcrstand  des  AbdruckenB  oder  Abecheerena),  which  conies  into 
play  when  the  surface  of  eeparation  coincides  with  the  direction 
of  the  force,  can  be  treated  in  the  same  manner  sa  the  strength  of 
extension.  We  have  here  to  consider  the  action  of  three  parallel 
forces  P,  Q,  and  Ji,  Fig.  328,  when  the  points  of  application  A  and 
C  of  two  of  the  forces  lie  so  near  each  other,  that  bending  is  not 
possible,  and  therefore  a  separation  of  the  body  in  two  parts  takes 
FiQ.  838.  Fts.  830. 


=  8,10  feet 


"f 


place  between  A  and  C  in  a  snrface  DDat  right  angles  to  the  axis 
of  the  body.    The  strength  of  shearing,  like  that  of  tearing  and 
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craahing,  is  proportional  to  the  section  of  the  hody^  or  rather  to  the 
area  F  of  the  surface  of  separation,  and  in  the  case  of  wrought  iron 
ifi  approximately  equal  to  that  for  tearing,  so  that  the  modulus  of 
rupture  JTfor  tearing  can  also  be  employed  as  the  modulus  of  rup- 
ture for  shearing,  and  consequently  we  can  put  the  force  necessary 
iJb  produce  rupture  by  shearings  when  the  cross-section  is  jP, 
P  =  FK.  In  general  we  have  P  =  FKf,  -ffi  denoting  the  ultimate 
strength  of  shearing  per  unit  of  sur&oe  determined  by  experiment. 

X 
The  formula  P=  j  FE  =^  a  F  Etox  tensile  and  compressive 

forces  within  the  limit  of  elasticity  can  also  be  employed  for  the 

C  A 

shearing  force  P,  Fig.  329,  but  here  o  denotes  the  ratio  t  ==  jt'b 

of  the  displacement  C  Aio  the  distance  0  B  ot  the  directions  A  P 

and  E  Fof  the  two  forces  from  each  other. 

The  following  Table  ILL  contains  the  modulus  of  elasticity  (C) 

and  that  of  rupture  or  ultimate  strength  (iTs)  for  all  bodies,  for 

which  they  are  known  at  present,  and  they  correspond  to  the 

formulas  P  =  i  F  0 and  Pi  =  FK^tor  the  elasticity  and  strength 

of  shearing. 

TABLE  ni. 

MODULI  OP  THE  ELASTICITY  AND  ULTMATB  STRENOTH  OP 

SHEARING 


Names  of  die  Bodieau 

Modulus  of  Elasddty  C. 

Modulus  of  Ultimate 
Strength  JCf 

Cast  Iron 

Wrought  Iron 

Fine  Cast  Steel      .    .    .    • 
Copper'  ....... 

Brass-" 

Woodof  deciduous  Trees  .    . 
Wood  of  evergreen  Trees  .    . 

(     2840000 
(       200000 

j     9000000 
{        630000 

(  14220000 
"[     1 000000 

C   6260000  \ 
\     440000 ) 

j    5260000) 
(     370000 ) 

f     569000 

(       40000 
f     616000 

t      43300 

32300  ) 
2270) 

50000) 
3500) 

92400) 
6500]" 

683  j. 
48  [ 

2290  ) 
161) 

0  is  generally  taken  =  I  E  and  E^  =  JT. 
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The  most  important  applioatioD  of  the  formula  P  =  FK,iB 

to  the  determinatioa  of  the  thioknese  d  of  bolta  and  rivets,  with 

which  plates  and  other  Sat  bodies  are  fastened  together.    There 

are  two  modes  in  which  bodies 

Eio.  880.  Pro.  831.  nwy  be  fastened  together  in  this 

^""      T^       way ;  either  the  plates  A  B  and 

C  D  to  be  joined  together  are 

laid  upon  one  another,  as  in  Fig. 

'    330,  and  then  fastened  together 

»K^mv  by  the  boH«  or  rivet*  JVJVand 

^R  0  0,  or,  as  is  represented  in  Fig. 

jf     ^^P^  ^^h  the  plates  are  bntted  to- 

0       pT^  gether  and  covered  with  splicing 

I  pieces  D  D  and  E  E,  and  they 

are  then  festened  together  by 
means  of  the  rivets  N  N  and  0  0, 
which  pass  through  both  the  plate  and  the  splicing  pieces.  In  the 
first  method  of  joining  the  plates  the  tensile  stress  passes  from  one 
plate  to  the  other  through  the  intervention  of  a  coaple,  vhich 
causes  both  of  the  plates  to  undergo  in  addition  to  the  atretohing 
also  a  bending,  and  consequently  their  safe  or  working  load  is 
diminished.  The  second  method,  where  no  such  coaple  is  called 
into  action  and  where,  consequently,  no  bending  takes  place,  is  for 
this  reason  to  be  preferred.  Since  the  plates  and  splicing  pieces, 
which  are  thus  joined,  presa  upon  each  other  with  no  inconsidera- 
ble force,  the  strength  of  the  joint  is  considerably  augmented  by  the 
fiiction  arising  &om  this  pressure.  For  greater  safety  we  disregard 
this  action  in  determining  the  thickness  of  the  rivets.  On  the  other 
hand,  the  working  load  of  the  plate  is  diminished  by  the  holes 
made  for  the  rivets  or  bolts,  and  we  must  therefore  take  care  that 
it  is  not  exceeded  by  the  worlring  load  of  the  rivets.  If  {2  is  the 
thickness  of  the  rivets  and  v  their  number,  in  the  case  of  the  joint 
in  two  plates  represented  in  Fig.  331,  ve  have  for  Uie  working 
load  of  the  rivets  „  _    w^  K^ 

■^"''   4     »• 
Now,  if  }  is  the  width  and  s  the  thickness  of  the  pieces  to  be  joined 
and  V,  the  number  of  the  rivets  in  one  row,  the  cross-section  of  the 
plate  sabmitted  to  the  force  P  is 

F=  {b  -v,d)  a,  and  therefore  we  have  P  =  {i  -  v^d)  a—, 
K  denotiug  the  modulus  of  rupture  of  sheet  iron ;  equating  these 
two  values,  we  obtain 
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4 


^,  =  (}  -  V,  d)  8  JT,  or 


4(S-v,rf)^ir 

When  the  holes  in  the  plates  are  punched,  the  strength  of 

shearing  must  be  oyercome,  but  in  this  case  the  surface  is  not 

plane,  but  cylindrical    If  « is  the  thickness  of  the  plate  and  d  the 

diameter  of  the  hole  in  it,  we  have  the  area  of  the  surface  of 

separation 

F=^  n  ds, 

and  consequently  the  force  necessary  to  punch  the  hole  is 

P  =  FKt  =  TTd8Kt. 

(Compare  in  the  "Civil  Ingenieur/'  VoL  1, 1854,  the  article  "John 

Jones'  experiments  on  the  force  necessary  to  punch  sheet-iron,''  by 

C.  Bomeman). 

Example — 1)  An  iron  riyet  1^  inch  thick  can  resist  with  safety,  if  we  as- 
sume JT,  =  1 .  50000  =  8300  pounds,  a  force 

P  =  -r-^t  =  4(2)  •  ^^^  = 1 =  14670 pounds, 

and  the  force  necessary  to  punch  the  hole  through  the  sheet-iron,  which  is 
1  inch  thick,  is 

Q       i 

Pi=ff(2».ir,  =  ff    -.-.50000  =  87500 7r  =  117810 pounds. 

0)*  If  two  pieces  of  sheet-iron  are  to  be  joined  together  by  a  row  of 
rivets,  and  if  we  denote  the  thickness  of  the  plate  by  9  and  its  width  for 
each  rivet  by  (,  we  have 

0^  —  ^)9=.  —^y  whence 

B.6.,  for  J  =  f  and  «  =  ^  inch 

&  =  1 1 1  +  -^1  =  5  inches. 


CHAPTER    II. 

ELASTICITY  AND  STRENGTH  OF  FLEXURE  OR  BENDING. 

§  214.  Fleznre. — The  most  simple  case  of  flexure  is  that  of  a 
body  A  B  Cy  Fig.  332,  acted  upon  by  a  force  A  P  ^  P^  whose  di- 
rection is  normal  to  its  axis  A  B,  while  the  body  at  the  same  time 
is  retained  at  two  points  B  and  (7.    Let  I  and  ^1  be  the  distances 
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C  A  and  C  B  oi  the  points  of  application  A  and  B  from  the  cen- 
tral fulcrum  or  point  of  application  C^  then  the  force  at  JS  is 

and  consequently  the  resultant  is 

iZ  =  P  +  C  =  (l  +  [)p. 


Fia.  883. 


Fig.  838. 


A 


If  we  wish  to  prevent  one  portion  of  the  body  from  bending^ 
we  must  insert  between  the  two  points  of  support  an  infinite  num- 
ber of  others,  or  the  body  must  be  fastened  or  solidly  walled  in 
along  ^  C>  as  is  represented  in  Fig.  333,  and  we  have  then  to  study 
only  the  flexure  of  the  free  portion  A  C  oi  the  body.  Let  us  sup- 
pose the  body  to  be  a  prism,  and  let  us  assume,  that  it  is  composed 
of  long  parallel  fibres  placed  above  and  alongside  of  one  another 
and  that,  when  the  body  is  bent,  they  neither  lose  their  parallelism 
nor  slide  upon  one  another. 

By  this  flexure  those  fibres,  which  arc  on  the  convex  side  of 
the  body,  are  extended,  and  those  on  the  concave  side  are  com- 
pressed, while  a  certain  mean  layer  undergoes  neither  extension 
nor  compression.  This  is  called  the  neutral  surface  of  a  deflected 
beam  (Fr.  couche  des  fibres  invariables,  Oer.  neutrale  Axenschicht). 
The  extension  and  compression  of  the  various  fibres  above  and 
below  this  layer  are  proportional  to  their  distance  from  it  The  ex- 
tension of  the  fibres  on  one  side  and  the  compression  of  those  on 
the  other  increase  gradually,  so  that  the  fibres  most  distant  from 
this  surface  on  the  one  side  undergo  the  maximum  extension,  and 
those  on  the  other  the  maximum  compression.  A  portion  of  the 
body  A  K  By  Fig.  334,  bounded  before  the  flexure  by  the  cross- 
sections  K  L  and  N  0,  assumes,  in  consequence  of  the  flexure,  the 
form  K  L  0\  N^  by  which  the  cross-section  JV"  0  becomes  Nx  Oi, 
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that  ie,  it  ceases  to  be  parallel  to  K  L  and  aasnines  a  position  per- 
pendicular to  the  nen- 
*^-  88*-  tral  surface  R  S.    The 

length  i"  jV  of  the  np- 
permost  fibre  becomes, 
in  consequence,  f  JV^,, 
and  that  oi  L  0  the 
lowest  fibre  becomes 
L  0,.  The  increase  in 
length  of  the  former  is 
therefore  NJf„  and  the 
decrease  of  the  letter  is 
0  0„  while  the  fibre 
RSin  the  neutral  sur- 
face retains  its  primi- 
tive  length  unaltered. 
Theintermediate  fibres, 
such  eaT  U,r  W,  etc., 
are  increased  or  dimin- 
ished in  length  becom- 
ing 2*  fT,,  K  r„etc,  and 
the  amount  I7t;;,H'tF„ 
etc,  of  the  increase  or 
decrease  is  determined 
by  the  proportions 

uu,_s_u 

WW,_SW 
0  0,  ~  SO'^^ 
Let  OS  assume  the  length  of  the  fibre 

RS=KN-LO  =  unity  (1), 
and  let  na  denote  the  extension  or  compression  of  the  fibres,  which 
are  aitoated  at  the  distance  nnity  (1)  A/>m  the  neutral  surface,  by<r, 
then  we  have  for  a  fibre,  which  is  situated  at  a  distance  S  U  or 
S  W=  e  from  this  snr&ce,  the  extension  or  compression 
nU,0TWW,  =  az. 
If  the  body  is  but  little  bent,  so  that  the  limit  of  elasticity  is 
nowhere  surpassed,  we  can  put  the  strain  on  the  differoiit  fibres 
proportional  to  their  extensions,  etc.,  and  we  can  consequently  as- 
Btune,  that  these  strains  are  proportional  to  their  distance  from  the 
Tieatml  surgice,  as  is  represented  in  the  figure  by  the  arrows. 
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If  the  cross-section  of  a  fibre  is  =  anity^  we  have  in  general  the 
tension  npon  it=:(yzE;  and  if  the  cross-section  of  the  fibre  =  F, 
the  tensile  or  compressive  strain  is  expressed  by  the  formula 

S=  azFE—  c  E  .Fzy 
and  its  moment  in  reference  to  the  point  8  upon  the  axis  is 
jlf  =  z.azFE^  az^  FE—  a  E,  Fz\ 

§  215.  Moment  of  Fleznre. — The  tensile  and  compressive 
strains  in  the  cross-section  JVl  0,  balance  the  bending  force  P  at 
the  end  A  of  the  body  A  B*  We  can  therefore  apply  to  these 
forces  the  well-known  laws  of  equilibrium.  If  we  imagine  that 
there  are  in  action  at  8  two  other  forces  +  P  and  —  P,  which 
are  not  only  equal  but  also  parallel  in  direction  to  the  given  force 
P,  we  obtain 

1)  A  couple  (P,  —  P)y  which  produces  the  flexure  or  bending 
around  8,  and  

2)  A  simple  shearing  force  8  P=  P,  which  tends  to  cut  oflf  the 
portion  A  8  o{  the  body  in  the  direction  8  P  or  A  P,  The  latter 
force  can  be  decomposed  into  two  components  P,  and  Pt,  whose 
directions  lie  in  the  plane  of  the  cross-section  Ni  Ox  and  in  the  neu- 
tral axis  8  R,  If  a  is  the  angle  formed  by  the  cross-section  Ni  Oi 
with  the  direction  A  P  of  the  bending  force,  we  have 

Pi  =  P  COS.  a  and 
Pi  =  P  sin.  a. 

In  ordinary  cases  in  practice  the  flexure  of  the  body  and  also  a  is 
so  small,  that  we  can  put  sin,  a  =  0  and  cos.  a  =:  1,  and  consequently 
we  can  neglect  the  component  Pj,  which  tends  to  tear  oflf  the  por- 
tion A  8s,t  Ni  Ox,  and,  on  the  contrary,  we  can  put  the  force  P„ 
which  tends  to  rupture  by  shearing  the  piece  A  Sm  Ni  0„  equal 
to  the  bending  stress  P. 

If  F  denote  the  area  of  the  cross-section  JV,  0\  and  K^  the  modu- 
lus of  rupture  for  shearing,  the  shearing  force  is  determined  by 
the  product  F  K^ 

If  we  are  considering  a  long  prismatical  body,  P  is  generally 
so  small  a  portion  of  F  K^  that  rupture  by  shearing  can  scarcely 
occur,  and  for  this  reason  it  will  be  considered  in  particular  cases 
only.    (866  thefollotving  chapter.) 

Since  one  couple  {P,  —  P)  can  be  balanced  only  by  another 
couple,  it  follows,  that  the  tensile  strains  on  one  side  form  with  the 
compressive  strains  on  the  other  another  couple  {Q,  —  Q),  and 
that  the  moments  of  the  two  couples  must  be  equal  If  P„  P„  P» 
etc.,  are  elements  or  infinitely  small  portions  of  the  entire  surface 
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Fot  the  crofls-flection  N  0  =  Ni  0„  and  if  the  distance  of  theae 
poitioiis  &om  the  nentral  earEace  or  £  be  denoted  by  Zi,  £■,  i»  etc, 
the  Btnins  in  these  elements  are 

ff  E .  F,  Zu  o  H .  Ft  Zt,  o E .  F,ih,  etc, 
and  their  moments 

a E.  F,t,*,o B.  F, tt\  o E .  F,  z,',  tite. 
Since  these  forces  form  a  couple  {Q,  —  Q),  their  snm 

a  E  {Fit,  +  /*,«,  +  F,Zt+.. .),  and  consequently 
F,s,  +  F,ti  +  F.zt  +  ...  must  be  =  0. 

Bat  this  sum  can 

Pio-  88*  »-  only  be  =  0,  when  the 

point  S  of  the  axis  co- 

incides  with  the  centre 

of  gravity  of  the  eur- 

fi»ce  /"  =  F,  +  .f  ,  + 

i^,  +  .. .;  consequently 

'  the  neutral  axis  of  abent 

I  body  pastes  through  the 

j  centre  of  gravity  S  of 

I  its  cross-section  F.  The 

.  moment  of  the  couple 

'  (ft  -  Q), 

a  E  {F,  *.'  +  F,  z,' 

+  F.z,'  +  .. .), 

Bhonld    now   be    put 

I  equal  to  the  moment 

,  of  the  couple  {/',-/'). 

ve  denote  the  dis- 

iaxKX  S Hot  the  cen- 

I  tre  of  gravity  8  from 

'  the  direction  A  P  of 

]  the  bending  force  by  x, 

we  have  the  moment 

I  of  the  latter  couple  = 

P  X,  and  therefore 

PX=    O  E{Fyi^ 

+  F,  V  +  . .  .)■ 
FinaOj,  we  have  for  the  radius  of  curvature  M R  =  M Sot 
the  neatral  surface  the  proportion 

ME  _8U 
RS~  UV! 


.y 
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or,  substituting  if  fi  =  r,  J?  /S  =  1,  /S  17  =  1  tod  ?7  I7i  =  <t, 

r  _  1 
1  ■"  o\. 

Consequently  r<^  =  lor<y  =  -,  whence  the  moment  of  force  is 

P  ic  =  -^  (^,  «?,•  +  j;  ««•  +  . . .). 
The  radius  of  curvature  at  8  is  therefore 

The  expression  i^i  an*  +  /^t  ^*  +  •  •  •  i«  dependent  only  upon 
the  form  and  size  of  the  cross-section,  and  can  therefore  be  deter- 
mined by  the  rules  of  geometry.  We  will  hereafter  denote  it  by 
TTand  we  will  call  the  quantity  corresponding  to  it  the  measure 
of  the  moment  of  fiexursy  and  W  E  the  moment  of  flexare  itself 
(Pr.  moment  de  flexion ;  Ger.  Biegungs-moment).* 
From  the  above,  we  have  for  the  radius  of  curvature 

_  WE 
^■"  Px' 
and  we  can  assert  thit  the  radius  of  curvature  of  the  neutral  axis 
of  a  deflected  body  is  directly  proportional  to  the  measure  W  of  the 
moment  of  flexure  and  the  modulus  of  elasticity  Ey  and,  on  the  con^ 
trary,  inversely  proportionai  to  the  moment  P  xof  the  force. 

The  curvature  itaelf,  being  inversely  proportional  to  the  radius 
of  curvature,  increases  with  the  moment  P  x  of  the  force,  and 
decreases,  when  the  moment  of  flexure  W  E  increases. 

§  216.  Elastic  Curve. — If  we  have  determined  the  moments 
of  flexure  W  E  for  the  cross-sections  of  the  bodies,  which  generally 
occur  in  practice,  we  can  determine  by  means  of  these  values  the 
curvature  and  from  it  the  form  of  the  neutral  axis  or  of  the  so- 
called  elastic  curve.    The  equation 

^  —  ^  WE 

Pxr^  WEoTr^-^s— 

P  x 

indicates,  that  in  the  case  a  prismatical  body  the  product  of  the 

radius  of  curvature  and  the  moment  of  the  stress  is  constant  for 

all  parts  of  the  elastic  curve  A  B,  Fig.  335,  and  that  consequently 

r  becomes  greater  or  less  as  the  arm  x  of  the  force  is  diminished  or 

increased,  or  as  the  distance  of  the  point  8  considered  from  the 

end  A  of  the  neutral  axis  is  less  or  greater.    At  A  we  have  a;  =  0, 

and  consequently  the  radius  of  curvature  is  infinitely  great ;  at  the 

fixed  point  By  on  the  contrary,  a;  is  a  maximum,  and  the  radius  of 

curvature  is  therefore  a  minimum ;  hence  the  radius  of  curvature 

*  Moment  of  flexure  is  also  lued  for  the  bending  moment  P  x. — Tb. 
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increases  by  degrees  from  a  certain  finite  value  to  infinity^  when 
we  proceed  from  the  fixed  point  B  to  the  end  A. 

If  we  divide  a  portion  A  S  of  the  elastic  curve,  the  length  of 
which  is  =  8,  into  equal  parts,  and  erect  at  the  end  A  and  at  the 
points  of  division  Si,  Si,  S^,  etc.,  perpendicuLors  to  the  curve,  they 
will  intersect  each  other  at  the  centres  Mq,  i/",,  if,  of  the  osculatory 
circles,  and  the  portions  cut  off  J/i  -4  =  Mq  S^,  Jf,  Si  =  Mi  S,, 

Mi  St=  MiStf  etc.,  are 
^®"^^'  the  required  radii  of 

'  curvature  fi,  r^  r,  of 

the  elastic  curve.  (See 
Introduction  to  the 
Calculus,  Art  33.)  If 
n  is  the  number  of  di- 
visions of  this  line,  we 
have  the  length  of  a  di- 


and  if  we 


vision  =  - ; 
n 

denote  the  length  of 

the  arc  (for  the  radius 

=  1)  of  the  angles  of 

curvature  A  M^  Si  = 

6i%  Si   Ml    Si  =   6i% 

Si  Mi  Sz  =  (Ja",  etc,  by 

^iy    ^»j    ^iy   etc,    we    CIUI 

put  -  =  (Ji  r,  =  (Jj  r,  = 
n 

<Jj  r,,  etc,  whence  we 


obtain  S^  =  — ,  <J,  =  — .  rf,  = 
nri  nri 


8 


nr. 


,  etc 


K  we  suppose  the  elastic  line  to  be  but  slightly  curved,  we  can 
substitute  for  the  divisions  of  the  arc  their  projections  upon  the 
axis  of  abscissas  A  X  perpendicular  to  the  direction  of  the  force, 
LB.  we  can  put  A  Ki  ^  Hi  Si  =  JT,  Ki  =  K^  K^,  etc.,  so  that  the 
arms  of  the  force  in  reference  to  the  points  Si,  /S\,  S^,  etc.,  are 

jsr,  s^  =  ^, 

ff,  8,  =  Hi  8i  +  8i  Lt  =  2-, 

Ht8t  =  ff,  St  +  8,1^  =  9  -,  etc, 

n 
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and  conBeqaently  the  corresponding  moments  of  the  force  or  the 

values  for  P  a:  are        P_s  2  P  a  3  P  a 

n  '      n    '      n    ' 

SubstitutiDg  BnccessiTely  these  Talnes  for  P  z  in  the  formula 

r  =  -p —  for  the  radius  of  cuirature,  we  obtain  the  following  series 

of  values  for  the  radii  of  curvature 

WE  n  WE  n  WE    ^ 

*■■  =  » -pj,  r,  =  - -p^.  r.  =  3 -^.  eta; 

hence  the  corresponding  angles  which  measure  the  curvatnre  are 


'       »  r,      »■  WE'   '       »r,            »■ 

'WE' 

Summing  these  angles,  we  obtain  for  the  ai 
A  0  S  =  ip'  ot  the  entire  arc  A  S  =  s  =  x 

Qgle  of  curvature 

0  =  d,  +  rf,  +  d,  +  , . .  +  <t. 
=  (1  +  2  +  3  +  ...  +  ")^r^, 

or,  since  we  know  that  1+3  +  3  +  .. .  +  »  = 

:  ^,  we  have 

m'        Ps"             P8' 
*        8  ■»■  WE  ■    a  WE' 

j.,g  jgg                               for  which  we  can  write. 

according  to  the  above 
supposition, 

A-     ^^ 

This  arc  or  angle 
(since  the  angle  be- 
tween two  lines  is  equal 
to  that  between  their 
normals)  is  equal  to  the 
angle  S  TU  included 
between  the  tangents 
^  r  and  5  r  to  the 
two  points  A  and  8 
or  to  the  angle,  which 
expresses  the  difter- 
ence  between  the  in- 
clination of  the  curve 
to  the  axis  in  A  and  in 
8.    If  we  pass  from  the 
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undetermined  point  S  to  the  fixed  point  B,  we  must  substitnte 
instead  of  8  the  entire  length  I  oi  A  8  B,  or  approximately  the 
projection  A  Coi  the  same  upon  the  axis  of  abscissas,  and  nnder 
the  supposition  thtLt  the  conre  at  B  iff  perpendicular  to  the  direc- 
tion of  the  stress  or  parallel  to  the  axis  of  abscissas,  the  angle  ^ 

and,  on  the  contrary,  the  angle  of  inclination  or  tangential  angle 

T8H—  SrX,  becomes 

_  PP    _    Pif    _  Pipes')  _  P(F--a?) 

If  the  curve  at  the  fixed  point  B  is  not  perpendicular  to  the 
direction  of  the  fprce,  but  inclined  at  a  small  angle  Oy  to  the  axis, 

we  will  have  P  P 

/3  =  a,  +  -  —  -y,  and  therefore 


«  =  «!  + 


2WJS 


§  217.  Eqiiation  of  the  Elastle  Curve.— By  the  aid  of  the 

latter  formula  we  can  now  deduce  the  equation  of  the  elastic  curve. 
The  ordinate  of  the  curve  K  B  =  yiQ  composed  of  an  infinite 
number  (n)  of  parts,  such  as  JT,  8i,  X,  8^,  Z,  8^,  etc.,  which  are 
found  by  multiplying  an  element  of  the  arc 

A8i  =  BiSt-BtS^,  etc.  =  - 

fi 

by  the  sine  of  the  corresponding  tangential  angle 

8iAK„8^8yL^8i8tL^eto. 
Hence  we  have 

KS=:K\8i  +  2i,iSi  +  Z»i8i  +  ...,op 

y  =  -  {sin.  8i  A  K  +  sin.  8^  8i  Lt  -^  ein.  8t8i  Lt  +  . .  .y  ^ 

Substituting  the  abscissa  A  K  =  x  instead  of  the  arc  ^  8  =^  s, 

and  for  the  sines  the  arcs  calculated  from  the  formula 

PjP^a^) 

2  WE  ' 

X  2  X  3  X 
and  introducing  instead  of  z  successively-,  — ,  — ^eta^  we  obtain 

»  =  ^r^['-©"^'--fir)"*"'-f-|)" 

New  we  bare  P  +  P  +  ...  +  P  =  nP  and 
27 
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©■-fT)"-a'—(vT 


=  (i-  +  ^-  +  3-....  +  „-,p=lQ 

(see  Ingenienr,  page  88),  vhence 

a:        P     r    «      n'  /a!\'l 

*  ~         2  ff"^       ' 
irhich  18  the  required  equation  of  the  elasiie  curve,  vheu  we  Bnppoee 
that  the  curratnre  ia  Dot  Tery  great 

If  we  Bubstitate  in  this  eqaation  x  =  l,ve  obtain  ioBtead  of  j/ 
tlie  height  of  the  arc  or  the  deflection 

While  the  tangential  angU  a  increases  with  the  force  and  with 
the  square  of  the  length,  the  deflection  increases  with  the  force  and 
with  the  cube  of  the  length. 

The  work  done  in  bending  the  body  is  determined,  since  the 
force 

p  _  8  WEa 

^  ~     e 

increases  gradually  with  tiie  space  described  and  its  mean  Talne  is 

1)T  the  expreeseioD 

If  a  girder  ABA,  Fig.  337,  whose  length  is  I,  itf  supported  at 
l)o&  ends  and  acted  on  in  the  centre  £  by  a  force  P,  the  ends  are 


bent  exactly  in  the  same  way  ae  in  the  case  jnat  treated,  bnt  in 
this  case  we  mnst  snbstitate  for  the  force  acting  a,i  A,   ^   P 
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and  for  the  length  of  the  aTcAB  =  '^AA  =  ll    Consequently 
the  equation  for  the  co-ordinates  A  K  =  x  and  K  S  =  yis 
_  Pxji  r  -jx')  _  P  a;  (3  r  -  4  a?') 


y  = 


I 


so  that  for  z  =  ^  (7  =  ^  the  deflection  is 

pr 


p? 


y  -  5  6'  -  a,  -  48~r^  "  ^«  '  %WE' 

ULy  one  sixteenth  of  the  deflection  of  a  girder  (Fig.  333)  loaded  at 
one  end  with  an  equal  weight 

If  in  the  first  case  the  elastic  curre  A  By  Fig.  336,  is  inclined  at 
a  small  angle  a^  to  the  axis  at  the  fixed  point  By  we  must  add  to 
the  former  expression  for  y  the  vertical  projection  of  the  portion  x 
of  the  tangent,  le.,  a,  Xy  so  that  we  have  for  the  ordinate 

p  (p  -  i  ^)\ 


and  for  the  deflection 

a  =  U, 


2  WE 


X 


PP 
3  WE 


) 


Fia.  Sd8. 


(§  2ia)  More  Osneral  Equation  of  the  Elastic  Curve.— 
A  more  exact  equation  of  the  curve  A  S  By  Fig.  338,  formed  by 
the  neutral  axis  of  a  deflected  beam,  can  be  deduced  in  the  follow- 
ing manner  by  the  aid  of  the  calculus. 
If  we  substitute  in  the  general  equa- 
tion of  §  216,  WB  =  Pxr  the  value 
of  radius  of  curvature  {from  Art  33  of 
the  IntrodtuAum  to  Calculus), 

ds' 
r=  — 


da^  d{tang.a) 
and  in  the  latter,  according  to  Art  32, 

ds  =  VI  +  {tang. ay  .dx, 
we  obtain 

WE  =  -  -P^^^[^  +  {tang.ay]^ 

d  tang,  a. 

When  the  girder  is  but  moderately  deflected,  the  angle  a  formed 
by  the  tangent  with  the  axis  of  abscissas  is  but  small,  and  we  can 
therefore  write 

[1  +  {tanif.  a)Tl  =  1  +  j  {tang,  ay, 
and  consequently 
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d  {tang,  a)  ' 

or  inversely 

Pxdx  •   dfang.a  ^^       ...  xn  •, /^  v 

From  the  latter  we  obtain 

S'ww  "=  ■" «/ ^  ^^^-  *)  ■*"  ^  y  (^^5^-  «)'  <*  (^«^- «)» 

or^  according  to  Art  18  of  the  Introduction  to  the  CalcnlnSy 

Pre" 
g  ^  ^  =  —  tewfl^.  o  +  i  {fang,  o)*  +  Om. 

But  at  the  rertex  B  the  cnrye  is  parallel  to  the  axis  of  abscissas 

and  a  =  0;  substituting^  therefore,  the  projection  C  A  =^  bo{  the 

elastic  line  on  the  axis  of  abscissas,  we  obtain 

FV 
o  j^„  =  —  tang.  0  +  ^  {tang.  0)*  +  Con.  =  0  +  Con. 

Subtracting  fi*om  this  the  former  equation,  we  have 

p  (J*  —  /p») 
2  jfT^      ^'tang.  a  -  ^  {tang.  a)», 

or  inversely,  for  the  tangential  angle  S  T N=^a^ 

ta^ng.a^     ^^^  '  +  i  {tang. ay 

P  (y  -  x^)         P"  {V  -  ix^y 
^     2  WE      "^  *     8  WE*   ' 

»,  1)  tang.a^  "YWE      V  +     8  V  ^'   Z" 

^9  =  (^+     8W'B'   )        %WE       '  '"'^ 

+  Cim. 
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Since  for  a?  =  0,  y  =  0,  we  haye  also  Con.  =  0,  and 

At  the  Tertez  x  =^  i  and  y  is  the  deflection  C  B  =  a,  and 
therefore 

From  df «  =  V 1  +  (te«^.  o)" .  rf  a;  =  [1  +  J  (tang,  o)']  d  x  we 
ohtain^  by  substituting  tang,  a  =  — ^     ^  ^    , 

LB,  the  length  of  the  are 

If  we  assume  2;  =  i,  we  have  the  total  length  of  the  girder 
Inrersely  we  have 

^^  *  =  ~~p^y~  =  (^  ~  IHFTg')  ^' 

^  UW*B* 
and  tiierefore 

~9WE\        15  J^'^V  V^  "♦"  "  •  W'  EV' 

p  r  /  p*  p  \ 

LB,     7)  a  =  3-^-^  (1  -  11^ .  W^'^7- 

Keglecting  the  members  containing  the  higher  powers  of 
P 
"Srny  ^^  obtain,  as  in  the  last  paragraph, 
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tang,  a 
for        X 


2  W 


PP 


i  a^)y  therefore, 
PP 


=  0,^an5r.a=--^Ppandfor2;  =  J  =  ty  =  a  =  --^^ 


§  219.  Flexure  Produced  by  two  Parallel  Forces.— If  a 

gii*der  A  Ai  B,  Fig.  339^  L  and  U.,  fixed  at  one  end,  is  bent  by  two 

forces  P  and  P„  whose  points  of 
application  A  and  ^,  are  at  a  dis- 
tance I  from  each  other,  while  the 
point  of  application  Ai  of  the  force 
Pi  is  at  a  distance  Ax  B^li  from 
the  fixed  point  P,  the  moment  of 
flexure  at  a  point  8  of  the  portion 

^  ^1  is 

M=z  Px, 

and,  on  the  contrary,  that  of  a 
point  ^1  in  the  portion  AiB\& 

Mi  =  P{1  +  X,)  +  P,  x,, 

in  which  x  and  Xi  denote  the  ab- 
scissas A  K  and  A^  Ky. 

In  order  to  obtain  a  clear  idea 
of  the  manner  in  which  these  moments  vary,  we  can  lay  off,  as  in 
n.,  their  difierent  yalues  for  the  different  points  as  ordinates,  E.O., 

i/"  =  y  =  iT  Z,  ifi  =  y,  =  ^1  X„  and  join  their  extremities  £,  Lx 
etc.,  by  a  line  A  L  H  Lx  G„  which  will  limit  the  ralnes  of  Jfand 
Mx  for  the  whole  length  of  the  beam. 

If  the  girder  were  subjected  to  the  force  P  alone,  the  line 
bounding  all  the  values  of  M  or  y  =  P  x  would  be  the  straight 

line  A  ff,  the  ordinate  of  the  extremity  0  of  which  is  B  G  =^ 

P .  AB  =  P  {I  +  lx).  By  the  addition  of  the  force  P,  the  por- 
tion H  Ooi  this  right  line  is  replaced  by  the  right  line  H  Gx,  whose 

extremities  ^  and  Gx  are  determined  by  the  co-ordinates  A  Ax  =  I 

and  A^=  P  I,  and  also  JTB  =  Z  +  ^  and  TGx  =  B~G  + 

GGx  =  P{1  +  lx)  +  P,  It. 

If  the  force  P  is  negative^  the  moment  ]lf=^y=  P  xotBk  point 

^upon  A  Ax  =  l  remains  unchanged,  while,  on  the  contrary,  that 
of  a  point  Kx  upon  Ax  B  becomes  if,  =  y,  =  P  (/  +  Xx)  —  P,  a?i, 
and  the  moment  of  flexure  at  the  flxed  point  P  is  =  P  (Z  +  7i)  — 
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P]  li,  and  it  is  positive  or  negative  as  P  (7  +  i^)  is  greater  or  less 
than  Pi  2i.  In  both  cases  the  moment  of  fleznre  decreases  grad- 
ually finom  Ai,  remaining  in  the  first  case,  Fig.  340,  positive,  and^ 

Fig.  840.  Fxo.  841. 


on  the  contrary,  in  the  second  case.  Fig.  341,  becoming  =  0  for  a 

PI 
point  0  at  a  distance  -4,  0  =  Xi=  ^ 5  from  Ai,  for  greater 

values  it  takes  the  negative  sign,  and  at  the  fixed  point  B  it  is 

=  -  [P,  i,  -  P  (/  +  h)l 
In  the  first  case  the  right  line  ff  Of,  Fig.  340,  IL,  which  repre- 
sents the  moment  of  flexure  at  a  point  E^  between  A  and  P,  passes 
below  the  base  line  A  B  and  ends  at  a  point  &i,  whose  ordinate  is 

B  Oi  =  P  (/  +  /i)  —  Pi  /,.  In  the  second  case,  on  the  contrary, 
the  right  line  H  (?„  Fig.  341, 11.,  rises  from  the  point  0  above  A  P, 
and  the  ordinates  become  ^1  £,  =  yi  =  —  [P|  a?i  —  P  (Z  +  a^i)] 
andP  <7i  =  fl,  =  -  [Pi  /i  -  P  (/  +  lx)l 

Since  the  radius  of  curvature  r  =  — jj^  of  the  girder  is  inversely 

and  consequently  the  curvature  itself  is  directly  proportional  to  the 
moment  of  flexure  M,  the  graphic  representations  in  II.  of  figures 
339,  340  and  341  furnish  us  also  a  representation  of  the  variation 
of  the  curvature  of  the  girder.  In  the  case  represented  in  Fig.  339, 
where  the  forces  P  and  Pi  acting  upon  the  girder  have  the  same 
direction,  the  curvature  increases  gradually  in  going  from  A  to  B, 
but  if  P  and  Pi  have  opposite  directions,  it  decreases  again  grad- 
uallv  as  we  recede  from  At. 


/ 
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I^  as  in  Fig.  340,  Pj  ^  <  P  (7  +  l^y  the  beam  is  bent  in  one 
direction  only ;  bat  if  Pi  Zi  >  P  ({  +  2i)>  there  is  no  flexnre  at  the 
point  A  and  also  at  a  point  0,  Fig.  343,  where  a  point  of  inflection 
is  formed  («e6  ArU  14,  Introduction  to  the  Calcultis),  and  from  0 


Fio.84d. 


K-^- 


towards  B  the  cnrvature  of  the  girder  gradually  increases  in  the 
opposite  direction.  If  in  the  second  case,  Fig.  342,  the  forces  P  and 
Pi  are  equal,  for  a  point  Ki  between  Ai  and  B, 

M-P{1  +  icO-Pa;,  =PZ 
is  constant,  and  the  curvatures  of  that  portion  ^i  P  of  the  girder 
is  the  same  everywhere,  I.E.,  the  elastic  curve  is  a  dreU. 

The  radius  of  curvature  of  the  portion  ^  ^i  is  determined  in 
all  three  cases  by  the  well-known  formula 

WE 


r  = 


Fx' 


and  that  of  the  portion  A^  Pi  in  the  first  case  by  the  formula 

_  WB 

and,  on  the  contrary,  in  the  second  and  third  cases  by  the  formula 

^' "  p  (/  +  xy)  -  Pi  x: 

WE 
When,  in  the  second  case,  P,  =  P,  n  becomes  =  -pj  or  con- 
stant, and  in  the  third  case,  where  Pi  i^  >  P  (/  +  /i),  for  the  point 

P  I 
0,  whose  abscissa  Xi  =  ^ p,  we  have  r,  =  oo  (infinitely  great). 
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WE 

and^on  the  contrary,  for  the  point  -4i,  r  =  "pT»  ^"^^  for  the  point  -B, 

WE 

According  as  P  Z  is  greater  or  less  than  Pi  ^  —  P  (Z  +  ^)  eta, 
i  i,  P  ^  r„  in  the  latter  case  we  have  r  g  r ,  or  the  curvature  at 
Ai  greater  or  less  than  that  i^t  B. 

§  220.  The  Elastic  Cnrve  for  Two  Force8.--The  equa- 
tions of  the  elastic  curve,  formed  by  the  axis  of  a  girder  subjected 
to  the  action  of  two  forces  P  and  Pi,  can  easily  be  deduced  from 
the  formulas  found  in  paragraphs  216  and  217. 

If  a  denote  the  angle  of  incli- 
nation of  the  elastic  line  at  A^y  we 
have  first  for  the  portion  of  the 
curve  A  Af^  Fig.  344,  I,  the  arc 
measuring  the  inclination  of  the 
same  at  S 

-,  .  P(P-g*) 

and  the  ordinate  K  S  corresponding 
to  the  abscissa  A  £^  =  x 

(compare  §  217). 

By  putting  a;  =  0  in  (1),  we  deter- 
mine the  angle  of  inclination  in  A 

^     PP 

^*  =  ^  ■*"  rwE^ 

and,  on  the  contrary,  by  putting  x  =  lin  (2),  we  obtain  the  ordi- 
nate at  J,  .  ^  ,  ,     pr 

A^G^a^aJ^^^^^. 

For  a  point  in  the  second  portion  of  the  girder  ^i  J?  the  mo- 
ment of  flexure  P  (i  +  ar,)  +  P,  a;,  =  P  J  +  (P  +  P,)  x,  is  com- 
]>08ed  of  the  two  parts  P  I  and  (P  +  Pi)  «„  one  of  which,  being 
constant,  bends  this  portion  of  the  beam  in  an  arc  of  a  circle, 

WE 
whose  radius  is  r  =  -^j  and  whose  angle  of  inclination  at  a  point 

iSsituated  a  distanced,  8i  =  x^  from  A  and  P  ^i  =  ?,  —  aji  from 
B  is  measured  by  the  arc 

^'         r     "        WE      • 
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The  inclination  at  8  of  this  portion  of  the  girder,  dne  to  the 

flexure   produced  by  the  moment 
(P  +  Pi)  Xiy  is  measured  by  the  aro 

^•-  '2WB 

and  consequently  the  total  inclina- 
tion at  the  same  point  is 

3)p  =  p,  +  p,  =  lJJk;pl 

,  (P  +  PQ  ih'  -  xi^) 

"*"  2  WB 

The  deflection  of  B  5^„  due  to  the 
gw^^  currature  in  a  circle  measured  by  ft, 

^!^^"""^---^jj       is  according  to  the  well-known  for- 
*   X.  mula  for  the  circle 

■^'  *•  -  "27 2W£      ' 

benoe  that  of  the  entire  piece  BAyii 

BC  -^^^' 

and  the  height  of  the  point  Si  above  Ai  is 

According  to  what  precedes  (§  217)  the  deflection  JTj  8i  = 
^^ ^  pJ^ — - — -   corresponds  to  the  angle   of  curvature 

ft  =r  ^ 2  ^^^* ^"^*  ^^^  *^®  *^^  deflection  is  therefore 

Substituting  in  (3)2?,  =  0,  we  obtain  the  angle  of  inclination  ft 
which  we  had  assumed  as  giyen,  and  its  value  is 

_  2Plh-h  {P  ^  P,)h^ 
2  WE 

Kow  if  we  substitute  in  (4)  rr,  =  7„  we  obtain  by  this  means  the 
deflection 

»  ^  -  .  -  3PfZ/  +  2(P+P0Z/ 
Finally,  the  total  deflection  of  the  whole  girder  is 


«i  = 
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uta,        a,i+  g   ^^+  ^  ^^ 

_      .       Fl{2P  +  Zl,')  +2{P  +  P,)l,' 

_     2 a.  P i^P  +  311,'  +  Zl,')  +  iP,l,' 
""'''*■  6  FF£' 

If  the  beam  A  B  is  not  horizontal  at  B,  but  inclined  at  a  cer- 
tain angle  )3„  we  must  add  in  (3)  (i,  to  (i,  and  in  (4)  to  y„  ^,  ar,. 

If  the  force  Pi  acta  in  an  opposite  direction  to  P,  we  must  sub- 
stitute in  the  fundamental  fonnulaa  (3)  and  (4)  P  —  P,  instead 
ofP+  P,. 

§  221.    airders  Snpported  at  One  End.— The  formulas 
of  the  foregoioj;  paragraph  are  applicable  to  numerous  cases  in 
practice.    If,  for  esam- 
^-  "^  pie,  a  girfer  A  B,  Fig. 

I  345,  is  at  one  end  im- 

1  bedded  in  a  wall  and 

^^iL  at    the    other    merely 

HH  supported,  the  questioo 

U9J  arises,  what  is  the  bend- 

ing force  at  A,  or  what 
force  has  the  support  at 
A  to  bear,  when  the 
beam  is  loaded  with  a 
weight  Pi,  suspended  at  an  intermediate  point  A,  F 

P  is  here  negative,  0,  =  0  and,  since  A  and  B  are  at  the  same 
level,  the  sum  of  the  deflections  .(7  ^,  =  a  and  C,  B  =  a„  is  =  0^ 

Jl£_ \  ,  ^  iPII.'  +  i{P-  P,)l,- _ „ 


LB.  la,  +  . 


or  Bince  a, 


Pll,  +  i(P-f,)i: 
' 'WE ■  " ''"" 


ppi,  +  HP-p,)i,'i  +  iPr  +  iPih'  +  HP-P:)''  =  o- 

From  this  it  follows  that 

„  _         (3  i  +  8  i,)  i;         P, 
i"  +  3  (P  (,+((,■)  +  (,■  2' 
KQ.,  for  I  —  l„  that  is,  when  /*,  is  applied  in  the  middle  of  the 
girder,  we  have  p  _  ^   p 

~  U    " 
Hence  the  moment  of  Hexnre  at  ^,  is 

Pl  =  ^,P.l. 
and,  on  the  contrary,  that  at  B  is 
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a,  = 


or  greater  tfaan  that  at  Ai. 

U  I  =  li  and  the  points  A  and  B  are  not  situated  upon  the 
same  level,  if,  for  example,  A  lies  a  distance  a,  higher  than  j&,  we 
must  put  a  +  ai  =  Of    But  in  this  case 
_  (3  P  -  PQ  ^^ 

2  H'jE'      ' 
.        PP         (11  P  -  3  PQ  r      , 

_  [3  P  +  2  (P  >-  P,)]  P  __  (5P--2P,)P 

^'  ""  6  WB  "        ^  W  E       ' 

hence  we  have 

(16P-5P0f_ 

6  fTiS'        *"    "* 

and  consequently  p  _  6  W  E  a^  j.  ^    p 

^  ""  ~16T~  ■*■  16  ^^' 

If  the  moments  at  A^  and  j?  should  he  equal  and  opposite, 

we  must  put  P  ?  =  P,  Z  -  2  P  Z, 


or 


3P=P„LE.P=y', 


in  which  case  we  must  make 

^  ""  6  W E"  1%  WE' 


P,  P 


If,  therefore,  the  end  of  the  girder  lies  0,0555  ^^tev  higher  than 

P  I 
By  the  moment  of  flexure  in  A  and  P  is  =  ±  -J—,  or  smaller  than 

o 

when  A  and  B  are  at  the  same  height 

With  the  aid  of  the  values  found  for  P  we  can  calculate  the 
radii  of  curvature,  the  tangential  angles,  etc.,  of  the  portions  A  Ai 
and  -4i  P  of  the  curve. 

§  222.  Fle:^are  of  a  Girder  snpported  at  both  Ends.— 

Another  case,  to  which  the  formulas  of  the  last  paragraph  are 
applicable,  is  that  of  a  girder  A  B,  Pig.  346,  supported  at  both  ends 


Fig.  846. 


A  and  B  and  acted 
upon  by  a  force  P„ 
whose  point  of  ap- 
plication Ai  is  at  a 
distance  I  from  one  of 
the  points  of  support 
Ay  and  at  a  distance 
li  from  the  other. 
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P  .  B  A  =  the  moment  Px.  B  A^ 

LE.  P  a    +    k)   =  Pi  ky 

and  consequently  the  preesure  on  the  point  of  support  A  is 

and,  on  the  contrary,  the  pressure  on  the  point  of  support  B  ia_ 

Since  A  and  B  are  situated  in  a  horizontal  plane,  we  have 

a  +  a,  =  0, 

and  the  angle  P  is  not  here  =  0,  but  is  a  negatire  quantity  C  B  Tx 
to  be  determined 
We  have  here 


and  also 


«  -  -  ^ '  +  Wis  ■*"  TW^ 


a,  -  -  ^ ;,  + ^p-^ , 


and  therefore  their  sum 

0(i  +  U)  -  e-^(2  p  +  6Pi,  +  eHi*  +  2//) 

or 

6  /J  (i  +  A)  PF^=P  (2  P+  6  P  Z,+6  Z  ^'  +  2  Z,*)  -  P,(3  W+  2Z,') 

=  [2?  +  6PZ,  +  6»,'  +  2?.'  -  (3?l,  +  2Z,')  (Z  +  I,)]  -P» 
from  which  we  deduce  the  angle  of  inclination  at  B 

_  pijiP  +  SU,  +  ?.')  _  p,n,(2r  +  3n,  +  ?,') 

'^  ~       6  (Z  +  Z.)  FT  j&'      ~       6  (/  +  hy  WE 
and  that  at  A 

I^  for  example.  Pi  is  suspended  in  the  middle,  we  have 

^  =  7andP=e  =  y', 
and  therefore 

With  the  aid  of  the  angle  j3y  thus  determined,  all  the  relations 
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of  the  flexure  of  the  girder  can  be  determined  by  the  formulas 
found  in  what  precedes. 

The  maximum  value  of  the  moment  of  flexure  is  for  the  point 
of  application  Ai,  and  it  is 

and  it  is  a  maximum  for  I  =  liy  le.,  when  the  weight  is  hung  in 
the^  middle,  its  ralue  is  then 

§  223.  A  uniformly  loaded  Oirder.— If  the  load  is  uniformly 

distributed  oyer  the  girder  A  B,  Fig.  347,  and  if  the  unit  of  length 

bears  a  weight  =  y,  or  the  whole 

girder,  whose  length  is  Z,  bears  the 

load  Q  =  I  q,  and  a  portion  of  the 

girder  A  S  =  s  the  load  q  «,  we  must 

substitute,  instead  of  the  moments 

12         3 

-  P  «,  -  P  8y-P  8.  etc.,  the  moments 

n         n         n 

for  the  centres  of  gravity  of  the  loads  ^^f-j,  ?(  —  ),  ?(  —  )  etc., 

lie  in  the  middle  of  -,  — , ,  etc,  and  their  arms  are  A  -,  i  — > 

n    n      n  n       n 

35 

i  — ,  etc     In  this  way  we  find  the  angles  of  curvature  of  the  ele- 
ments of  the  arc 

.  _  ,        q  g'       ^  _  1     ^* '  g  g*    >  __  I    y  »q  8*     . 

and  therefore  the  angle  of  curvature  of  A  S  =  sis 


4> 


—  3  •  ^t    ur  T?  (1*  +  ^*  +  3*  +  .  .  .  -f  W')  —  KZ.t'lirvf'  q" 


n'  WE 


2n*  WE   3 


"=  "eWE'  approximatively  =  ^^^ 


6  WE^ 
If  «  =  Z,  we  have  the  tangential  angle  TA  0  =  UTB  of  the 

end ^  /?  -.     9^    -  _?JL 

^""6  WE''  6  WE' 

and  therefore  for  a  point  S,  whose  abscissa  isAK^Xy 
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m    6  W  E^  '' 


From  the  latter  measare  for  the  angle  we  find  for  an  element 

of  the  ordinate  x x         q 

m 

substituting  instead  of  of  successively  (  —  hi  —  \  (  —  L  we 

obtain  the  required  equation  for  the  ordinate  K  8  =^  y, 

OX       /  •Uj'  \ 

Assuming  again  a;  =  ^  we  obtain  the  deflection 

6  WE  •  '  *  ~  8  WE  ~  8  WE  ~  *  '  3  W  E' 
IB.,  I  of  what  it  wonld  be,  if  the  load  acted  at  the  end  of  the  girder. 
The  ordinate  of  the  middle  of  the  girder  is 

^'  *"  12  WJE  \        32/  "■  12  .  32  W  U' 
hence  the  distance  of  this  point  below  the  horizontal  line  passing 
ihrongh  .B  is  __  _        17  q  I* 

y,^a-y,^  12732  Tr:^' 

and  therefore  the  mechanical  effect  corresponding  to  the  deflection 
a  or  to  the  sinking  {y^)  of  the  centre  of  gravity  of  the  load  Q  =:lq, 
when  Q  is  gradually  applied,  is 

L^^Qy,^hqly^^  24r3'2"  ZWE  "  24.32.  WE 
If  the  girder  is  acted  upon  simultaneously  by  a  uniformly  dis- 
tributed load  Q  and  a  force  P  at  the  end,  we  have  the  deflection 

^'^  ZWE  ■*■  8  WE  ""  \3    "^  8/   >F^* 
If  the  girder  A  B  Ay  Fig.  348,  is  supported  at  both  ends  and 
carries  not  only  the  weight  F  applied  at  its  centre,  but  also  the 

±r     \        Fig  84a  i  ^^^^  Q  =  ^9  uniformly  dis- 

^^)  *Cp+Q)      tributed  over  its  length,  we 

find  the  deflection  0  B  =  ahj 
substituting  in  the  expression 

\3   ^  8/   WE 
for  the  case  represented  in 
Fig.  847,  instead  of  P  the 
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P  +  Q 

pressure  or  reaction  — ^-^  at  the  extremity  A,  instead  of  Q  the 

load  —  ^,  which  is  equally  distributed  upon  one-half  B  A,  and 

instead  of  Z  half  the  length  of  the  girder  WJ  =  ^  ATA  =  i  I 
In  this  manner  we  obtain 


^  =  l"! 16/ 


=  (^^  +  10 


%WE  ^  ^"    "  ^"^'iSWI! 


Qf 


Fio.  848. 


If  P  =  0,  we  have  a  =  |  •  ^    ^,  that  is^  when  the  entire 

load  is  uniformly  distributed  upon  a  beam,  supported  at  both  ends, 
the  deflection  is  but  §  of  what  it  would  be,  if  the  load  was  sus- 
pended at  the  centre  of  the  girder. 

The  vmgM  O  of  the  beam  has  exactly  the  same  influence  upon 
the  deflection  as  a  load  Q,  which  is  equally  distributed,  and  there- 
fore enters  in  exactly  the  same  manner  into  the  calculation. 

§  224.  Reduction  of  the  Moment  of  Fleanire.— If  we 
know  the  moment  of  flexure  WiEoi  2k  body  A  B  C  Dy  Fig.  349, 

in  reference  to  an  axis  Nx  JV",  without  the 
centre  of  gravity,  we  can  easily  find  this 
moment  in  reference  to  another  axis  N  N, 
passing  through  the  centre  of  gravity  and 
parallel  to  the  firsi  If  the  distance  H  Hx 
-=1  K  Kx  between  the  two  axes  is  =  rf,  and 
if  the  distances  of  the  elements  of  the  sur- 
faces Fxi  Fty  etc,  from  the  neutral  axis 
JV  JV  are  =  i?,,  z^y  etc.,  we  have  their  dis- 
tances from  the  axis  JVi  iVi,  =  i  +  a^i,  i  +  jc^ 
etc,  and  the  moment  of  flexure  is 
W,  ^=  [Fx  {d  +  «,)•  +  j;(i  -f  z,y  +  ...]  E 

=  [Fx{d^  +  2dzx  +  Zx^)  -^Ft{d^  -f  2d«,  +  «,*)  +  •..]-& 
=  [d^(Fx  +  -P, -f...)  •¥2d{FxZx  +  ^,«,  +  ...) 

+  (FxZx*  •{•  F^Zt^  4-...)]^- 
But 

being  the  sum  of  all  the  elements  is  the  cross-section  ^of  the 
entire  body,  and 

Fx  Zx  -^r  F^  ^  +  •  •  • 

being  the  sum  of  the  statical  moments  in  relation  to  an  axis  pass- 
ing through  the  centre  of  gravity  is  =  0,  and 

{Fx  Zx'  +  Ftz^  +  ...)E 
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IB  the  moment  of  flexure  W  Ein  relation  to  the  nentral  axis  N  If; 

Gonsequentlj  we  have 

WiE  =  {W  +  Fd*)E,0T 

Wt=:W  +  Fd' 
and  inyersely 

W=  W^'-Fd\ 

Therefore,  the  measwre  W  of  the  moment  of  flexure  in  reference  to  the 
netUrcU  axis  is  eqiml  to  the  measure  Wi  of  the  moment  of  flexure  in 
reference  to  a  second  parallel  axis  minus  the  product  of  the  cross-' 
section  Fand  the  square  {d^)  of  the  distance  between  these  axes. 

From  this  we  see  that,  nnder  any  circumstances,  the  moment 
of  flexnre  in  relation  to  the  neutral  axis  is  always  the  smallest 
The  moment  of  flexure  of  many  bodies  in  reference  to  some  par- 
ticular axis  can  often  be  found  very  easily,  and  we  can  employ  it 
to  determine,  by  the  aid  of  ikhe  formula  just  found,  the  moment  in 
reference  to  the  neutral  axis. 

§  225.  JjeiC  K-x  mSiC  L  —  j/y  Fig.350,betheco5rdinates 

of  a  point  F,  referred  to  a  sys- 
tem of  rectangular  co-ordinates 

XX,  Yr,  and  let  C  M  =:  u 

and  CIf=  vhe  the  co-ordinates 
of  the  same  point,  referred  to  an- 
other system  of  rectangular  co- 
ordinates UU,VVy  and,  finally 
let  C^  =  r  be  the  distance  of  the 
point  jPirom  the  common  origin 
0  of  the  two  systems  of  co-ordi- 
nates; according  to  the  theorem 
of  Pythagoras  we  have 
aj»  4-  y*  =  w*  -f  v*  =  r*,  and  also 
Fof  +  Ff  =  Fu^  +  Fv"  =  Fr\ 
If  in  this  equation,  instead  of  F,  we  substitute  successively  the 
elements  F^,  Ff,  F^y  etc.,  of  the  entire  cross-section,  and  in  like 
manner,  instead  of  x,  y,  u  and  Vy  the  corresponding  co-ordinates 
Xi9  Xty  Xz,  etc.,  y„  y^  y,,  etc.,  w„  Wj,  Wj,  etc.,  and  v,,  Vf,  Vg,  etc.,  we  obtain 
by  addition  the  following  formulas 

FiX,'  +  i^,a^*  +  ...  +  i^iy,*  +  i^.y.*  +  ... 
=  FiU,*  +  F,u^^  +  ...  +  FiVi^  +  FiVt*  -f... 
=  Fi  r\  +  i?«  f  J*  +  . . ., 
and  if  we  denote 
28 


-X 
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Fto.851. 

V 


F^x^^  +  F^x^  +  ..  .by  S  (Fv^) 
F,y,'  +  F,y^+...hjl{Fy') 
^,w,*  +  i^,w,*  +  ...l)y2  {Fu") 
^1 V,*  +  FiVi*  +  ...by  l{Fv*)  and 
i^,  r,"  +  i?;  r,*  +  . ..by  S  (J^'r*), 
we  have 

77lere/(we  the  sum  of  the  measures  of  the  moment  of  fleomre,  in 
reference  to  the  two  ouees  X  X  and  Y  Y  of  one  system  of  axesy  is 
eqtud  to  the  sum  of  the  measures  of  the  moments  of  flexure,  in  refers 
ence  to  the  ttao  axes  of  another  system  of  axes,  and  equal  to  the 
measure  of  the  moment  of  flexure,  in  reference  to  the  origin,  i.bl 
equal  to  the  sum  of  the  products  of  the  elements  of  the  cross-section 
and  the  square  of  the  distances  from  the  axis  C, 

If  the  cross-section  A  C  (7„  Mg.  351,  of  a  deflected  body  is  a 
symmetrical  figure,  and  if  the  axis  XX  at  right  angles  to  the 

plane  of  flexure  ifl  an 
axis  of  symmetry  of 
the  figure,  there  will 
be  still  another  rela- 
tion between  the  mo- 
ments of  flexure  of  the 
body.  Let  8  K  ^  x 
and  K  F^  =  y  be  the 
3C  co-ordinates  of  an  el- 
ement of  the  surface 
Fi  in  reference  to  the 

system  of  axes  X  X 

and  Fr;andlet^2V 
=  t^  be  the  distance 
of  the  same  element 

from  the  axis   U  Uy 

which  forms  an  angle  X  S  {7=  a  with  the  first  axis  X  X,  we 
haye  then 

V  =  MF,  -  MN=  MFi  -  XL 
=  K F^cos.KF^M-'  S K sin> K 8 L  =^ y cos,a  —  xsin.Ot 
and  therefore 

v*  =  cc*  {sin  ay  +  y*  {cos.  a)'  —  2xysin  a  cos.  a, 
Fi  V*  =  {sin, ay  ^, x"  +  (cos. ay  Fi y*  —  sin. %a FiXy,  and 
2  {Fv^)  =  {sin  ay  S  {Fa^)  +  {cos.  a)'  S  {Ff)  -  sin.  2  a  S  {Fx  y). 
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In  conseqnenoe  of  the  Symmetry  of  the  figure,  every  element 
F^F^. . .  oonesponds  to  another  opposite  element  -P,,  -^t  •  •  •>  for 
which  tfy  and  consequently  the  entire  product,  is  negative ;  hence 
the  sum  of  the  corresponding  products  for  two  such  elements,  and 

also  the  whole  sum 

S  (  Fxy)  =  0, 
and  therefore  we  have 

S  (^t;")  =  (sin.  ay  1  (Ft?)  +  {cos.  o)*  S  {Fjf^  or 
W  =  {sin,  ay  Wi  +  {cos.  ay  W^ 
in  which  W  denotes  the  measure  of  the  moment  of  flexure  in  refer- 
ence to  any  axis  U  Uy  Wi  tiiat  in  reference  to  the  axis  of  symme- 
try XX and  W^  that  in  reference  to  the  axis  F  Fat  right  angles 
to  the  axis  of  symmetry,  provided  that  the  axes  U  U  and  JT  F  as 

well  as  the  axis  of  synmietry  X  X  pass  through  the  centre  of 
gravity  S  of  the  figure. 

By  the  aid  of  foregoing  formulas  we  can  often  find,  from  the 
known  moments  of  flexure  of  a  body  in  reference  to  a  certain  axis, 
its  moment  of  flexure  in  reference  to  another  axis. 

■ 

§  226.  Moment  of  Flezure  of  a  Strip. — ^In  order  to  find 
the  moment  of  flexure  of  a  known^ross-section  A  J?,  Fig.  352, 1, 
of  a  body  in  refereooe  to  an  axis  X  Jf,  let  us  imagine  the  cross- 
section  divided  by  lines  perpendicular  to  X  X  into  small  strips 
and  every  such  strip  as  (7  J  to  be  divided  again  into  rectangular 
elements  -P,,  F^  /"„  etc-  If  %^y  Zj^t>  etc  are  the  distances  {CF)oi 
these  elements  from  the  axis  X  X,  we  have  the  measure  of  the 
moment  of  suoh  a  strip 

F^  z,^  +  F^z^^  -^  F^zf  +  ... 
^  F^Zi.Zi  •¥  F^z^.Zi  ^^  FtZ^.Zt  +  . .. 
Now  if  we  lay  off  in  Fig.  352,  II,  A  B  dA,  right  angles  to  and 

equal  to  (7  ^,  and  join  B  and 
(7  by  a  straight  hne,  it  cuts 
off  from  the  perpendiculars  to 
C  Ay  erected  at  the  distances 
{C  F)  =  Ziy  Zi,  Zs,  etc.,  pieces 
of  the  same  length  (jP  (?)  = 
s^9  ^  «8>  ^tc.9  and  F^  2;,,  F^  z^ 
ei<^  can  be  regarded  as  the 
volumes  of  prisms,  and  Fx  Zt.z^y 
FfZ^.Zfy  etc.,  as  their  statical 
moments  with  reference  to  the 
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axis  C.  The  prisina  F,  «i,  F,  x„  eta,  howeYer,  form  together  a  tri- 
angular prism,  whose  base  \%  A  B  G,  and  Those  height  is  the 
width  of  the  strip  A  C  {I);  the  sum  of  the  above  statical  momenta 
is  therefore  eqaal  to  the  momeat  of  the  prism  A  B  Cm  reference 
to  the  axis  XX.  If  we  pnt  the  height  C  A  =  z  and  the  width  of 
the  prism  =  h,  we  have  the  volume  of  snch  a  triangular  prism 

and  since  the  distance  of  the  centre  of  gravity  from  C  is  J  «  (see 
g  109),  we  have  the  statical  moment  of  the  above  prisms,  and  con- 
sequently the  measure  of  the  moment  of  flesnre  of  the  strip  C  A 
W  =  ih^  .%x=  \h^. 
In  order  to  find  the  moment  of  flexure  of  the  entire  cross-sec- 
tion A  D,  we  have  only  to  add  together  the  moments  of  flexure  of 
the  strips,  such  a&C  A,  into  which  the  entire  sariace  is  decomposed 
by  the  perpendiculars  to  the  axis  XX. 

The  most  simple  case  is  that  of  a  rectangular  cross-section 
A  B  C  D,  Fig.  353.    The  stripe  into  which  the  surlace  is  divided 
are  here  all  of  the  same  size  and  form  to- 
Fio.  858.  gether  but  a  single  strip,  whose  width  A  D 

=  his  that  of  the  entire  rectangle..  If  the 
height  A  B  oi  this  rectangle  ia  =  A,  we 
have  for  the  height  of  a  strip 

conseqnentlj  the  measure  of  the  moment 
of  flexure  of  htdf  of  this  surface  is 


i'©" 


finally,  the  measure  of  the  moment  of  the  entire  rectangle  is 

24         12 
g  227.  Moment  of  Flexure  of  ■  Girder,  whose  Fona  is 
that  of  a  Parallelopipedon.— From  the  foregoing  we  see  that 

the  TTUmient  of  flexure  of  a  paToMehpipedical  girder  W  E  =  -jy  E 

increases  with  the  width  and  with  the  cube  of  the  height  of  the  girder. 
Substituting  this  value  for  IF  £  in  the  first  formula 

we  obtain  the  deflection  of  a  girder,  whose  cross-sectioD  is  rectangu- 
lar, and  which  \&  fixed  at  one  end. 
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Sabstitatmg  it  in  the  second  formula  of  the  same  paragraph 

^  ■"  48  W  E' 
we  have  for  a  ieam  supported  at  both  ends 

FP 

^^  ^bh*E' 
Inyersely,  from  the  deflection  a  we  obtain  in  the  first  case  the 
modaluB  of  elasticity         r?  __  ^  ^  ^ 

and  in  the  second  *,        P  P 

E  ^ 


^abhT 

ExAMFi.E — 1)  A  wooden  girder  10  feet  =  120  inches  long,  8  inches 
wide  and  10  inches  high  is  supported  at  both  ends  and  carries  a  uniformly 
distributed  load  of  Q  =  10000  pounds ;  how  much  will  it  be  bent  ? 
The  deflection  is 

_   _C  P 10000  .  120'  _  60000  .  12»  _  1350000 

135 
Substituting  E  =  1560000,  we  have  a  =  t— .  rn  =  ^j^^^  inches. 

2)  If  a  parallelopipedical  cast-iron  rod,  supported  at  both  ends,  is  3 

inches  wide  and  )  an  inch  thick,  and  is  deflected  |  of  an  .inch  by  a  weight 

P  =  18  pounds  placed  upon  it  at  its  centre,  tlie  distance  of  the  supports 

from  each  other  being  5  feet,  the  modulus  of  elasticity  is 

PP              18.60*            18.60* 
E  =  2 — jT-n  =  1 — i — w-7TCt  =  — ^t =  72. 216000=15552000  pounds. 

§  22a  Hollow,  Double- Webbed  cr  Tubnlar  Girders.— 
The  moment  of  flexure  of  a  hollow  parallelopipedical    girder 

A  B  C  D,  Pig.  354,  is  determined  by  subtract- 
ing from  the  moment  of  the  whole  cross-sec- 
tion the  moment  of  the  hollow  portion.  If 
A  B  =  b  and  i?  C  =  A  are  the  exterior  and 
-4,  Bi  =  J,  and  5,  (7,  =  A,  the  interior  width 
and  height,  we  have  the  measures  of  the  moi 
ments  of  flexure  of  the  surfaces  A  C  and  Ai  Of 

-  "12  '^*  I2-' 
and  consequently  by  subtraction  the  meaeure  oj 
the  moment  offlanire  of  the  tubular  girder 

„  -         13       • 
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The  moment  of  flexure  of  the  dngh-webbed  girder  A  B  C  D, 
Fio  855  ^'&  ^^^>  ^  determiiied  in  esoctly  the  same  man- 

ner. "[£  A  B  =  b  and  B  C  =  h  are  the  exterior 
height  and  width,  and  if  A  B  —  A,  B,  =  b,  and 
B,  C,  =  A,  are  the  sum  of  the  widths  and  the 
height  of  the  two  cavities,  we  hare  by  sabtiso- 
tion 

^_bli'-h,  h,' 


~~         13 

The  moment  of  flexure  of  the  body  A  B  C  D,  Pig.  85«,  the 

croBB-section  of  which  is  a  cross,  is  found  in  a 

^^-  8*8-  .       similar  manner.    If^_S  =  Jand5£7=Aare 

^^■^  the  height  and  width  of  the  central  portion,  and 

H  A,B,-  A  B  =  b,  iB  the  sum  of  the  widths, 

^^^^^^      and  B,  C,  =  £,  the  height  of  the  lateral  por- 

"~W^^^M~^    tjons,  we  obtain  by  addition  the  measure  of  the 

^  H      *-      moment  of  flexure 

In  the  same  manner  we  can  determine  the  moments  of  flexnre 
of  many  bodies  which  occur  in  practice.  Thnsforabody^ifi,  CD, 
Fig.  357,  with  a  T-shaped  oroes-eection,  whose  dimensions  are 
AB=  CD  =  b, 
Tio.m.  AB-A,B,  =  AA,  +  BB,  =  b„ 

AD  =  BC=hmA. 
A  D,  =  BC,  =  BC-  CC,  =  k„ 
the  mcasnre  of  the  momept  of  flexnre  ia 
reference  to  the  lower  edge  A,  Btie  =:  mo- 
mentof  the  rectangle^  B  Ci>mii]n8 moment 
of  the  rectangles  A,  D,  and  B,  C'„  i.e, 
ir-i  M?_^'_i  b,{^h,y_bh'-b.h,' 
"1-3-     13  3-      13       -         8       ■ 

These  moments  are  found  by  assuming  each  of  these  rectangles  to 
be  the  half  of  rectangles  twice  as  high ;  for  these  the  axis  X'l  if,  is 
the  nentral  axis. 

Now  the  surface  A,  C,  D  =  F=bk  —  b,hu  and  its  statical 
moment  is 

F.e,  =  b 
conseqnently  the  lever  arm  is 
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the  prodnot 

F.e,*  =  l  {bV  -  J,  W  :  (J  A  -  J,  A,) 

aad  the  measure  of  the  moment  of  flexure  of  the  body  in  reference 

to  the  neutral  axis  N  Ji,  passing  through  the  centre  of  gravity  8»  is 

W^W^^F.  e:  =  ^*'^*'^'  -  i  {iV  -hh:y  :  {fih  -  J, A,) 

_4(&A'-},A/)  {bh-hxhx)-Z{bV-h,h,y 

^  12(ftA-*,A0 

__  (»  y  -  »,  *»*)«  -  4  ft  A  &,  Ai  (A  -  AQ' 

■"  12  (J  A -J,  A,) 

It  is  also  easy  to  perceire^  that  the  high  webbed  and  flanged 
girders  have,  for  the  same  quantity  of  material^  a  greater  moment 
pf  flexure  than  the  wide  and  massiye  ones.  Since  this  moment 
increases  with  the  surface  {F)  and  with  the  square  (s?)  of  the  dis« 
tance  from  the  neutral  axis,  the  same  fibre  is  better  able  to  resist 
the  bending  the  farther  it  is  removed  from  the  neutral  axis.  If, 
ibr  example,  the  height  of  a  massive  parallelopipedical  girder  is 
double  the  width  by  the  measure  of  moment  of  flexure  is  either 

the  first  formula  obtaining,  when  we  place  its  greater  dimension 
2  b  vertical,  and  the  latter,  when  it  is  placed  horizontal ;  in  the 
first  case  the  moment  of  flexure  is  four  times  as  great  as  in  the 
second.  If,  again,  we  replace  the  solid  girder,  whose  cross-section 
is  ft  A  by  a  double  webbed  one,  in  which  the  hollow  is  equal  to  the 
massive  part  of  the  cross-section  fti  At  —  ft  A,  or  if  ft,  A,  —  ft  A  =  ft  A, 
LB.,  ft,  Ai  =  2  ft  A,  or  ft,  =  ft  V  %  and  A,  =  A  /T,  the  measure  of 
the  moment  of  flexure  for  the  latter  girder  is 

ftt  A/  -  ft  A'  _  ft  V~%{h  VHy-^bV  _  J,  X  xa 
12         "•  12  -fioii 

LB.,  tiiree  times  as  great  as  for  the  first  oneu 

§  929.  Triapgnlur  GMrders.— The  measure  of  the  moment  of 
flexure  of  a  body  with  a  triangular  cross-section  A  B  Cy  Pig.  368, 
can  be  found,  in  accordance  with  what  has  been  stated  in  the  last 
paragraphs,  in  the  following  manner. 

The  measure  of  the  moment  of  flexure  for  the  prism  with  a  rec- 
tangular cross-section  A  B  C DiSy  when  we  retain  the  notations 

of  the  next  to  the  last  paragraph,  =  ^^^  ^^'^  consequently  that  of 
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Y.-Y 


its  half  with^e  ixiangnlar  cross-section  A  B  Cm  reference  to  the 
central  line  i^i  Ni  is 

^'  -  ^  12  ""  24^ 
But  the  line  of  gravity  JV  JVof  the 
triangle  is  at  a  distance  \  A  B  =  ^h 
from  the  central  line  or  line  of  gravity 
Ni  Ni  of  the  rectangle,  and,  therefore, 
according  to  g  224,  the  measure  of  the 
moment  in  reference  to  JTH  is 

■"36  ~  '  •  12  ' 
The  measure  of  the  moment  of  flexure  W  of  a  girder  with  a 
triangular  cross-section  is  but  one-third  of  the  measure  of  the  mo- 
ment of  flexure  of  a  parallelopipedical  one,  the  cross-section  of 
which  has  the  same  base  and  altitude.  But  since  the  latter  girder 
has  but  double  the  volume  of  the  former,  it  foUows,  that  for  equal 
dimensions  the  moment  of  flexure  of  a  triangular  girder  is  but  | 
that  of  a  rectangular  one. 

For  the  axis  Zi  Z^  passing  through  the  base  B  C7,  the  measure 
of  this  moment  is 

and  for  the  axis  Z  Zy  passing  through  the  edge  A^ 


r.=r.e^rv'= 


JA«       4}A»       IV 


36    '      18  4 

These  formulas  do  not  require  the  cross-section  to  be  a  right- 
angled  triangle.  They  hold  good  for  any  other  triangle  A  B  Cy 
Fig.  859^  whose  base  J9  C7  is  at  right  angles  to  the  bending  force 

P;  for  it  can  be  de- 


Fio.  859. 


II. 


A  B  Cf&o  that  we  have  for  this  triangle 


composed  into  two 
right-angled  trian- 
gles ^  2>  ^  and  ^  (7D 
J?  whose  bases  BD^  hi 
and  D  C  =^  ii  form 
together  the  base  B  0 
=  b  of  the  triangle 
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H'  =  j'g  5,  A'  +  ,'j  5,  A'  =  3 


■,  +  b,)  k' 


bh' 


It  ia  also  of  do  importance  whether  the  base  £  C  lies  above  or 
bebv  the  axis,  le.,  whether  it  is  placed  as  in  I  or  IL  The  mo- 
ment of  ilexore  in  both  cases  is 

when  the  modulus  of  elasticity  for  extension  is  the  same  as  that  for 
compression.  The  same  formulas  can  also  be  employed,  when  the 
cross-section  is  a  rhomb  A  B  C  D,  Fig.  360,  with  the  horizontal 
diagonal  B  D.  If  S  i)  ^  *  is  the  width  and  ^  C=hthe  height 
we  have  for  the  body  with  this  crosa-section 

LE,  one  qnarter  of  the  measure  of  the  moment  of  a  girder  with  a 
rectangular  cross-section  of  the  same  height  and  width.  From  this 
it  follows,  that  for  a  double  trapezoid  ABED,  Fig.  361,  the  height 
of  which  is^  C=  BD  =  A,  the  exterior  width  ^  B  =  CD  =  b 
and  the  interior  width  E  F  —  b,. 


bh' 


-  (ft  -  ft,) 


48" 


.  (3  ft  +  ft,)  A' 


§  230.  Pol^:oQal  Oirdera. — The  foregoing  theory  can  be 
applied  to  a  .body  with  a  regular  polygonal  cross-eection  ACE, 
Fig.  362,  whose  neutral  axis  ^  ^is  at  the  same  time  an  axis  of 
symmetry.  Since  snch  a  polygon  can  be  resolved  into  triangles, 
having  a  common  vertex   iS>  the  determination   of  its  moment 
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Fig.  863 


consists  essentially  in  the  calcnlation  of  the  moment  of  flexnre  of  one 
of  those  triangles  A  8  B.  It  we  denote  the  side  AB=:^B  0:=  CD 
of  the  polygon  or  thd  baae  of  one  of  the  triangles  composing  it  by  $ 

and  the  altitude  8  K  ot  the 
same  by  A>  we  have  the  measare 
of  its  moment  of  flexure  in  ref- 
erence to  the  axis  JTX 

•"  ^  •  12"  "■  48  ' 
on  the  contrary,  this  moment 
in  reference  to  a  second  axis 

4' 


r  Fis  = 


and   conse- 


=  T  ('•  -  5> 


qncntly  the  sum  of  these  two 
moments  is 

4    "^  48 

This  sum  holds  good  (according  to  g  225)  for  eyery  other  tiian- 
gle,  and  therefore,  for  a  polygon  of  n  sides,  we  haye 

8  h 

when  its  area  n  .  -^,  is  denoted  by  F. 

If  we  designate  the  angle  A  8  X  bj  a,  the  measure  of  the 
moment  in  reference  to  the  axis  A  8  Lis 

=  W,  {sin.  ay  +  F.  {cos.  o)' ; 
but  the  latter  is  also  equal  to  the  measure  of  the  moment  Wi  in 

reference  ix^KSDorXX^  and  therefore  we  have 

Wi  =  Wy  {sin.  ay  -f  W;  {cos.  a)% 
or  W,  [1  -  {sin.  o)']  =  W,  {cos.  a)\ 

LB.  Wx  {cos.  ay  =  Wi  {cos.  a)*,  and  consequently 

W,  =  Hv 

For  an  axis  U  U,  forming  an  arbitrary  angle  X  8  U  =^  <t>  with 

the  axis  X  Xof  symmetry,  the  measure  of  the  moment  is 
W  =  W,  sin.^  <t>  -h  }\\  cos}  0  =  \\\  {sin.^  i>  4-  cos.*  (fy  =  IT,. 
Now  if  we  substitute  in  the  above  equation 

JF,  +  IT,  =  y  (/*•  +  -^),  W=  Wr  =  W^ 

we  obtain  for  any  arbitrary  axfs  of  a  regular  polygon  the  measure 
of  the  moment  of  flexure 
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}F=Tr,  =  f;  =  ^(v  +  ^), 


or,  pattiBg  the  raiUiis  of  the  polygon  8  A  =  S  B  ^  r  and  there- 
fore  A'  =  r*  —  -J-, 


--i(-iy 


§  231.  Cyliadxical  or  Elliptical  Oirdera— For  the  circle, 
considered  as  the  polygon  of  an  infinite  number  of  infinitely  small 
sides,  8  =  Oy  and  therefore  the  measure  of  the  moment  of  flexure 
of  a  cylinder  is 

Tr=  ^r*  =  ^*  =  0,7854  t". 
4  4 

For  a  hollow  cylinder  or  tube,  whose  exterior  radius  is  f]  and 

whose  interior  one  is  r^,  we  have  by  subtraction 

4  -  4  ""4 


b  *  m 


2 
in  which  F  =  ir  {r*  —  r,*)  denotes  the  area  of  the  ring-shaped 

cross-section,  r  =  ■'  ^    '  the  mean  radius  and  b  =^  Ti  --  rt  the 

thickness  of  the  wall  of  the  tube.    The  horizontal  diameter  divides 

the  entire  circle  B  B,  Fig.  3G3,  into  two 
semicircles  A  D  B  and  ABB,  and  the 
measure  of  the  moment  for  such  a 
semicircle  in  reference  to  the  diameter 
ABiB 

But  the  distance  of  the  centre  of 
gravity  S  of  the  semicircle  &om  the 

4  7* 

centre  C  of  the  circle  ia  CjS  =  q—  (see  8  113),  and  therefore  the 

o  ff 

measure  of  the  moment  for  the  parallel  axis  NNi& 

while,  on  the  contrary,  for  the  semicircle,  whose  diameter  is  vertical, 
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W=~  =  0,3927  r\ 

O 

In  reference  to  an  axis  N  JV,  which  forms  an  angle  N  S  X  =  a 
with  the  axis  of  symmetry  C  D,  Fig.  364,  the  measure  of  the 
moment  of  the  semicircle  is 

=  (0,3927  sin.*  a  +  0,1098  cos.*  a)  r\ 

Fio.  364.  Fig.  865. 

A 


B  X 

Prom  the  formula 


for  the  measure  of  the  moment  of  flexure  of  the  full  circle,  that  of 

an  ellipse  A  B  A  B,  Fig.  365,  is  easily  deduced.    In  consequence 

of  the  relation  of  the  ellipse  to  the  circle  given  in  Ari  12  of  the 

Introduction  to  the  Calculus,  when  A  B^  A  B^  represents  a  circle 

whose  radius  C  A\b  equal  to  the  major  semi-axis  a  of  the  ellipse, 

and  when  the  other  semi-axis  C  B  of  the  ellipse  is  represented  by 

D  E 
J,  we  have  the  ratio  -tt^et  of  the  width  Z>  ^  of  an  element  of  the 

JJi  Ml 

ellipse  to  that  />i  E^  of  a  similarly  placed  and  equally  high  element 

of  the  circle 

_  BB  _  GB  _h 

"  B,B,  "  ~CB,  "■  a 
But  since  the  moment  of  flexure  of  such  a  strip  increases  with  the 
simple  width,  the  moment  of  a  strip  D  E  of  the  ellipse  is  to  that 
of  the  corresponding  strip  of  the  circle  as  }  is  to  a,  and  conse- 
quently the  measure  of  the  moment  of  flexure  of  a  body  with  an 

elliptical  cross-section  is  equal  -  times  that  of  a  body  with  a  circuf 


a 


lar  cross-section,  le. 


a 


'!Ta 


§282.]    ELASTICITY  AND  BTBEKGTH  OF  FLEXUBE.  ETC         445 

If  this  body  contains  hIbo  an  elliptical  hollow,  the  semi-axes  of 

whioti  are  Sj  and  &„  we  have  for  tliie  body 

'^{a'b-  a:  6.) 
rr  -  ^ 

If  a  body  with  a  rectangular  cross-section  has  an  elliptical  koU 
low  aronnd  its  axis,  or,  as  is  represented  in  Fig. 

Fio.  366.        366,  has  an  elliptical  cavity  on  the  side,  we  have 
the  meaanre  of  i(£  moment  of  flexure 
S  A'       rrVft, 

^  -  Ta"  ~  ~V 

b  and  h  denoting  the  length  A  B  uid  the  height 
A   A    =   B  B  0!  the  rectangular  croea-section 
ABBA,  and,  on  the  contrary,  a,  and  b,  the 
semi-aices  C.fi'and  C  Fof  the  semi-elliptical  hol- 
low D  FE. 
§  232.  The  measure  IT  of  the  moment  of  flexure  of  a  cylinder 
or  a  segmeait  of  a  cylinder  may  be  determined  very  simply  in  the 
following  manner.   We  divide  the  quadrant  A  D  0  ai  the  segment 
of  the  cylinder  A   0  B  N,  Fig.  367,  into  n  equal  part«,   paaa 
through  the  pointa  of  division  vertical 
planes,  such  ta  D  E,  F  G,  etc.  and  de- 
termine the  moment  of  flexure  for  each 
one  of  the  slices  D  E  F  G,  which  we 
consider  to  be  right  parallelopipedons. 
The  sum  of  the  moments  of  these 
slices  gives  the  moment  of  flexure  of  the 
semi-cylinder  A  0  B,  and  by  doubling 
this  moment  we  obtain  the  moment  of 
flexure  of  the  entire  cylinder.    If  r  de- 
notes the  radius  C  A  =  C  0  of  the  cir- 
cular croBS-section  A   0  B  If,  a  division  Z>  C  of  the  arc  = 
-•-„■=  5 — ,  and  in  consequence  of  the  similarity  of  the  triangles 

D  Off  and  CD  K,ve  have  for  the  thickness  ^  £  of  the  slice  of 
the  cylinder  D  BF  G  =  %D  0  LK 

KD     TT  ff       -=^ 


Fio.  367. 


KL^GH^^.DG-^. 


Now  according  to  the  formula  of  g  226,  the  measure  of  the  moment 
of  flexure  of  the  slice  D  E  F  0\& 

_  KL.  (2  KD)'  _  _ 

12  12  '  2  »  ■ 


.KD'  = 


-KD\ 
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If  we  put  the  variable  angle  A  C  D^  which  determmes  the  dis- 
tance of  the  slice  from  the  vertical  diameter,  =  ^,  we  obtain  the 
ordinate  or  half-height  of  the  shoe,  D  K  =  r  cos.  0,  and  therefore 

the  last  measure  of  the  moment  of  flexure  can  be  put  =  ^ —  (cos*  <t>y 

3  «  ^        ^' 

_7rr*3  -h  4:COS.2<t>  +  CQ&40       ,        .w_3+ 4co«.204-co«.40 

~  3li  8  '■  ^  ^'^^'  *^  " "8 

(see  the  "  Ingenieur/'  page  167).    In  order  to  fiaid  the  measurer  of 

the  moment  of  flexure  for  the  semi-cylinder,  we  must  substitute  in 

the  factor  3  +  4  cos,  2  ^  +  cos.  4  <t>,  for  <t>  successively  the  values 

TT  IT  TT  TT 

1 . 5 — ,  2  .  ^ — ,  3 . 5 — ,  to  n  .  ^ — ,  then  add  the  results  found,  and 

finally  multiply  by  the  common  factor  5-7—.    Now  the  number  3 
added  n  times  to  itself  gives  3  n,  the  sum  of  the  cosines  from  0  to  tt 

•  •  •  TT 

is  =  0,  since  the  cosines  in  the  second  quadrant  -^  to  tt  are  equal 

and  opposite  to  the  cosines  in  the  first  quadrant  0  to  ^,  and  the  sum 

3 

of  the  cosines  in  the  third  quadrant  it  to  ^  n  cancel  those  in  the 

3 

fourth  quadrant  5  tt  to  2  tr ;  therefore  the  measure  of  the  moment  of 

flexure  of  the  semi-cylinder  is 

and  that  of  the  entire  cylinder  is 

IF  =  ^  =  0,7854  r%  or 

fT  =—  =  0,04909  <?, 

rf  =  2  r  denoting  the  diameter  of  the  cylinder. 

(Rtcmark.)— If  we  employ  the  formulas  of  the  Calculus,  d  ^  denotes  an 

element  of  the  arc  d,  and  the  element  D  G  ^  ^r-^r  6  01  hence  the  meas- 

ure  of  the  moment  of  the  element  B  E  F  Q  oi  the  surface  is 
2df.r*^        ..        2f*(2  0 /3  +  4aM.  2  0  +  009.  4  ^\ 

=___(«^^)  =_-_^-. 8 ; 

=  :r^(3 +  40O«.2^  +  <^.4^)^^r= --•(8<Z0  + 4aM.2^^  +  e0t.4^  d^) 

=  ?o  r3<^^  +  2(»«.  2^(f(2^)  +  J<»«.4  0<J(4^)1, 

I 
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md  oonseqaently  that  of  the  portion  A  B  JSDaf  the  cylinder  is 
ir=  jr  (sfd^+^JcoB.  2  ^  (?(3  if)  +  Ijoos.  4  ^<?  (4  <f)\  i-a. 

ir=Tx(8^  +  2  m.  2^  +  iMri.4^).    (Bee  Introduetion  to  the  OaknHm^ 

186,  L). 

Bubetitating  ^  =:  -,  m.  2  ^  =  i^  ir  =  0,  and  nn.  4  ^  =  «».  2  ir  =:  0, 

and  doubling  the  result  obtained ,  we  have  the  measure  of  the  moment  of 
fleznie  of  the  entire  cylinder 

"^  ~  12  •  2  •  4  • 

For  the  segment  2>  0  i^,  on  the  contrary,  we  have 

ff  —  2  ^       /2  <<».  2  ^  4-  i  m>4f 


=['-^-^ 


12 


')] 


=  [6  (tt  —  2  ^)  —  8  itti,  2  ^  —  w».  4  ^]  jg. 

By  simple  subtraction  we  obtain,  by  means  of  the  latter  formula,  the 
measure  of  the  moment  TTof  a  board  D  E  F  Gof&  finite  thickness  KL, 


Fio.  868. 


(§  233.)  Beams  with  Curvilinear  Cross-sections. — The 

measnre  of  the  moment  of  flexure  W  of  bodies  with  regular  curvi* 
linear  croas-sectuyns  is  determined  most  Burely  by  the  aid  of  the 
calcolns.  For  this  puipose  we  decompose  such  a  surface  A  N  Py 
Fig.  368,  by  ordinates  into  its  elements,  and  we  determine  the 

moments  of  such  an  element  in  reference  to 
the  axis  of  abscissas  A  Xand  also  in  refer- 
ence  to  the  axis  of  ordinates  A  T. 

If  :p  is  the  abscissa  A  iVand  y  the  ordi-* 
nate  N  Py  we  have  the  area  of  an  element 

d  F  =  y  dx 

(see  Introduction  to  the  Calculus,  Art.  39) 
and'  therefore  the  measnre  of  the  moment 
of  flexure  in  reference  to  the  axis  A  X 

dW^^\^.dF^\itix 

(see  §  226),  and,  on  ihe  contrary,  that  in  reference  to  the  axis  A  T 

d  Wt^  af  y  dXf 

since  all  points  of  the  element  are  at  the  same  distance  x  from  A  Y. 
By  integration  we  obtain  for  the  whole  surface  A  N  P  ^  F 
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and 

Wi=^  J  a?  ydx. 

If  we  have  detennined  (according  to  §  115)  the  centre  of  gravity 
of  the  surface  A  N  P  and  its  co-ordinates  A  K  ^u  and  K  S  ^v, 
we  find  the  measures  of  the  moments  of  flexure  in  reference  to  the 
axes  passing  through  the  centre  of  gravity  and  parallel  to  the  co- 
ordinate axes  by  putting 

and 

B.G.,  for  a  parabolic  surface  A  N  P,  whose  equation  is  y*  =  jp  a:, 

we  have  {according  to  Art  29  of  the  Introduction  to  the  Calculus) 

F  =z  \xyy  and  {according  to  §  115) 

u  =^  %x  and  v  ^  ly^ 
hence 

Since  also  fix)m  y^  ^  pXy  it  follows,  that  a?  =  -^  and  d  x  =^ 

and 

3    2  «       3  .^7  « 

7    3^  7 

Finally  we  obtain 


and 
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Fig.  869. 

V 


For  a  symmetrical  parabolic  surface 
A  D  B,  Fig.  369,  whose  cord  AB  =  s  and 
whose  altitude  C  Z)  =  A,  we  can  put  the 
measure  of  the  moment  in  reference  to  the 
axis  of  symmetry  X  X 

while,  on  the  contrary,  that  in  reference 
to  the  axis  T  Yat  right  angles  to  it  re- 
mains 

12    „,.        8 


W,= 


Ffi'  = 


Vs. 


Fig.  370. 


175  -  "  -  175 

§  234.  Cnrvilinear  Cross-sectioiia— K  we  are  required  to 
calculate  the  moment  of  flexure  of  a  body,  whose  cross-section 
forms  a  compound  or  irregular  figure,  we  must  either  divide  this 
cross-section  into  parts,  for  which  the  measure  W  is  already  known, 
or  we  must  decompose  the  same  by  vertical  lines,  calculate  the 
measures  of  the  moment  of  flexure  of  these  strips  {according  to 
§  226),  and,  finally,  add  these  values  together,  in  doing  which  we 
can  employ  with  advantage  Simpson*s  or  Cotes^  rule. 

If,  £.0.,  A  B  E  Cy  Fig  370,  is  such  a  figure  or  such  a  portion  of 

the  cross-section  of  a  body  and  if  its  mo- 
ment of  flexure  in  reference  to  the  axis 
^  X  is  to  be  determined,  we  calculate  first 
the  measure  TF,  for  the  jwrtion  of  surface 
A  B  Q  D  and  then  the  measure  If,  for  the 
part  C E D\  subtracting  the  latter  from 
the  former,  we  obtain  the  required  moment 

TT  =  JFi  -  W^ 
If  the  base  A  D  oi  the  first  part  =  Xy 
and  the  altitudes  of  the  same  at  equal  dis- 
tances &om  each  other  are  z^,  Zi,  z^  z^  2:4,  we 
have  the  corresponding  measure  of  the  mo- 
ment, according  to  Simpson's  rule, 

K,  on  the  contrary,  the  width  0  D  of  the  piece  G  D  E  to  be 
subtracted  be  =  iCj  and  the  iaititudes  of  the  same  are  y^,  y„  y,,  y,, 
we  have,  according  to  Cotes'  rule  {see  Introduction  to  the  Calculics,. 


Art.  S8)y 


29 


8 


(y.'  +  3  y,'  +  3  y,*  +  y,'). 
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If  J  X  does  not  pass  through  the  centre  of  gravity  S  of  the 
entire  surface^  we  mast  reduce  it  by  the  Well-known  rule  (g  224)  to 
the  axis  passing  through  S*  In  the  same  manner  other  parts  of 
the  cross-section,  which  lie  below  A  Xor  alongside  of  A  Y,  may 
be  treated.  The  centre  of  gravity  S  can  be  determined  either 
according  to  §  124^  or  empirically  by  cutting  a  pattern  of  the 
section  out  of  thin  sheet  iron  or  paper  and  laying  it  upon  a  shaip 
knife^ge.  If  we  determine  in  this  way  two  lines  of  gravity,  their 
point  of  intersection  gives  the  centre  of  gravity. 

Example. — A  B  G  E  0,in  Fig.  870^  is  a  portion  of  the  cross-eection 
of  an  iron  rail,  which  can  be  considered  as  the  difference  of  two  surfaces 
AB  GD9Xi^0  ED.  If  the  width  of  the  first  is  f  inches  and  that  of  the 
second  1  inch,  and  if  the  heights  of  the  first  are 

«,  =  2,85;  «!  =  3,82;  «,  =  2,74;  «,  =  2,60;  and«4  =  2,30, 
and  those  of  the  second 

yo  =  0,20;  y,  =  1,50;  y,  =  1,80  and  y,  =  2,15, 
we  have  for  the  measure  of  the  moment  of  flexure  of  the  first  portion 

Tfi  =  J  .  I  .  j^  .  [2,85»  +  2,80«  +  4 .  (2,82«  +  2,60«)  +  2 .  2,74»] 
=  ^ .  (28,149  +  12,167  +  4 .  40,002  +  2  .  20.671) 

=  1 .  286,47  =  8,7584, 
and,  on  the  contrary,  that  of  the  second  portion 

F,  =:  g  .  1 .  i  .  [0,20*  +  2,15»  +  8  (1,50»  +  1,80«)] 

=  ~  .  (0,0080  +  9,9884  +  27,6210)  =  .?2!^Zf  =  1,5658, 

consequently,  the  required  measure  for  the  entire  surface  A  B  G  E  0\b 
TT  =  Fi  -  F,  =  8,7584  ~  1,5658  =  7,1981. 

Kemabk. — We  can  also  put 
F  =  ^(^y(1.0«.y„  +  4.1».y,  +  2.2«.y,+4.8».y,  +  1.4«.yJ 

=  f92  (^  yi  +  8  y,  +  86  y,  +  16  y^), 

when  y^,  y^,  y„  y„  y^  denote  the  widths  measured  at  the  distances 
i^i^*i^i^i^  from  A  X 

§  235.  Strength  of  Fleznro. — ^If  we  know  the  moment  of 
flexure  of  a  body  A  K  0  By  Fig.  371,  fixed  at  one  end  B  and  at  the 
other  end  A  subjected  to  a  force  P,  we  can  find  the  strain  in  every 
one  of  its  cross-sections  NO.  It  S  denotes  the  strains  per  square 
inch  at  a  distance  S  JSf  =  e  firom  the  neutral  axis  S,  the  strains  at 

the  distances  ZuZt,  »...,axe  Si=  —  S,  8%  =  —  8,  and  their  mo- 
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rnents  for  the  cross-Bectione  F„  F,-  •  ■  •>  ^^ 


and  conseqaently  the  sum  of  the  strains  in  the  oross-BectioD  IfOa 
M  =  M,  +  3f,  +  ...  =  (F,zi*  +  F.tt' +...)  —  =  -^. 

Nov  if  X  is  the  dis- 
y^-  *'l-  tanoe  SHot  thecroas- 

aection  N  0  fivm  the 
point  of  application  A 
of  the  force  P,  we  have 
also  Jf  =  P  X,  mi 
consequently 

Pxe=WS, 
and  the  strain  in  tha 
body  at  the  diEtance  e 
from  the  neatral  axis  is 

2) «  -  -jf  -  — ,r- 

The  !atter  increases 
with  X,  and  is  therefore 
a  maximam  for  x  =  I, 
LC,  at  the  ti.xed  point 
S,  Id  like  manner  it 
increases  with  e,  and  is 
therefore  a  maximum 
for  the  point  most  dis- 
tant from  the  neutral 
axis. 

If  the  body  is  no- 
where to  be  stretched 
beyond  the  limit  of  elasticity,  the  maximum  strain  S  should  at 
most  be  eqnal  to  the  modolna  proof  strength  T,  and  consequently 

Pie 
we  must  put  8  =  T  =  — jp^, 

e 
from  which  we  obtain  the  pnxif  gtrtngth  of  the  girder  A  K  0  B 
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WT 

In  like  manner  we  have  for  the  uUinuUe  strength  or  force 
necessary  to  break  the  body  at  B 

in  which  we  mnst  substitute  for  K  the  modulus  of  'ultimate 

fcjtrength  determined  by  experiment  upon  rupture.     The  funda- 

WB 
mental  formula  P  x  = ,  found  in  §  215,  can  be  obtained 

directly  as  follows, 

K  we  denote  by  a  the  extension  Nlfi  produced  by  the  strain  S^ 
we  have  S  =  a  B,  and  substituting  in  the  proportion 

NN,  _  R^' 
Sy  '^  MR' 


N  Ni  =  o,  8  N  =  e,  B  S  ==  If  and  MB  =  r,  the  radius  of  curTa- 

ture,  we  have  -  =  -  or  a  =  - ;  hence  it  follows,  that 

err 

8  =  -  B  or—  =z  —, 

r  e        r 

and  therefore  also 

WB       W8 


Px  = 


e 


If  in  the  formula  X  =  J  ttt^  (§  217)  for  the  work  done  in 

T  W 
bending  the  body  A  K  Bwe  substitute  the  moment  P  Z  = 

and  the  modulus  of  proof-strength  T  =  o  B^we  obtain 

But  (according  to  §  206)  \d^  B\%  the  modulus  of  resilience  A  ; 
therefore  the  work  done  in  bending  a  body  to  the  limit  of  elasticity 

is  T         A     ^^ 

8  ^ 
If  J  is  the  greatest  width  of  the  body,  we  can  imagine  the  whole 
cross-section  F  of  the  body  to  be  divided  in  n  equally  wide  strips, 

whose  width  is  -,  and  whose  altitudes  are  Zi,  2^  s^ . . .,  and  we  can  put 

u 

P  =  -  {^i  +  ar,  +  ifi  +  . . .)  and 
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W'=?o^(«i'  +  «8'  +  «»'...)* 


12  n 


and  therefore  also 


W,  +  «,  +  «,  +  .../  12" 


We  can  make  «i  =  f*i  «,  ^  =  ^»  «,  2^  =  /*«  c,  /x„  /x.,  /t*,  denoting 
nnmbers  dependent  upon  the  form  of  the  cross-section,  and  there- 
fore we  have 

Wl  __  //*,'  +  ^/  -f  ^3»  -h  . ,  A  /;? 
tf*        V  Ml  +  Mt  +  Ms  +  . . .  /  12' 
and  consequently  the  mechanical  effect 

3  V  f*i  +  /*,  +  Ms  +  . . .  /  12' 

But  ^-^ — .        ,         is  a  coefficient  tp,  dependent  upon  the  form 
Ml  +  /*•  +  /*» 

of  the  body  alone,  and  Fl  =  Vis  the  volume  of  the  body;  hence 
the  work  done  L  =^  ^^i>  A  F  is  not  dependent  upon  the  indi- 
vidual dimensions,  but  only  upon  the  form  of  the  cross-section  and 
the  volume  of  the  body,  which  is  bent.  When  the  bodies  are  of  the 
same  nature  and  of  similar  cross-sections,  the  work  done  is  propor- 
tional to  the  volume  of  the  body. 

For  the  tDork  done  in  producing  rupture  we  must  put 

W I 


Fig.  872. 


3e*' 
B  denoting  the  modulus  of  fragility, 

§  236.  Formulas  for  the  Strength  of  Bodies.— For  a  paral- 
lelopipedical  girder  A  C  B,  Fig.  372,  the  length  of  which  is  /,  the 

width  J  and  the  height  A,  we  have 
6  =  i  A,  and,  according  to  §  226, 

■  W  =  TiT  ;  hence  —  =  -77-,  the  proof 
12  e         6  ^ 

strength    of   the    girder    is    P    = 

b  h*  T  T 

-^5—  -r-,  and  its  moment  is  P  Z=  J  A* .  -r-. 

/     6  6 

From  this  it  follows,  that  the  mechanical  effect  necessary  to  bend 

the  girder  to  the  limit  of  elasticity  is 


Zee 


6    A 


^ 
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If  the  girder  is  hoUtno,  and  if  its  croBs-Bection  is  shaped  as  i 
represented  in  Fig.  373  and  Fig.  374,  we  have 
W      bh'  -h,  A,'       J  A'  -  A,  A,' 


12  .  ^  A  6  A 

6  A'  -  ft,  A,*  „ 


-,  whence 


■^"      eht 


b  and  A  being  the  exterior  and  bi  and  A|  the  interior  width  and 
Fio.  37S.  Fia.  374.  Fifi.870.  Pis.  876. 


fl 


height  of  the  cross-section.    For  a  body  with  a  rhomHe  cross-»ec- 
tion,  sach  as  Fig.  37fi,  we  have 

W         bh'         JA*       ,.        ... 

V  =  i8:TA=34''"^'^'"*^ 

P  _  1*!  Z  -  1  *A'  ^ 

i     ■  34  ""  '     i    ■  6  ' 
LE.  }  as  great  as  for  a  parallelopipedical  girder  of  the  same  height 
A  C  =  h  and  width  B  D  =  b.    For  a  girder,  whose  croes-eection  is 
a  douMe  trapezoid,  such  us  is  represented  in  Fig.  376,  wo  have 
^  _  (3  ft  +  h)  k'  _  (3  6  +  ft.)  A* 
e   ~       48.^A  24"         ' 

hence  the  moment  of  the  proof  strength  is 
(3  5  +  ft.)  A'     T 
•^*-  4  ■  fl>, 

ft  denoting  the  upper  and  ft,  the  central  width  and  A  the  height  of 
the  crose-section. 

For  a  girder  with  a  regular  2n  tided  bate,  sach  »e  A  D  F,  Fig. 
377, 1  and  II,  we  have,  if  r  denotes  the  exterior  radins  C  A,s  the 
length  of  the  side  J  £,  A  the  interior  radins  C  L  and  F  the  entire 
area  of  the  cross-section, 

M 
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If  the  neutral  axis  JV  0,  as  in  Fig.  377, 1,  pasaes  tbrongh  the 
middle  of  the  opposite  sides,  0  =  r;  and  if,  as  in  Fig.  377,  II,  it 
passes  through  the  opposite  comers, 


Hence  it  foUows,  that  in  the  first  ease 

PI  =  — L- -._ 1  T9  and,  on  the  contrary,  in  the  second 


-Pi^  ^  —    10  1; ^f  while  in  both 


cases 


P  r 

The  ratio  -^  of  the  proof  strengths  is  =  r- 

If  the  nnmber  n  of  the  sides  of  a  polygon  is  nneren,  as  in  Fig. 
877,  in,  we  must  substitute  e  =  r,  and  therefore  we  must  employ 
the.  first  formula  only ;  provided  always  that  the  direction  of  the 
force  coincides  with  that  of  the  axis  of  symmetry. 

For  a  square  cross-section  we  have  s  =  2  A  =  r  1^,  -F  w  a*, 
and  the  moment  of  the  proof  load 


Pl^ 
and,  on  the  contrary, 


8' 


gygr=  jr=:0,333r»2; 


^7^=~^r=o,4nr»!r. 


For  a  hexagonal  cross-section  we  have 

8  =  r  =  ^.,F-  ?^  $'  =  2,598  8\  and  therefore 
y3  ^ 

/>?  =  ii^^  r«  lt^r»  1^=  0,641  r*  2;  and 

P,  ?  =::  I  a*  !r=  I  r»  7=  0,625  r"  T. 
For  a  regnl^  octagonal  cross-section  we  haye 
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,  =  r /a^^TI;  4  =  ^  VTTTf  and 
2  t^ 


t^ 


hence 


3 1/  30  +  14  /a"  V        6        / 


P,  ,  =  _ii|£l+iL .■  7  = /.SiL r- !■  =  0,891  ,•  r. 

For  a  massive  cylinder,  vhoafi  radina  is  r,  we  have 

IT      flr*      irr'       ,^,      , 
—  =  -. —  =  — T-,  and  therefore 
6         4)-         4 

P  i  =  J  r"  7  =  0,786  r- r  =  J /r  .  r,  and 

L=  J■.-J-■-  =  ^',A.nr•t=^•,Ar. 

Bat  if  the  cylinder  is  AoCow,  ve  have,  on  the  contrary, 

1  +\3r/   Fr 


4        r, 


7"  (compare  g  231), 


radius,  F  =  v  (r,'  —  r,')  the  aDDolar  croBs-Bection  of  the  cylinder 
and  i  =  r,  —  ri  its  width. 
Fio.878.  Fro-SW.  p^r   a   girder,  whose 

croas-section  is  elliptical, 
as  is  represented  in  Fig. 
378,  when  the  direction 
of  the  eemi-axis  CA=a 
18  that  of  the  force,  and 
that  of  the  semi-axis  0  B 
=  I  coincides  with  the 
nentral  axis,  we  have 
T={  FaT. 


Pl  = 


Tan 


Finally,  for  a  parallelopipedical  girder  hollowed  oat  on  each 
side  in  the  shape  of  a  Bemi-ellipse,  as  is  represented  in  Fig.  379, 
we  have 


Pl  = 


'-T  = 


6A 
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and,  on  tlie  contrary,  if  the  cross-sections  of  the  hollows  are  para- 
bolas, 

^^  = Ih  ^~  30A  ^' 

J  denoting  the  exterior  width,  A  the  exterior  height,  J,  the  depth 
of  the  hollow  and  a^  the  height  of  the  same. 

8  237.  DiflEerence  in  the  Moduli  of  Proof  Strength.— 

W  T 
The  formula  P  =  — ^  for  the  proof  load  of  a  girder  fixed  at  one 

end  Ay  Fig.  380,  holds  good  only,  when  the  extension  o  and  the 

compression  <7i  of  the  body  are  equal 
^^•8^-  to  each  other  at  the  limit  of  elas- 

ticity ;  for  under  those  circumstances 
only  can  the  modulus  of  proof 
strength  for  extension 

r=  o  E 

be  equal  to  that  of  compression 

r,  =  (7,  E. 

For  wrought  iron  this  assumption  seems  to  be  nearly  correct,  and 
for  wood  approximately  so,  but  these  relations  are  entirely  diflferent 
in  the  case  of  cast  iron  ;  the  latter  has  not  only  a  much  greater 
modulus  of  ultimate  strength  for  crushing  than  for  tearing,  but 
also  the  compression  a,  at  the  limit  of  elasticity,  which  can,  how- 
ever, be  given  only  approximatively,  is  about  twice  as  great  as  the 
extension  <t,  and  consequently  the  modulus  of  proof  strength  T^ 
for  compression  is  twice  as  great  as  the  modulus  of  proof  strength 
iTfor  extension. 

In  order  to  find  the  proof  strength  of  cast  iron  or  of  any  other 
body,  for  which  there  is  a  perceptible  difference  between  <7  and  <t, 
or  between  T  and  7\,  we  must  first  see  which  of  the  quotients 

—  and  —  is  the  lesser,  and  substitute  that  instead  of  —  in  the 
formula  p  _  WT 

The  other  half  of  the  beam,  corresponding  to  the  greater  ratio 
—  or  — ),  is  of  course  not  stretched  to  the  limit  of  elasticity.    In 

order  to  reduce  this  cross-section  and  consequently  that  of  the 
whole  body  to  a  minimum  and  thus  to  economize  us  much  mate- 
rial as  xx)ssible,  it  is  necessary,  that  both  the  halves  of  the  girder 
shall  be  strained  to  the  limit  of  elasticity.  Therefore  we  must  give 
the  beam  such  a  form  and  such  a  position  that  we  will  have 
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«     ""    ^  «l    ~~   71   ""    <T,' 

ULy  that  the  ratio  of  the  greatest  distances  e  and  Ci  of  the  fibres  on 
the  two  sides  from  the  neutral  aids  shall  be  equal  to  the  ratio  of 
the  moduli  of  proof  strength  T  and  Ti  for  compression  and  ex- 
tension. 

If,  then,  for  cast  iron  we  have  -f~  — —  =  2  (see  §  211),  we 

must  so  fashion  the  cross-section  of  a  cast  iron  girder  that  —  shall 

be  as  near  as  possible  =  2.    A  triangular  ^rder  must  be  so  placed, 

that  the  half  with  a  triangular  cross-section  shall  be  compressed, 

and  that  with  the  trapezoidal  cross-section  shall  be  stretched.    If 

we  place  one  of  the  sides  of  the  prism  horizontal  or  at  right  angles 

e        2 
to  the  force,  we  have  —  =  p  while  in  the  opposite  position,  we 

have  —  =  H- 
e       2 

We  can  also  give  cast-iron  girders,  whose  cross-section  approach 

the  shape  of  a  T  (as  is  represented  in  Fig.  381),  such  dimensions 

that  the  ratio  —  shall  be  equal  to  2. 

Let  the  entire  height  of  the  beam  he  A  B 
=  A,  the  width  of  the  upper  flange  he  B  B  = 
2  B  C=:b,  the  height  of  the  hollow  on  the  side  be 

-4  Z>  =  A,  =  f*i  A, 
the  width  of  the  same  be 


21)  0  =  b,=v,by 
the  height  of  the  lower  flange  be 

H  L  =  A,  =  /*«  A 
and  its  projection  on  both  sides  bo 

%LN=^b,^  v,b, 
then  the  distance  of  the  centre  of  gravity  s  of  the  whole  surficM^ 
from  the  lower  edge  ff  is 

rfa_,  _lftA«~^Ai'4-a,A,« 
iHO-e,  -  ^     JA- J,A,  +i,A, 

_  A  /I  —  /it*  Vi  +  /x/  vA 
2  \  1  —  /«i  Vi  +  /A-  v«  / 

(see  §  105  and  §  109).    If  we  substitute  —  =  2  and  a  +  di  =  A,  we 
have  a  =  j  A  and  ^i  =  |  A,  and  therefore  the  equation  of  condition 
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;i  A  -  *    ^  -  /*!*  ^1  +  /^«'  y» 

which^  when  transfonned,  becomes 

f*,  V,  (4  -  3  Ml)  -  f*f  V.  (4  -  3  fi,)  =  1. 
By  the  aid  of  this  formulay  when  three  of  the  ratios  fii,  v,^  /x,  and  v^ 
of  the  dimensions  are  giyen,  we  can  calculate  the  fourth.  If  we 
make  fi*  =  0,  we  have  the  cross-section  represented  iu  Fig.  382^  the 
moment  of  flexnre  of  which  has  already  been  determined  (§  228), 
and  for  which  we  hare  /x,  Vi  (4  —  3  m,)  =  1. 

Remasx. — ^MoU  and  Reuleanz  (see  their  work,  **Die  Festigkeit  der 
Materialen,^'  Brunswick,  1858)  recommend  for  the  determination  of  the 
most  advantageous  crofls-section  the  use  of  a  balance,  the  beam  of  which 
forms  a  table.  Patterns  of  the  cross-eection,  cut  out  of  sheet-iron,  are 
placed  upon  it  in  such  a  manner  that  the  neutral  axis,  determined  by  the 

ratio  —  =  — ,  shall  lie  exactly  above  the  centre  of  rotation  of  the  beam. 

If  the  pattern  has  the  most  advantageous  form,  the  beam  will  balance;  if 
it  does  not,  we  must  cause  it  to  do  so  by  cutting  away  portions  from  the 
ride  of  the  body,  until  the  beam  balances,  when  the  pattern  occupies  the 
above  position. 

ExAHFLB  1. — ^If  the  cross-section  of  a  cast-iron  beam  has  the  form  of 
Fig.  881,  and  if  the  ratios  of  the  heights  are 

^*~T""8'^*  "  8""8' 

ws  have  for  the  ratios  of  the  width  the  condition 


g(^-"y)*'^-"U^"l)''«  =  ^»^»- 


77  v^  -  S9  V,  =  64. 
If  the  lower  flange  is  omitted,  then  v,  =  0,  and  we  have 

^1  =  y  =  77=  0,881, 

and  the  thickness  of  the  web  proper  is  5  —  (|  =  0,169  h. 

*  v*  /  29\ 

U^  on  the  contrary,  we  make  vg  cs  -^,  we  have  1 77  —  -^1  v^  3=  64,  and 

consequently  v^  k  0,887  and  v,  =  ^  .  0,887  = 

0,148.  For  A  =r  8  inches  and  5=5^  inches,  h^  is 
=:  7  inches,  h^  =  1  inch,  5^  =  6  inches  and  5, 
=  f  inch ;  so  that  the  thickness  of  the  upper  and 
lower  flange  is  1  inch,  and  that  of  the  vertical 
web  but  ^  inch. 

Example  2.~For  a  girder  with  a  T-shaped 
cross-section.  Fig.  882,  we  have  found  (§  228) 
_  (^  V  >-  \  h^y  ->  4  &5^  ft  A^  (A  -  \y 

^"^  i2  (6  A  -  6i  A^)  ' 
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in  which  we  must  put 

**  -  2  5  A  —  6j  ^/ 
hence,  if  one  end  is  fixed  and  the  other  loaded,  we  have 

If  we  put  h^  =:  fi^  h  and  b^  =  v^  &,  we  obtain 

1— ^i"vi      •  6       *' 

and  therefore  if  the  beam  is  cast-iron  and  we  snbstitate^j  =s  f-  and  v^  =  ^^ 

p.     (A)' -8  (I)'    ?i!r_l?    ^T 

^*~  ^  •    6    ^*  -70  •    6    ^*- 

If,  B.G.,  A  is  =  10  and  5  =  8  inches,  and  consequently 

Aj  =  f .  10  =  V  =  8^,  A  -  A^  =  If  inches, 

5j  =i.8  =  7and5  — 5|  =  linch, 
we  have 

18    S^JOO     ^    _520 

If  we  substitute  T^  =  18700  pounds,  we  have  for  the  moment  of  the 
proof  strength,  which,  for  the  sake  of  safety,  we  should  put  =  150000 

Pl=  --T- .  18700  =  468048  pounds. 

If  this  beam  is  100  inches  long,  its  safe  load  at  the  free  end  is 

150000 
P  =  -1  Q  -  =  1600  pounds. 

If  the  girder  is  supported  at  both  ends  and  carries  the  load  in  the  middle, 
we  have 

P  =  4  .  1500  =  6000  pounds. 

While  in  the  first  case  the  flange  must  be  placed  on  top,  in  the  latter  it 
must  be  put  at  the  bottom. 

§  238.  Diflference  in  the  Moduli  of  Ultimate  Strength. — 

If  we  determine  the  moduli  of  elasticity  and  of  proof  strength 
by  means  of  experiments  on  bending,  making  use  of  the  formulas 

_      P  Ir     .  ^     Pie 

the  values  found  for  E  and  T  generally  agree  very  well  with  those 
given  by  direct  experiments  on  extension  and  compression,  when  the 
formulas 

PI  P 

E  =  YJp  *^^  ^  =  -rr  ar©  employed. 

But  this  relation  is  entirely  different  for  the  modulus  of  ulti- 
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mate  strength.  Since  we  cannot  consider  the  modnlns  of  elasticity 
f  to  be  constant  beyond  the  limits  of  elasticity  (for  it  decreases, 
when  the  extension  or  compression  increases),  and  since  the  mod- 
ulus of  elasticity  for  extension  is  no  longer  equal  to  that  for 
compression,  the  strains  in  the  superposed  fibres  are  no  longer 
proportional  to  their  distances  from  the  neutral  axis,  and  conse- 
quently that  axis  no  longer  passes  through  the  centre  of  gravity ; 
the  yalues  of  e  and  ex  differ  in  that  case  essentially  from  what  they 
are,  when  the  limit  of  elasticity  is  not  surpassed. 

If  W  denotes  the  measure  of  the  moment  of  flexure  for  the 
stretched  half  of  the  girder  and  E  the  mean  modulus  of  elasticity 
of  the  same,  and  if  Wx  denotes  this  measure  for  the  compressed 
portion  and  Ex  the  mean  modulus  of  elasticity,  we  have  for  the 
moment  of  the  bending  force,  when  the  bending  becomes  excessive, 

p^^  WE-^WxEx 

r         * 

and  if  we  put,  at  least  approximately,  -=-  =  -  and  -^  =  — ,  f  and 

Ki  denoting  the  moduli  of  ultimate  strength  for  tearing  and 
crushing,  the  moment  of  the  force  necessary  to  break  it  is 

J,,.,,           K(WE-¥WxEx)           Kx{WE+WxEx) 
P I  either  =  — ^ =, — -  or  =  — ^-^^ ^^ — -. 

Jb  6  -t/x  ^x 

If  we  again  denote  the  statical  moment  of  the  cross-section  of  the 
stretched  portion  of  the  body  in  reference  to  the  neutral  axis  by  M 
and  that  of  the  cross-section  of  the  compressed  portion  of  the  body 
in  reference  to  the  same  axis  by  if,,  we  have  the  force  on  one  side 

= and  on  the  other  =  — - — \  and  since  the  two  forces  must 

r  r    ' 

form  a  couple,  M  E  =  Mx  Ex.     This  equation  serves  to  determine 

the  neutral  axis  by  means  of  the  distances  e  and  ex. 

For  a  girder  with  a  rectangular  cross-section  we  have 

M=^mdMx-~y  i 

and  therefore 

Ef  ^  E^ei\ 
From  this  we  obtain 

"E 


^'  -  ^  ^  e: 
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Substitating  this  yalue  in  the  equation  e  +  Bi  ^  h^Wb  have 

hVBt  ,  hVW 

e  =  --= ;=  and  e,  = 


The  measures  of  the  moments  of  flexure  are  in  this  case 
r  =  y  and  IT,  =  ^', 
and  consequently  we  have 

and  therefore  the  moment  neoessarj  to  prodnce  mptare  is 
P Neither  =  -=-= — .  , — -=^  =  -^  .  ^ . 


3  -&e   '  (  V^-^.  v^)*        3    •      •  f^+  y^, 

For  B  =  Biwe  have,  of  course, 

For  f(YM>ef  and  wrought  iron,  E  is  reaUy  about  =  E^,  and  there- 
fore we  can  write  approximately 

in  which  we  must  substitute  for  iT  the  smaller  value  of  the  modulus 
of  ultimate  strength.     For  cast  iron,  Ei  is  much  greater  than  E, 

and  therefore  P  I  approaches  the  value  -5-  K,  K  being  the  modu- 
lus of  rupture  for  extension.  For  wood  we  must  substitute  the 
mean  value  of  the  modulus  of  ultimate  strength  for  crushing, 
Kx  =  480  kilograms  =  6800  pounds,  which  value  agrees  very  well 
with  the  results  of  the  experiments  of  Eytelwein,  Gerstner,  etc 

In  like  manner,  for  a  wrought  iron  girder  we  must  substitute 
instead  of  K  the  modulus  of  ultimate  strength  for  crushing  Kx  = 
2200  kilograms  =  31000  pounds.  While  under  the  same  circum- 
stances wood  and  wrought  iron  break  by  crushing,  cast  iron  breaks 
by  tearing.  If  for  the  latter  K  were  about  =  Kx,  we  would  have 
to  substitute  for  cast  iron  girders,  in  the  above  formulas,  the 
modulus  of  ultimate  strength  of  tearing,  i.e.,  K  =  1300  kilograms 
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=  18500  pounds ;  but,  according  to  the  resolta  of  many  experi- 
menta,  we  mnet  pnt 

S  =  3200  kilograma  =  45500  ponnda, 
LK.,  about  the  mean  Tttlae  of  the  modnlus  of  tiltimate  stiength  for 
teuing  and  of  that  for  cruBhing; 

This  great  difference  ia  caneed  not  only  by  the  difference  of  the 
moduli  of  elasticity  E  and  Ei,  but  also  hy  the  grannlar  textnre  of 
the  cast  iron,  which  preclndea  the  supposition  that  the  beam  is 
composed  of  a  bundle  of  rods. 

Many  different  circnmatances  inflnence  the  elasticity,  the 
jNToof  strength  and  the  ultimate  strength  of  a  body,  so  that  notap 
ble  differences  occur  in  the  results  of  experiment. 

Th^  wood,  for  example,  near  the  heart  and  root  of  the  tree  ia 
itronger  than  the  sap  wood  and  tiiat  near  the  top,  and  wood  will 
resist  a  greater  force,  when  the  latter  acta  parallel  to  the  yearly 
rings  than  when  it  acts  at  right  angles  to  them ;  finally,  the  soil 
and  podtaon  of  the  place  where  Hxe  wood  grew,  the  state  of 
humidity,  the  age,  etc.  influence  the  strength  of  wood.  Finally, 
the  deflection  of  a  body,  which  has  been  loaded  very  long,  is  always 
a  little  greater  than  that  produced,  when  the  weight  isifirst  l^d  on. 

1 239.  EsEpetiments  upon  Flaxnre  and  Rupture.— Experi- 
ments upon  elasticity  and  strength  were  made  by  Eytdwein  and 
Qerstner  with  the  apparatus  represented  in  Fig,  383.  A  B  and 
A  B  are  two  trestles,  upon  which  two  iron  bed-plates  C  and  C  are 
&steued,  and  D  D\s  the  body  to  be  experimented  npoo,  vhi(^  is 


H 

0 
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placed  upon  them.  The  weight  P,  which  is  to  bend  the  body,  is 
placed  on  a  scale  board  E  Ey  which  is  suspended  to  a  stirrup  M  Nj 
whose  upper  end  is  rounded  and  rests  upon  the  centre  M  of  the 
girder.  In  order  to  find  the  deflection  produced  by  the  weight, 
Eytelwein  employed  two  horizontal  strings  J^i^and  0  O  and  a 
scale  M  IT,  placed  upon  the  middle  of  the  girder.  Gerstner,  on 
the  contrary,  employed  a  long  sensitive  one-armed  lever,  which 
rested  upon  the  beam  near  its  fulcrum  and  whose  end  indicated  on 
a  vertical  scale  the  deflection  of  M  in  15  times  its  real  size. 
Lagerhjelm  employed  a  pointer,  which  was  moved  by  means  of  a 
string  passing  over  a  pulley,  and  which  showed  the  deflection  of 
the  beam  magnified  upon  a  graduated  circular  dial.  Others,  as, 
£.a.,  Morin,  made  use  of  a  cathometer  to  determine  the  deflection. 
The  object  observed  was  a  point  &stened  in  the  centre  of  the  girder. 
In  the  English  experiments  a  long  wedge  was  used  to  measure  this 
deflection ;  it  was  inserted  between  the  centre  of  the  beam  and  a 
fixed  support.  In  order  that  the  accuracy  of  the  measurement 
may  not  be  affected  by  the  yielding  of  the  supports  of  the  girder, 
it  should  rest  during  the  experiments  either  upon  stone  founda- 
tions (Morin),  or  a  long  ruler  should  be  placed  a  certa;in  distance 
above  the  girder  and  fastened  at  its  ends  to  the  ends  of  the  latter, 
but  in  such  a  manner  that  it  cannot  bend  with  the  beam,  and  in 
each  experiment  the  distance  between  the  lower  edge  of  the  ruler  and 
the  centre  of  the  deflected  girder  should  be  measured  (Fairbaim). 

The  manner  in  which  Stephenson,  etc.,  determined  the  deflec- 
tion and  strength  of  tubular  sheet  iron  girders,  is  shown  with  the 
principal  details  in  Fig.  384.  The  tube  ^  J?  is  75  feet  long  (the 
front  portion  being  omitted  in  the  figure),  is  supported  at  both 
ends,  as,  E.a.,  in  C,  upon  blocks  of  wood  and  its  centre  rests  upon 
a  beam  D  i>,  which  is  carried  by  two  screw-jacks.  An  iron  arm, 
the  end  ^of  which  only  can  be  seen  in  the  figure,  passes  through 
the  middle  of  the  tubular  girder  near  the  bottom,  and  from  this 
two  stirrups  ©,  0  hang,  to  which  the  scale-board  H  Hto  receive 
the  weight  P  is  suspended.  Before  the  experiment  and  during 
the  laying  on  of  the  weights,  the  entire  load  was  supported  by  the 
beam  D  D ;  when  the  screw-jacks  were  lowered  D  D  sank  and 
placed  itself  upon  the  supports  Ey  Ey  while  the  centre  of  the  tube 
A  Fy  loaded  with  P,  remained  free  and  could  assume  a  deflec- 
tion corresponding  to  the  force  P.  This  deflection  was  measured 
by  means  of  a  wedge. 

In  order  to  avoid  the  use  of  very  large  weights  in  experiment- 
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ing  apon  large  girdere,  they  are  gmerallj  made  to  act  npou  the 
latter  by  meana  of  a  lever  with  imeqiial  anna.  With  the  same 
object  in  Tiew,  Hodgkioson  caneed  the  force  of  the  lever  to  be 


applied  not  to  the  centre  of  a  girder  BDpport«d  at  both  ends,  bnt  to 
one  end  of  a  girder,  vhich  waa  enpported  in  the  middle  and  the 
other  end  of  vhich  was  listened  by  a  bolt  to  the  foundation. 

The  resnltfl  of  experiments,  made  nnder  very  difTerent  circnm- 
stancea  and  with  very  different  kinds  of  materials,  particularly  of 
wood  and  iron,  have  shown  the  theory  laid  down  in  the  foregoing 
pages  to  be  correct  in  all  important  particulars.  In  regard  to  the 
mptttre  of  parallelopipedical  girders  it  wbs  proved,  that  those  of 
wood  and  wrought  iron,  under  the  same  circumstances,  gave  way 
by  crushing,  and  that  in  the  case  of  cast  iron  the  raptnre  began 
either  by  the  exterior  fibres  being  torn  apart  or  by  a  wedge  break- 
ing oat  at  the  most  compressed  part  (in  the  middle). 

We  can  satisfy  ourselves  of  the  truth  of  the  hypothesis,  made 
in  g  314,  in  regard  to  the  behaviour  of  the  fibres  of  a  body,  snb- 
jected  to  fiezure,  by  making  saw  cuts  upon  the  compressed  side  of 
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parallelopipedical  wooden  rods  and  then  filling  them  up  with  pieces 
of  wood,  by  drawing  a  series  of  lines  upon  the  side  of  a  b^m  at 
light  angles  to  its  longitudinal  axis,  and  finally  by  fastening  two 
thin  rods  to  the  beam^  one  along  the  extended  and  the  other  along 
the  compressed  side. 

§  240.  Modnli  of  Proof  and  Ultimate  Strength.— In  the 

following  table  the  moduli  of  elasticity,  of  proof  strength  and  of 
ultimate  strength  or  of  rupture,  as  determined  by  experiments 
upon  bending  and  breaking  are  given.  The  first  differ  but  little 
from  those  determined  by  the  experiments  on  extension  and  com- 
pression; but»  for  the  reasons  giyen  aboye  (§  238),  this  is  not 
true  of  the  modulus  of  ultimate  strength.     The  upper  of  the 

two  quantities  in  a  parenthesis  ]  !•  gives  the  yalue  in  English  meas- 
ures (pounds  per  square  inch)  and  the  lower  one  the  same  in 
French  measures  (kilograms  per  square  centimeter). 

TABLE 

OF  THE  MODULI  OF  ELASTICITY,  OF  PROOF  STRENGTH  AND  OF 
ULTIMATE  STRENGTH  OR  OF  RUPTURE  OF  DIFFERENT  BODIES 
IN  RELATION  TO  BENDING  AND  BREAKING. 


Names  of  the  Bodies. 

Modulus  of  Elasticity 
E. 

Modulus  of 

Proof 
Strength  T. 

Modulus   of  Rup- 
ture or  of  Ultimate 
Strength  K^KC^, 

Wood  of  deciduous  Trees 
Wood  of  evergreen  Trees 

Cast  Iron 

Wrought  Iron    .... 
Limestone  and  Sandstone 
Clayslate 

{     1280000 
(          90000 

(     2130000 
(        150000 

C 17000000 

(     1200000 

f  28400000 
(     2000000 

3100 
220 

4300 
300 

10670 
750 

17000 
1200 

9240) 
650) 

12800) 
900) 

45500) 
3200) 

32700  1 
2300) 

f  1760  \ 
124) 

.    5000) 
.     350  j 

In  order  to  determine  from  the  yalue  in  the  foregoing  table  the 
load,  which  a  girder  can  carry  securely,  we  must  introduce  a  factor 
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of  safety  and  snbstitate  in  ihe  foimnlas  for  tbe  proof  strength 
already  found  for  wood 

either  instead  of  T,i  Tor  instead  of  K,  ^  JT, 
for  cast  iron 

either  instead  of  T,^T  or  instead  of  JT,  i  K, 
and  for  wrought  iron 

either  instead  of  T,i  Tor  instead  of  JT,  {  K. 
Consequently  we  can  hereafter  put  for  wood 
r  =  73  kilograms  =  1000  pounds^ 
for  cast  iron 

T  =  510  kilograms  =  7000  pounds 
and  for  wrought  iron 

T  =  660  kilograms  =  9000  pounds. 
We  cannot  employ  these  yalues  in  calculating  the  dimensions 
of  shafts  and  other  parts  of  machines ;  for^^  on  account  of  their 
constant  motion  and  of  the  wearing  away  of  the  parts,  a  greater 
factor  of  safety  must  be  introduced,  which  requires  us  to  assume  a 
smaller  yalue  for  T 

If  we  substitute  these  values  in  the  formulas 

m  T  T 

PZ  =  J  A*  ^and  PI  =  7rr«  4- =  ^d'^ 
o  4  o« 

for  parallelopipedical  and  for  cylindrical  girders^  we  obtain  the  io\- 
lowing  practical  formulas : 
Por  wood 

P  Z  =  167  *  A*  =  785  r'  =  98  d*  inch-pounds. 
For  cast  iron 

P I  =  1167  J  *•  =  5500  r*  =  687  cT  inch-pounds. 
And  for  wrought  iron  the  greatest  value 

P I  =  1500  bV  =  7070  r*  =  884  d*  inch-pounds. 
If  with  Morin,  and  in  accordance  with  the  practice  in  England, 
we  put  for  cast  iron 

instead  of  T,  -j-  to  -r-  =  750  kilograms, 

4  O 

and  for  wrought  iron 

instead  o{  T,  —  =  600  kilograms, 

we  obtain  for  cast  iron 

P I  =  1778  J  A«  =  8376  r'  =  1047  d'  inch-pounds, 
and  for  wrought  iron  the  smaller  value 

P I  =  1422  bh'  =  6700  r'  =  838  cP  inch-pounds. 
If  the  load  Q  is  not  applied  at  the  end  of  the  beam,  but  is 
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equally  distributed  oyer  the  same^  the  arm  of  the  load  is  no  longer 
ly  but  ^y  and  consequently^  the  moment  being  but  half  as  greats  we 
must  put  Ql      WT      ^,      c,    W^ 

If  the  girder  is  supported  at  both  ends  (Fig.  337)  and  the  l|>ad 

P  acts  midway  between  the  two  pointa  of  support,  whose  distance 

p 
from  each  other  is  =  2,  the  force  at  each  end  is  =  -5-,  its  arm  ifi  = 

^  and  its  moment 

PI       WT     ,  -,,      ^  WT 

— r-  = and  PI  =  4: . 

4  0  e 

Therefore,  under  the  same  circumstances,  the  girder  bears  twice 
as  great  a  load  in  the  second  and  four  times  as  great  a  one  in  the 
tiiird  as  in  the  first  case. 

Ity  finally,  a  girder  unifomUy  loaded  along  its  whole  length  is 
fiui^rted  at  both  ends,  it  is  in  the  first  place  bent  upwards  by  a 

0  I 

force  ^y  whose  arm  is  ^  and  in  the  second  place  downwards  by  a 

force  -^y  whose  point  of  application  is  th^  centre  of  gravity  of  one 

I 
of  the  halves  of  the  load,  whose  lever  arm  is  therefore  j  and  whose 

01 

moment  is  ^.    Consequently  the  moment  with  which  one  end  of 

o 

the  girder  is  bent  upwards  is 

""4  8    "   8  ' 

W  T 

hence  we  have  §  Z  =  8 .    The  proof  load  of  the  girder  is  in 

0 

this  case  8  times  as  great  as  in  the  first  one. 

For  a  parallelopipedical  girder  we  have  in  the  first  case 

T 

P  /  =  S  A*  —-,  in  the  second 

g/=2  JA*4^,intheihird 

o 

T 

P 1=^  4  b  h*  -T-  and  in  the  fourth 

^denoting  the  width  and  h  the  height  of  the  rectangular  cross-section. 
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EzAMFLs — 1)  What  load  can  a  girder  of  fir  carry  at  its  middle,  vhea 
its  width  is  5  =  7  and  its  height  A  =  9  inches,  and  when  the  point  of  ap- 
plication of  the  load  is  10  feet  distant  from  the  suppotts  ?  Here  we  hare 
}  2  =  10  .  12  =  120  inches,  and  therefore,  according  to  the  above  formula^ 

Pi  =  4  .  167  &  V  =  4  .  le?  .  7  •  81, 
and  the  required  working  load  is 


P  = 


4676  .  81 
240 


=  68,45  .  27  =  1678  pounds. 


2)  A  cylindrical  stick  of  wood,  firmly  imbedded  at  one  end  in  masonry, 
is  required  to  bear  a  weight  Q  =  10000,  oniformly  xlistiibated  over  its 
whole  length  1  =  6  feet ;  what  should  be  its  diameter  ?    We  hare  here 


irr"  r 


Cl  =  2— ^—  i=9.786.r«, 
and  consequently  by  mversion 


^ 


10000 .  60 


V882  =  7,26  inches, 


1570  "  ^        1570 
and  the  required  diameter  is  =  2  r  =  14,62  inches. 

§  241.   Relative  DefiectioiL — ^Tbe  bending  of  the  moving 
parts  of  machines^  each  as  the  shafts^  axles,  etc.,  has  often  a  very 

bad  effect  upon  their 
^®-  8^'  working,  either  by  giv- 

ing rise  to  vibrations 
and  concussions,  or  by 
preventing  the  different 
parts  of  the  machiM 
trota  engaging  perfect- 
ly. We  are  therefore 
in  certain  cases  re- 
quired to  determine  the 
cross^ections  of  these 
parts  of  machines^  not 
with  reference  to  the 
modulus  of  proof 
strength,  but  to  the 
deflection,  by  assum- 
ing ihe  deflection  to 
be  a  very  small  deflnite 
portion  of  the  entire 
length  of  the  body  or 
part  of  the  machine. 
We  have  already  found  (§  217)  the  defltection  for  a  prismatic 
body  A  S  By  Fig.  385,  fixed  at  one  end  B  atid  loaded  at  the  other 
j1,  to  be 
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and  we  can  put  its  ratio  to  the  length  A  By  which  is  giren 

<>  =  ?=  ^^ 


I       3  WE' 
whence,  by  inTersion, 

PP  =  36  WE. 

Hence  we  hare  for  a  paraHdopipedicdl  girder 
and  for  a  cylindrical  one 

Generally  a  relative  deflection  9  =  ^  =  -g^j^  is  admissible,  and 
we  can  put 

If  we  substitute  for  wood  the  modulus  of  elasticity  B  =  1600000, 

we  obtain 

P  P  =  800  J  A*  =  7540  r\ 

For  cast  iron  we  have  J5  =  15000000  pounds,  and  therefore 

P  P  =  7500  J  A'  =  70700  r\ 

and  for  wrought  iron  J3  =  22000000  pounds  and 

P  P  =  11000  }  A*  =  103700  r\ 

On  the  contrary,  when  the  deflection  reaches  the  limit  of  elas- 
ticity, we  have  (§  235) 

2)P/  =  Z^orPP  =  ^?X?, 
^  e  e 

and,  therefore,  equating  the  two  values  of  P  P,  we  obtain 

6 

and  consequently  the  ratio  of  the  length  I  of  the  beam  to  the  maxi- 
mum distance  e,  when  both  the  deflection  and  strain  reach  at  the 
same  time  their  limit  values  6  and  T,  is 

hence  for  parallelopipedical  bodies 
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and  for  cylindrical  ones 

r        (T        d      "^  (T 
a  denoting  the  extension  or  compression  at  the  limit  of  elasticity 
corresponding  to  the  strain  T. 

If  -  <  — ,  we  obtain  from  the  first  formula  the  greater  value 
e        o 

I       3  0 
for  P  I  and  it,  on  the  contrary,  -  >  — ,  the  second  formula  gives 

the  greater  value  for  the  moment  of  the  force.  Therefore  for  a 
given  moment  of  force  {P  I)  the  greater  dimensions  for  the  cross- 
section  are  given  in  the  first  case,  where  the  length  of  the  body  is 

—  I  By  by  the  formula 

W  T 

^^-^  =  PI 
e 

and  in  the  second  case,  where  I  >  ( — j  e,  by  the  formula 

3  0  WE^  pr. 

1^0  1 

If  we  substitute  in  the  ratio  -  =  —  for  the  limit,  0  = 


6  "■    (7  ^  SOO* 

we  have  for  aU  materials  -  =  ^7^7; —  =  — ,  and,  therefore,  for 

e       600  a  o 

wood,  for  which  a  =  -  — ,  -  =  0,006  .  COO  =  3,6,  and  more  par- 

oOO  e 

ticularly  for  a  prismatical  beam  of  this  material 

^      A   ^       IS       1  Q 
T  and  ^  =  — -  =  1,8. 

h         d       10  ' 

If  we  assume  for  cast  and  wrought  iron  a  =  :r^^r^,  we  obtain  for 

loOU 

these  substances 

-  =     '    ^ —  =  9  and  therefore 
e  500 


The  formula 


-  or  5  =  ^  =  4,5. 


2000  2000 

is  of  course  applicable  to  the  normal  case  above,  i.e.,  when  the  body 
18  loaded  at  one  end  and  fixed  at  the  other.  For  a  load  equally 
distributed  we  must  substitute  (according  to  §  223),  instead  of 
P,  I  Q.    K  the  body  is  supported  at  both  ends  and  the  load  is  sus- 
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P  I 

pended  in  the  middle,  we  haye,  instead  of  Py  -^  and,  instead  oil,  -, 
and  therefore 

If  the  girder  is  supported  in  the  same  manner  and  the  load 
uniformly  distributed,  we  must  substitute  for  P,  -~. 

o 

ExA3CFTiB-'l)  What  load  placed  upon  the  centre  of  a  wooden  beam, 
supported  at  both  ends,  will  produce  a  relative  deflection  6  =  y^,  if  its 
width  is  &  =  7,  its  height  A  =  9  inches  and  the  distance  between  the  sup- 
ports is  2  =  20  feet  ?     Here  we  have 

„      ^    800  5  A*       6400. 7.  9«       „    ^^       ^^„ 

^  =  g'— f— =     (20.12)'    =7,  9*  =  567  pounds, 

while  in  the  foregoing  paragraph,  under  the  assumption  that  the  beam 
should  be  bent  to  the  limit  of  elasticity,  we  found  P  =  1578  pounds. 
2)  How  high  and  wide  must  we  make  a  cast  iron  girder  (the  ratio  of 

its  dimensions  being  j-  =  4),  which,  when  supported  at  both  ends,  will 

sustain  a  load  Q  =  4000  pounds,  uniformly  distributed  over  its  length, 
which  is  8  feet  ?    Under  the  latter  supposition,  we  have 

I  e  P  =  8  .  7500  b  h\ 

LB.,  f  .  4000  .  8« .  12*  =  8  .  7500  -j-  or  ^*  =  4* .  6, 

consequently 

A  =  4  Ve  =  1,565  .  4  =  6,26  inches  and 

h  =  -r  ss  1,565  inches. 

4 

According  to  the  formulas  of  the  foregoing  paragraph,  we  would  have 

A* 
Ql  =  S.  1167  ft  A»,  or  4000  .  8  .  12  =  8  .  1167  .  -^, 

whence  the  required  height  is 

A  =  4  V  jj^  =  4  . 1,87  =  5,48  inches, 
and  the  required  width 

b  =  j  =  1,87  inches. 

§  242.  MomentB  of  Proof  Load. — ^From  the  formula 

T 
o 

for  the  moment  of  the  proof  load  of  a  paraHekpipedical  girder  we 
perceive  that  this  moment  increases  with  the  width  b  and  with  the 
gquare  of  the  height  h,  that  the  proof  load  itself 
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/  6 
ifi  inyerselj  proporticAied  to  the  length  (Z)  and  that  the  height  has  a 
much  greater  influence  than  the  width  upon  the  solidity  of  such  a 
girder.  A  girder,  whose  width  is  double  that  of  another,  will  bear 
but  twice  as  great  a  load  as  the  latter,  or  as  much  as  two  such 
girders  placed  side  by  side.  A  girfer,  whose  height  is  double  that 
of  another,  bears,  on  the  contrary,  (2')  =  4  times  as  much  as  the 
latter,  when  their  widths  are  the  same.  For  this  reason  we  make 
the  height  of  parallelopipedical  girders  greater  than  their  width, 
or  we  place  them  on  edge,  or  in  such  a  position,  that  the  smaller 
dimension  shall  be  perpendicular  to  the  direction  of  force  P  and 
that  the  greater  dimension  shall  be  parallel  to  it 

Since  b  h  expresses  the  cross-section  F  of  the  beam,  we  have  also 

hence  the  moments  of  the  proof  load  of  bodies  of  equal  cross-section, 
mass  or  weight  are  proportional  to  their  height.    If,  for  example, 

t  and  h  are  the  width  and  height  of  one  body  and  ^  and  3  h  those 

of  another  body  or/'=«3A  =  >A  the  area  of  both  their  cross- 
sections,  the  bodies  have  the  same  weight,  when  the  other  circum- 
stances are  the  same,  but  the  latter  bears  three  times  as  great  a 
load  as  the  former. 

If  d  =  A,  the  cross^ction  of  the  beam  is  a  square^  and  we  can 
diminish  the  moinent  of  proof  load  by  placing  the  diagonal  in  a 
yertical  position.    In  this  caise,  TT,  as  we  know  from  §  230,  remains 

nnchanged  and  is  =  -^  s=  r^,  while  e  becomes  equal  to  the  semi- 
diagonal  ,]  }  V~%  =  h  ^TT.    Therefore  we  have 

T 
while,  if  it  were  laid  on  one  of  its  sides,  we  would  have  P  l  =  i*  —. 

See  §  236. 

The  equations  for  parallelopipedical  girders  are  analogous  to 
those  for  girders  with  an  elliptical  cross-section.    We  hare  in  the 

TT  J  a^ 
latter  case  (according  to  §  231)  W  =  — j —  and  e  =  a,  the  semi- 
axis  a  being  supposed  parallel  and  the  semi-axis  b  perpendicular  to 
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the  direction  of  the  force  or,  as  is  generally  the  case,  horizontaL 
Here  we  have  for  such  a  girder 

4  4 

the  area  of  the  elliptical  cross-section  being  i^  =  tt  a  J.  The  mo- 
ment of  the  proof  load  of  thi^  beam  increases,  therefore,  with  the 
area  and  with  the  height  a  of  the  cross-section. 

If  J  =  a  =  r,  we  have  a  cylindrical  girder,  whose  radius  is  r, 
and  the  equation  becomes 

Fl  =  ^  T=Fr^: 

4  4 

The  moment  of  proof  load  of  this  body  increases,  therefore,  with 
the  product  of  the  area  of  the  cross-section  and  its  radius. 

If  the  cross-sections  or  weights  are  equal,  the  ratio  of  the  mo- 
ment of  proof  load  of  a  body  with  an  elliptical  cross-section  to  that 

of  one  with  a  circular  cross-section  is  -.    Therefore,  we  should 

r 

always  prefer  the  elliptical  to  the  cylindrical  girder. 

This  holds  good  for  all  other  forms  of  cross-section ;  the  regu- 
lar form  (the  square,  the  regular  hexagon,  the  circle,  etc.)  has 
always,  for  the  same  area,  a  smaller  moment  of  proof  load  than  a 
form  of  greater  height  and  less  width. 

Regular  forms  of  cross-section  should,  therefore,  be  employed 
only  for  shafts  and  other  bodies,  revolving  about  their  longitudinal 
axis,  in  which  case  during  the  rotation  a  continual  change  in  the 
position  of  the  dimension  of  the  cross-section  takes  place,  i.e.,  after 
one-quarter  of  a  rotation  the  height  becomes  the  width  and  the 
width  the  height. 

§  243.  CrossHEiection  of  Wooden  G-irden.— If  a  cylindri- 
cal girder  has  the  same  cross-section  ^  =  tt  r*  =  J*  as  a  parallelo- 
pipedical  beam,  whose  height  and  width  is  =  b,  we  have  the  ratio 

*  =  VS  =  1,77246, 

r 

and,  on  the  contrary,  the  ratio  between  the  moments  of  proof  load 
Jlf  and  Ml  (M^  is  in  the  first  place,  when  the  latter  body  is  laid 
upon  one  of  its  sides, 

M       r    b      3r  ^ 

-^.  =  4  =  6  =  2*-  =  2W  =  l'5-«'5«^  =  <>'«^««' 
and  in  the  second  place,  when  its  diagonal  is  placed  in  a  vertical 
position^ 
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The  moment  of  proof  load  of  the  cylinder  (with  circular  base) 
is  in  the  first  place  smaller  and  in  the  second  place  greater  than 
that  of  a  parallelopipedon  with  a  square  base. 

Since  wooden  parallelopipedical  girders  are  cut  or  sawed  from 
the  round  trunks  of  trees,  the  question  arises,  what  must  be  the 
ratio  of  the  dimensions  of  the  cross-section  of  such  a  beam,  in  order 
that  it  shall  have  the  greatest  moment  of  working  load  ? 

Let  ^  B  D  Ey  Fig.  386,  be  the  cross-section  of  the  trunk  of  the 

tree,  A  D  ^  d\\A  diameter  and 

the  breadth  and 

AE=^  BD  =  h 
the  height  of  the  beam ;  then  we  have 

y  +  A'  =  (T,  or 

A«  =:  rf»  -  Vy 

and  the  moment  of  proof  load  is 

The  problem  now  is  to  make 

J  ((T  -  V) 
as  great  as  possible.    K  we  put,  instead  oi  iyh  ±  XyX  being  very 
small,  we  obtain  for  the  last  expression 

(J  ±  ar)  d»  -  (J  db  a:)*  =  J  d"  -  y  ±  ((f  -  3  J*)  a;  -  3  J  a:', 
when  3^  is  neglected.    Now  the  difference  of  the  two  expressions  is 

y  =  If  ((f  -  3  *•)  a;  +  3  J  a:'. 

In  order  that  the  first  value  shall  always  be  greater  than  the 
second,  the  difference 

y=T{d'-3y)a;  +  3Ja;' 
must  be  positiye,  whether  we  increase  or  diminish  h  by  x.  But 
this  is  only  possible  when  d"  —  3  y  =  0 ;  for  this  difference  is  then 
=  3  6  ic"  or  positive,  while,  on  the  contrary,  when  eT  —  3  J"  has  a 
real  positive  or  negative  value,  ^hx*  can  be  neglected,  and  the  sign 
of  the  difference  =F  (d*  —  3  }')  a?  varies  with  that  of  x.  Therefore, 
putting  <f  —  3  y  =  0,  we  obtain  the  required  width 

h  =^  d  Vly  and  the  corresponding  height 
the  ratio  of  the  height  to  the  width  is 
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Y  =  — =  =  1.414  or  about  J. 

We  should^  therefore,  cut  the  trunk  of  the  tree  in  such  a  man- 
ner as  to  produce  a  beam,  whose  height  is  to  its 
FiQ.887.  width  as  7  is  to  5.    In  order  to  find  the  cross- 

section  corresponding  to  the  greatest  strength, 
we  divide  the  diameter  A  D,  Fig.  387,  into  three 
equal  pails,  erect  in  the  points  of  division  M  and 
N  the  perpendiculars  M  B  and  N  E  and  join 
the  points  B  and  E^  where  they  cut  the  circum- 
ference, with  the  extremiticB  A  and  D  by  straight 
lines.    A  B  D  E  ^  the  cross-section  of  greatest  resistance ;  for  we 

have 

AM:AB  =  AB:ADmAAN:AE=:AE:ADy 

and  consequently       

AB=zb:=zVAM.AD^  i^id.d=:dVimi 

AE=zh=VAN.AD=  VJdTd-dViyOr 

h        V2 

-  =r  -— -,  which  is  what  was  required. 

0  1 

Bbmabx  1.  The  moment  of  proof  load  of  the  trunk  of  the  tree  is 

and  that  of  the  beatan  of  greatest  reaiBtance,  cut  from  the  same,  is 
and  coDsequently  the  beam  loses  by  being  cut 

^ -  Til-' =  1 -«'•'  =  «•«'' 

r.B.  85  per  cent  of  its  proof  strength.  In  order  to  reduce  this  loss,  the 
beam  is  often  made  imperfectly  four-^ided,  i.e.  with  the  comers  wanting. 
The  moment  of  the  proof  load  of  a  beam  with  a  square  cross-section,  hewed 
from  a  tree  of  the  same  size  is 

T  d* 

since  the  width  is  =  height  =  ^  V^  =  0,707  d ;  the  loss  is 

1 ^.  -  =  1 ^  :±=  1  -  0,60  =  0,  40, 

6 .  2  Va   'r  8  IT  V2 

LB.  40  per  cent. 

(Remark  2.)  In  order  to  cut  from  a  trunk  of  a  tree  a  parallelopipedlcal 

beam,  whose  moment  of  flexure  is  a  minimum,  or  for  which  d  =  ^"^  ^ 
small  as  possible  (compare  $  241;,  we  must  hare 
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W  =  ^—OThh*  =  A«  V<i»  -  A",  or  (6  A")»  =  *•  (^»  -  **) 

=  <?■  A«  —  A» 
u  great  as  possible.    The  first  differeatial  coe^cient  of  the  latter  expres* 
mon  in  reference  to 5 is  6d*  h*  —  8^^,  which  is  equal  to  zero  for  A»  =  f  <i", 
lAfor 

h  =  dy/i  =  — g—  an<i 

h  =  V5«^=3"  =  VJS»  =  I 

For  these  yalaes  the  moment  of  flexui^  of  the  beam  is  a  minimum  (see 
introduction  to  the  Calculus,  Art.  18). 

h.      \/^ 
Here  we  have  ^  =  ^r  =  1,7821,  or  about  J,  while  above  we  found  for 

6         1 

h 

the  maximum  of  the  moment  of  proof  load  r  =  f- 

This  condition  corresponds  to  the  construction  in  Fig.  887^  when  we 
make  A  M  =  D  N  =  ^  A  D, 

§  244.  HoUqw  and  Webbed  Qirdexs.— We  have,  accord- 
ing to  §  228^  for  B,  hollow  parallelopipedicdl  beam 

'^~         12        ' 
and  therefore  the  moment  of  proof  load  is 

WT        WT      (b  h^  "hh^T 


Pl  = 


A  A 


If  we  pttt  -rr  =  fi  and  -=^  =  v,  we  obtain 
n  0 

bV  —  bx  hi*       -L  -Lt  /t         %    \ 
=  J  A*  (1  -  fi*  v), 

and,  since  the  cross-section  of  the  body  is 

J'=  J  A  -  Ji  A,  =  J  A  (1  -  f*  v), 

\  1  —  /Li  V  /  6 

Since  ^  ""^'  ^  =  l-fty  +  Mv-ft*v  ^  J  ^  (1  -  fi')  fi  V 

1—  f*V  1—  ^V  1—  /LiV 

increases  with  v,  we  obtain. the  maximum  value  of  P  Z  for  v  =  1^ 
and  it  is 

I^  on  the  contrary,  we  put  /<  =  v,  ve  obtain 
2)  Pl=0-  +  (i')Fh^. 
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In  both  casea  we  must  make  ft -as  ^at  as  possible,  and  there- 
fore nearly  =  1.  If  we  wish  the  proof  strength  of  the  girder  to  be 
a  manimnm,  we  mnst  make  the  webs  as  thin  as  possible.  Hence 
we  hare  for  ft  =  1  in  the  first  case 

T  T 

PI  =  3  Fh  -^  =  Fh  g-,  and  in  the  second  case 

T  T 

PI  =  2Fh-a  =  Fh  -^,  and,  on  the  contrary,  for /»=0, 

In  all  three  cases  the  proof  load  of  the  girder.  Then  the  cross- 
section  {F)  or  the  weight  is  the  scune,  increases  with  the  height 
(h) ;  bnt  in  the  first  case,  where  the  girder  consists  of  two  flanges^ 
it  is  a  maxiniDm ;  and  in  the  second  case,  where  it  forms  a  paral- 
lelopipedical  tube,  it  baa  a  mean  value;  and  in  the  third  case, 
where  it  is  composed  of  one  or  two  webs,  a  minimum  one. 

If,  for  example,  a  massive  girder,  whose  dimensions  are  i,  and 
hi,  has  the  same  cross-section  or  weight  as  the  supposed  tabalar 
girder,  we  have 
/■  =  4,  A,  =  J  A  -  J,  A„  i-E.  8  J,  A,  =  ft  A  or  ^'  =  p  V  =  i. 

p  -T-  —  -J-,  "c  iia.o^  _  ,  _  Vj,  and  therefore  the 
ratio  of  the  proof  loads  of  the  two  beams  ia 

p,      I  —  nv   h,     \i  —  y        *  "         ' 

the  tubular  girder  is  therefore  capable  of  carrying  more  than  douUa 
the  load  that  an  eqnally  heavy  massiTe  girder  can,  whose  form  is 
that  of  the  hollow  of  the  first  girder. 

The  same  relations  also  obtain  for  Ishaped  ^rders,  since  (see 

g  338)  the  measure  of  the  moment  of  flexure  W  ia  the  same  for 

both.    These  formulas  can  also  be  employed  for  bodies  with  mora 

than  two  leeis,  as,  e.q.,  bodies  with  the  cross-section  represented  in 

Fig.  388,  in  which  case  J  denotes  the  width  of  the 

npper  and  lower  rib,  A  the  entire  height  A  D  =:  B  0, 

h,  the  snm  jt  the  widths  and  A,  the  height  of  the 

hollow  spaces  M,  N,  0,  P. 

The  formulas  for  a  pipe  or  hollow  cylinder  are 
uialogous  to  those  for  a  pandlelopipedical  beam.  K  r 
is  the  exterior  and  r,  =  ft  r  the  interior  radius,  the 
moment  of  proof  load  of  this  body  is 
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This  yalae  increases  as  /a  =  —  approaches  nniiy^  and  therefore 

as  the  wall  of  the  pipe  becomes  thinner.  If  we  put  /*  =  1,  we  ob- 
tain the  corresponding  maximum  moment  of  proof  load 

T  T 

If  we  compare  the  proof  load  of  this  tube  with  that  of  a  massiye 

iron  cylinder,  whose  radius  ri  =  ;*  r  =  r  4^,  we  have  then  for  the 

latter       ^  ,       ^     T  _     T      , 

Pi?  =  -Fr,  -7-  =  II  Fr  -T^  and 

4  4 

exactly  what  we  fonnd  ander  the  same  sappositions  for  parallelo- 
pipedical  girders. 

We  can  see  from  the  general  equation 

that  the  moment  of  proof  load  of  a  body  increases  as  the  distances 
Zi  =  ^iBy  z^  =  I^By  etc,  of  the  portions  Fi,  F^,  etc.,  of  the  cross-sec- 
tion from  the  neutral  axis  become  greater.  But  since  this  distance 
can  at  most  be  =  &,  those  girders  will  have  the  greatest  moment 
of  proof  load,  the  different  portions  of  whose  cross-section  are  at 
one  and  the  same  distance  {the  maximum  one)  from  the  neutral 
axis.  Such  a  beam  consists  of  two  flanges.  Since  the  webs  which 
unite  the  two  flanges  cannot  satisfy  the  conditions  of  maximum 
moment  of  proof  load,  it  is  impossible  to  attain  this  maximum,  and 
we  must  therefore  content  ourselves  with  increasing  the  proof 
strength  of  the  girder  by  hollowing  it  out,  by  thinning  it  in  the 
neighborhood  of  the  neutral  axis,  or  by  adding  flanges  at  the 
greatest  possible  distance  from  the  same  axis. 

The  thickness,  which  the  web  must  possess  in  order  to  resist  the 
shearing  strain,  will  be  determined  in  the  foUowing  chapter. 

Remabk. — ^Under  the  supposition  that  the  proof  strength  increases  and 
decreases  with  the  ultimate  strength,  the  English  engineers  increase  the 
size  of  that  portion  of  cast-iron  girders,  which  is  subject  to  compression ; 
for  that  material  resists  compression  best.  On  the  contrary,  they  increase 
the  dimensions  of  the  compressed  side  of  girders  of  wrought  iron,  as  the 
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latter  resists  extension  best  If  the  girders  are  to  be  sapported  at  both 
ends,  their  form  must  depend  upon  tlie  substance  of  which  they  are  made. 
If  the  beam  is  of  cast  iron,  we  make  the  bottom  flange  larger  than  the 
other;  if  of  wrought  iron,  the  upper  flange,  or  the  upper  part  of  the 
girder  is  constructed  of  two  flanges,  united  by  vertical  webs,  as  is  repre- 
sented in  Fig.  388.  The  forms  T  and  T,  discussed  in  a  previous  paragraph 
($  287),  are  employed  for  cast  iron. 

Example. — An  oak  girder  0  inches  wide  and  11  inches  high,  which  haa 

up  to  the  present  time  shown  sufficient  strength,  is  to  be  replaced  by  a 

cast-iron  girder,  whose  exterior  width  is  5  inches  and  whose  heiglit  is  10 

inches ;  how  thick  should  it  be  made  ?    If  we  put  the  double  thickness  of 

the  metal  =  x,  the  width  of  the  hollow  is  =  Q  —  a;,  and.  its  height  is 

=  10  —  ^  and  consequently  we  have  for  the  hollow  girder 

h  K*  -  ^8  Ag'  =  5 .  10»  -  (5  -  a?)  (10  -  xy  =  2600  «-  450«»  +  85  a?"  -  a?*, 

7000 
hence  the  momentof  proof  load  isPZ  =  x-YQ(2600a?— 450a:*+  85«*— a?*). 

1000 
If  the  moment  of  proof  load  of  the  massive  wooden  beam  is  P  Z  =  —^  . 

9  .  11*  =  1 .  1089000,  we  must  put 

700  .  (2500  a?  -  450  «*  +  85  «»  -  ar«)  =  1089000,  or 
2500  a?  —  450  a?«  +  85  «•  -  aj*  =  1556. 

In  the  first  place,  x  is  approximatively  =  ^Fqa  =  ^fi^^  for  which,  how- 
ever, X  =  0,65  should  be  put.  From  this  wc  obtain  450  x*  =  450 .  0,4225 
=  190,12,  85  «*  =  9,61,  a;*  =  0,18,  and  finally 

1556  +  190,12  -  7,66  +  0,18      1788,7       ^  ^^^  .     ^ 
-'^ ^2500 -^- = -^-  «=  0,695  mches, 

and  consequently  the  required  thickness  of  metal  ia 

?  =  0,8476  inches. 

§  245.  Ezcentric  Load. — ^If  the  force  which  acts  upon  a 

girder  sapported  at  both  ends 
A  and  By  Fig.  389,  is  not  applied 
at  the  centre,  bat  at  some  inter- 
mediate pointy  situated  at  the 
distances  D  A  =  li  and  D  B  ^ 
U  &om  the  points  of  Bapport^  the 
proof  load  is  greater  than  when 
the  force  is  applied  in  the  mid- 
dle. Let  as  denote  the  forees, 
with  which  the  points  of  support 
A  and  B  reacts  by  Pi  and  P^ 
and  the  entire  length  of  the  pr- 
der  ^  ^  =?,  +  ?,  hy  i.  Now, 
if  we  pat  the  moment  of  Pi  in 


Fig.  889. 
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reference  to  the  point  of  support  B  equal  to  that  of  P  in  reference 
to  the  same  point  and  in  like  manner  the  moment  of  P|  in  refer- 
ence to  A  equal  to  that  of  P  or  P,  {  =  PU  and  Pt  2  =  P  ^  we 
obtain  the  reactions  at  the  points  of  support 

P,  =  ^PandP.  =  |!P, 

and  consequently  their  moments  in  reference  to  the  points,  of 
application  p  ?  _  p  7  _  ^^  h 

For  any  other  point  E,  whose  distance  B  E  from  the  point  of 
support  P  is  =  a;;^  we  have  this  moment 

P^.B~E=^'^- 

smaller  than  that  just  found,  and  consequently  at  B  we  have  the 
greatest  deflection,  and  therefore  we  must  determine  the  proof  load 
in  reference  to  this  point  alone,  for  which  we  have 

PhU_WT 
f    "     e   ' 

If  we  substitute  /i  =  ^  —  a?  and  Ji  =  ^  +  ^>  we  obtain  the 

moment  of  the  force 

I  I  I      ' 

hence  the  proof  load  is 

p_    I       WT         IWT 


(1-) 


and  therefore  greater  or  less  as  a;  is  greater  or  less.    For  a;  =  ^, 

"LJLf  for  ^  =  0,  in  which  case  P  is  transferred  to  the  point  of  sup- 
port Ay  we  have     „      IWT 

^  P  ^ =  00. 

O.e  ' 

and  on  the  contrary  for  2;  =  0,  lb.  if  the  force  P  is  applied  at  the 

centre,  the  proof  load  is  a  minimum  and  is 

W  T 
P  =  1 

as  we  know  already  from  §  240.  A  prismatical  girder  supported 
at  both  ends  will  sustain  the  smallest  load,  when  the  latter  is  ap- 
plied at  the  centre,  and  more  and  more  as  the  weight  approaches 
the  points  of  support 

If  we  lay  off  as  ordinates  the  moments  of  the  force^  which  are 


GENERAL  PEINCIPLES  OP  MECHANIC'S. 


[|245. 


inrersely  proportional  to  the  radius  of  cmratnre  and  directly  to  the 
corvatuie  itself,  as  ordinatea  at  the  different  points  upon  the  girder, 
ve  obtain  a  clear  represeotation  of  the  variation  of  the  deflection 
at  the  different  points  upon  the  girder. 

If,  in  the  caee  jost  discnsBed,  the  moment  of  the  force  — j-^  in 

D  ia  represented  b;  the  ordinate  D  L  and  if  from  its  extremity  L 
the  right  lines  L  A  and  X  £  be  drawn  \x>  the  extremities  of  the 
abscissas  B  A  =  1,  and  D  B  =  l„  these  lines  will  limit  the  differ- 
ent ordiuates  (as  for  example  E  JV)  representing  the  meusnres  of 
the  deflection  for  the  different  portions  of  the  body;  for  since 
EN      DL   ._ 


E  B~ 


DB 

EN  = 


it  follows  that 


'  D  B'  " 
as  we  had  previously  foaud. 
Fia.3Wt. 


Pl^x 
I    ' 


Another  case  which 
often  occurs  in  practice 
is,  when  the  weight  is 
equally  distributed o\er 
ft  portion  E  F  =  c  of 
the  entire  length  lot 
the  girder  A  B,  Fig. 
396.  Let  ns  again  de- 
note the  distances  of 
the  middle  D  of  this 
weight  from  the  points 
of  support  A  and  B  by 
I,  and  I,  and  the  reac- 
tion of  the  abutments 
by  Pi  and  P^  then  we 
have  again 


0  =  ^aad 


p.  =  ?o 


If  Q  were  not  distributed,  but  if,  on  the  contrary,  the  force  was  ap- 
plied at  D,  the  moment  for  D  would  be  =  ^-r—'.  and,  representing 
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the  same  by  an  ordinate  D  i,  the  moment  for  the  other  points  of 
A  B  will  be  cut  off  by  the  right  lines  L  A  and  L  B,  But,  since 
for  the  points  within  E  F  the  forces  P,  and  P,  act  in  opposition 
to  the  weight  placed  upon  it,  the  ordinates  between  E  O  and  F  H 
will  be  diminished.  For  the  centre  D  of  the  loaded  portion  E  F 
the  moment  of  half  the  weight 

Q 


must  be  subtracted,  and  there  remains,  therefore,  of  the  ordinate 
D  L  =  ^^     only  the  portion 

For  another  point  Ny  whose  abscissa  \a  A  N^  the  moment  is,  on 
the  contrary,  


\ 
and  if  P,  a:  is  represented  by  the  ordinate  N  R  and '      ^   ^ 

by  the  portion  S  B,  the  ordinate  N  8  will  give  the  total  moment 

(x-  h  +  hcyq 

This  is  of  course  very  different  for  different  values  of  x,  i.b.  for  dif- 

p 
ferent  points,  but  is  a  maximum  for  a:  —  ?i  +  i  c  =  — \  and  then 

its  value  is 

Hence  we  must  put  the  prbof  load  of  this  girder 

QliU  L        c\_  WT 
I      V"  21/^     e   ' 

Example. — What  weight  will  a  hollow  paraUelopipedical  girder,  made 
of  ^  inch  thick  sheet  iron,  support,  if  its  exterior  height  is  10  inches  and  its 
exterior  width  is  4  inches,  when  it  is  loaded  uniformly  along  5  feet  of  its 
length,  the  middle  of  the  loaded  portion  being  8  and  4  feet  distant  from 
the  points  of  support  f    Here  we  have 

5A»-&iA»      4.16»-3.15*      ^^^^ 

— 3r^  = 16 ^^^^^ 

and 
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and  the  weight  required  is  therefore 

8     T       195,6 
Q  =  891,3  'ifQ-Q=  -ij^  '  MOO  =  28160  pounds. 

Remabk. — ^If  the  weight  Q  is  not  uniformly  distributed  oyer  E  Fy  but 
if  half  is  applied  at  the  extremity  E  and  half  at  the  extremity  F^  the  line 
O  M Sir  then  a  right  line,  and  the  maximum  moment  is  the  ordinate 


G  Ey  for  which 


Qh 


('-»= 


WT 


I     \*       »/         e 
l^  denoting  the  greater  distance  D  A  and  l^  the  smaller  distance  J)  B  of 
the  middle  D  from  the  two  extremities  A  and  B, 

§  246.  GKrders  Fixed  at  Both  ZSnds.— If  a  beam  A  B^ 
Fig.  391,  is  loaded  in  the  oentre  G  eaudi  fixed  at  both  ends,  it  will  be 


Fig.  891. 


-iP 


"IP 


curved  upwards  at  the  centre,  and  at  the  points  of  support  A  and 
B  downwards,  and  there  will  be  formed  at  the  centres  D  and  E  of 
the  semi-girders  G  A  and  G  B  points  of  inflection,  where  there  is 
no  curvature  or  where  the  radius  of  curvature  is  infinitely  great 
One-half  of  the  weight  P  is  supported  by  A  D  and  the  other  half 
by  B  E,  and  we  can  therefore  assume  that  both  the  quarters  A  D 

and  B  Eof  the  beam  are  bent  downwards  at  their  ends  D  and  E  by 

p 

^y  and  that,  on  the  contrary,  the  half  D  E  oi  the  girder  is  bent 

upwards  at  its  ends  D  and  E  by  |  —  -^\  The  arm  of  each  of  these 
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A  B      I 
forces  A  D  =  CDy  etc.,  is  =  —j-  =  j;  consequently  their  mo- 


ment is 


•TT  .  7  =  -s-y  and  therefore 


PI 

8 


WT 


;  hence  we  can  pat  the  proof  load 


6 

P      8  WT  _  „    ikWT 

It  —  — = —  At  ,  — = . 

I  e  I  e 

Such  a  girder  will  bear  twice  as  great  a  load  as  when  it  is 

simply  supported  at  both  ends. 

PI 


If  we  make  the  ordinates  A  H=^BK=^CL  =  -q-,  and 

o 

draw  the  right  lines  H  L  and  K  L^  they  will  cut  off  ordinates 

{M  N)  for  every  other  point  ( Jf )  upon  the  beam  proportional  to 
the  moments  of  the  force  and  to  the  deflection. 

If  in  the  formula,  which  we  have  found,  we  substitute  the  modu- 
lus of  rupture  K  instead  of  the  modulus  of  proof  strength  y,  we 
obtain,  of  course,  the  force  necessary  to  break  the  beam,  which  is 

SWK 


P  = 


le 


Since  the  curvature  is  the  same  in  A,  B  and  (7,  the  rupture  will 
take  place  at  the  same  time  in  Ay  B  and  C. 

ff  the  position  of  the  girder  is  the  same  and  the  load  Q  =  I  q 
is  uniformly  distributed,  the  girder  assumes,  it  is  true,  two  curva- 
tures upwards  and  two  downwards,  but  the  points  of  inflection 

Fio.  89d. 


J)  and  E9  Fig.  392,  do  not  lie  at  the  centres  of  the  semi-girders ; 
for  the  deflecting  forces  jB,  R  of  the  portions  A  D  and  B  E  are 
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aided  by  the  weight  upon  the  latter^  and^  on  the  contrary,  the 
action  of  the  bending  forces  —  -B,  —  if  of  the  central  piece  D  is 
diminished  by  this  load.  Let  us  put  the  length  A  D  =  B  B  =  li, 
the  length  C  D  =  0  B  ^  U  and  the  total  length  of  the  beam  2  = 
2  (Z,  +  /g),  and  let  us  denote  the  weight  upon  A  D  or  B  E  hj 
Qx  =  q  /„  and  that  upon  D  Bhy  Q^  =  2  R  =  2  q  l^.  Now,  since 
A  D  ia  bent  downwards  by  B  and  ^i,we  have,  according  to  §  216 
and  §  223,  the  angle  of  inclination  to  the  horizon  E  D  T^D  E  T 
=  a  at  the  point  of  inflection  D 


a  = 


+  3  ^' 


2  WE  "  6  WE' 
and  since  C  Dib  bent  upwards  by  (—  B)  and  downwards  by  Q„ 
we  have  for  the  same  position  D  also 

B  /j'  Qi  li 


a  = 


2WE       %WE' 
Equating  the  two  values  of  a,  we  obtain  the  relation 
3  B  {V  -  h')  =  <?i  /,"  +  Q.  U\  or 
^qU  {V  -li')  =  q  (A*  +  V),  LB., 

BesoMng  this  equation,  we  obtain 


I  .,-T- 


l 


U  =  ^V\  and Z,  =  I  (1  -  tq"), 
and,  therefore,  the  moment  of  force  in  relation  to  the  middle  C  is 

M  -Jii,~-j-  --^    -    g    -24-24' 
and  that  in  reference  to  the  extremity  ^  or  ^  is 

Fio.  898. 
-B 
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""  8  12  ""      24  • 

The  proof  load  of  this  beam  is  therefore 

^      ^^     WT      3    SWT 

<^  =  ^^-Tr"-2-"T7"' 

IJS.I  I  times  as  great  as  io  the  former  case,  where  the  weight  acted 
at  the  centre  C. 

U  we  lay  off  -—-  as  ordinate  in  A  and  B  and  also  —r-  bb  ordi- 
•^         12  24 

nate  in  C,  making  A  H  =  JB  K  =  :r^  and  C  L  ^  ^  ~-y  we  ob- 

tain  three  points  Hy  K  and  X  of  the  cnrve  H  D  L  E  Ky  which 
represents  the  yariation  of  the  deflection  of  the  girder. 

Example. — How  high  can  grain  be  piled  in  a  grain  bouse,  when  the 

floor  rests  on  beams  25  feet  long/ 10  inches  wide  ana  12  inches  high,  if  the 

distance  between  two  beams  is  =  8  feet  and  if  a  cubic  foot  of  com  weighs 

46,7  pounds  y    If  we  employ  the  last  formula  Q  Z  =  12  .  167  .  5  A*,  we 

must  put 

(  =  10,  A  =  12,  2  =  25  .  12  =  800,  and  consequently 

^       12  ,  167  .  10  .  144       ^^^ 

C  = gQQ =  »61«  pounds. 

Now  a  parallelopipedical  mass  of  grain  25  feet  long,  8  feet  wide  and 
9  feet  high  weighs  25  .  8  .  a; .  46,7  pounds ;  if  we  substitute  this  value  for 
Q,  we  obtam  the  required  height  of  the  mass 

9619 
*  =  -75T16J  =  ^'^'  *'«'*• 

§  247.  Beams  Dissimilarly  Supported.— If  a  beam  ABCy 
Fig.  394,  is  fixed  at  one  end  A  and  supported  at  the  other  B  and  if 
the  load  acts  in  the  middle  between  A  and  By  we  have,  according 
to  §  221,  the  reaction  of  the  support  B 

P  -  — P- 

and  therefore  the  moment  of  the  force  in  reference  to  G 

Pi  I 


^^=T  =  32^* 
and,  on  the  contrary,  that  in  reference  to  ^  is 
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16/ 


"  16 


I'l  = 


S^t 


-P  =  ^  . 


or  greater,  and  co]iBeqaeDt> 
ly  we  can  pnt  the  proof 
load 

W_T 
la  ■ 

For  an  intermediate  point 
M,  at  a  distance  C  M  =  x 
from  the  centre  C,  ^^'l'^'  mo- 
ment is 

51^  = 


•4-) 


35  .  5  =  j5  i,  «  obtan 

that  point,  for  which  the  moment  is  equal  to  zero  and  the  radius 
of  cnrvature  infinitely  great  The  variation  of  this  moment  and 
the  deflection  of  the  girder  are  represented  by  the  ordinates  of  the 
right  lines  H  L  and  L  B,  passing  through  the  extremiUea  otAH 

=  l^pimi.icn=^PL 

U,  finally,  a  girder  A  B,  Fig.  395,  supported  in  the  same  man- 
ner OS  the  last,  is  uniformly 
loaded,  as  we  have  previoas- 
ly  generally  Bnpposed,  with 
a  certain  weight  g  upon  the 
rnnning  foot  of  the  girder, 
we  can  determine  the  reao- 
!  tion  Pi  at  the  support  B  in 
the  following  manner.  If 
the  length  of  the  beam  is  ^ 
the  entire  load  is  Q  =  I  q 
and  the  moment  of  the  forco 
in  reference  to  a  point  J/, 
at  a  distance  B  M  ==  z  from 
the  point  of  support  B,  is 
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■RS=P,X-^, 


and  oonsequentlj  the  angle  of  inclination 

_  P,  (f  -  X')      g  (r  -  g*) 
"*"•      2  WE  6  WE  ' 

and  (according  to  §  217  and  §  223)  the  corresponding  deflection  is 

Bnt  since  A  lies  on  the  same  level  with  By  the  ordinate  in  A, 
I.E.  for  a;  =  Zy  is  y  =  0,  and  we  must  put 

3  P, .  §  P  =  g  .  I  r, 
firom  which  we  obtain  the  reaction  at  B 

If  we  substitute  this  value  for  Pi  in  the  expression  for  the  mo- 
ment, we  obtain 


-  2J^-£. 


X 


R8=^  IQx--  ^ -^  {il  —  x)i  and  therefore  for  a?  =  I 

AH-  ^Sl-^91 

For  X  =  B  D  =  i  I  this  moment  is  =  0,  and  tor  x  =  B  E  ^ 
I  nt  is  a  maximum 

_9yP_    9 


128        128  ^ 

Since  ^  ■  =  Too  C  ^  >  1 OQ  6  ^>  ^'^^  moment  -4  if  in  reference 

to  the  fixed  point  A  is  greater  than  the  moment  K Em  reference 
to  the  middle  Eof  B  D,  and  the  proof  load  corresponding  to  the 

moment  ^  must  therefore  be  determined,  u^  we  must  put 

o 

in  which  case  we  assume,  of  course,  that  the  modulus  of  proof 
strength  for  extension  is  the  same  as  that  for  compression. 

This  proof  load  is  8  .  t*^  =  |  times  as  great  as  it  would  be  if 
the  weight  were  concentrated  in  the  middle. 

§  248.  Oirdars  Loaded  at  Intermediate  Points. — If  a 

girder  A  B,  Fig.  396,  loaded  at  both  ends  with  equal  weights  P,  P, 
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is  sapported  at  two  points  C 
and  b,  which  are  at  the  same 
distance  A  C=  B  D  =  l,  from 
the  ends,  the  reaction  of  each 
of  these  pointa  of  sapport  is 
equal  to  the  force  P,  and  for  a 
point  J/*  upon  CZ>  the  moment 
of  flexure 

=  P{x,-  h)-Px^=-Pl, 

is  constant,  and  the  form  of 

neutral  axis  of  C  D'la  therefore  a  circle,  while,  on  the  contrary,  for 

a  point  U  upon  A   C  this  moment  U  V  =  P  x  ia  variable  and 

smaUer  than  P  li. 

WE 
The  radius  of  curvature  of  the  middle  piece  C  /)  is  =  r  =  'wt' 

and  the  angle  of  inclination  of  the  axis  of  the  beam  in  C  and  D  ia 


conscqnentl;  Oj  = 


/ 


Pll, 


-,  I  denoting  the  length  of  this 


MS=a  = 


■»  WE' 
middle  piece.    From  this  we  obtain  the  deflection 

=  ^^-^  =  5~  =  o  iir-p-i  as  well  as  the  deflection  oiC  A 
4  r        or       o  n  Ji 

PI,'  _  pu:      PI,'  _pini  .  M 

^ZWE~%WE'^ZWE~  WE\%^  Zr 
W  T 
The  moment  of  proof  load  for  this  girder  is  P  ^i  =  — — . 

If  the  same  beam  A  Bia  unifornUy  loaded,  as  is  shown  in  Fig. 
897,  with  q  per  running 


--a,h 


Fia8»7. 


C  and  the  middle  M,  o 
reaction  at  C  and  D  i 


foot,  under  certain  circum- 
stances the  moment  of 
fiexure  for  some  points  is 
positive,  and  for  others 
negative,  and  therefore  at 
two  points  U  and  F  it  is 
equid  to  zero. 

For  a  point  upon  A  C 
and  B  D  this  moment  is 
J  q  a:',  and,  on  the  con- 
trary, for  a  point  between 
between  D  and  M,  since  the  value  of  the 
}^   Q  =  {^l  +  l,)  q,itia  S~S=  y  =  4 
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(x  +  h)'  q  —  (i  I  +  li)  X  q  —  ^  (si^  —  J  X  +  li*)  q,  and  therefore 
=  0  for  I*  —  Z  a;  =  —I*,  lb.  for 

CW=  «  =  I  -  l/(^)* -  A*  and  for 


CF=.=|+ 


vD'-A- 


/ 


Fio.  898. 


which  of  course  requires  that  li  =  <,  ^,ile.  C  A  <i  C  M.    TJnder 

any  other  circumstances  the  moment  of  flexure  remains  always 

positive,  as  is  shown  in  Fig.  398. 

The  moment  of  flexure  is  a  maxi- 
mum or  minimum  for  ^  =  »  oni 

while  the  moment  of  flexure  in  C 

and  i>  is  CT=  iFO  =  .}  q  l,\ 
If,  therefore,  in  the  first  case, 

Fig.  397,  Q*-  h'  >  Z,*  or  (J)  > 
2U\i^l>  h  ^>  we  hare  M  If 

_    Q 


m-  •••] 


>  0  L,  and  since  a  =  .   \  , ,  we  must  put  the  moment  of  proof 
load  equal  to 

^,,  ^ ^  ,.  = ,  while,  on  the  contrary,  we  hare 

^^  =  -^,whenZ</.vU 

§  249.  a-irdeni  not  Uniformly  Loadad-^K  a  beam  A  By 
Fig.  399,  is  not  uniformly  loaded^  but  in  such  a  manner  that  the 

load  on  the  running  foot  increases 
towards  the  extremities  of  the  girder 
regularly  with  the  distance  from  its 
centre,  the  statical  relations  will  be  as 
follows. 

KZ  =  J  jB  =  2  (7^  =  2C5is 
the  length  of  the  beam,  measured  be- 
tween the  points  of  support  A  and  J9, 
q  the  weight  of  the  load  per  unit  of 
surface  of  the  cross-section  and  p  the 
angle  of  inclination  ACD^BCE 


Fio.  800. 
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of  the  planes  C  D  and  C  E^  which  bound  the  load,  we  have  the 
weight  of  the  prism  A  OD  =  BC£!ofihe  load,  sustained  by  one 
point  of  support, 

|-  =  ^  JTC.  ad.  gr  =  ^  Q  tang,  p.q  =  ^qP  tang,  p, 

and  consequently  the  moment  of  this  force  in  reference  to  a  point 
iV^  at  a  distance  A  N  =  x  &om  A,  is 

yi  =  y.«  =  gg^'aJ  tang.  p. 

The  weight  of  the  heavy  prism  above  A  N=xiB  q  i ^ )  A  N, 

and  the  centre  of  gravity  of  the  same  is  at  a  distance  N  0  =^ 

—T-f. T^y-  •  — q—  from  Ny  and  consequently  the  moment  of 

this  prism  in  reference  to  JV  is 

aW*        r  II       \         '\  ^ 

y,  =  gr  (2  ^  Z>  +  tJ L)  —^  =  q  ^Itang.p  +  (2  "*  */  ^^^'  ^\  "c" 

=  ^  tang,  p  (J  Z  -  a?), 
and  the  entire  moment  of  flexure  for  the  girder  at  iVis 

I 

if  we  put  (7JV=a?i  =  5  —  ajor  measure  the  abscissa  Xi  from  C. 

I  a  P 

This  is  a  maximum  for  a;  =  -  and  equal  to  ^r^  tang,  p,  and 

the  moment  of  proof  load  of  this  girder  is 

q  P ,  Ql       WT 

while  for  an  uniformly  loaded  beam  the  moment  of  flexure  is 

hence  the  moment  of  proof  load  is  ~-  = . 

§  250.  Oirdars  Sustaining  Two  Loada— If  a  girder  A  S, 

Fig.  400,  supported  at  both  ends  is  loaded  at  a  point  C,  which  is  at 
the  distances  O  A  =  li  and  C  B  =  k  from  the  points  of  support 
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A  and  B,  with  a  weight  P  and  in  addition  carries  a  unifonnly  dis- 

tribated  load  Q  =  g  l,Qie  reaction  of  points  of  support  A  and  B 

It  P       0  I,  P       0 

are  £,  =:  -^ —  +  -^  and  R,  =  — r—  +  ~,  and  the  moment  of 

flexore  at  a  point  If,  dtuated  at  a  dietanoe  A  N  =x  &om  the 
point  of  support  A,  is 


This  moment  ie  a  maximnm  for 

x=.  X,  LB.,  for  a;  =  — j  and  la  then 

It  ia  here  assnmed,  that  C  A  >  C  B,  le,  li>  k  and  a;  <  A* 
If  x^Ii  the  maximnm  of  the  moment  of  flexnre  is  at  C(Fig.  101), 
and  conaeqnentlj 


If  ve  snhetitote 


gV-'.'.p  I  c    e^'  _( 


;=?  + 


.«^« 


p  _  I,-  ji  ^  a  i.  -  ;  _  1,-1, 

Q  I,  il,  "iTT" 

and  tlie  mmxnt  ofprtnf  load  of  the  girder,  when 
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(PL        OV  I         W T 
— r^  +  ^1  zr-pi  = y  a^d,  on  the  contrary,  when 
I          2/  2  C/         e 


I      '    2/2  Q 
Q 


-y  it  is 


( 


2^ 


WT 


e 


These  formulas  are  specially  applicable  to  cases,  where  the 
weight  0  of  the  beam  is  taken  into  consideration ;  here  0  must 
be  substituted  for  Q, 

m 

§  251.  Cros8-€action  of  Raptcira.~In  all  the  cases,  which 
we  have  previously  treated,  we  have  assumed  the  body  A  B, 

Fig.  402,  to  be  prismatical  and,  there- 
fore, the  moment  of  flexure  W  B  to 
be  constant,  hence  we  could  conclude 
from  the  fundamental  formula 

Pxr  =  WE, 
that  the  radius  of  curvature 

WE 


Fig.  402. 


r  = 


Px 


was  inversely,  or  the  curvature  itself  directly,  proportional  to  the 
moment  {P  x)  oi  the  force  P  acting  upon  the  body  and  that  con- 
sequently  the  carvatnre  becomes  a  maximum  or  a  minimum  at  the 
same  time  that  P  x  does.  If,  therefore,  the  force  P  is  constant, 
or  if  it  increases  with  x  (as,  kg.,  in  the  case  represented  in  Fig.  403, 

where  Q  ^  q  x),  the  curvature  in- 
creases or  diminishes  with  x  and  be- 
comes with  it  a  maximum  and  mini- 
mum. When,  on  the  contrary,  the 
cross-section  F  of  the  body  is  differ- 
ent in  different  points,  then  W  = 
2  {Fz^)  is  also  variable,  the  radius  of 
curvature  is  proportional  to  the  quo- 
W 


tient 


Px 


and  the  curvature  itself  to 


Px 


the  expression  -^.  If  we  are  required  to  find  the  points  of  great- 
est and  least  curvature,  we  have  only  to  determine  those,  for  which 
-^  is  a  maximum  and  a  minimum. 
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In  like  manner^  according  to  the  formula 

w 

of  §  235^  the  strain  /S^  in  a  body  is  proportional  to  the  expression 

Pxe 

-^^y  and  becomes  a  maximum  or  a  minimum  simultaneously 

with  it 

W 
If  the  body  is  prismaiicaly  —  is  constant,  and  the  maximum 

strain  S  is  proportional  to  the  moment  P  xot  the  force  only.    If 

W 
the  cross-section  of  the  body  varies,  —  is  a  yariable  quantity,  and 

e 

this  strain  is  dependent  upon  this  quotient  also.  In  the  first  case 
the  strain  becomes  a  maximum  with  P  Xy  b.q.,  when  the  beam  is 
acted  upon  at  one  point  by  a  force  P  and  by  a  load  Q  =  q  x  uni- 
formly distributed  over  a  distance  x,foTx  =  l;  in  the  second  case 
this  maximum  cannot  be  determined  unless  we  know  how  the 
cross-section  varies.  In  order  to  find  the  point  of  maximum  strain, 
it  is  necessary  to  determine  by  algebra  the  maximum  of  the  expres- 

Pxe 
sion    ^  .    In  any  case  the  part  of  the  body  where  this  maximum 

strain  occurs  is  also  that  point  at  which,  if  the  load  is  sufficient,  the 
strain  8  first  becomes  equal  to  jPand  also  to  IT,  and,  consequently, 
where  the  limit  of  elasticity  will  first  be  attained  or  where  rupture 
will  take  place.    This  cross-section  of  the  body  corresponding  to 

(Pxe\ 
— TT^  j  is  therefore  called  the  section  of  rup- 
ture (Fr.  section  de  rupture,  Oer.  Brechungsquerschnitt)  or  also 
the  dangerous  (weak)  section. 

If  the  body  has  a  rectangular  cross-section,  with  the  yariable 
width  u  and  the  variable  height  v,  we  have 

W  _uv* 

P  x 
and  the  section  of  rupture  is  determined  by  the  maximum  of  — \ 

^  •'  u  v^ 

or  by  the  minimum  of  -=; — . 

^  P  X 

For  a  body  with  an  elliptical  cross-section,  whose  variable  semi- 
axes  are  u  and  v,  we  have 

W  ^^uv" 


496  QENBBAL  PRINCIPLES  OP  MEOHANICB.  [g  SDSL 

aqd  we  must  therefore  again  determine  tbe  minimam  T&lae  of 
-=— ,  when  we  wish  to  know  the  weakest  point  in  the  body. 

When  the  weight  is  constant,  P  can  be  left  out  of  ooDBtderation, 
'  and  we  have  to  determine  only  the  minimam  of ——.  If,  on  Uie 
contrary,  the  weight  Q  =  q  x  ^  uniformly  distributed  upon  the 
girder,  we  must  determine  the  minimom  of  --g-  in  order  to  find  tbe 
section  of  mptare. 

g  252.   If  a  body  A  CD  F,  Fig.  404,  forms  a  truncated  wedge 
or  a  horizontal  prism  with  a  trapezoidal  base  A  E  B  F,  whose  con- 
stant width  l&  B  C  =  D  E  =  b,  and  if  the  force  P  acts  at  the  ex- 
tremity  D  Foi  the  same,  we 
have  to  find  only  the  mini- 
mum of  —  in  order  to  deter- 
mine the  section  of  rupture. 
Putting  the  height  D  O  = 
E  Fot  the  end  =  h  and  the 
height  KUottia  truncated 
portion  HKXI~c,  and  as- 
suming, as  preyioosly,  that 
die  section  of  rupture  L  M  N  i&  at  a  distance  U  V  =  xhom  the 
extremity  D  E  F,we  obtun  the  height  of  this  section 

3fi  =  r  =  A  +  -A  =  a(i  +  ?), 
and  we  hare  therefore  but  to  determine  the  minimum  of  tbe  ex- 


X  X   \  CI  \x        C         C  I 

or,  since  A  and  c  are  determined,  only  that  of  -  +  -? 

If  we  assume  a;  =  e,  the  latter  expression  becomes  =  - ; 
we  make  x  a  little  (a;,)  greater  or  less  than  c,  we  obtain 

1  =  _i_  =  — i-^ = 1  (i  =p  ?i  +  5;)  «,d 


X          C  ±  «i         1    .     «| 

if  ~      «•      ~  c^  <f' 

oonaequently 

2 

or  in  any  case  greater  than  -•    Hence  x  ^  e  giyee  the  minimum 

c 

required^  LS.  the  section  of  mptnre  £  Jf  iV  is  at  a  distance  from 

the  end  D  J?  ^  equal  to  the  height  K  U  ^  e?  or  to  the  distance  of 

the  truncated  edge  H  K  from  the  same  end  D  E  F  in.  the  other 

direction. 

The  height  of  this  section  of  rupture  is 

V  =:  h  +  -  .c  =  2h, 
c 

and  consequently  the  prwf  had  is 

_  h  (2 hf   T  _  4gy    T 

For  a  paralkhptpedicdl  girder y  which  has  the  same  length  Z  =  C^ 

the  same  width  b  and  equal  volum^e  F  ^  d  A  2,  the  height  is 

,        A  +  2  A       -  - 
Ai  = 2 =  3  *f 

and  consequently  the  proof  load  is 

^""  c  '  6  ""4  c  '  6' 
and  such  a  girder  hears,  therefore,  but  ^9  as  much  as  the  wedged* 
shape  body  just  treated.  If  the  body  is  a  truncated  pyramidy  the 
edges  A  EjB  Dy  etc.,  when  sufSciently  prolonged,  cut  each  other 
in  a  point,  and  if  we  designate  the  height  of  the  truncated  portion 
by  c,  we  have 

MN=u  =  h{l  +|)andXJf=t^  =  A(l  +  ^)- 

and  therefore  the  minimum  of 

X    "    X    \        0) 
or  of 

1   .   3a:  .    a;* 

a:       c"        c" 
must  be  detennined,  in  order  to  find  the  section  of  rupture.    By 
the  differential  calculus  we  obtain 

32 
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and  we  can  easily  satisfy  ourselyes  that  this  value  is  correct  by  first 
substituting  x  =  ^  c  +  Xi  and  then  x  =  ^c  —  Xi,  In  both  caaes 
we  obtain  a  greater  value  than 

-  +  s-  +  7-  =  TO  which  is  the  value 
c       2c      ^c      ^c 

the  expression 

1   .   3a;       a:*  . 

-  +  ^-  +  -;:i  assumes  for  a?  =  i  c 
X        cT         <r 

The  distance  of  the  section  of  rupture  from  the  end  DFia  then 

•equal  to  half  the  height  c  of  the  portion  of  the  pyramid,  which  is 

cut  ofL    The  dimensions  of  this  surface  are 

w  =  J(l  +  ^)  =  |Jandv  =  ^A, 

and,  consequently,  the  required  proof  load  of  the  beB,m  is 

p  ^  j  & ( j  hy  T__^lW_T_ 

ic        6        4    c    6* 

For  a  body,  tlie  form  of  which  is  a  truncated  cansy  we  have, 

when  the  radius  of  extremity  is  r  and  the  height  of  the  truncated 

portion  is  c,  the  radius  of  the  section  of  rupture  n  =  j  r,  and 

therefore 

p  _  27     nr^     T 

^  ~  T  •  "T  •  T 

§  253.  Bodies  of  Uniform  Strength.~If  a  body  is  so  bent, 
that  the  maximum  strain  S  .upon  the  extended  and  compressed 
side  of  the  neutral  axis  is  at  all  points  the  same,  we  have  a  body  of 
the  strongest  form,  or  of  uniform  strength  (Fr.  corps  d'^gale  resist- 
ance, Qer.  Korper  von  gleichem  Widerstande).  By  a  certain  force 
Buch  a  body  is  strained  to  the  limit  of  elasticity  in  aU  its  cross- 
section  at  the  same  time,  and  has,  therefore,  in  each  part  a 
cross-section  corresponding  to  its  proof  strength ;  it  requires, 
therefore,  when  the  other  circumstances  are  the  same,  a  smaller 
quantity  of  material  than  any  other  body  of  the  same  strength. 
Therefore,  for  the  sake  of  economy  and  to  avoid  unnecessary 
weight,  such  forms  are  to  be  preferred  in  construction. 

Since  the  greatest  strain  in  a  cross-section  is  determined  by 
the  expression 

fi- =  :^  (see  §  251), 

P  X  e 
a  body  of  uniform  strength  requires  that    ^  shaU  ie  constant  for 

aU  cross-sections  of  the  body. 
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If  the  foroe  P  is  cooatant  sod  applied  at  the  end  of  the  body, 
■we  have  only  to  make 

ex       W 

W°'7J 

coQBtant,  and  when  the  force  Q  =  q  x  ia  nnifomily  distributed 
upon  the  girder. 

««■       W 

mnst  be  oonatant    For  a  girder  with  a  rectangular  cross-section  (see 
g  251),  whose  dimenaions  are  u  and  v,  we  must  make  in  the  first 

case -,  and  in  the  second  — r  constant. 

_     X  X 

If  at  another  place  at  the  distance  /  from  the  extremity  the 
width  is  b  and  the  height  h,  we  must  have  conseqnently  in  the 

first  case  — -  =  -j-,  and  m  the  second  --j-  =  -p- 

For  the  constant  width  u  =  &,  we  have  in  the  first  case 


-^! 


Since  the  equation  -ri  =  r  is  *^B.t  of  a  parabola  (see.  §  35,  Be- 
Ark),  the  longitudinal  profile  A  S  E,  Fig.  105,  of  snob  a  body 
Fio.  40S.  Fia.  406. 


has  the  form  of  a  parabola,  whose  Tertex  E  coincides  with  the  ex- 
tremity or  point  of  application  of  the  load  P, 

If  a  beam  A  B,  Fig.  406,  whose  width  is  ajmlani,  is  supported 
at  both  ends  and  sustains  the  load  P  in  the  middle,  or  if  the  beam 
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A  B,  Fig.  407,  IB  supported  in  the  middle  and  ia  acted  npon  at  its 
ends  A  aod  B  b;  two  forces,  vhich  balance  each  other,  its  eleva- 
tion mnet  have  the  form  of  two  para- 
^°-  ^-  bolaa  ttnited  in  the  middle.    As  ex- 

T  amples  of  the  latter  case,  we  may 

I  mention    working    beams,    balance 

^^^^^^^^^^^        beams,  etc    As  the  beam  ie  weak- 
^^^^^^Bj^^^^KSfB     ^^^  ^7  ^^^  ^J^^i  niftde  for  the  shafts 
^^^^^K^^^^^f^     A,  B  and  C,  lateral  or  central  ribs 
I  »^  I       are  added  to  it. 

F  ^  If  the  height  v  =  A  is  constant, 

we  have 
tt      i      u      X 

and  the  width  ia  proportional  to  the  distance  from  the  end ;  the 
horizontal  projection  of  the  beam  ACE,  Rg.  408,  ifl  a  triangle 
B  CD  and  the  entire  girder  is  s  wedge,  the  vertical  edge  of  which 
coincides  with  the  direction  of  the  ibroe. 

Fis.  408.  Fia.  409. 


Instead  of  the  parabolic  girders,  Fig.  405,  we  generallj  make 
nse  of  girders,  Fig.  409,  witii  plane  snr&ces.  In  order  to  econo- 
mize as  mnch  material  aa  possible  the  girder  is  made  in  the  mid- 
dle M  of  the  same  height  M  0  =  h^  =  h  V^,  as  the  parabolic 
girder  would  have  been,  and  the  limiting  plane  surfoce  CD  is  made 
tangent  to  the  corresponding  parabolic  snr&ce.  We  have 
BG  __  JAM  _  A^  _    AM 

M0~  %AM~'^'^  MO~ZAM  ~^ 
and  consequently,  if  we  denote  the  greater  height  B  C  \>j  hi  and 
the  leaser  one  A  Dh^  ht,va  obtain 

h^  =  lh„  =  ^h^^J=  1,0607  h  and 
A,  =  i  ft„  =  ^  A  V^  =  0,3536  A, 
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for  which  we  ninst  determine  the  height  B  N  =  hhy  meane  of 

T 
the  well-known  formula  PI  =  bh'  ~^. 

The  Tolome  of  fluoh  a  girder,  whose  faces  are  planes,  ia 
hljh,  +  A,)  _  Q,jfyji  J  ;  ^  ,yie  that  of  the  parabolic  girder  of 

eqnfll  atrength  is  =  J  ft  /  A  =  0,667  J  ^  A,  le.,  5,7  per  cent  Bmaller. 
In  like  mauaer  we   can 
fja.410.  constrnct  the  girder  .4  iV.d„ 

Pig.  410,  which  is  supported 
at  its  extremities  A  &ndA„ 
of  two  portions,  bounded  by 
plane  surfaces,  which  have  a 
common  height  B  C  ~hi  = 
1,0607  h  at  the  point  of  ap- 
plication of  the  load,  and  at  the  extremities  the  altitude 

A  D  =  A,  p,  =  h,  =  0,3536  ». 
Here  the  altitode  B  N  ~  h  must  be  determined  by  the  formula 

I      ~~       6 
§  254.  If  the  body  A  B  D,  Fig.  4U,  is  to  be  made  with  all  ita 
cross-aectiona  L  M  N,  A  B  C,  etc,  similar,  we  mnst  put 

Pig.  411.  h~  h  ^""^  therefore 

«.«'/*''     S  A* 

u'      X       u       V       !/x 

"^      ■W  =  r°'l  =  h  =  ^r 

The   width    and    height  are  therefore 
proportional  to  the  cube  root  of  corres- 
ponding arms  of  the  lever.    When  the 
distance  from  the  end  becomes  eight-fold,  the  height  and  width 
are  only  doubled. 

We  can  replace  this  body  Sy  a  truncated  pyramid  A  C  E  0, 
Fig.  412,  at  the  middle  of  whose  length  the  height  isM  0  =  K  = 
^\.h  =  0,7937  A  and  the  width  M K  =:=  h„  =  '-^l.l>  =  0,7937  b 
and  the  strength  of  this  body  is  exactly  the  same  aa  that  of  the  body 

jnat  discuaaed.    For  the  tangential  angle  of  the  carve  t  =  y  7.  or 


I 
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to  the  Calculus,  tang,  a  =  ^  , ._  arl  =  ^  , . ,  therefore  it  follows, 

that  for  , 

I  =  J,  ^  /  ton^r.  a  =  J  A  r  Q'=  1*^  =  1^  =  0,2646  A, 
and  in  like  maimer  we  haye  for  the  curve 


^  =  Vj.tang.fi  =  ^r^=f^i 


J  I  tang.  j3  =  |  ^i- 

From  this  we  can  calculate  the  dimensions  of  the  base  ABO 

AB  =  h,  =  K  +  il  tang,  a  =  |  ^  .  A  =  1,0583  h  and 

B  C=bi  =  b^  +  i  I  tang.  i3  =  j  VT  .  *  =  1,0583  *, 
and  those  of  the  smaller  base  E  F  0 

Fio.  412.  Fio.  418. 

B 


FG^K  —  K-ll  tang,  a  =  f  v"^  .  A  =  0,5291  h  and 
EF=b^  =  b^-  il  tang.  jS  =  f  Vr.  j  =  o,5291  *. 

We  must  of  course  put  P  I  =  — ^ — . 

If  we  make  the  cross-section  of  the  body  of  uniform  strength 
circular,  we  have  for  the  variable  radius  the  equation 


u 


=  V  =  2;  =  Yjy 


and  if  we  replace  this  body  by  a  truncated  cone  ABB,  Fig.  413, 
its  radii  must  be 

MO  =  rn,==^.r  =  0,7937  r,  (7-4  =  r,  =  1,0583  r  and 

DB=r^=z  0,5291  r, 
and  the  radius  r  of  the  base  of  the  solid  of  uniform  strength  must 
be  calculated  according  to  the  formula 
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If  the  girder  is  uniformly  loaded  and  its  width  is  constant,  l 
if  w  =  S,  we  have  w'        a;* 


and  ite  form  nmst  be  that  of  a  wedge,  wIioBe  elerstion  ifl  a  triao- 
gle  AB  D,Yi%.  414 

ne.  414  Fie.  415. 


If  the  height  U  oMutofl/,  we  haye  r 

section  of  the  girder  is  a  snrface  limited  by  the  two  inverted  arcs 
of  a  parabola  B  D  and  C  D,aaia  shown  in  Fig.  415. 

If  we  again  make  the  cross-sections  Bimilar,  we  hma-^=-=j=-g, 

and  the  vertical  and  horizontal  profiles  are  cubic  paraiolaSf  the 
cnbee  of  the  ordinatee  of  which  are  proportional  to  the  squares  of 
the  abscissas. 

If  a  tiody  A  E  B,  Fig.  416,  snpported  at  both  ends,  is  nni- 
formly  loaded  with  the  weight  q 
Tta.  416.  per  nmning  foot  or  upon  its  whole 

length  A  B  =  I  with  Q  =ql,vt 
have  the  moment  of  the  force  at 
a  point  0,  situated  at  the  distance 
A  0  =  X  from  one  of  the  sup- 
ports A, 

itl  and,  on  the  contrary,  at  the  cen- 

tre (7 

-6.  i_9_  1^91-tl 

3  '2       a  '4        8  8  * 

A  winning  the  width  h  of  the  body  to  be  constant,  we  have 
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Jt;*.-^  =  |(?a?  —  a")  and 


6  ~2 

^'^  •  6  "■   8  ' 
A  denoting  the  height  O  E  of  the  body  at  the  centre,  and  bj  divi- 
flkmva  obtain 

If  A  =i  }  ?,  v'  would  hQ  =  I X  —  x\  and  therefore  the  longitu- 
dinal profile  would  be  the  circle  A  Di  By  described  with  the 

radius  1 1;  but  since  la  -^  a?  must  be  multiplied  by  f  j-^j  in  order 

to  obtain  the  square  v*  of  the  height  M  0  =  NO^t  any  point,  the 
circle  becomes  an  ellipse  A  D  B  or  A  B  By  whose  semi-axes  are 
CA-ai-ilmiCI)=  0B=:  bi  =  h. 

We  can  replace  this  body  by  a  girder  A  A  B  D  B,  Fig.  417, 

with  plane  surfaces,  whose 
height  at  the  distance  A  M 
^  \l  from  the  points  of  sup- 
port BvxAB'vaM  0  ^K 

The  angle  of  inclination  a  of 
the  auifiGU3e  i?  2>  to  the  axis  A  Ci&  given  by  the  equation 

consequently  we  have  7  foii;.  as  |  V3  .  A  and  the  height  of  the 
body  in  the  middle 

(7  2>  =  if  0  +  I  toiy.  a  =  i  V3  .  A  =  1,1 548  A, 
and,  on  the  contrary,  the  height  at  the  ends  is 

-4  J?  =  If  0  -  J  tang,  a  =  ^  V3  .  A  =  0,6774  A. 

(§  255.)  The  deflection  of  a  body  of  uniform  strength  is,  of 
course,  under  the  same  circumstances,  greater  than  that  of  a  pris-^ 
matical  girder.    For  the  case,  where  the  beam  is  fixed  at  one  end 
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and  subjected  to  a  stress  P  at  the  other,  the  deflection  is  found  as 
follows.    The  well-known  proportion  -  =  ^  gives  us  the  formula 

r  =  —^f  in  which  the  radius  of  curvature  is  a  function  of  the  dis- 
tance «.  If  we  know  the  dependence  of  e  and  x  upon  each  other, 
we  obtain  an  equation  between  r  and  o^  from  which  we  can  deduce 
(in  the  way  explained  in  §  218)  the  equation  of  the  co-ordinates  of 
the  dastic  curve.  If  we  assume  the  deflection  to  be  small,  we  can 
again  put  the  length  of  arc  «  equal  to  the  abscissa  x,  and  conse- 
q«esntly  equate  the  diflEerentials  d  8  and  dx;  hence  we  can,  as  b^^ 
fore,  assume  _      dx 

da 
From  this  we  obtain 

dx=:  -  ^arfo, 

and,  by  integration,  the  tangential  angle 


-  —  ^  r^ 


For  a  girder  with  a  rectangular  cross-sectioix  $  ^  ^  v,,  and 
tiierefore  2  T  rd  x 

If  the  width  is  constant  oru  =:  by  we  have 


V*         X 


o  =  — 


-7i  =  T  (see  §  253),  and  therefore 
V  =  h  y -y-and 


or,  since  for  a;  =  {,  a  =  0  and  consequently 

li  we  put  a  =  ^  we  obtain 

4  jT  VI 

and,  therefore,  the  required  equation  of  the  co-ordinates  is 


a=  ^ 


COG  GENERAL  PRINCIPLES  OP  MECHANICa  [§250. 

For  X  =  lyj/  becomes  a;  the  deflection  is  then 

But  P  /  =  J  A* .  -  or  iT  =  -y^r^  and,  therefore,  the  deflection 

is  giyen  by  the  formula 

SPP  _       4PP 
Hbh*  '^       EbhT 

LB ,  it  is  twice  as  great  as  in  the  case  of  a  parallelopipedical  girder, 
whose  height  is  A  and  whose  width  is  i  (compare  §  227). 

If  the  force  acts  at  the  middle  of  a  girder,  supported  at  both 

ends,  we  have  only  to  substitute  -^  for  P,  and  ^  for  Z,  and  we  obtain 

^*'  Ebh" 

LE^  it  is  16  times  smaller  than  vhen  the  force  acts  at  the  end. 
For  a  body  of  uniform  strength  with  a  triangviar  base,  as  is 

represented  in  Fig.  408,  the  yariable  width  is  t^  =  y-  i,  and 

V 

b  h*    E 
hence  the  radius  of  curvature  r  =  ^0-7  •  -p  is  constant^  the  curve 

formed  is  a  circle,  and  the  corresponding  deflection  is 

^""  2r  ""  bVE'^  ^'bh*JS' 
LE.,  I  times  as  great  as  for  a  parallelopipedical  girder. 

g  256.  Deflection  of  Metal  Springs. — ^The  most  common 
examples  of  bodies  of  uniform  strength,  as  well  as  of  those  which 
l)end  in  a  circle,  are  steel  or  other  metal  springs.  The  springs,  of 
which  the  spring  dynamometers  are  made,  are  of  the  finest  steel  and 
are  from  A  to  1  meter  long,  from  4  to  5  centimeters  wide  and  in 
the  middle  from  8  to  21  millemeters  thick.  They  form  bodies  of 
uniform  strength,  and  their  longitudinal  profile  is  composed  of  two 
parabolas  united  in  the  middle  (see  §  263).  In  order  to  increase 
the  action,  the  spring  dynamometer  is  made  of  two  such  parabolic 
springs  A  A  and  B  B,  Fig.  418,  which  are  united  at  their  ends  A 


§  256.]      ELASTICITY  AND  STRENGTH  OP  FLEXURE,  ETC.        607 

by  means  of  the  links  A  B^AB  (see  Morin's  Lemons  de  M^caniqne 

Pratique,  Besistanoe  des  Materiaux, 
No.  198).  These  dynamometers 
measure  the  force  Py  which  if  ap- 
plied to  the  hook  D  in  the  middle 
of  one  of  the  springs,  by  the  space 
described  by  the  point  Z,  which  is 
of  course  equal  to  the  sum  of  the 
deflections  of  the  two  springs.  But 
from  what  precedes  we  know  that 

__    ,     8  Pf 

and  consequently  we  have  here 

o  P^ 

8  =  2a  =^ 


bVIf 
and,  therefore,  the  force 

corresponding  to  the  space  8  described  by  the  pointer. 

In  experimenting  with  such  an  instrument,  whose  springs  were 
of  the  following  dimensions:  b  =  0,05,  A  =  0,0211, 1  =  1,0  meter, 
the  space  described  by  the  pointer  was  8  =  9,7  millemeter,  when 
the  load  was  P  =  1000  kilograms;  the  coefficient  of  this  dynam- 
eter  was  therefore 

and  for  other  cases  we  must  put 

P  =  103,09  8  kilograms, 
when  8  is  given  in  millimeters,  or  when  the  scale  is  divided  into 
millimeters. 

If,  instead  of  parabolic  springs,  we  employ  triangular  ones  of 
uniform  strength,  we  have 

I  =  «  =  TB  •  j-^v^  ^^  therefore, 

I.E.,  one-third  greater  than  for  a  dynamometer  with  parabolic 
springs. 

Wagon  springs  should  unite  great  flexibility  with  great  strength, 
while,  on  the  contrary,  it  is  not  necessary  to  know  the  exact  relation 
between  P  and  8.  For  this  reason,  these  springs  are  often  formed 
of  a  number  of  simple  springs  laid  upon  one  another. 


\ 
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If  the  compound  spring  is  composed  of  n  simple  paraUdopipedr^ 
teal  springs,  placed  upon  one  another,  we  haye,  when  the  width  is 

b,  the  thickness  k  and  the  length  I,  the  deflection  corresponding  to 

4.  p  p 
the  force  P  at  the  end  A  of  the  entire  spring  a  =  — -,.  .,  and  the 

proof  load 

P  =z  n  —J — p,  and  therefore  alBO 

If  the  entire  spring  A  C  D,  Fig.  419,  consists  of  n  simple  tri- 
angular springs,  we  have 

a  =  — rTTTi*  while  P  =  n  -7-  -^ 

remains  unchanged,  and  therefore 

T  r      a       T  I 


^-'Bh^^^f^h' 


a 


Therefore,  in  both  cases  the  measure  j-  of  the  flexibility  in«^ 

T  I 

creases  with  the  ratios  -^  and  ^  and  is  the  same  as  for  a  simply 

spring  of  n  times  the  width  {n  b). 

Fig.  419.  Fro.  420* 


,r  - 


In  order  to  economize  material,  we  superpose  springs  of  differ- 
ent lengths  and  construct  them  of  such  a  shape,  that  by  the  action 
of  the  force  P  at  the  end  A  of  the  entire  spring  they  are  bent  in 
arcs  of  circles  of  nearly  or  exactly  the  same  radius.    The  force  P 

bends  the  lowest  triangular  piece  ^  ^  of  the  the  entire  spring 

I 

A  B  H.  Fig.  420,  whose  length  =  -,  in  the  arc  of  a  circle,  whose 

n 

radius  is  r  =  7i  r^  -, .  -^j,  and  in  order  that  the  remaining  paral- 
lelopipedical  portion  shall  be  bent  in  like  manner,  it  is  necessary 
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that  the  same  shaO  exert  a  pressure  at  A  upon  the  succeeding 

spring,  which  shall  be  equal  to  the  force  P ;  for  the  moment  of 

PI 
flexure  of  this  spring  is  then  equal  to  the  moment  —  of  a  couple 

(Py  --  P)  whose  arm  is  -.    The  relations  of  the  flexure  of  the  first 

spring  repeat  tbemselyes  in  the  second,  which  is  -  shorter  than 

nbV    E 
it;  it  is  bent  in  a  circle  whose  radius  r  =  -r^j-  •  -p^  when  its  end 

j^i  ^s  is  triangular  and  the  other  portion  is  parallelopipedical,  and 

if  it  presses  on  the  third  spring  with  a  force  P.    This  is  also  the 

oase  for  the  third  spring  A^OD,  etc,  up  to  the  last  piece,  which  has 

no  parallelopipedical  portion,  and  which,  by  the  action  of  the  force 

Pj  is  bent  in  a  circle  of  the  aboye  radius  r.  The  entire  deflection  of 

r  6  PP 

this  compound  spring  is  a  =  ^  =  — rrr-rij  wid  the  proof  load  is 

P  =z  n  -y  -7r>  hence 

__T  r      u  _  T  I 
^^  B  h'^^l  ^  E  K 

The  relations  of  the  flexure  are  here  exactly  the  same  as  for  a 
spring  composed  of  single  triangular  springs ;  it  can  also  easily 
be  proyed,  that  both  sets  of  springs  require  the  same  amount  of 
material. 

It  is  not>  however,  necessary  to  make  the  ends  of  the  springs 
exactly  triangular ;  we  can  employ  any  other  form  of  equal  curya- 
ture,  kOp,  we  can  make  them  of  the  constant  width  l  and  then  at 
the  distance  x  from  the  end  A  the  height  must  be 

Such  a  double  spring  is  represented  in  Fig.  421.    Here  the 

Fio.  421. 


total  proof  load  is  2  P ;  the  length  must  not,  howeyer,  be  meas- 
ured from  the  middle,  but  from  the  ends  BD^BDoi  the  fastening. 
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Remabk. — The  reader  can  consult  npon  the  snl^ect  of  wagon  springs : 
F.  Realeux :  Die  Conetruction  nnd  Berechnnng  der  fur  den  Maschinenbaa 
vichtigsten  Federarten.  Winterthur,  1BG7 ;  also  Redtenbacher :  die 
Oeaetze  dea  Locomolivenbauea,  Mannheim  1600,  and  Fhilipa :  lUmoiie  sur 
les  rcBSorta  en  acier,  etc.,  in  the  Annalea  dea  Minee,  Tome  L,  tSOS. 


CHAPTER    III. 


g  257.  The  Shearing  Force  Parallel  to  the  Neutral 
^■vii — In  a  body,  which  is  subjected  only  to  a  tensile  or  com- 
preaaive  force,  the  bases  A  B  and  C  D  of  or  element  A  B  C  D  oi 


the  body.  Fig.  422,  are  only  acted  upon  by  the  two  opposite  forces 
P  and  —  P,  which  balance  each  other,  while  the  sides  A  B  and 
Pjg  ^23^  Ci>  remain  free  from  the  ac- 

tion of  extraneous  forces;  for 
the  neighboring  elements  of 
the  body  are  eubjected  to  the 
same  axial  strain  as  the  Eup- 
posed  element  A  B  C  D  itself. 
Bnt  the  case  is  different  when 
the  body  is  bent;  for  on  one 
side  A  B  ot  the  element 
A  B  C  D  &  strain  is  pro- 
duced which  is  opposite  in  di- 
rection to  that  npon  the  other 
side  C  D  of  the  element,  and 
in  conseqnenoe  of  the  cohesion 
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in  ^  ^  and  C  A  ttie  element  A  B  CD  is  subjected  to  the  action 
of  a  couple.  This  couple  is  a  maximum  for  an  element  which  lies 
in  the  neutral  axis ;  for  the  element  is  here  subjected  on  the  side 
^  £  tx>  an  extension^  and  on  the  side  C  D  to  a  compression. 

11  Sis  the  strain  upon  a  fibre  at  the  distance  e  firom  the  neu- 
tral axis,  when  the  cross-section  =  1,  the  strains  upon  the  portions 
I^i,  Ffy  J^i . . .  of  the  entire  cross-section,  which  are  situated  at  the 
distances  ZifZi^z^,..  from  the  neutral  axis,  are 

e  e  e  ' 

and  the  total  strain  in  the  cross-section  Fi  +  i^s  +  i^t , . .  is 

e  =  —  (i^i«,  +  J^,2;,  +  ...)  =  —  2  (Fz). 

Now  if  -Fi  +  jFJ  +  . . .  is  the  part  of  the  cross-section  on  one 
side  of  the  neutral  axis,  Q  is  the  total  strain  on  that  side  of  the 
neutral  axis.  The  strain  on  the  other  side  is,  according  to  the 
theory  of  the  centre  of  gravity  (compare  §  215),  equal  in  intensity 
to  it,  but  opposite  in  direction. 

P  XB         8        P  X 

Besides  we  have,  according  to  §  235,  S  =  -^j  or  —  =  -^, 

Px 
whence  also  Q  =  -=  {F^  «,  +  i^,  a?,  +  . . .). 

In  a  cross-section,  which  is  at  a  distance  A  B  ==Xi  from  the  first 
one,  the  strain  is 

<?i  =  ^  ^V"  ""'^  (^'  «>  +  ^«  ^  +  •  •  •), 

and  therefore  the  total  force  with  which  the  piece  ABB  tends  to 
elide  upon  ^  i?  is 

0  -  Ci  =  ^  (^1  «i  +  j;  a^  +  • . .).     • 

Now  if  Jo  is  the  width  of  the  cross-section  at  the  neutral  axis, 
the  shearing  force  along  the  unit  of  surface  in  this  axis  is 

•""T^  -j;^(i^,«i  +  j;^, +  ...)-     j^  w  ' 

If,  therefore,  the  girder  is  not  to  be  ruptured  by  a  sliding  along 
the  neutral  axis,  we  must  put  X^  =  the  modulus  of  ultimate 
strength,  and  in  order  that  it  shall  be  as  secure  against  rupture 
by  shearing  as  against  breaking  across,  it  is  necessary  that  JTo  shall 
be  at  most  equal  to  the  modulus  of  proof  strength  T,  le.  that 
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r=  r^  2  LFz\  or  P  =  ^,^T>  and 

2  ( J'  z)  is  alflo  =  i^i  «,  =  ^,  Sfi  when  i^i  and  jP,  denote  the 
areas  of  the  portions  of  the  entire  cross-section  P  =  «F,  +  jPs^  lying 
on  the  opposite  sides  of  the  neutral  axi%  and  ^i  and  «,  the  dista^ioea 
of  the  centres  of  gravity  of  the  two  portions  from  that  axis. 

For  a  rectangular  girder,  whose  cross-seotion  -P  =  J  A,  we  haye 

S  (Fz)  =  /;«,=  *^  .|  =  *|!,  }r=  1^,  and  Jo  =  J,  whence 
P  =  |  JArandJo  =  *  =  |  ^ 


For  a  cylindrical  girder*  whose  cross-section  is  jF=  -j-.,  we 

have,  since  the  centre  of  gravity  is  situated  at  a  distance  ^ — dfcom 
the  centre, 

S  {Fz)  =  F,s,  =  ~.:^d  =  ^,  and,  according  to  §232, 

W  =  -i^T-9  aiid  Jn  =  ^9  whence 
64 


=  4/^  /^ 


3^  =  l,303y^. 
In  like  manner  for  an  elliptical  girder,  since   W  =  — 5 — , 

4 

J',  Si  =  ^  . -  . I  a  =  f  «•  *  and  J,  =  2  J, we  have  P  =  inabT, 

A  IT 

4       P  P 

or  J  =  K^  — ^  =  0,4244^. 

Finally,  for  a  tuiular  jmrallelopipedical  girder,  whose  eross- 
section  is  P  =  *  A  -  J,  A,  (Fig.  354,  §  228),  we  have 

Fi  Si  = 8"^»  ^  = 12^  and  J.  =  J  -  J^, 

hence  p  _  Ab-b.)  {iV -h^h^  T 

nence  ^-|  iv^b,hy' 

The  shearing  force  X  diminishes  as  the  distance  of  the  8ur£EU)e, 
in  which  it  exists,  from  the  neutral  axis  increases,  and  becomes 
finally  nuU  at  the  surface  of  the  body,  where  the  distance  from  the 
neutral  axis  is  a  maximumu     The  intensity  of  the  shearing  force 
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Xat  a  given  distaoce  0  B  =  hi  from  the  neutral  azis  of  the  body 
Jf  A",  Fig.  424,  is  also  given  by  the  formala  X  =  — f-4r^'  found 
Fie.  494.  above,  if  instead  of  S  (Fx) 

we  subetitnte  the  soma  of  &a 
prodacta  F,  x,,  F,  t,  .  .  .  on 
one  side  otABCD,  and  in- 
stead of  f>,  the  width  b,  of  the 
Bor&ee  at  the  given  distance 
h,.    The  sums  of  the  products 
/I  z„  J".  + ,  ^  + 1  for  the  other 
Bide  is,  hovever,  equal  to  the 
sum  of  the  products  Fx  z„ 
Ft  Zf  .  .  .  since  the  products 
,  of  the  elemfnts,  eitoated  on 
the  opposite  sides  of  the  neutral  axis  within  the  distance  ±  h, 
balance  each  other.    ' 

S.Q.  if  the  cross-section  of  a  girder  is  rectangular,  we  have  for 
the  point  situated  midway  between  the  neutral  axis  and  the  limit- 
ing Burlaces,  i.K,  at  the  distance  ^  f^iB  the  nentral  azia 

KFz)  -  F,s,-~,SA  =  t^bb\ 


md,  therefore,  the  shearing  force  is 

bh'       ~^  bh' 


^=-^^  =  ^-' 


p 

-while  at  the  nentral  axis  its  value  is  X.  =  |  -rr- 
oh 

§  358.  The  Shearing  Force  In  the  Plane  of  tite  Cross-- 
■ecUoo. — As  the  tensile  and  compressive  forces  of  the  ends  of  an 
element  A  B  C I>,Fig.  424,  are  in  equihbrium,  so  also  the  shearing 
forces  in  this  element,  which  form  two  couples,  balance  each  other. 
Now  if  ?  is  the  length  A  B  and  4"  the  height  5  C  of  the  element, 
■we  have  the  shearing  forces  along  A  B  and  C  D,^  XdioA  —  f  -S", 
and  the  moment  of  the  conple,  formed  by  them,  ^  X  .^  —  ^  ^  X, 
and  the  shearing  forces  along  B  C  and  D  A  are  ^  Z  and  ~  i  Z, 
and  the  moment  of  the  couple  formed  by  the  latter  is  =  ?  ^ .  f  = 
f  f  Z;  now  if  equilibrinm  exists,  we  most  have  ^i  X  —  ^^Z, lb, 
that  X  =  Z 
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The  formula  X  =  — j.  ur     ^^>  therefore,  also  applicable  to  the 

determination  of  the  shearing  force  Z  along  the  entire  cross-sectian. 

It  is,  E.O.,  in  a  girder  with  a  rectangular  cross-section,  for  an  ele- 

p 
ment  in  the  neutral  axis  =>  j  -j-r,  and  for  one  at  a  distance  ±  ^  h 

p 
from  the  neutral  axis  =  j  ^-r,  etc. 

The  sum  of  the  shearing  forces  along  the  entire  cross-section, 
must  of  course  be  equal  to  the  force  P,  or,  if  several  forces  act  at 
right  angles  to  the  axis  of  the  beam,  equal  to  the  sum  2  (P)  of 
these  forces.  This  can  be  proved  as  follows:  if  we  divide  the 
maximum  distance  e  of  the  elements  of  the  surface  from  the  neutral 
axis  into  n  equal  parts,  we  can  imagine  the  cross-section  upon  the 
corresponding  side  of  the  neutral  axis  to  be  composed  of  the  strips 

^1  -y  hi  -,  bi9  -,  etc.,  whose  moments  in  reference  to  the  neutral 
n      n       n 

axis  are 

and  the  sum  of  the  latter  is 

=  (^)V  *i  +  2  »g  +  3  fti  +  4»4  +  ...)• 

In  reference  to  the  axis,  which  is  at,  a  distance  -  from  the  neu- 
tral  axis,  the  sum  of  these  moments  is 

=  (-)\2  5.  +  3^  +  4^  +...), 

in  reference  to  the  axis  at  the  distance  2  -,  it  is 

n 

and  therefore  the  sum  of  all  these  sums  to  the  distance  e  is 

=  (-)'[*!  +  (2  +  2)  J,  +  (3  +  3  +  3)*,  +  ...] 

=  (^/(l^ .  Ji  +  2* .  *,  +  3*  -  J,  +  .. ,  +  «•*.). 

It  foUows  that  the  sum  of  all  the  shearing  forces  along  crosa^ 
section  on  one  side  of  the  neutral  axis  is 
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i?.  =  X.*.(-*)  +  X.J.(^)H-X.J.(^) 


+  ... 


=  -iT>  -  times  the  sum  last  foand 
W  n 

Bnt  the  measure  of  the^moment  of  flexnire  for  thid  half  of  the 
crossHBection  is 

r,  =  .  (^.,  =  ^  [^  ©• .  .  (y/  .  .  fJ)',. . . .] 

=  (-)*  (1* .  J,  +  2* .  J.  +  3' .  i,  +  . . .  +  n' .  b,), 
whence  it  follows,  that  the  required  shearing  force  along  this  snr- 


&ceis 


A  = 


P  w. 


In  like  manner  we  find  for  the  half  of  the  cross-section,  situated 


W 


on  the  other  side  of  the  neutral  axis,  the  shearing  force  R^  = 
and  finally  it  follows  that  the  shearing  strain  for  the  entire  cross- 
section  is  i?  =  — - — 1^^ — ^  =  P,  since  the  measure  W  of  the  mo- 
ment of  flexure  of  the  entire  cross-section  is  e<}ual  to  the  sum 
Wt  +  Wt  of  measures  of  the  moments  of  flexure  of  the  two  por- 
tions of  it 

§  259.  Mazimnm  and  Minimum  l^tndn.— K  the  strains 
in  any  section  are  known,  the  strain  in  any  gii^en  cross-section 
can  be  found  by  employing  the  ordinary  methods  for  the  com- 
position and  decomposition  of  forces.     In   order  to   find  the 

strains  in  an  element  A  C,  Fig.  425,  of 
the  surface,  whose  plane  forms  the  varia- 
ble angle  B  A  C  =  rp  with  the  longitu- 
dinal axis  of  the  body,  we  deoompose  the 
tensions  in  the  projections  A  B  and  B  C 
of  this  element  of  the  surface  into  two 
components^  one  of  which  acts  in  the 
plane  of  ^^  C  and  the  other  at  right-angles 
to  it,  and  we  then  combine  the  compo- 
nents in  ^  (7,  so  as  to  form  a  single 
shearing  force,  and  the  components,  acting 
in  a  direction  at  right-angles  to  ^  (7,  so  as  to  form  a  single  tensile 
or  compressive  force.  If  the  width  of  the  elements  A  By  B  C  and 
.^  C  of  the  sur&ces  is  unity,  we  can  put  the  shearing  force  along 


FI0.42Q. 
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A  By  =^  A  B  ,  Xand  decompose  it  into  its  components  A  B  ,  X 
COS.  rp  and  A  B ,  X  sin.  V»,  and  in  like  manner  we  can  pnt  the 
shearing  force  along  B  Cy=zBC.Z=^BC.X  and  decompose 
it  into  its  components 


—  B  C.  X sin.  ^  and  B  C .  X cos.  f. 


Sz 


The  components  of  the  tensile  force -5  C  .Q  ^  B  G ,  — y  whose 

6 

direction  is  perpendicular  to -ff  (7,  on  the  contrary,  btq  B  C  ,Q  cos.  rj^ 
and  B  G  ,Q  sin.  V'y  and  it  follows  that  the  entire  shearing  strain 
along  A  G  referred  to  the  unit  of  surface  is 

?7=  {A  B  .Xcos.yj)-  B  G.  X sin. i>  +  B  G.Qcos.\p):A  (7, 
and  that  the  tensile  strain  at  right-angles  to  ^  (7  is  for  the  unit 
of  surface 

V^{A~B.Xsin.'^  +  B~G.Xcos.ii>  +  B  G .Qcos.i)):AG. 

A  B  B  G 

But  -j-?T  =  cos.  ^1)  and  -7-77  =  sin.  ib,  whence  it  follows  also  that 
AG  AG 

XJ  —  X  {cos.  ipy  —  X  (sin.  t/>)'  -f  Q  sin.  V*  cos.  xj)  and 

U  =  2  X  sin.  ^  COS.  i>  -{■  Q  (sin.  %!>)*,  or,  since 

(cos.  rpy  —  (sin.  t/')'  =  cos.  2  rp  and  2  sin.  rp  cos.  -0  =  sin.  2  %p, 

8z 
U  =  Xcos.2^  +  I  Q  sin.  2  -0  =  Xcos.  2i>  +  ^—  «**».  2  rp  and 

V=Xsin.2tp  +  Q  (sin. ipy  ^  X sin. 2  xp -h  ~(l'-cos.2xp). 

The  strains  in  the  surfaces  A  D  and  G  /),  which  together  with 
the  surfaces  A  B  and  G  D  fully  limit  the  element  A  B  G  Dy  give, 
of  course,  equal  and  opposite  shearing  and  tensile  forces.  On  the 
contrary,  for  a  similar  element  of  the  body  upon  the  compressed 

side  Q  is  negative,  and  therefore 

Sz 
U  =  X COS.  2xp  —  I  Q  sin.  2  V»  =  Xcos.  2  V»  —  s—  sin.  2  fp  and 

V=Xsin.2'ip  -  ^  C(l  -  COS.  2  ip)  =Xsin.  2 1/^  -  |^ (1  -  cos.2  ^p). 

In  order  now  to  find  the  values  of  the  angle  of  inclination  V»> 
for  which  the  shearing  force  J7and  the  normal  one  F  assume  their 
maximum  or  minimum  values,  we  substitute  for  xp,2'tp  +  fiyfi  de- 
noting a  very  small  increment,  and  require  that  by  it  the  corres- 
ponding values  of  U  and  V  shall  not  be  changed.  For  U  = 
X  cos.  2ip  +  ^  Q  sin.  2  ^,  we  obtain  thus  a  second  value 
Ui  =  Xcos.  (2rp-hfi)  +  iQ  sin.  (2ip  +  fi) 

=  X  (cos.  2  xp  COS.  fi  —,sin.  2  xp  sin,  fi)  +  4,  Q  (sin.  2  xp  cos.  fi 
+  COS.  2  rp  sin.  }i)y  or,  since  we  can  put  cos.  /*  =  1, 
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Ux  =  Xcas. 2 V»  +  i  C **^ 2 V'  —  {Xsin. 2il>  —  ^  Qcos,2\lf) sin. fi. 

Now  if  we  put  Fi  =  £7,  we  must  have  Xsin.  2  V'  —  i  G  ^^'  2  V'  =  0 

and  therefore  .    «  ,         Q 

stn.  2  V»  =  s-V  co«.  2  V^,  i.B^ 

/        o  /  G  Sz 

^^^•^^  =  2-X=2X-.- 
From  this  it  follows  also  that 

•     o   /  C  Sz  , 

V^'  +  4  X'        V(6^z)'  4-  (2  Jr  e)* 
2Xg  2Xg 

^'•^"^^  4^G-  +  4 jf*  "^  V(s7)«~-n2x^r 

and  that,  finally^  the  required  maximum  value  of  the  shearing  force 

In  the  neutral  axis  (^  is  =  0,  and  therefore  TJ^  —  X  and  iang. 

2  V  =  0,  LE.  2  t/»  =  0  and  180^  or  i/;  =  0  and  90°.    For  the  most 

remote  fibres,  on  the  contrary,  X  is  =  0  and  «  =  6 ;  therefore 

O        S 
U^—  "I-  =  Y  and  tang.  2  t/^  =  00,  or  2  V^  =  90°  and  V^  =  45. 

In  passing  from  the  neutral  axis  to  the  outmost  fibre,  the 
angles  of  inclination  for  the  maximum  strain  change  gradually 
from  0  and  90  degrees  to  45  degrees,  and  the  maximum  strain 

varies  from  X^  to  -jr. 

In  order  to  be  certain  that  this  strain  shall  not  become  greater 
than  the  axial  strain  8y  which  is  calculated  by  the  aid  of  the  for- 

P  OS  0  -«• 

mula  8  =  -:gp-  and  is  equal  to  the  modulus  of  proof  strength  T, 

we  must  make  X^  at  most  =  S,  or  rather 

jP1_(Fz)      Pxe        l(F_z) 

K  w    <  IT'  ^'^  ~br  ^''^' 

If,  then,  in  the  formula  V  =  X  sin.  2  V»  +  ^  (1  —  cos.  2  V*) 
we  pat  V'  +  f'  instead  of  ^  and  again  make  cos.  ft  =  1,  we  obtain 
Fi  =  X {sin.  2  V>  COS.  fi  +  cos.  2  ip sin.fi)  +  ^  (1  —  cos.  2  \l>  cos.  /* 

+  sin.  2  ^  sin.  fi)  =  Xsin.  2  V'  +  ~  (1  —  coa.  2  V*) 


+  \Xcos.%  yl>  -^  ^sin.2^\  sin.  fi, 
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and  in  order  that  ^jj  shall  cause  Fto  become  a  maximum  or  a  min- 
imum, Vi  must  be  =  For  Xcos.  2  V^  +  ^  sin.  2  V'  =  0,  lb. 

tang.  2  V'  =  — g-  = o — >  as  well  as 

2X  ^  Q 

sin.  2rp=T  Y^^-^^  and  «)ir.  2  V'  =  ±  TfTST*- 

The  coiresponding  mimmwm  of  Fis 

r  -  -  — ^-£L=4..£  A  _  ■      ^      V_  £  _i//CV.^ 
"~      ♦'e'+4X'"^  3  \       4^g'+4XV~  a     ''^  \2/ 

and,  on  the  contrary,  its  maximum  is 


F_--= 


-  /G^D^ 


=  -  +  </  L^"l  ^  X'. 


We  must  require  the  maximum  F,„  to  be  at  most  equal  to  the 
modulus  of  proof  strength  T  or 

8% 


|/(^)Vjr-<r. 


2  0 

In  the  neutral  axis  ^  is  =  0,  and  therefore  tang.  2  V^  =  —  oo 
or  2  V;  =  270°  and  V  =  136  or  45  degrees,  and  F.  =  —  X„  on 
the  contrary,  '7^-='  -\'  X^.  In  the  most  distant  fibre,  on  the  con- 
ti'ary,  X  is  =  0  and  Q  =  S,  and  therefore  tang.  2-0  =  0  or  2  V 
=  0  or  180°  and  t/;  =  0  or  90°,  and  F.  =  0,  on  the  contrary, 
F»  =  S.    In  ordinary  girders  the  maximum  strain  F^  increases 

gradually  from  X,  =  — ,  Vp      to  iS  =  -|^  aa  we  pass  from  the 

neutral  axis  to  the  outmost  fibre. 

For  a  parallelopipedical  girder  we  have  2  (Fz)  =  -^,  W  = 

o 

--^ ,  J^  =  }  and  «  =  oj  and  therefore  the  limit  values  are  X,  =  |. 

P                  6Px                                                 ^G-^IG"*^'^) 
^  and  S  =    ,  ,,  ;  but  in  general  we  have  X  = ^-^ 

=  It[©'-'*]*^*  T  =  ^^|f^» «"d therefore 
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619 


^  _6Pxz 
6Pr 

T^-  =  A?i  [^  +  ♦^  «•  +  (!)•  A'],  and  for*  =  0, 


\/{xzy  +  ((|y-«*yjforexample,for«=lA, 


F.  = 


2»A 
9P 


8JA 


,  etc. 


Fia.4M. 


K  such  a  girder  :4  J?,  Fig.  426,  is  fixed  at  one  end  -B,  the  di- 
rections of  the  maximum  and  minimum  normal  forces  F.  and  F^ 

can  be  represented  by  two  systems 
of  lines,  which  cut  the  neutral  axis 
at  an  angle  of  45%  and  the  outer 
fibre  and  each  other  at  an  angle  of 
90*^.  The  curres,  which  are  concave 
downwards,  correspond  to  the  tensile 
forces,  and  those  which  are  concave 
upwards  to  the  compressive  forces. 
The  steeper  end  of  any  curve  cor- 
responds to  the  minimum  and  the  fiatter  end,  on  the  contrary,  to 
the  maximum  forces.  At  the  ends  D  and  Bi  both  these  strains 
become  equal  to  zero,  while  for  the  ends  C  and  Ci  their  values  are 
the  greatest. 

§  260.  Influence  of  the  Strength  of  Shearing  upon  the 

Proof  Load  of  a  Q-irder. — The  capability  of  a  girder  to  support 

Pxe 
a  certain  load  requires  not  only  that  the  strain  S  =  -r=r-  in  the 

ontermost  fibre,  but  also  that  the  shearing  force  X.  =  — r\iF-^  i^ 

the  neutral  axis  shall  not  exceed  the  modulus  of  proof  strength  7! 
In  the  last  chapter  we  have  repeatedly  given  the  moments  which, 
in  ordinary  cases,  we  must  substitute  for  P  2;  in  the  expression  for 
S\  we  have,  therefore,  only  to  give  the  values,  which  we  must  sub- 
stitute for  the  force  P  in  the  expression  for  X^, 

If  the  girder  is  fixed  at  (me  end  and  acted  on  by  a  force  P 
at  the  other  end,  P  can  be  directly  employed  in  the  formula 

JT,  =  — ,    ..>    .    If  the  beam  supports,  in  addition,  a  uniformly 

distributed  load,  whose  intensity  upon  the  unit  of  length  is  g,  we 
must  substitute  for  P  in  this  expression  P  +  y  a;  and  P  -[-  q  I, 
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when  we  wish  to  determine  the  maximum  value  of  X^  If,  on  the 
contrary,  the  girder  is  supported  at  both  ends  and  sustains  at  the 
distances  Ix  and  l^  =  I  -^  l^  from  the  points  of  support  a  load  P, 

4 

we  must  substitute  for  one  portion  of  the  beam  j  P,  and  for  the 

other  J  P  instead  of  P  in  the  formula  for  Xq,  in  order  to  find  the 

shearing  force  in  the  neutral  axis.  If,  on  the  contrary,  this  girder 
sustains  an  equally  distributed  load  q  I,  each  of  the  points  of  sup- 

port  bears  ^,  and  the  shearing  force  of  the  whole  cross-section  at 
«Dy  point  at  the  distance  x  from  the  points  of  support  is  P  =  ; 
(a  ""  ^r  ^^®  latter  is  =  0  in  the  middle,  where  ^  =  s*  hecomes 
greater  and  greater  towards  the  end,  and  at  the  point  of  support 

isP=^^ 

If  a  girder,  supported  at  both  ends,  sustains  a  load,  which  is 
equally  distributed  over  a  part  c  of  its  total  length,  while  the  other 
portion  I  —  cib  not  loaded,  the  point  of  support  of  the  first  por- 
tion bears  a  part  q  c  ll  —  ^)  of  the  total  load  q  c  and  that  of  the 

second  portion  a  load  \-j,  and  the  vertical  shearing  force  at  the 
distance  x  from  the  first  point  of  support  is 

The  value  of  the  latter  becomes  for  a;  =  c,  —  ~,  and  this  value 
remains  the  same  for  any  distances  xy  c  If  the  load  covers 
exactly  one-half  of  the  girder,  lb.  if  c  =  x,  we  have 

P  =  ,(y-.)orfor.  =  i.P  =  -^. 

Fw.  487,  If,  finally,  the  girder  A  B, 

Fig.  427,  bears  a  load  p  I  equal- 
ly distributed  over  its  entire 
length  I  and  a  load  q  c  equally 
distributed  over  the  length  A  G 
z=z  Cy  the  reactions  of  the  points 
of  support  are 
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whence  it  follows,  that  the  yertical  shearing  force  at  the  distance 
A  0  =  X  from  the  point  of  support  A  is 

for  re  =  c  the  latter  expression  becomes^  (o  ""  ^)  ""  97*  *"^^  ^^^ 
any  distances  x  >  citia 

The  yertical  shearing  force  P  =  pi^  —  c\  —  ~t  in  (7  is  =  0 

2p  f) 

for  c*  +  — ^  Ic  ^  ~  /",  LE.,  for 

I^  in  general,  at  a  point  of  the  girder  the  shearing  force  is 
P  =  5  —  jr  a:,  we  hare  for  the  moment  of  flexure 

mnm,  in  which  case  P  becomes  =  0 ;  the  moment  of  flexnre  of  a 
girder  becomes  a  maximum  for  the  same  point  at  which  the  verti- 
cal shearing  force  is  =  0,  and  in  the  foregoing  case  c  gives  that 
length  of  the  load  q  c,  for  which  the  moment 

becomes  a  maximum,  and  it  is  then  =  ^^      - — . 

These  formulas  are  applicable  to  girders  for  bridges,  where  q  o 
denotes  the  intensity  of  the  moving  load. 

P  S  (Fz) 
The  shearing  force  X,  =  — h   [V      ™^®*  ^  specially  consid- 
ered in  the  case  of  bodies  of  unifarm  strength,  the  cross-section  of 
which,  according  to  what  we  have  seen  above  (§  253),  might  in 

some  p£urts  be  infinitely  small.    For  example,  for  the  parabolic 

1  p 
girder  in  Fig.  406,  we  have  X,  =  J'  =  1 .  ^— -  and  therefore,  the 

P 
necessary  cross-section  at  each  end  is  F^  =  b^h^  =  ^  ipy^  which 

T  denotes  the  modulus  of  proof  strength  for  shearing. 
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§  261.  Influence  of  the  Elasticity  of  Shearing  upon  tha 
Foxm  of  the  Elastic  Curve. — We  have  yet  to  determine  what 
influence  the  elasticity  of  shearing  has  upon  the  form  of  the  etastic 
curve  or  upon  the  form  of  the  neutral  axis  of  a  loaded  girder  A  B, 
Fig.  428.  According  to  the  formula  P  =  i  F  Cyin  which  C  de- 
notes the  modulus  of  the  elasticity  of 
Fig.  428.  shearing  and  F  the  cross-section  of  the 

beam,  the  inclination  the  beam  Ai  B  pro- 

X 
duced  by  the  shearing  force  is  *  =  —^ 

and,  therefore,  the  corresponding  deflec- 
tion of  the  end  Ax  of  the  girder,  whose 
length  A^B  =^  ly\& 
A    A   ^      _    7  _  ^0  ^  _  Pl^jFz) 

To  this  must  be  added  the  deflection  ^,  -4  =  a»  produced  by 
the  flexure  of  the  beam,  and  which,  according  to  §  217,  is  Os  = 

P  V 
.  .„  ^;  the  total  deflection  of  the  girder  is  therefore 

BC=A,A^a  =  ax^a,  =  -^[  -^  +  g-^ ). 

For  a  parallelopipedical  girder  J,  =  },  2  (P if)  =  -g-  and  Tr= 

S-,  consequently 


12 

a  = 


jAv^r  ^«  c\i)  y 


or,  asstumng  -p:^  =  3, 

4  P  P 

E.Q.,  for  /  =  10  A,  we  have  a  =  1,01125  .  fj^^y  if  then  the 

girder  is  ten  times  as  long  as  thick,  the  deflection  at  the  loaded 
end,  due  to  the  shearing  force,  is  so  small  compared  with  that  due 
to  the  flexure  of  the  girder,  that  in  most  cases  we  can  neglect  it 

In  order  to  determine  the  modulus  of  elasticity  of  a  girder  A  B, 
we  load  it  first  with  a  small  weight  P  at  the  greatest  distance  I,  and 
afterwards  with  a  large  weight  Pj  at  a  smaller  distance  Z,  from  the 
point  of  support  P,  and  we  observe  the  corresponding  deflectiona 
a  and  a^  of  the  length  /  of  the  girder.    Now  we  have 
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,     f.^'q-?.) 

,WC     "^  Z  W  E^       %W  B 
In  order  to  eliminate  C,  divide  tJie  first  eqaation  by  P  and  the 
second  b;  P,  and   subtract  the   eqn&tions  obtained  &om  one 
another.    Thoa  we  obtain 

£-  _  *  -  ^  /^-^'  _  ^liinD'i  _  ^_  /f!  _  L!l  4.  iL\ 
P        Px~   WE\     3  %       )~  W  E\Z         2   "^  6/' 

and  therefore  the  modalna  of  elasticity  for  tensile  and  eomprestive 

With  the  ^d  of  this  expression  and  the  formula  for  a,  we 
determine  the  mudnlus  of  elasticity  for  shearing  by  the  formula 

b,    '  ZW  Ea  -  Pr 

%  262.  Zilasticity  of  TotbIoil — In  order  to  Investigate  the 
theory  of  the  twiating  or  loraion  of  a  body  (see  §  302),  we  can  again 
begin  with  the  case  of  a  body  H  C  D  L,  Fig.  429,  fined  at  one  end, 
but,  in  order  to  avoid  any 
*'*■  •"■  complex  cliangc  of  form,  wo 

must  aesnme  thnt  the  free 
endis  acted  upon  byaconple 
(P,-P)  whose  plane  AHB 
coincides  with  the  plane  of 
rotation  of  the  axis  C  D. 
Ijet  us  imagine  the  body  to 
be  composed  of  long  fibres, 
sncli  as  H  K,  which,  in 
consequence  of  the  torsion, 
assume  the  form  of  a  helix, 
by  which  H  K  comes  into 
the  position  L  K  and  the 
whole  base  is  turned  through  an  angle  H  OL  =  o.    If  the  portions 
H,  K»  H,  Kt,  etc,  of  the  fibres,  whose  lengths  are  unity  and  whose 
cross-sections  are  F^  F  etc,  undergo  a  lateral  displacement  through 
the  distance  Hs  i,  =  <7„  ff,  Z,  =  o,  etc^  we  can  put,  when  the  modu- 
lus of  elasticity  for  shearing  is  G,  the  corresponding  shearing  forces 
S^  =  a,  F,C,St=  a,  F^  0,  etc     Now  if  the  corresponding  angle 
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of  torsion  is  ^,  0  i,  =  ZT,  0  i,  =  ^  and  if  the  distances  of  these 
fibres  from  the  axis  CD  ot  the  body  are  0  ZT,  =  jPi,  0  ZT,  =  Zt,  we 
have  ai  =  *p  Zi,o^=:<t>  Zf. .  .;  hence  the  strains  are  iSi  =  0  C  Fi  «„ 
Si  =  <t>  0 FiZi. .  ^  and  their  moments  are 


S, 


\zi  =  tpOFi  zi\  SiZi  =  <l>  CFtZ^^:.. 

All  the  forces  81,89 ...  of  a  cross-section  Hi  0  Lt  mnst  in  any 
case  balance  the  couple  {P,  —  F);  if  then  a  is  the  lever  arm  A  B 
of  this  couple  or  P  a  its  momentf  we  can  put 

Pa=  SiZt  +  StZt  +  ...  =  (p  CF.Zi*  +  <l>CF9Zt'  +  ... 
=  0  C{FiZ,*  4-  i^,«8'  +  ...)• 

Now  if  we  designate  the  geometrical  measure  Fi  Zi*+  FtZ^*  +  ...» 
of  the  moment  of  torsion  by  W,  we  have  F  a  =  <l>  0  W. 

But  the  angle  of  torsion  for  the  entire  length  0  D  =  lof  the 
body  is  a  =  0  ^,  therefore  we  can  put 

I)  Fa=^  ^-7-^'  or  Pal^  a  CW, 
and  the  angle  of  torsion 

ox     _  ^  «  ^ 
^^  "^ "  ~ClV' 

As  we  have  done  previously  (§  215),  we  can  call  W  C  the 
moment  of  torsion,  and  consequently  IT  the  measure  of  the  mjomeni 
of  torsion,  and  we  can  then  assert,  tJiat  the  moment  of  the  force  P  a 
increases  directly  as  the  angle  of  torsion  and  inversely  as  the  length 
of  the  body. 

The  work  done  in  producing  a  torsion  equal  to  the  angle  a  is 

F         _a'WO  ^F'aU 
jj^—.aa^     2Z      "iWC' 

for  the  space  described  by  the  force  P,  which  causes  it,  is  a  a. 
These  formulas  hold  good  for  prismaticaJ  bodies  alone,  for  bodies 
with  other  forms  we  must  substitute  in  them  instead  of  the  ratio 

rjj^  a  mean  value  of  it. 

§  263.  Moment  of  Torsion  or  Twisting  Moment — The 

measure  W  =  Fx  Zx  +  P,  a^t'  +  . . .  of  the  moment  of  torsion  can 
easily  be  calculated,  according  to  the  rule  explained  in  §  225,  from 
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e  of  the  moment  of  flexure  for  the  same  oross-Bcction. 
If,  for  example,  W,  ia  the  measure  of  the  moment  of  flexure  of  a 
snrfece  A  S  £>,  Fig.  430,  re- 
ferred to  an  axis  X  X  and  H', 
the  same  in  reference  to  an  axis 
J"  Kat  right  angles  to  the  flrst, 
we  have  for  the  measure  of  the 
moment  of  torsion  in  reference 
to  the  intersection  of  the  two  axes 
F  =  IF,  +  HV 
For  a  shaft  with  a  square  cross- 
section  A  B  D  E,  Fig.  431,  we 
have,  when  b  denotes  the  length 
of  the  side  A  S=D  E,  according 
to  %  336,  the  measure  of  the  mo- 
ment of  flexure  in  reference  to  each  axis  X  X  and  Y  Y 

*■  -  "^^  -  15"  -  l2' 
and  consequently  the  measure  of  the  moment  of  torsion  is 

»F  =  W,  +  TT,  =  S  " 
and  the  moment  of  the  force 

For  a  shaft  with  a  rectangular  cross-section  {b  h)  we  would 
have,  on  the  contrary, 

p a  =  iMi^til)  0  =  0,0833  -"ly^T^. 
Fw.  481.  ""        " 


:"Y; 

r       Y 

/■"^l 

-V 

y^ 

Pa  = 


18 
a  J*  (7 


For  a  cylindrical  shaft  with  rarcnlar  CTOsa-section  A  B,  Fig. 
433,  whose  radius  ia  <7  ^  =  r,  the  measure  of  the  moment  of 
flexure  in  reference  to  an  axis  X  X  or  F  y  is  (according  to  §  331) 
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and  therefore  the  measure  of  the  moment  of  torsion  in  reference  to 
the  point  C  in  that  axis  is 

Now  if  the  twisting  couple  (P,  —  P)  acts  with  an  arm  ff  K 
=  a,  or  each  of  its  components  with  an  arm  C  IT  =  C K=  h> 

JO 

we  have 

If  the  shaft  is  hoUow  and  its  radii  are  n  and  r„  we  have  the  fol- 
lowing formula: 

The  torsion  of  a  shaft  ABM,  Fig.  432,  is  generally  produced 
by  two  couples  (P,  —  P),  {Q,  —  Q),  which  balance  each  other, 
and  therefore,  instead  of  I,  we  must  substitute  not  the  entire  length 
of  the  shaft,  but  the  distance  between  the  pl&nes  in  which  the  two 
couples  act;  it  makes  no  difference,  however,  whether  we  make  the 
moment  of  torsion  equal  to  the  moment  of  the  couple  (P,  —  P)  or 
to  that  of  the  couple  {Q,  —  Q).  If  we  denote  the  arm  HKof  the 
couple  (Py  —  P)  by  a,  and  the  arm  N  0  ot  the  other  couple 
(ft  —  Q)  by  *,  we  have 

Pa—  Qb  =  — J — . 

The  foregoing  theory  gives  us  for  bodies  limited  by  plane  sur- 
face moments  of  torsion,  which  vary  somewhat  from  the  exact 
truth;  for  we  suppose,  in  calculating  them,  that  the  bases  of  the 
prism  subjected  to  the  torsion  remain  plane  surfaces,  while,  in  re- 
ality, they  become  warped.  According  to  the  researches  of  Saint 
Venant,  Werthheim,  etc.  (see  the  "  Comptes  rendus  des  seances  de 
Tacademie  des  sciences  a  Paris,"  T.  24  and  T.  27,  as  well  as  "  Tln- 
gonieur,*'  Nos.  1  and  2,  1858;  in  German  in  the  "  Civilingenieur," 
4  Vol.,  1858),  we  have  for  a  square  shaft 

Pa  —  0,841      ^,      =  0,1402  — = — , 

in  which  }  denotes  the  length  of  the  side  of  the  square  cross-section. 
For  bodies,  the  dimensions  of  whose  cross-sections  differ  very 
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much  from  each  other,  these  variations  are  greater ;  e.g.,  for  a  pris- 
matical  body  with  a  rectangular  cross-section,  whose  width  is  b  and 
whose  height  is  h,  we  have 

TF  =  TTi  +  TT,  =  -  ^  +  yq"  = 12 ■ '  *°^  therefore 

_  g  WC  _  g  a  A  (y  +  A')  C 

Now  if  this  formula  requires  a  correction,  when  A  =  ?,  in  which 
case  P  a  =  ^  j  ,  it  is  natural  to  expect  that  when  b  differs  ma- 
terially from  A,  in  which  case  the  surface  of  the  sides  will  become 
more  warped,  it  will  no  longer  be  sufiSciently  accurate.  In  fact, 
taking  into  consideration  the  warping  of  the  sur&ces,  we  find  by 
means  of  the  calculus 

Pa  = 


3  (y  +  A*)  r 

and  according  to  the  later  experiments  of  Werthheim,  the  mean 
yalue  of  the  required  coefficient  of  correction  is  =  0,903 ;  conse- 
quently we  must  put 

P  a  =  0,903  5-77,-7-1^-7  =  ^>301 


g^TT 


3  (^  +  AO  ^  ""  (*"  +  A*)  f 

If  &  is  yery  small  compared  to  A,  we  have 

P  a  =  0,301  ^-*^. 
If  the  angle  of  torsion  is  given  in  degrees,  putting  g  = 

loO 
=  0,017453  a\  we  obtain 

1)  for  prismatic  girders  or  shafts  with  a  circular  cross-section, 
the  diameter  of  which  is  d  :=  2r 

jrat  -      2  '  32  i80'  .2     ■"  180"  32 

=  1,571  ar*  0=  0,0982  a  d*  0  -  0,02742  g"  r*  C 
=  0,001714  a'  d"  0; 

2)  for  prismatic  girders,  axles  or  shafts  with  a  square  cross-section, 
the  length  of  whose  side  is  b,  when  we  neglect  the  coefficient  of 
correction, 

Pal=  ?^  =  0,1667  aVC^  ""*  ^^^^f  =  0,00291  g'  J*  C. 
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Inversely  we  haye 

o  =  0,637  ^y-^  =  10,18 ^r^  =  6^r^,  and 
Pal  Pal  Pal 

The  values  for  0  must  be  taken  from  Table  IIL  in  §  213. 
Hence  we  have,  B.G., 

1)  For  cast  iroUy  C  =  2840000,  whence 

Pal=  77900  a"  r*  =  4867  a»  d'  =  8264  a»  ^  and 

a'  =  0,00001281'  ^^  =  0,0002053*  ^ 
-  0,0001211*  ^^. 

0 

2)  For  wrought  iron,  C  =  9000000,  whence 

P  a  /  =  246780  o*  r*  =  15426  o*  rf*  =  26190  a*  J*  and 

a*  =  0,00000404*  ^=0,0000648*  :^= 0,0000382*  4r^* 
'  r*  rf*  y 

3)  For  woorf,  C  =  590000, 

P  fl  /  =  161800  a*  r*  =  1011  a*  rf*  =  1712  a*  J*  and 

a*  =  0,0000017*  ^  =  0,000988*  ^  =  0,000583*  ^'. 

r*  or  0 

EzAHFLB — 1)  What  moment  of  torsion  can  a  square  wrought-iron  shaft 
10  feet  long  and  5  inches  thick  withstand,  without  suffering  the  angle  of 
torsion  to  become  more  than  }^  of  a  degree  ?  Here,  according  to  this  table, 
we  have 

Pa  =  26190  .  }  .  777-1  o  =  84102  inch-pounds  =  2843  foot-pounds. 

lU  .  l/e 

2)  What  is  the  amount  of  torsion  sustained  by  a  hollow  cast-iron  shaft, 

whose  length  is  7  =  100  inches  and  whose  radii  are  r^  =  6  laches  and 

r,  =  4  inches,  when  the  moment  of  the  force  is  P  a  =  10000  foot-pounds  ? 

Here  a^  (r^*  —  r,*) 

Pa  =  77900  ^-^^  ^       •  \ 

consequently 

Pal  10000.13.100 


o»  = 


77900  (r/  -  r,*)  ""  77900  (6>  +  4»)  (6«  -4») 
130000 
■"  779  .  53  .  30 

=  -MQ^oi  ^^fP^^^  =  ^fi^''^  minutes  =  8  minutes  58  seconds. 

§  264.  Resistance  to  Rupture  by  Torsion. — If  in  a  prism 
C  K  Ly  Fig.  433,  twisted  by  a  couple  (P,  —  P)  the  shearing  force 
per  unit  of  surfeu^  at  a  certain  distance  e  from  the  axis  C  Dia^  S^ 
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the  shearing  force  at  any  other  distanoe  tiia=  -  S,  and  its  mo- 

g^  4S8.  ^°^*'  a  =  —  S,  and  for  a 

croea-eectioii  F,  it  is 

¥^= !'■-•■ 

in  like  mamier  the  momenta 
of  the  Bhearing  forces  of  other 
CTOBS-eectioiifi  F^  F,  .  .  ^ 
which  are  at  the  distaaces 
z^Zf...  from  the  axis  C  D, 

are  —  /;  «,',  —  F»  2,',  eta; 

hence  the  ioUd  mommtt  oftor- 
tion  of  the  body  is 

Po  =s  —  F, «,'  +  -^  /I  V  +  —  /■,  z.'  +  . . . 


1)  P  a  '= ,  or  J-  a  e  ^=  o   n,  auu  —  ^^  —5-. 

Sobstitntjng  for  5  the  pwduhu  t^ proof  strength  T  for  Bhearing, . 
and  for  e  the  grcAteet  distance  of  the  elements  of  the  croas-eection 
tram  the  neutral  axis,  we  obtain  in  the  fommla 

2)  Pae  =  T  Waa  equation  for  determining  the  dimensions 
of  the -cross-section,  which  the  body  mnst  iiave  if  it  is  not  to  be 
strained  at  any  point  beyond  the  limit  of  elasticity.  If,  instead  of 
the  modnlns  of  proof  strength  7,  we  enbetitute  the  modulus  of 
mptnre  E"  for  diearing,  we  obtain  the  moment  Pj  a,  which  will 
break  the  body  by  wrenching ;  it  is 

3)  Pa=^^ 

For  a  mateivi  eglindrieai  shaft,  whose  diameter  d  =  3  r,  w« 
bare 

W       Trr*       rrr*        ,,v- 
—  =  -s—  =  -S-,  and  therefore 
e        %r        2 

Pa=  ''^^  =  "^-^^  =  0,1963  (?  y,  and  also 
34 


530  GENERAL  PRINCIPLES  OF  MECHANICS.  [§264. 

If  the  ehaft  is  hoUow  and  the  diameters  are  ^i  =  2  ri  and  d^  = 
3  r^  in  which  case 

W  ^  ^^(r^ZlivO,  ^,  h,,,,  ,^  the  contrary, 

•^'*  "         2  r,         -*  ~         Wd,        ^  ~  Ok  ^' 

in  which  F  =     ^  '    ^  denotes  the  cross-section  of  the  body. 

For  a  prismatical  body  with  a  sqtuire  cross-sectiany  the  length 
of  whose  side  is  h^  we  hare 

»r=-|^ande  =  iJi^=Ji^,  whence 

—  =  ^-7=  =  w~  and  P  a  =  ^-^  =  0;^357  J"  T. 
«        6^      3f^  3^^        ^ 

If  in  the  fundamental  formula  P  a  =  0  C  PT  of  §  262  we  substi- 
tute 6  =  -  =  — ^^,  in  which  e  denotes  the  distance  of  the  most 

remote  fibre  from  the  axis  of  rotation  OD  and  d  the  B,ngle£[KL, 
which  this  fibre  has  been  turned  from  its  original  position  by  the 
torsion,  we  obtain 

P  ae  ^  C  W  tang.  6 ;  but  we  have  also 

P ae  =^  8  W,  hence 

8^0  tang.  6,  and  therefore 

T 

T  ^C  tang,  d,  or  tang.  6  z=z  —^ 

in  which  6  denotes  the  angle  of  displacement,  when  the  strain 

has  reached  the  limit  of  elasticity. 

The  mechanical  effect,  which  is  required  to  twist  the  ahaft 

P*  a*  I 
through  an  angle  a,  is,  according  to  §  262,  L  =  ^  p^^,  and  there- 

fore  if  we  substitute  P  a  = y  we  can  put  L=  -^  -k— r>  ^^ 

which  8  denotes  the  maximum  strain. 

At  the  limit  of  elasticity  8  =  T;  hence  it  follows  that  the  me- 
chanical effect  necessary  to  twist  the  body  to  the  limit  of  its  elas- 
ticiiy  is 

^  _  7^      Wl 
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For  a  prismatic  body  with  a  circular  cross-section  W  =  -^ 
and  0  =  r,  whence 

20  '     2     "~  4(7     ' 

and^  on  the  contrary,  when  the  cross-section  is  a  square 

b*  b* 

W=-^  and  «•  =  -^,  and  therefore 

Now  ^TT^  =    ^  ^    =  -TT-  is  the  modulus  of  resilience  for  the 
2(7         2(7  2  "^ 

limit  of  elasticity ;  hence  we  have  for  the  cylinder  L  =  iA  V,  and 

for  the  parallelopipedon  L=^  i  A  F. 

The  work  done  in  both  cases  is  proportional  to  the  volume  of 
the  body  alone  (compare  §  206  and  g  235). 

We  can  also  put  for  me  mechanical  effect  necessary  to  nipture 
of  the  body  by  wrenching  L  =  ^  B  V  and  j  j5  F,  in  which  B 
denotes  the  modulus  of  fragility  for  wrenching. 

If  we  assume  with  (General  Morin  for  all  substances 

^  =  tang.  6  =  0,000667 

or  the  angle  of  displacement  d  =  2  min.  18  sec.,  we  obtain  for 
east  iron 

T  =  200000  .  0,000667  =  134  kilo.  =  1906  lbs., 
therefore,  when  we  employ  the  French  measures 

Pa  —  26,3  d*  =  31,6  V  kilogr.  centimeters, 
and,  on  the  contrary,  when  we  employ  the  English  measures 

P  a  =;  374  d*  =  449  ft*  inch-pounds. 
TTnder  the  same  conditions  we  have  for  wrougTit  iron 

T  =  630000  .  0,000667  =  420  kilo.'  =  5974  lbs., 
and  therefore 

F  a  =  82,4  (T  =  99,2  b*  kilogram  centimeters, 
or 

P  a  =  1173  ^  =  1408  ^  inch-pounds. 

Likewise  under  the  same  conditions  we  have  as  a  mean  for 

wood 

F  =  41650  .  0,000667  =  27,8  kilogr.  =  395  lbs., 
whence 

F  a  =z  5,46  cP  =  6,56  V  kilogr.  centimeters, 
or 

F  a:=  77,6  if  =  93,1  V  inch-pounda 
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The  coefficients  of  these  formulas  are  correct  only  for  bodies 
at  rest  or  for  shafts,  which  tnm  slowly  and  smoothly ;  for  common 
shafts  we  give  double  security,  I.S.,  we  make  the  coefficients  bvt 
half  as  great  When  their  motion  is  yery  quick  and  accompanied 
by  concussions,  we  are  obliged  to  make  the  coefficient  but  one- 
eighth  of  those  giyen  aboye. 

Example— -1)  The  cast  iron  shaft  of  a  turbine  wheel  exerts  at  the  cir- 
cumference of  the  cog-wheel  upon  it,  which  is  6  inches  in  diameter,  a 
pressure  of  4000  pounds.  Required  the  thickness  of  the  shaft.  Here  the 
moment  of  the  force  is  P  a  =  4000  .  6  =  24000  inch-pounds,  and  conse- 

874 
quently  the  diameter  of  the  wheel,  when  we  put  Fa  =  -^  i^^  te 

•/24006       ^^.  .    , 

If  the  distance  firom  the  cog-wheel  to  the  water-wheel  is  I  ss  48  inches, 
we  haye,  according  to  the  foregoing  paragraph,  the  angle  of  torsiou 

=  0,0002058^  ^l'  ^^  =  0,887*  ==  SGf. 

2)  A  force  P  =  600  lbs.  acts  with  a  leyer  arm  a  =  15  feet  =  180  inches 
upon  a  square  fir  shaft,  while  the  load  Q  acts  with  an  arm  of  2  feet  at  a 
distance  Z  =  6  feet  =  72  inches  in  the  direction  of  the  axis ;  how  thick 
^ould  the  shaft  be  made  and  what  is  the  angle  of  torsion  f 

In  order  to  haye  quadruple  safety,  we  must  put 

Pa  =  600 .  180  =  108000  =  ^^j-^, 
hence  the  width  of  the  side  is 


=^ 


108000       ,^^^,    ^ 
-  =  16,68  inches, 


98,1 
and  the  angle  of  toidon  is 

a»  =  0,000588  -  '       =  0,0586  degrees  =  8(  mhiutes. 


CHAPTER    IV, 

OF  THE  PROOF  STRENGTH  OF  LONG  OOLUBfNS  OR  THE  RESIST- 
ANCE  TO  CRUSHING  BY   BENDING    OR  BREAKING  ACROSa 

§  265.  Proof  Strength  of  a  Long  Pillar  Fixed  at  One 
End. — If  a  prismatic  hody  A  B  (I),  Fig.  434»  is  fiustened  at  one  end 
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B  and  acted  upon  at  the  other  by  a  force  Py  whose  direction  is  that 
of  the  longitudinal  axis  of  the  pillar,  the  relations  of  the  flezorey 

Fig.  434 


nnder  these  drcnmstances,  are  very  different  from  what  they  are 
where  the  force  acts,  as  we  have  seen  in  §  214^  etc.,  at  right  angles 
to  this  axis.  The  nentral  axis  A  B  (II)  assumes  in  this  case 
another  form ;  for  the  lever  arm  of  the  force  P  is  represented  by 
the  ordinate  M  0  ^  y  and  not  by  the  abscissa  A  M  •=■  x^  and  its 
moment  is  not  P  Xy  but  P  y ;  oonseqnently  the  radius  of  curva- 

tore  JT  0  =  r  is  determined  by  the  expression 

WE 


r  = 


Py' 


while,  according  to  §  215,  for  a  bending  force  acting  at  right 

angles  to  the  axis  we  must  put 

WE 


r  = 


Px' 


At  the  point  B,  where  the  pillar  is  fiststened,  y  becomes  the  de- 

W  E 
flection  B  C  =  a,  the  radius  of  curvature  r  =  -75—  is  a  minimum 

and  the  curvature  itself  a  maximum.  On  the  contrary,  at  the  point 
of  application  A,  where  y  =  0,  the  radius  of  curvature  is  infinite 
and  the  curvature  itself  nulL 

If  we  denote  by  d  the  lux),  which  measures  the  angle  0  E  Oiof 

curvature  of  the  element  0  Oi  =  <t  of  the  curve,  we  have  r  =  t, 

o 

and  therefore  P y  a  =z  WES;  and  if  0°  is  the  angle  of  inclina- 
tion 0  Oi  Not  the  same  to  the  axis  A  C,  we  can  put  the  element 
Jf  Oof  the  (urdinate  -=  v  =^  a  0,  and  therefore 

P  yv  =r  WE 0  6,  and  in  like  manner 

PX(yv)  =  WEl{0d). 
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In  order  to  find  the  sum  2  (y  v)  for  the  arc  ^  0,  let  us  substi- 
tute for  y,  Vy  2  V,  3  V  ...  n  V  in  the  aboTe  equation.  Thus  we 
obtain  S(yv)=v2(y)=:i;(v  +  2v  +  3v  +  ...  +  nv)  =  v 

-^-  =  — ^— >  or  since  nv  =  M  0  =  y, 

2:(yt;)=    |^andPS(yi;)  =  iPy". 

In  like  manner^  to  find  £  (i3  d),  we  substitute  for  jS  successively 
Py  0  +  6,  0  +  2((.../3  +  n<5^  and  complete  the  summation  as 
follows : 

=  (5[n/3  -f  (1  +  2  +  3  4-  ...  +  w)d] 

If  the  angle  of  inclination  at^^  =  a,  we  can  put  /3  +  n  d  =  a, 
and  therefore 

s(/j (J)  =  («-/3)  (/3  +  ^)  =  H«-/3)(« +  /»)  =  !(«• -n 

whence 

TT^JS'S  (/B  (J)  =  i  WE  {a*  -  jS*),  and  finally 
Py'=  WE(a'--0'). 
For  the  end B^y  =  a  and  j3  =  0,  and  therefore 

Pa*=  TT^a'and 
P(a»-y»)=  Tr^i3«, 
firom  this  we  obtain  the  tangential  angle 

i)0  =  /lEEE. 

^  ^      ^       WE 
Prom  0  and  the  element  JV  0  —  v  of  the  ordinate  we  obtain 
the  element  of  the  abscissa 

^^   WE       Va'-f 
If  with  the  hypothenuse   C  B  ^  a  of  the  right-aogled  triangle 

BCDy  Fig.  435,  whose  altitude  h&BD  =  y 

and  whose  base  is  C  />  =  i^a*  —  y*,  we  de- 
scribe an  arc  ^  P,  we  have  for  the  element 
B  0  =  ip  the  proportion 

BO^_CB^        ^_        g 
whence 
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¥cf-y      .« 


,,„  „  =  -^,  as  well  as 
W  JE       a 


But  2  (^  is  the  sum  of  all  the  elements  of  the  abscissa  and  is 
=  X,  and  2  {^)  is  the  sum  of  aU  the  elements  of  the  arc  ^  j?  and 
is  equal  to  the  arc  A  B  itself;  therefore  we  ha?e  also 


/ 


P         fOQ  A  B         .  -.1  y 


WE  a  a 

The  abscissa  of  the  elastic  carve  A  By  Eig.  434,  II,  is  therefore 

and  its  ordinate  is 


3)  y^asin.yxy-^^^. 


It  z  =z  A  B  =  A  (7  =  {,  the  length  of  the  column,  we  haye 
if  =  the  deflection  B  C  =  a;  therefore 


a 
whence 

I 


=  a9in.{iy  .^,i.^sin.  {ly^^  =  L 


y  ^—  =z  — ,  from  which  we  obtain  the  bending  force 

Since  this  formula  does  not  contain  the  deflection  a,  we  can 
assume  that  the  force  P,  determined  by  it,  is  capable  of  holding  the 
body  in  equilibrium,  howeyer  much  tiie  body  may  be  bent  This 
peculiar  circumstance  is  owing  to  the  fact  that  the  increase  of 
the  flexure  is  accompanied  not  only  by  an  Increase  of  resistance,  but 
also  by  an  increase  of  the  lever  arm  a,  and  consequently  of  the 
moment  P  aot  the  force. 

The  force  necessary  to  rupture  the  piUar  by  breaking  it  across^ 
is  therefore 

Remabx. — If  we  substitute  in  the  formula  y^adnAx  y  ^^r^)>  P  = 

(^l)  ^^1  we  obta\n  the  following  equation  of  the  elastic  curye  for  this 
case  of  the  action  of  a  force 
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»  =  ^'^{^ 


Sabetitiitiiig  in  this  .  .x  = 

0 

0 

I 

a 

21 
0 

91 
—  a 

4{ 
0 

61 

a 

6  2,  etc., 

we  obtain. y  = 

0,  etc 

I^  then,  a  column,  whoee  length  is  2,  i»  increased  any  amoant  in  length, 

a  force  Ps  (~\  WB  will  bend  it  in  the  shape  of  the  serpentine  line 

ABA^B^A^,,,^  Fig.  486,  which  is  composed  of  a  number  of  similar  arcs 
A  J9and  is  cut  by  the  axis  ^  X  at  the  distances  AA^^A  A^^ 
.  .  .,  and  at  the  distances  A  O^A  (7^,  A  O^,  the  curye  is 
at  its  maximum  distances  0  B^  a^C^  B^=:^a^O  B^sza 
from  this  same  axln 

§  266.  Panlleloplpedical  and  Cylindrical 
Colmnna. — For  a  parallelopipedic&l  colnmny  the 
greater  dimension  of  whose  cross-section  is  h  and  the 


Fio.486. 

A 


smaller  one  is  A,  we  have  Tr= 


hV 


(see  §  226),  and  con- 

seqnenily  the  force  necessary  to  mpture  the  same 
Bi  by  breaking  it  across  is 

The  resistance  of  a  paraUelopipedan  to  hreahing 

across  is  directly  proportumai  to  the  width  b  and  to  the 

cube  (A*)  of  the  thickness  or  smaUer  dimension  h  of  its 

cross-section  and  inversely  proportional  to  the  square 

(P)  of  the  length. 

Per  a  cylindrical  pillar ^  whose  radius  is  r  or  whose  diameter  is  d^ 

trr^       TT  cP 
}r=  -J-  =  -gr-  (see  §  231),  consequently  we  have 

/Try  Trr*  ^  _  tt*     f^  ^        ^ 


d^  E  r*  B 

=  1,9381 .  ^ 


r         256  •    P 
=  0,1211  ^ 

Therefore  the  ijreacHng)  strength  of  a  cylindrical  column^  hy 
which  it  resists  bending  or  breaking  across^  is  directly  proparHonai 
to  the  fourth  power  of  its  diameter  and  inversely  proportional  to  the 
square  of  the  length. 

For  a  hollow  column,  whose  radii  are  r  and  fi,  and  whose  diam- 
eters are  d  and  di=i  lid,  we  have 
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16  P  ~  256  P 

If  the  oolnmn  A  B  Ay  Fig.  437,  is  not  fixed  at  the  lower  end 
A,  bnt  only  stands  npon  it,  it  will  bend  in  a  symmetrical  curve, 
each  half  B  A  and  B  At  having  the  form  of  the  axis  of  a  column 
fixed  at  one  end  (Fig.  434).    llie  above  formula  can  be  applied 

directly  to  this  case  by  substituting  ^instead  of  Z ;  Z  of  course  denotes 

the  total  length  of  the  pillar.     The  proof  load  is  therefore  four 
times  as  great  as  in  the  first  case,  and  it  is 


=(?)' 


n*bh* 


It*  <P 


^^  =  iaT'^=6iy^- 


This  case  of  flexure  ooours  when^  as  is  represented  in  Fig.  437, 
Fig.  487  Fio.  48a 

I  ni  — L-      n 


III 


L  and  in.,  the  ends  of  the  pillar  are  rounded  or  when  they  are 
movable  around  bolts.  An  example  of  the  latter  case  is  the  can* 
necHng  rod  of  a  steam  engine. 

If  a  pillar  is  fixed  at  both  ends,  as  is  represented  hj  B  A  Bx, 
Fig.  438, 1,  and  IIL,  its  axis  will  be  bent  m  a  curve  B  A  G  A^  -B,, 
Fig.  438,  II.,  with  two  points  of  inflection  A  and  A^y  and  in  which 
the  normal  case  of  curvature  is  repeated  four  times,  substituting, 

therefore,  in  the  formula  for  the  normal  case  j,  instead  of  ^  we  ob- 
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tain  the  proof  load  of  snch  a  pillar  fixed  at  both  ends 

\   I  /  3    r  16  r 

According  to  Hodghinson^s  experiments,  the  proof  load  is  only 
twelve  times  as  great  as  in  the  normal  case,  while  according  to  the 
above  formula  it  would  be  sixteen  tirnes  as  great. 

The  principal  example  of  this  case  of  flexure  is  that  of  the 
pisUyfi  rod  of  steam  engines,  etc 

If,  finally,  a  column  A  0  By  Fig.  439,  is  fixed  at  one  end  B  and 

at  the  other  prevented  from  sliding  sideways, 
the  proof  load  P  is  eight  times  as  great  as  in 
the  normal  case,  or 

The  force  which  is  necessary  to  crush  a 
column,  whose  cross-section  is  F  and  whose 
modulus  of  rupture  is  JT,  is  given,  according  to 
§  205,  by  the  simple  formula  P  =  F  K. 

If  we  put  this  force  equal  to  the  force 


=  G-J  »■ 


E 


necessary  to  produce  rupture  by  breaking  across 
in  the  normal  case,  we  obtain  the  equation 

FT 
W 
For  a  cylindrical  pillar,  whose  thickness  is  ^  in  which  case 

T^  =  -ji,  it  foUows  that 
W       dr 


^^i-^'^^l^i- 


For  cast  iron  E  =  17000000  and  K  =  104500,  hence 

y  ^  =  V  162,68  =  12,8  and  ^  =  5. 
For  wrought  iron  E  =  28400000  and  JT  =  31000,  hence 

y^  =  ^916  =  30,3  and  ^  =  12. 

Finally  for  wood  we  have  as  a  mean 

E  =  1664000  and  JT  =  6770,  hence 
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|/J  =  V'2^  =  15,7  and  ^  =  6. 

If  a  colamn  is  £ree  at  both  ends,  the  yalues  of  ^  are  twice  as 

great  as  those  found  aboye. 

When  the  ratio  of  the  length  to  the  thickness  is  that  just  given, 
the  resistance  to  breaking  across  is  equal  to  that  of  crushing,  and 
it  is  only  when  the  pillars  are  longer  than  this,  that  the  resistance 
to  breaking  across  exceeds  the  resistance  to  crushing.  In  this  case 
the  dimensions  of  the  cross-section  are  to  be  calculated  by  the 
above  formula. 

ExAMPLB^l)  The  working  load  of  a  cylmdrical  pine  column  Id  feet 
long  and  11  inches  thick,  assuming  10  as  a  fiictor  of  safety,  is 

P  =  ^  y  ^  =  0,4845  (~y .  166400  =  80620  .  0,7061  =  66900. 

2)  How  thick  must  such  a  column  of  cost  iron  be  made,  when  its  length 
is  to  be  20  feet  and  the  load  10000  pounds  ?    Here,  if  we  put  instead  of  By 

B 

jg  =  1700000,  we  have 


y   ir«- 1700000    r 


640000  .  240' 


ir« .  1700000    y     81  .  1700000 

\/  240'        .rm'     ^,-.   , 

=  r  SMSStS  =  r  9;074  =  M4inches. 
According  to  the  formula  for  the  strength  of  crushing 


^  =  4/4t 


OTj  substituting  r^  =  10400  poxmds  in  the  calculation,  we  have 
-       ./4.  10000       ./~ioo  ./16"       ,,^.    , 

^  =  Vir:io4M  =  r^rnor  =  ri8^  =  M06mchea 

If  the  length  of  the  pillar  does  not  exceed  10  . 1,106  =  11,06  inches,  the 
xequiied  thickness  would  then  be  but  1,106  inches. 

(§  267.)  Bodies  of  IT^iifonn  Reaifltance  to  Breaking 
Across. — ^If  a  pillar  A  By  Fig.  440,  fixed  at  one  end,  is  so  shaped, 
that  in  all  its  croas-section  the  strain  is  the  same,  a  solid  of  uni- 
form resistance  is  formed,  which  requires  the  minimum  amount  of 
material  for  its  construction  (see  §  208  and  §  253).  The  cross- 
section  of  such  a  hody  is  certainly  a  maximum  at  the  fixed  end  By 
and  it  decreases  gradually  towards  the  end  A,  The  law  of  this 
decrease  is  found  as  follows :  denoting  again  by  z  and  y  the  co- 
ordinates of  a  point  0  in  the  axis  of  the  column,  by  a  the  tangen- 
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tial  angle  MA  0  for  this  point,  by  TF  the  measure  of  the  moment 
of  flexure,  by  z  the  radius  0  Ox  of  the  column  at  this  point  and  by 

S  the  strain  at  the  surface  A  Oi  Biy  which  is  there- 
fore that  at  the  point  Oi  of  the  cross-section  through 
0,  we  have 

Mz      P  y  z 


^=  r-  = 


^  (see  §  235)  and 


M'=^  P y  ^  =  —  WE  — 3-^^—, 

(see  §  218),  whence 

--  ^    dtang.a        .        .  dy 

S  =^  —  Ez  — 3-^^ —  or,  sinoe  tang,  a  =  j^, 

ax  ^  ax 

Sdy  =  —  Ez  tang,  a  d  tang.  a. 

But,  since  for  a  circular  cross-section  —  =  -t-> 
^  «         4 

S  =  P  y  4tt^  — :•->  or  7  5  «•  =  P  y,  and  we  have 
dy  =  '^-^d  (2J*)  ^"^'^s^dzmiSdy^  —  r^il'dZy 


whence 


4P 


3   TT      /S" 


4    P 


iS  j  i?  =  —  tang,  a  d  tang.  a. 


4    PE 
By  integration  we  obtain 

at 

and,  if  we  denote  the  radius  of  the  cross-section  at  B  by  r,  we  have 
I TT  p-j^  (r*  —  «•)  =  toff^,*  a^  stocc  a  =?  0;  hemce 


ton^. 


•«  =  '^*'^-*'^'^^ 


Putting  ton^.  o=^  =  |7r-p,  -t— ,  we  obtain 


jj^'n  E     ^dz 
^     4P 


dx 


fy--i?and 


./ZttE        ^dz  . -/3TrjB        w*  if  w 

4P        VpTTl?  '^     4P        f^X-u' 


when  -  is  denoted  by  «. 
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But 

«■  1  -  «•  1  1 

1  -  «•-   ^^r^riii*  +  vrTtti  =  "  VI  -  «•  +  yj-ir^ 

and  therefore 

/u^du     _         /*    /*     du 


=  -  i  «  vT^^'  +  i  t/ " 


d« 


=  —  i  «  VI  —  «^*  +  \  ninr^  «*. 

(See  the  Introanction  to  the  Calculofi,  Art  27  and  26.) 
Hence  we  have 

For  a;  =  {,  2;  =  r,  the  radius  of  orossHsection  of  the  base,  for 

which  «'»."'  -  =  «n.~'  1  =  s  and 

r  2 

1;  Vr»  -  «•  =  0.    Therefore  it  follows  that 
Z  =  -  r"  y -7^-p-  wwi  that  the  proof  load  is 

that  iSy  three-fourths  of  the  proof  load  of  a  cylindrical  pillar,  whose 
radius  is  r  (compare  §  265).    Consequently  the  radius  of  the  base 

of  a  column  of  uniform  strength  is  =  >^  =  1>075  times  the 
radius  of  a  column  of  the  same  length  whose  proof  strength  is  the 
same. 

Comparing  the  abscissa  x  with  the  total  length  I  of  the  column, 
we  obtain 

V  =  Q  I  «7i."'  r y  \  --  (  -)  J  =  s  times  the  area  of  the 

segment  of  a  circle,  whose  radius  =  1  and  whose  chord  =  — • 

If,  then,  we  regard  -  j  ^  ^^^  ^^^  ^'  ^^^  segment  of  a  circle,  we 

can  determine,  by  means  of  a  table  of  segments  (see  the  Ingenieur, 
page  152),  the  corresponding  angle  ^  at  the  centre,  and  from  it  we 
can  calculate  for  a  giyen  abscissa  x  the  corresponding  radius  of  the 
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croBS-section  «  =  r  sin,  ^ ;  E.G.,  for  a;  =  4  I,  — ,-  =  -  =  0,3183, 

/O  IT  I  IT 

and  we  find  from  the  table  of  segments  ^  =  93*  49';  hence  the 
radins  of  the  cross-section  of  the  pillar  is 

z  =  r8in.  46*  50'  =  0,729  r. 
To  resist  rupture  by  crushing,  the  radius  of  the  cross-section 

of  the  pillar  at  the  top  must  be  r^^  =  y  — =^,  and  this  radius  must 

always  be  employed  for  all  points,  where  the  formula  for  breaking 
across  gives  smaller  values  for  z. 

If  the  pillar  stands  with  its  base  unretained,  as  is  represented 
in  Fig.  437,  the  calculation  must  be  made  in  the  same  manner  for 

one-half  ( ^  j  of  it    The  maximum  radius  r  is,  of  course,  that  of 

the  cross-section  in  the  middle,  and  it  corresponds  to  the  formula 

§  268,  Hodgkinson's  Experiments. — ^The  recent  experi- 
ments of  Mr.  Hodgkinson  upon  the  resistance  of  columns  to 
breaking  across  (see  Barlow^s  report  in  the  "  Philosophical  Trans- 
actions,*'  1840)  confirm,  at  least  approximatively,  the  correctness 
of  the  formulas  deduced  in  the  foregoing  pages.  According  to  this 
experimenter  the  formula 

for  prismatical  columns  with  circular  or  square  cross-sections  is 
correct  for  wood  when  we  introduce  a  particular  value  for  E;  but, 
on  the  contrary,  it  can  be  employed  for  wrought  iron  only  when 
we  substitute  for  rf*  the  power  d**",  and  for  cast  iron  it  is  suffi- 
ciently correct  when  d^  and  ?  are  replaced  by  the  powers  ^'**  and  /'»'. 
The  chief  results  of  Hodgkinson's  experiments  upon  prismatic 
pillars  with  circular  and  sqiuire  cross-sections  are  given  in  the  fol- 
lowing table.  The  coefficients  given  in  it  refer  to  the  case  when 
the  pillars  are  cut  oflf  at  both  ends  at  right  angles  to  their  longitu- 
dinal axis  and  repose  upon  these  bases.  When  the  ends  are  rounded 
so  that  these  extremities  of  the  columns  are  not  prevented  from 
assuming  any  inclination,  these  coefficients  are  nearly  three  times 
as  small.  If,  on  the  contrary,  the  column  is  fixed  at  one  end  and 
the  other  capable  of  turning,  the  coefficient  is  but  half  as  great  as 
in  the  first  case.    If,  finally,  one  end  of  the  pillar  is  fixed  and  the 
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other  capable  of  being  turned  and  of  sliding,  the  proof  load  is  but 
one-tenth  of  that  of  the  first  case,  where  both  ends  are  fixed. 


TABLE  OF  THE  FORCES  NECESSARY  TO  RUPTURE  COLUMNS  BY 

BREAKING  THEM  ACROSS. 


Name  of  the  prismatic  pillan. 

• 

Breaking  stress. 

English  measure, 
tons. 

French  measure, 
kilograms. 

Prussian  measure, 
new  pounds. 

Cast-iron  pillars  with  circu- 
lar cross-section  .... 

Wrought-iron    pillars    with 
circular  cross-section    .     . 

Square  pillars  of  dry  Dantzic 
oak 

Square  pillars  of  dry  fir    .     . 

A'" 

44, 1 6  ^,, 

133.75   p 

10900^ 

46140  ^ 
2480  p 

94700  ^,,, 
284400    ^ 

23570^ 

16840-=- 

In  the  column  for  English  measure  d  and  b  are  given  in  inches, 
I  in  feety  and  P  in  tons  of  2240  pounds.  In  that  for  the  French 
measures,  on  the  contrary,  d  and  b  are  given  in  centimetres,  I  in 
decimetres,  and  P  in  kilograms,  and  in  the  last  colunm  d  and  b  are 
expressed  in  inches,  I  in  feet,  and  P  in  new  pounds. 

Mr.  Hodgkinson  also  found  that  cast-iron  pillars,  with  round 
ends,  were  sooner  crushed  than  broken  across,  when  Z  <  15  d,  and 
when  the  ends  were  flat  as  long  as  I  was  <  30  d.  Dry  wood  possesses 
double  as  much  strength  as  timber  just  felled.  When  employing 
this  formula  for  calculating  the  working  load  of  columns,  we  employ 
a  coeflBcient  of  security  of  ^  to  j'^  or  a  factor  of  safety  of  from  4  to  12. 

Hence,  with  sextuple  security,  we  can  put  for  casUiron  pUlarSy 
when  d  and  I  are  given  in  inches, 

p=i^.l2M.^=i^.68,3^  =  502,688^tons, 

and  rf  =  0,0173  (P  T'^*'""  inches. 

For  wraught'iron  pillars  we  have,  when  we  adopt  the  same 
coefBicient  of  security, 

P  =  3210    -^  tons  and 

d  =  0,01028  (P  r)  "'"'^  inches. 
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For  pillars  of  oak  wood,  employing  a  ooefQcient  of  security  of 
j\j,  we  have 

P  =  157,68  (  *  )V  =  167,68  -y,  =  267,69  y  tonfl, 

b  =  0,2822  (P  r)*  and  d  =  0,2472  (P  P)J  inches. 
Finally,  for  pillars  of  fir  wood,  we  have 

P  =  112,46  (  *y.^  =  112,46  ^  =  190,92  y, 

b  =  0,307  (P  r)*  and  rf  =  0,269  (Pr)i 
ExAMFLB. — For  a  cylindrieal  fir  post,  11  inches  thick  and  13  .  12  =  144 
inches  long,  fixed  at  both  ends,  the  proof  load  is 

P  =  190,92  (  ^  y=  184,802  tons. 

If  the  ends  of  such  a  pillar  are  capable  of  moving  freely,  the  proof  load 
P  =  ^P  =z  44,984  tons,  while  according  to  the  theoretical  formula  we 
have  Pj  r=  56900  lbs.  =  25,402  tons.    (See  Example  1  of  §  266.) 

§  269.  More  Simple  Determination  of  the  Proof  Load 
of  Colnmna. — ^The  foregoing  formulas  for  the  bending  and 
breaking  across  of  pillars  are  calculated  upon  the  assumption  that 
the  force  P  is  applied  exactly  at  the  end  A  of  the  longitudinal  axis 
of  the  piUar.  Now  since  in  practice  this  is  scarcely  ever  perfectly 
true,  and  since  the  action  of  the  force  ceases  to  be  central  as  soon 
as  the  pillar  bends,  it  is  advisable,  in  determining  the  proof  load 
of  a  beam,  to  take  into  consideration  from  the  beginning  the 
eccentriciiy  of  the  point  of  application  of  the  force.  Assiuning 
that  the  point  of  application  I)  of  the  force  P  is  at  a  distance 
D  A  =  c  from  the  end  A  of  the  axis  A  B,  Fig.  441,  of  the  column 
and  that  the  deflection  B  C  =  aof  the  pillar  is  small, 
compared  with  e,  we  can  consider  the  elastic  curve 

formed  by  the  axis  of  the  pillar  to  be  a  circle,  whose 

p 

radius  is  r  =7  jr—.    But  now 

2a 

P{a  -h  e)r  =  WE,  whence 

Pla  -^  c)F  =  2  WEa,9a well aa 

PPc  , 

^  =  2iri&^pp"'^ 

_      2  WSe 

^  ■*"  ^"2  WE-  Pr 
K  F  denotes  the  OTOssHsection  of  the  pillar  and  e  half  its  thick- 
ness, measured  in  the  plane  A  B  D,  the  uniform   strain  produced 
in  each  cross-section  by  the  force  P  ia 
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^1  = 


F' 


and  the  stram  produced  at  the  exterior  surface  by  the  moment 
P  (a  +  c)  of  the  force  is 

and  consequently  the  maximum  strain  in  the  pillar  is 

^-^-^  ^^-  F  "*"2  WE-'Pl^  "P  r  ■*■  2  WE^Pn 
Putting  iS^  =  to  the  modulus  proof  strength  T^  we  have 

P(2  WE-  PP  +  2EFce)  =  {2  WE-  P  T)  F  T. 
Now  if  P  r  is  small  compared  with  ( FT  +  P(?  e),  we  can  put 
2  WEFT  FT 


P  = 


2EiW  +  Fee)  +  FTP      ^    .    Pc«       P^-' 


or 


P  = 


pr 


JF    '  2WE 


p  9  in  which  (p  and  ^  are  empirical  numbers. 


^  +  1^5. 

The  cirQ  engineer  Love  (see  ^  M6moire  sur  la  B^sistance  du  fer 
etdelafonteyetc.,"  Paris,  1852)  deduced  from  the  experiments  of 
Hodgkinson  the  ralues  ^  =  0,45  and  V  =  0,00337 ;  hence  we  haye 


1,45  +  0,00337  ( jy 


firom  which  the  following  table  for  the  coefficient 

1 


X  = 


1,45  +  0,00337  /  Zy  "^  ^^  **'*'°^*^ 


I 

10 

20 
0,357 

30 
0,223 

40 
0,146 

SO 
0,101 

60 

70 

80 

90 

100 

0,0735 

0,0556 

0,0435 

0,0347 

0,0285 

These  yalues  of  %  must  be  multiplied  by  the  modulus  of  proof 
strength  T  for  compression,  when  the  modulus  of  proof  strength 
for  long  pillars  is  to  be  determined  for  a  given  ratio  of  length. 

General  Morin  gives,  after  Bondelet>  the  foUowing  table,  which 
35 
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fumislies  too  great  Talnes  for  Xf  when  the  pillars  are  of  medium 
length. 


/ 

d^ 

I 

12 

24 

36 

48 

60 

7» 

X- 

I 

i 

i 

i 

i 

1 

A 

ExAHFLB — 1)  What  load  can  a  pine  post  bear,  whose  length  is  15  feet 

and  whose  thickness  is  12  inches  ?    According  to  the  table  upon  page  404, 

the  modulus  of  proof  strength  for  a  short  pillar  is  2*  ==  2600 ;  but  since  the 

I 
ratio  of  the  length  to  the  thickness  is  -^  =  ^,  we  have 

y. Z —  _i =  0  453 

*  "**  1,45  +  0,00837  .  15*      2,208         '      ' 

whence  we  obtain  the  modulus  of  proof  strength  x  ^  =  0,453  .  2600  = 
1178  pounds ;  hence  the  proof  strength  of  the  pillar  is 

P=  1178  -^  =  1178  .  0,7854  .  144  =  188000  pounds. 

If  we  employ  a  fiictor  of  safety  8,  we  can  put 

„      133000       ,,^^ 

P  =   —5 —  =  44800  pounds. 

2)  How  thick  must  a  hollow  cylindrical  pillar  of  cast  iron,  26  feet 
long,  be  made,  when  it  stands  vertical  and  is  required  to  support  a 
load  P  =  100000  pounds  ?  Assuming  the  diameter  d^  of  the  hollow  part 
to  be  three-fifths  of  the  exterior  diameter  {d)  of  the  pillar,  we  can  substi- 
tote  in  the  theoretical  formula 

P=^\|^i7(§226), 
r*  =  ^'  7a^*^  =  ^  [^  -  (*)T  =  ^»^^^  ^*»  ^^ence  we  obtain 


16 


16 


r   0,0544  IV*  B 


Substituting  in  this  expression  P  =  100000,  P  =  (25  .  12)«  =  90000, 
ir*  =  81,  and,  instead  of  By 

^    maoooo^ 

10  10  *-*«'*'vv  > 

we  obtain  the  required  thickness  of  the  pillar 


400000  .  90 
0,054r:  81  .  1422 


'V, 


6000000 


6864.287 


187500 


=  11,07  inches. 


0,0527 .  287 
If  we  make  d  =  11,25  inches,  we  obtain  d^  =  0,6  .  11,25=  6,75  inches. 
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Aocordisg  to  our  last  fonnula  we  baye,  when  we  aafimne 
I       25 

5  =  T  =  ^' 

for  the  required  crofls-flection  of  the  pillar 

fl  \n  P       8,55«  .  100000       855600 


F  =  [l,45  +  0,00337  (  Yj  jr  = 


and  patting,  according  to  §  212, 

18700 
T  =  — ^~  =  6200  pounds, 
o 

we  obtain 

„      855600       ,^^^       -,  ^.      ^ 

^  =    nonA    =  57,85,  and  therefore,  since 

F=l(^-  d,')  =  [1  -  (|)T  —  =  0,16  IT  d", 
the  required  exterior  diameter  of  the  pillar 

d  =  i/-^  =  i/^^-  =  10,68  inches. 

y  0,16  IT   y  0,16  TT    ^"»wiucu«. 


d  =  11  inches,  we  obtain 
d^  =  0,6  <7  =  0,6  .  11  =  6,6  inches. 


CHAPTER    V. 

COMBINED  ELASTICITY  AND  STRENGTH. 

§  270.  Combined  Elasticity  and  Strength. — A  body  ifl 
often  acted  upon  at  the  same  time  by  two  forces,  e.o.  a  tensile  and 
a  bending  one,  etc.,  by  which  a  donble  change  of  form  is  produced, 
asy  E.  G.9  an  extension  and  a  bending.  We  call  the  force  with  which 
a  body  resists  this  two-fold  change  of  form  its  combined  elaaticiiy 
and  strength^  and  we  will  proceed  to  investigate  the  most  important 
cases  of  this  kind. 

Properly  speaking,  the  case  (§  214)  of  the  bending  of  a  body 
A  K  B  Oy  Fig.  442,  is  really  one  of  combined  strength ;  for  the 

force  A  P  ^  Py  which  acts  at  the  end  A  of  the  body,  can  be  re- 
solved into  a  couple  (P,  —  P)  and  a  force  8P  =  P.  The  former, 
which  alone  we  have  previously  considered,  tends  to  bend  the  por- 
tion A  S  of  the  body,  and  the  latter  tends  to  tear  this  piece  from 
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the  remaining  portion  iS  B.    The  latter  force  can  be  resolTed  into 
two  components 
Fio.MS. 

and 

P,  =  P  sin.  a 
(g  315),  one  of  which 
acts  at  right  angles  to 
the  direction  of  the  fibres 
and  the  other  in  the  di- 
rection of  the  axis  of  the 
fibres.  The  latter  com- 
ponent combines  with 
the  strain  in  the  fibres 
produced  by  the  bend- 
ing and  increaBcB  the  ex- 
tensions upon  the  side  of 
the  tensile  s'raina  and 
decreases  the  compres- 
sion upon  the  other  side. 
The  magnitude  of  the 
extension  of  each  fibre 

RS=  EN, 
eta,  whose  length  =  1, 
by  the  tensile   force  P 
sia.  a  is  (g  201) 


jP  denoting  the  cross-section  N  Ooi  the  body. 

If  at  this  distance  from  the  line  Ni  0,,  Fig.  443,  which  deter- 
mines the  ends  of  the  fibres,  that  have  been  extended  by  the  bend- 
ing, we  draw  a  line  H,  0,  parallel  to  It,  it  will  form  the  boundary 
of  the  fibres  which  have  been  submitted  to  both  causes  of  change 
of  length,  and  it  will  cut  the  original  limit  in  a  point  S„  which 
corresponds  to  the  fibre,  that  is  unchanged  in  length,  and  conse- 
qnently  gives  the  new  or  true  position  of  the  neutral  axis.  Tlie 
distance  S  8,=ei  of  this  neutral  axis  troxa  the  original  one,  which 
corresponds  to  the  moment  of  fiexore,  is  determined  by  the  pro- 
portion 
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S8,  "  NN:^^'  e 

wbenoe  ei  =  -  o^. 

a 

But  we  have  also  -  =  -  (§  235), 

hence 


e,  =  r  a,  = 


P  r  sin,  a 


FE 
The  radius  of  curvature  r,  of 
the  neutral   axis   determined  in 
this    more    accurate    manner   is 
greater  by  the  quantity  (e,)  than 
that  of  the  neutral  axis  previously  considered ;  hence  we  have 

r,  =  r  +  e,  =  r  (1  +  <T,)  =  r  ^1  -h  —y^~)' 

The  angle  c,  which  the  variable  cross-section  JV,  0,  or  JVi  ft 
forms  with  the  direction  of  the  force  P,  is  equal  to  the  tangential 
angle  a  (found  in  §  216) ;  hence,  as  this  angle  is  small,  we  can  put 

P  (P  -  x") 


or,  since 


r= 


WE 
Px 


(8  215), 


r  9%n,  a:=r  a=  — ,  from  which  we  obtain 


Bt  = 


2z 

p(r  -  x') 


%  F Ex 

Hence  for  the  point  -B,  where  the  beam  is  fixed  and  for  which 

a;  =  2,  we  have  e^  =  0,  and  for  the  point  A  at  the  other  end,  where 

P  V  P  (P  —  a^) 

a;  =  0,  «i  =  -TT--  =  00 ;  on  the  contrary,  for  x  =     ^^  ^i  ¥^ — -  we 

0  '  •'  2  F  E  e 

have  Ci  =  e;  consequently  the  neutral  axis  coincides  at  B  with 

the  original  one,  and  in  passing  from  i9  to  ^  it  separates  more  and 

more  from  it,  until,  finally,  it  reaches  the  concave  side  of  the  body, 

and,  if  prolonged  beyond  the  body,  at  the  end  A  it  is  at  an  infinite 

distance  from  the  other  axis. 

Tha  maximum  extension  produced  by  the  flexure  is 

Pex 


a  = 


WE' 
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and  that  produced  by  the  tensile  force  P  sin,  a  is 

F  sin.  a 
a,  = 

hence   the  total  extension  is 


FB 


jvr  iv,  =  j\r  jv.  +  jv;  jv,  =  J  (^  +  ?*^) , 


T 


and,  if  the  latter  has  reached  the  limit  of  elasticity  -^y  we  can  put 


p  /^       sin.  a\  _  ^ 


and  the  proof  load  is 


F  = 


WT 


WT 


«  a;  +  -=  sin.  a 
Jf 


ex  + 


PC?-  x'Y 


2FJS 

For  a  moderate  deflection,  which  is  all  these  girders  are  gene- 
rally exposed  to,  this  value  is  a  minimum  for  x  =  2,  and  it  is 

WT 

el  ' 


F=: 


as  we  have  already  found. 

Fig.  444 

1. 


Remabk. — If  the  girder,  as,  E.a.,  AA^B^ 
Fig.  444,  L,  n..  III.,  is  acted  upon  by  two 
forces,  two  or  even  three  displacements  of 
the  neutral  axis  from  the  centre  of  gravity 
may  take  place.  If  the  two  forces  act  in 
the  same  direction  as  represented  in  Fig. 
444, 1.,  this  displacement  on  one  side  of  the 
cross-section  A^  is  determined  by  the 
formula 

Pr  sin.a 


e^  -■= 


FE 


and,  on  the  contrary,  on  the  other  side  by 
the  formula 

(P  +  Pj)  r  gin.  a 


«»  = 


FE 


At  the  point  of  application  A^  this  dis- 
placement changes  from 

- — —  P  r  tin.  a  ^ 

^1  Fj  =  «i  =  —p-g-  to 

•^1  F,  =  «,  =  (     p     J  e^f 

when  we  pass  from  one  side  to  the  other, 
on  the  contrary,  at  the  fixed  point  B,  where  a  =  0,  we  have  e^  =  0. 
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If  the  two  forces  act  in  opposite  directions  and  the  moment 

of  the  negative  force  is  greater  thau  the  moment 

P.rB  =  P(l^  +^) 
of  the  positive  one,  in  which  case  the  girder  is  bent  in  two  opposite 
directions,  which  meet  in  a  point  of  inflection  F^  the  neutral  axis  consists 
of  three  branches  U  F^,  F,  TT,  and  W^  B  (Fig.  444,  H.),  which  are  not 
continuoua,  and  the  normals  at  the  point  of  inflection  jP*  is  an  asymptote 
to  the  last  two  of  these  curves;  for  here  r  =  oo  and  consequently 

Pt  tin.  a 


«i  = 


FIS 


=  00. 


If,  although  the  forces  act  in  opposite  directions,  we  have  P(f  +  l^)>P^  I^, 
as  represented  in  Fig.  444, 10.,  the  displacement  of  the  neutral  axis  upon 
one  side  of  J.  ^  is 

— ^  _      _Prdn,a 


FB 


and  that  upon  the  other  is 


and  at  the  cross-section  through  A^  there  is  a  break  in  the  two  branches 
U  V^  and  F,  B  of  the  neutral  axis,  the  value  of  which  is 

^r-^  _  Pt  r  tin,  a 
^1  ^*  -      FB     • 

§  271.  Eccentric  Pull  and  Thmst— If  a  column  A  B,  Fig. 
445  and  446,  acted  upon  by  a  tensile  or  compressive  force,  whose 
direction,  although  paraUel  to,  is  not  that  of  the  longitudinal  axis 
of  the  body,  the  combined  elasticity  and  strength  will  come  into 
play.    This  eccentric  force  can,  as  we  know,  be  replaced  by  a  force 

P  in  the  direction  of  the  axis, 
and  a  couple  (P,  —  P),  whose 
lever  arm  c  is  the  distance  C  A 
of  the  point  of  application  of  the 
force  Pfrom  the  axis  of  the  body, 
and  whose  moment  is  therefore 
=  P  c.  The  force  ^  P  =  P  in 
the  line  of  the  axis  produces  in 
all  the  fibres  the  constant  strain 

p 

8i  =  -^,  in  which  P  denotes  the 

cross-section  of  the  body;  the 


Fio.445. 
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conple,  on  the  oontrarjy  bends  the  body  in  a  curve,  whose  radias 

is  determined  by  the  well-known  formula  (§  215)  P  a;  r  =  W  Ey 

in  which  we  must  substitute  for  the  moment  of  the  force  the 

WE 
moment  P  c  oi  the  couple.     Consequently  r  =  -= —  is  constant^ 

when  Wot  the  cross-section  JPis  constant^  and  therefore  the  curve 
formed  by  the  axis  of  the  body  is  an  arc  of  a  circle. 

If  e  is  the  maximum  distance  of  the  fibres  from  the  neutral  axis 
passing  through  the  cross-section  of  the  body,  we  have  the  maxi- 
mum strain  produced  in  the  body  by  the  couple 

^'-    W  ' 
and  hence  the  total  strain  is 

5  =  5,  +  iS  =  J  +  ^, 

consequently,  when  we  put  this  equal  to  the  modulus  of  proof 
strength  Ty  or  assume  that  the  most  remote  fibre  is  strained  to  the 
limit  of  elasticity,  we  obtain 

^  -  F  ^     W    -U+     wl  F' 


Henoe  the  proof  load  of  the  piUar  is 

FT 
i»  =  — 


^^Fce^ 


W 
B.0^  for  one  with  a  rectangular  cross-section,  the  dimensionB  of 

vhich  aie  b  and  A, 

p_    FT 

1  +  — 
and  for  one  with  a  eirctUar  cross-section,  whose  radius  is  r, 

1  +  i^ 

r 

From  this  we  see  that  the  strength  of  a  body  is  tried  much 
more  severely  by  an  eccentric  pull  or  thrust  than  by  an  equal  one 
acting  in  the  direction  of  the  longitudinal  axis  of  the  body. 

If  the  column  is  prevented  from  bending  by  a  support  upon  the 
sidey  as,  kg.,  B  A  Cy  Fig.  447,  represents,  P  remains  of  coTirse 
=  FT. 

If  the  force  acts  at  the  periphery  of  a  parallelopipedical  pillar 

A 

A  By  Fig.  448,  and  at  the  distance  c  =  ^  ^^  the  axis,  we  have 
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Fio.  447. 


Fig.  448.    Fzo.440. 


FT 

and  the  proof  load  is  but  one-fourth  of  what  it  would  be  if  the 
weight  were  applied  in  the  prolongation  of  the  axis  of  the  body 
(Pig.  449). 

For  a  cylindrical  pillar^  with 
a  force  acting  at  the  circum- 
ference,  we  have  c  =  r,  and 
consequently 

FT 

UL,  but  one-fifth  what  it  would 
be  if  its  point  of  application  was 
in  the  axis  of  the  body. 

These  formulas  can  be  applied 
to  rupture  by  extension,  com- 
pression and  breaking  across ;  it 
is  only  necessary  for  each  species 
of  separation  to   substitute  a  different  coefficient  of  ultimate 

strength,  or  put 

FK  F 


P  = 


1  + 


Fee 


1 


Fee' 


W        Kx  '    WK, 
in  which  Kx  denotes  the  modulus  of  rupture  by  compression  (or 
extension)  and  A",  that  for  breaking  across. 

§  272.  Oblique  Pull  or  Thmst. — The  theory  of  combined 
elasticity  and  strength  is  particularly  applicable  to  the  case,  where 
the  direction  of  the  force  P  forms  an  acute  angle  IiAP  =  6  with 
the  axis  of  the  beam  A  B,  Fig.  450.    One  of  the  two  components 

B  =  P  COS.  6  acts  as  a  tensile  force 
and  the  other  P  sin.  d  as  a  bending 
one  upon  the  body,  and  the  strain 

a         P  COS.  d 

produced  in  the  whole  cross-section 
by  the  first  component  combines  with 
the  strain 
P  sin,  d  .le 
W~e       ' 


Fio.  450. 


fl;  = 


produced  by  the  moment  P  I  sin.  6  of  the  second  component  in 
the  outside  fibres,  and  causes  the  strain 
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or  more  simply 

Hence  the  leqniied  proof  load  is 

'-     ,    Fi,  .  ; 

COS.S  +  -^sin,6 

or,  mveTsely,  the  required  erosfl-section  is 
PI       . . FU 


F=^{co,.i  +  ^l^^n.6y 


Or,  if  we  enbstitate  a  modulus  of  proof  strength  T,  for  bending 
different  &om  that  ( T)  for  extension  we  have 

„       „(eo8.d       Fie     .     j\ 

For  a  paraltelopipedioal  girder  we  have 
F 


T,  and  conseqnently 
,  /cos.  d        6  Z     .      A 


idfo 

s  cylindrical  i 

nt 

Ft 
'W 

=  -,  whence 

F  = 

_  Icoi.  t 

4i 

!in.«). 

The 

same  fonnula  holds  good  for  the 

case  represented 

in  Fig. 

161,  in  which  the  first  component  R  produces  compression  in  the 
girder.     If  here  again  A  denotes 
^^■^^  the  angle,  which   the  direction 

of  the  force  P  maltes  with  the 
axis  of  the  girder,  the  values  of 
the  components  are 

R  =  P  COS.  d  and 
N=P sin.  6. 
In  order  to  find  the  proof 
load  of  the  girder,  we  most  com- 
bine  the  strain  produced  by  R 
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with  the  greatest  stram 

c       Pie  sin.  6 
8.  = ^— 

produced  by  the  bending,  and  then  we  must  substitute  in  the 
formula 

m      n  1^0^'  die  sin.  d\ 

-P=  ^  («w.  <J  +  -~  sin.  6^ 

just  found,  instead  of  7^  not  the  modulus  of  proof  strength  for  ex- 
tension, but  that  for  compression. 

In  both  the  cases  treated  above  the  displacement  of  the  neutral 
layer  of  fibres  from  the  centre  of  gravity  is 

_  <T|     _  ^1     _   IF  cotg.  6 
^"V,^-  S,^"     Fez   ' 

which,  E.G.,  for  parallelopipedical  beams,  becomes 

_  h  cotg.  d 

It  is  also  easy  to  see  that  by  the  combination  of  the  maximum 
extension  or  compression  with  the  extension  or  compression  of  the 
fibres,  which  is  equally  distributed  over  the  entire  cross-section  of 
the  body,  there  is  produced  an  extension  or  compression 


^1  ±  <yj  = 


Si  :^  8%      P  (cos.  die  sin.  6 


E 

If  we  introduce  the  modulus  of  proof  strength  T  and  for  the 

T 
sake  of  security  employ  for  wood  and  iron  only  -^,  we  obtain 

1)  for  WKd  in  both  cases 

780  F  780  F 


P=: 


COS.  0  +  -=-  stn.  o      COS.  o  +  —  stn.  o 

h  r 


2)  for  cast  iron,  in  the  first  case  (Fig.  450) 

3640  F  3640  F 


P  = 


•  6Z.^  m      ,      ^l        .         ^ 

COS.  o  +  -=-  s%n.  o       COS.  o  H stn.  o 

h  r 


and  in  the  second  case  (Fig.  451) 

9360  F  9360  F 


P  = 


COS.  0  +  -^  stn.  o       COS.  0  -\ stn.  o 

h  r 
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I  273,  The  case  just  treated  occotb  often  in  practice.  If,  e.q, 
a  weight  P  is  hung  from  a  girder  A  B,  Fig.  453,  which  is  inclined 
to  the  horizon,  we  have,  when  the  angle  of  inclination  of  the  direo- 
tion  of  the  axis  \a  P  A  R  =  S,  the  tendle  force  B  —  P  cos.  <t  and 
the  bending  force  N  =  P  sin.  S,  and  therefore 
FT 
^  .  6i   .  „■ 


4>' 


I^  as  is  repreeented  in  Fig.  453,  not  only  the  direction  of  the 
stress  P  is  inclined  to  the  axis  of  the  body,  but  also  its  point  of 
application  lies  without  it,  in  calculating  the  proof  load  we  nmst 
consider  the  point  of  ^iplication  transported  to  i)  in  the  pn>- 
loDgation  of  the  axis  A  B  oi  the  girder,  le.  we  must  snbstitnte  in 
place  of  the  length  5  ^  =:  ?  the  length  5 /)  =  5  ^  +  A  D  =  l  + 

^— y,  in  which  the  horizontal  distance  C  A  k  denoted  by  c,  and 
sin.  ff  ■'    ' 

the  angle  CD  A,  formed  by  the  axis  of  the  girder  with  the  verti- 
cal, is  represented  by  A 

In  like  manner,  for  the  pillar  A  B,  Fig.  454,  which  is  inclined 
at  an  angle  A  to  the  Tcrtical,  we  have  the  proof  load 
_  FT  _  FT 

*      «'    •     *~        »  ,    ^^    ■    j! 
C08.O  +  -^  sm.0      coa.0  -\ $%n.  o 

in  which  wa  mnst  snbstitntd  the  modulas  of  proof  strength  for 
compression,  while  in  the  former  case  we  ehonld  employ  that  for 
exteneion. 

If  a  loaded  girder  A  A,  Fig.  465,  is  not  freely  supported,  bnt 
wedged  between  two  walls,  a  decomposition  of  the  forces  takes 
place  into  components  producing  compression  and  into  compo- 
nents producing  a  flexure.    If  the  terminal  surfaces  A,  A  of  thia 
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beam  form  aa  angle  <t  vith  ite  cross-section,  and  if  a  force  P  acta 
in  the  middle  B  of  the  girder,  the  reactions  of  the  walls  apon  the 
ends  of  the  girder  are  Q  and  Q,  and  these  forces  are  inclined  at  an 
Via.  4B4.  Fia.  45G. 


e  it  to  the  horizon  and  give  a  reenltaQt  C  P  ^  —  P,  which 
bahincee  the  force  P. 
Hence 

P  =  2  Qcoa.ACP  =  3  §«».*» 
or  inTOTselr 

p 

^  =  21^:7 

The  reactions  of  the  walls  can  he  decompose  into  a  compree- 
siTe  force  in  the  direction  of  the  axis  of  the  girder 

and  into  a  force 

which  is  perpendicalar  to  the  latter  and  produces  a  bending ;  con- 
sequently we  have 


„_  P  colg.)  ,  Pit 

IF        ^w' 

and  the  proof  load  of  the  girder  is 


,    .      ,  Fie 

The  conditioti  of  aflbin  is  the  ssme,  when  sn  inclined  prop  A  B, 
Fig.  456,  carries  a  load  which  has  been  dumped  npon  it  But  here 
Q  can  he  lesolred  into  a  force  Q,  at  right  angles  to  the  axis  of  the 
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prop  &nd  into  a  force  Tfi  at  right  angles  to  the  side  (in  miners' 
language,  the  floor).  If  eglecting,  for  greater  safety,  the  friction  of 
the  loose  masses  of  stone  npon 
the  floor  and  denoting  the  angle 
formed  by  the  terminal  surfaces 
of  the  prop  with  its  crOBs-scction 
b;  d,  and  the  inclination  of  the 
floor  fi  C  to  the  horizon  by  j3,  we 
obtain  Qi=  Q  sin.  P  and 
_  .       ZFT 

(see  §  240),  and  therefore 
%FT 


Lotg.  6  +  \  "hT^  «'«■  ^• 

Example — 1)  What  mnrt  be  the  dimensionfl  of  the  crow-sectinn  of  the 
locliiied  girder  A  B,  Fig.  453,  whicb  is  made  of  pine  and  is  9  feet  long  and 
whoee  directioD  fbniis  an  angle  of  60°  with  the  horizon,  when  it  be&rs  at 
the  extremity  A  a  wdght  P  =  4000  ponncto )    The  formula 
FT 

~6       —nn.i 

givea,  when  we  eubfltjtnte  P  =  8000  pounda,  T  =  780,  d  =  90°  —  60'  = 
80°  and  Z  =  B  .  13  =  108  inches,  and  asenme  r  =  f, 


8000/        „„„       «.  108    .     „„A 
f  yvu  BO"  J.  — ---  «n.  SO'1, 1 


A'  =  10,77  (o,866  +  ""  — -""-i  _  g gg  ^  — _ 

Approrimatively,  we  have 
S  =  Vb480  =  1S,17, 
more  accurately 

h  =  VM89  +  0,88  .  15,17  =  ^^681  =  16,87  inchM, 
and  conaeqnently 

5  =  f  A  =  10,98  inches. 
2)  At  what  distance  from  each  other  must  two  13  inches  thick  collars 
ABot  V,  Bo-cftUed  overhand  sloping  ABO,  Fig.  456,  be  laid,  when  the 
gob  is  piled  60  feet  hiph  upon  it  in  a  vein  4  feet  thick,  dipping  at  70°,  if 
we  asBume  that  the  weight  of  the  gob  is  65  pounds  per  cubic  foot!  De- 
noting the  required  distance  by  x,  we  have  the  weight  npon  each  collar 
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Q  =  4  .  60  .  65  a;  =  15600  2,  and  consequently  the  pressure  upon  each 
collar  is 

Q^=:  Q  iin.  W  =  15600  x  nn.  70*  =  15600  .  0,9397  x  =  14659  x  Ihs. 
Kthe  ends  A  A  of  the  collar  form  an  angle  of  70**  with  the  asda,  or  if 
S  =  20**,  we  have 

2FT         _    2.118,1.780    _  176486 


14659  X  = 


.     ^o       8  ?  "  ^  „.„       2.48    ~  10,747 ' 
eatg.  20°  +  -r-       2,747  + 


d 


and  therefore 


X  = 


176486 


12 


=  1,12  feet  =  13,44  inches. 


Fia.  457. 


10,747  .  14659 

The  required  distance  between  the  two  collars  is  therefore 
X  --  d  =  1^44  inches. 

(§  274.)  Fleznre  of  Girders  Subjected  to  a  TensQe 
Force. — The  normal  proof  load  P  of  a  girder  A  B,  Fig.  457,  is  dimin- 
ished by  the  application  of  a  small  forc^  in  the  direction  of  the  axis 
only  when  the  girder  is  short   If,  on  the  contrary,  the  length  of  the 

girder  and  the  tensile 
force  exceed  certain 
limits,  the  moment  of 
the  latter  acts  in  the 
opposite  direction  to 
the  moment  of  the 
bending  stress,  thus  di- 
minishing the  deflec- 
tion of  the  body  and  increasing  its  proof  load. 

If  we  pnt  again  the  co-ordinates  of  the  elastic  cnrre  A  S  By 
Rg.  467,  formed  by  the  axis  of  the  girder,  A  K  =  x  and  K 8=y, 
we  have  the  moment  of  the  forces  in  reference  to  a  point  8  in  the 
axis  P  X  —  Q  ify 

we  can  therefore  write  (according  to  §  215) 

(PaJ-  Qy)r^  WE, 
substituting 

dx 

in  which  a  denotes  the  tangential  angle  8  T  K^  and  denoting,  in 

order  to  simplify  the  expression,  \  -^r-=,  by  /?,  and  y  —^  by  gr,  we 
obtain  the  equation 


da 


-      ^  —       {P X  —  Q y)  dx  __ 


WE 


(i?*a?-  gr*y)  dx. 
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Kow  making 


i)y=^. 


in  which  m  and  n  de- 


Q-* 


^^•^^-  note   constantg,  to  be 

determined,  and  e  the 
base  of  the  Naperian 
system  of  logarithms 
(see  Introduction  to  the 
Calculus^  Art  19),  we 
obtain 

and  since  the  differential  of  the  last  equation,  viz^ 

rf  a  =  —  (w»  e*'  +  »  e-^')'^  d  x, 

when  substituted  in  equation  1),  gives  the  aboye  fundamental 
formula 


rfa  =  (y-~)?*rfa;  = -(;)««-?•  y)rf 


«, 


the  correctness  of  the  above  expression  for  y  is  proved. 

Sinoe  for  a;  =  0  we  have  y  =  0,  we  obtain  by  substituting  these 
values  in  1)  the  following  equation 

0  =  0  —  (w  e'  +  n  e*),  LB., 

m  +  n  =  0, 
and  since  for  a;  =  /^  a  =  0,  we  obtain  by  substituting  these  values 
in  2)  the  equation 

and  substituting  the  value  n  =  —  9»  taken  from  the  foregoing 
equation,  we  have 


whence 


0  =  ^-^?(«"  +  ^% 


w  =  —  n  = 


P' 


and  the  moment  of  the  forces  is 

_P  /e^'  —  er^'\ 

The  latter  is  certainly  a  maximum  for  the  fixed  point  B,  the 
co-ordinates  of  which  sixe  x  =  A  O  ^  I  and  y  =^  B  C  =^  a,  and 
then  its  value  is 
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Jfqlissk  proper  fraction,  that  lAy  if  the girtkr  U  short  and  the 
farce  in  the  direction  of  the  ascie  is  smaU,  we  can  put 

<f  P       o*  P 
e"  =  1  +  ql  +  ^^  +  -^  -f.*., 

and  also 

hence  we  have  the  moment  of  the  forces 

pi-Qa=  ^[^I'^i^//^=»pni  +  h9'nii-h9rf) 
=  pz(i-i^p)  =  p/(i-j%). 

If,  on  the  contrary,  the  force  QisBO  great  that  q  I  becomes  at 
least  =  2,  we  can  then  neglect 

r^'  =  — 
a"' 

when  it  occurs  with  e* ',  and  therefore  we  can  put 
80  that  the  moment  of  the  forces  becomes  simply 

(§  275.)  Proof  Load  of  a  Oirder  Sntgectod  to  a  Ten- 
sile Foroe. — By  the  aid  of  the  moments  of  the  forces  F  and  Q, 
found  in  the  foregoing  paragraph,  we  can  determine  by  the  method, 
which  we  have  so  often  employed,  the  proof  load  of  the  girder. 

The  foroe  Q  produces  a  tension  per  unit  of  snr&oe 

''^  F 
in  the  direction  of  the  axis  of  the  body,  and  the  moment  PI--  Qa 
of  the  two  forces  F  and  Q  produces  a  tension  in  the  fibres  at  Uie 
maximum  distance  e  from  the  neutral  axis,  which  is 

„  _{Pl-Qa)e 

*•-        W      ' 

hence  the  total  tension  is 

5  =  5.  +  ^  =  |  +  i^i:/^ 

86 
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When  the  latter  reaches  the  limit  of  elasticity,  S  =:^  T,  and  we 
can  put 

^  "^  "*■  W 

If  the  modnlos  of  proof  strength  Ti  for  compression  is  different 
from  that  T  for  exteinsion,  we  have 

^,      Q    ,  {Pl-Qa)e 

^'-      F^  W 

in  which  e  denotes  the  maximum  distance  of  the  compressed  fibres 
firom  the  neutral  axis.    In  both  cases  we  must  substitute  . 

so  that  the  required  proof  load  of  the  body  becomes  either 

.         _  /fi^l+Jl^  L  _  ^\  WTq 

^-Ve^'_e-^7\  ft)       e     ' 
or 

(€''+^\(  Q  \WT,q 

For  a  small  tensile  force  Q  we  can  put 

80  that,  when  we  take  into  conaderation  the  extension  only,  we 
have 


P  = 


{FT-Q)W     _(  QT  \  (  Q  \WT 


Withoat  the  tensile  force  Q  the  proof  load  of  the  body  would  be 

p  _WT 

hence  we  have  the  ratio 


P,       V^ZWElV       FTP 


.from  which  it  is.  easy  to  see,  that  the  proof  load  is  increased  or 
diminished  by  ft  as  -r^yp  is  greater  or  less  than  o/Lr  p9  ^^  ^ 

-r=q^  IS  greater  or  less  than  -=f. 

When  the  tensile  force  is  great,  in  which  case  we  can  put 
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ve  have  the  proof  load 


This  expression   becomes  a  maximum  with   the  expression 

y  Q  —  -p-^.    By  differentiating  the  latter  and  putting  the  differ- 
ential equation  obtained  equal  to  zero^  we  obtain 

^         3 
This  maximum  yalue  is 


and  the  ratio  of  the  latter  to  the  proof  load  P,  of  a  girder,  which 
is  not  subjected  to  a  tensile  force,  is 

P,      '     '^  3  WB  ~*^  3W' 
For  a  parallelopipedical  beam,  whose  height  is  h  and  whose 

width  is  b,  we  haye  F=bA,  TT  =  -=„-  and  a  =  A  A,  whence 

Pi  ^  3  A  ^  ^  "■  3  A      • 
If  the  beam  is  of  wood^ 

^     js     eo(f 

and  therefore 


p  ""  8  T  «An  •  T  --  o,r 


P;  =  «^600-A  =  «'<?«**A' 
E.O.,  for  ^  =  30,  P  =  1,632  P, ; 

the  girder  carries  nearly  tzao-thirds  more  than  when  it  is  not  sub- 
jected to  a  tensile  force. 

T.     I       10000       .o.    „        ^       ,  Z 

^^  A  ~  ~6ii"  ~  '  '  ^'  "  ^'  *^^  ^^^  ^^^^^  ^^  *  smaller 
than  18,4,  P,  is  smaller  than  P,  and  the  proof  load  P  of  the  beam 
is  diminished  by  the  stress  Q. 

§276.  Torsion  Combined  with  a  Tensile  or  Com- 
pressive Force.— If  a  column  A  B,  Fig.  469,  is  acted  upon  at 
the  same  time  by  a  force  Q,  whose  direction  is  that  of  its  axis,  and 
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by  a  couple  (P,  —  P),  which  tendfl  to  twist  it,  both  the  elasticitjr 
of  toreioa  and  that  of  extension  (or  compreseioD)  come  into  play. 
The  result  of  the  combination  of  these  two  elasticities  may  be  in- 
vestigated as  follows :  If  the  strain  per  unit  of  surface  produced 

by  the  force  Qia  Si  =  -~  and  that  produced  by  the  moment  of 

torsion  at  the  distance  e  ih>m  the  lougitadin^  axis  of  the  body  is 

S,  =  ~w-]  'we  can  assume,  that  a  parallelopipedical   element 


A  B  CD,  'Fig.  460,  of  the  body,  is  acted  Upon  by  the  normal  forces 
A  B  .8,  «aA-CD.S,  upon  ASanACD  and  by  the  couple 
(AB.S„  -  CD.  S,)  along  J  £  and  C-0  and  by  the  (^)poeite 
couple  (BT.  Z,  -  TD  .  Z)  siong  B  C and  A  D.  If  the  diagonal 
plane  A  V  forms  an  angle  ^  with  the  axis  of  the  body  or  with  the 
direction  of  the  strain  S„  the  components  of  the  forces  8u  S^  and 
Z  upon  one  side  of  ^  C  are 

TB  .  S,  sin.  iJ,'AS .  8, 008.  ii,  s[iiB~C.  Z  ttTk  yl>, 
and  consequently  the  total  normal  force  upon  ^  C  is 
A~G  .S=^I~B.8,sin.'>p  +  AB  .  8,  cos.  ■4>  +  WC.Zain,-^, 
or,  since  the  moment  oi  (B  C .  Z,  —  A  D  .  Z)  a  equal  to  the  mo- 
ment of  (AB  .  St,  -  'CD.  S,),  I.E. 

AB.B  C.Z=  BC.AB.S,otZ=  S„ 
AG~.  S  -  AB~.  S,  sin.  V"  +  (AS  cos.i>  +  BVsin.  V>)  5^ 
so  that,  finally,  the  normal    strain   upon  the  unit  of  sor&oe  of 
A  Cis 
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„      AB     „    .      ,    ,  (AB  ,       B  G    .      A„ 

8  =  -j-^ .  8t «««.  V  +  yj-Q  e08.i>  +  -j-g  8tn.  V*  J  St. 

Bat  -j-~  =  «n.  V*  and -j-~  =  co«.  »/>,  whence 
jS=  Si  (itin.  ip')  +  2  iSi  «■«.  V* «»«.  V"  =  Si  {sin.  rl>y  +  iS',««.aV 
=  ^,  (^  ~  ^°''  ^  ^)  ■i-S,sin.2i>  (compare  §  259). 

This  equation  gives  a  mazimum  valtie  for  S,  when  ton^.  2  V*  = 

2  o*         .     ft  ,                 2  oj  J        ft  I  '^i 

or«tn.2V>=   -; — _^andcM.2y=  — 


^1  ViS,*  +  (2  <S'.)'  V',S.'+(2/Si)*' 

and  this  maximum  value  is 

St/,    .  S,  \   .  2  5;« 


8.  =  |(l  +     ,_gL. )  + 


s 


vst*  +  (2  s,yf     vsi*  +  (2  s,y 


vW^' 


Snbstitizting  the  above  values  for  Si  and  S^  in  this  equation, 
we  obtain  the  required  maximum  strain 

Kowy  since  the  body  should  resist  with  safety  the  actions  of 
these  forces  F  and  Q,  we  must  put  S„,  =  to  the  modulus  of  proof 
strength  Tor 

^F"^^ \2f)  "^  ("fr~/  "^  ^' 

fipom  which  we  obtain  the  equation  of  condition 

\    IT  7  "  F  ' 

The  allowable  moment  of  torsion  is  therefore 

and  the  allowable  force  in  the  direction  of  the  axis  is 

F  IPa  eV 


a)e  =  ^7--J(^'J 


In  order  to  find  the  dimensions  of  the  cross-section  correspond- 
ing to  the  forces  P  and  Q^  we  put 
W  Pa 


when  the  force  producing  torsior   is  the  greater,  and,  on  the 
contrary, 
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F  = 


^       T\W) 


when  that  in  the  direction  of  the  axis  is  the  greater. 

For  a  parallelqpipedical  column,  whose  dimensions  are  i  and  h, 
we  have 

/»=  i  A,  TT  =  (J*  +  A')  y  and  «  =  i  VF+T',  oonaequently 


e        6 


bh 
F=bh  = 


^ =  ^  «(l  -      «,)-*  and 


Q = £  fi  -  ( i^Jf—Vl  -' 

y  36        (P aV      Tl      \V¥TP-bhT)l    * 

{b'+h')T\bhf 

If  we  know  the  ratio  v  =  t  of  the  dimensions,  we  can  calculate 

A 

the  dimensions  themselves  by  means  of  this  formula. 

For  A  pillar  with  a  square  base  b  =  h,  and  therefore 

A**^      Fa 


J 


(i  -  -^r 

V      h'Tf    ' 


For  a  cylindrical  pillar  or  shaft  we  have 

F  =  n  r*,  W  ==  -Q-,  and  e  =  r,  whence 


TTf  Pa 


-^%^andr  =  /2P«/        _0     p 

IT  T 

^%-^.  and  r  =  i/Ifl  -  P-^)T. 
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K  the  force  Q  in  the  direction  of  the  axis  is  a  compressiye  one, 

the  formulas  found  above  still  hold  good ;  ^ 
not  only  the  direction  of  the  force  Si  (i 
461)  is  opposite,  but  also  the  forces  St  and  Z 
can  be  assumed  to  act  in  the  opposite  direc- 
tion, when  we  wish  to  obtain  the  maximum 
resultant  S^. 

EzAHFLB. — ^If  a  vertical  wooden  shaft  weigh- 
-Sa  ^      ing  10000  pounds  is  subjected  to  a  moment  of  tor- 

sion Pa  =z  72000,  the  required  radius,  assuming 
T  =  400  pounds,  is 


,6866 .  72000/    _    10000 
"  \        400 


400 


m  V 


(7  OSSX"^ 
1 ^j     . 

ApprozimatiTely,  we  have 

r  =  ViUfi  =  ^>^i  whence 

7,958      7,958       ^  .^^„      ^ 
-7i-  =  2S;52  =  ^'''^''"^^ 


A       7,958\-i  1 

(1 -r-j      =-r==  =  1,071, 

V  ^     /  V  0,6617 


so  that  the  required  radius  is,  more  accurately, 

r  =  4,85  .  1,071  =  5,194  mches, 
and  consequently  the  diameter  of  the  shaft  is 

d  =:  10,89  inches. 

§  277.  Flexure  and  Torsion  Combined.— Gases  often  oc- 
cur where  a  girder  or  shaft  is  acted  upon  at  the  same  time  by  a 
bending  force  and  a  twisting  couple.  Horizontal  shafts  are  gen- 
erally submitted  to  both  of  these  actions.    In  order  to  investigate 

the  relations  of  the  combined  action  of 
these  two  forces,  let  us  imagine  a  pris- 
matic body  A  B  CD,  Fig.  462,  fixed  at 
one  end  ^  Z),  to  be  acted  upon  at  the 
other  end  by  a  bending  force  Q  and 
at  the  same  time  by  a  twisting  couple 
(P,  -  P).  If  I  is  the  length  A  C  oi 
the  shafts  Wi  the  measure  of  the  mo- 
ment of  flexure  and  e^  the  maximum 
distance  of  an  element  of  the  cross-sec- 


668  GENERAL  PRINCIPLES  OF  llECHANICa  [§277. 

tion  from  the  neutral  axis,  we  hare  the  maximom  strain  produoed 
in  the  direction  of  the  axis  by  the  fbroe  Q 

jS,  :t.  ^4^  (compare  §  235). 

It,  on  the  contrary^  a  denotes  the  leVer  arm  H  Kot  the  conple 
(P^  —  P)y  IF  the  measure  of  the  moment  of  torsion  and  e  the 
greatest  distance  of  any  element  of  the  cross-section  from  the  axis 
C Dot  the  body,  we  can  put  the  maximum  shearing  strain  pro- 
duced by  the  couple 

Now  here,  as  we  can  easily  understand,  the  Btndn  8i  =  ■  ^ 

takes  the  place  of  the  absolute  strain  Si  =  ^  of  the  foregoing  par* 

agraph,  and  therefore  we  can  put  for  the  maximum  strain  in  the 
whole  body  A  B  0  D^Vig.H&St, 


^=|^/(|)V7.or 


^      iw,^  \%wj  ^\  w  r 

from  which  we  obtain  the  equation  of  condition 

\~wi-^       wr~' 

The  allowable  moment  of  torsion  is  tiierefore 

ana  the  bending  force  is 
i)  Qsz  =-5^  [y  -  (^^y  ],  from  which  we  obtain  either 
V  Pa 


'    v^^=^^ 


Qhe^T 


,or 


^  ~  T\    W  } 
For  a  tquare  dutft 

0  O  6i  O 


as  well  aa 
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h'=       J,      [1-  -yy)    *"^ 
A  -  T  55        \1  -  -^yJ    , 

whUe,  on  the  contrary,  for  a  cylindrical  shqfi, 

—  ==  — g—  and  — -  =  -J- ;  benoe  we  can  put 


as  well  aa 


Very  often  it  is  not  a  conple,  but  a  force  P,  acting  eccentricaQy 
to  the  axifly  which  produces  the  torsion  in  the  body  B  CD,  Fig.  463, 

Since  such  a  force  can  be  decomposed  into  an 

^^'  ^'  equal  central  force  OP  =  +  P  and  into  a 

'i  coujile  (P,  —  P),  whose  lever  arm  is  the  dis- 

1      ^^^^^^      tance  C  A  between  the  axis  C  D  of  the  body 

iM^^^^HI      and  the  line  of  application  of  the  force  P,  we 

<«^^BII      haye  here  a  case  of  combined  strength,  al- 

^  ^*      though  there  is  no  other  force  Q;  for  the 

I     I  twisting  produced  by  the  couple  (P,  —  P), 

♦^\1  combines  with  the  bending  produced  by  the 

P  axial  force  +  P.     The  above  formulas  can 

be  employed  directly  for  determining  the 
thickness  of  such  a  body,  when  we  substitute  in  them  P  /  =  Q  ^. 
If,  in  addition  to  the  eccentiic  force  P,  there  is  another  Q, 
whose  moment  is  Q  A,  we  must  substitute  instead  otPlyPl+  Ql^ 
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§  27a  Bending  Forces  in  Different  Planes.— If  a  girder 
or  shaft  B  C,  Fig.  464,  is  acted  upon  by  two  bending  forces  ft  and 

Qi,  whose  directions  Ci  ft  and  Ci  Qf, 
although  at  right  angles  to  the  axis  Cy  B 
of  the  body,  are  not  parallel  to  each 
other,  the  portion  C,  B  of  the  body  will 
be  bent  by  two  couples  (gi,  —  ft)  and 
(&  "-  0«)>  the  resultant  of  which  must 
be  found,  when  we  wish  to  determine 
the  nature  and  magnitude  of  the  bend- 
ing. If  Ix  and  4  denote  the  arms  of  the 
forces  ft  and  ft  in  reference  to  the  fixed 
point  B^  ft  ^  and  ft  l^  are  their  mo* 
ments,  and  if  a  is  the  angle  formed  by  the 
directions  of  the  forces,  when  passing 
through  the  same  point,  we  have,  according  to  §  95,  the  moment 
of  the  resulting  couple 

^  i2  c  =  V(ft  ^i)'  +  (e.  Uy  +  2  (ft  U)  (ft  4)  COS.  a, 
and  for  the  angle  i3,  which  the  plane  of  this  couple  makes  with  that 
of  the  couple  (ft,  —  ft). 


sifL  P  = 


Re' 


In  order  to  find  the  intensity  and  the  plane  of  this  couple 
{By  —  B),  we  can  reduce  the  force  ft  from  (7,  to  (7„  combine  the 

reduced  force  Q  =  — !—  by  means  of  the  parallelogram  of  forces 

with  the  force  ft  and  thus  determine  the  resultant  Ri ;  the  pro- 
duct Rily  =  Rcis  the  value  of  the  moment  of  the  resulting  couple 
and  the  angle  Q^  Ci  R  is  the  angle  0,  which  the  plane  of  this  couple 
forms  with  that  of  the  couple  (ft,  —  ^i).  This  plane  is  of  course 
that  in  which  the  body  is  bent,  and  by  the  aid  of  the  moment  ^t  4 
=  R  Cy  just  found,  we  obtain  the  maximum  strain  in  the  body 

^      Rce 

or,  putting  this  equal  to  the  modulus  of  proof  strength  T,  we  have 


e 


=  i^ce.  i,y  +  (Q,  h,*  +  3  (e.  ^.)  (c.  u)  cos.  a. 


If  a  twisting  couple  (P,  —  P),  whose  moment  is  P  a,  also  acts 
upon  this  body  A  B,  the  maximum  strain  becomes 


8  =  T=  ^"^  + 

*-      ■'        2  IT.  + 


a/IR  c  eA*    (P  a  e\ 

nalTTr  VW'I' 
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in  which  IT,  denotes  the  measure  of  the  moment  of  flexure,  W  that 
of  torsion,  ex  the  greatest  distance  of  any  element  of  the  body  from 
the  neutral  axis  and  e  that  of  any  element  from  the  longitudinal 
axis  of  the  body  at  D. 

From  the  above  we  obtain 
lP±e\_  -« _  Rce,T 
\    W  t'^  W 

=  r  -  [«?.  hy  +  {Q.  y+  2  (Q,  h)  {Q,  U)  COS.  a]  ^. 

By  the  aid  of  the  formulas  of  the  foregoing  paragraph  the 
required  dimensions  of  the  cross-section  of  the  body  can  be  found 
by  substituting  in  them  instead  of  Q  I  the  sum  Q,  2,  +  Q,  l^ 

If  only  one  bending  force  Qi  acts  upon  the  body  and  if  at  the 
same  time  it  is  acted  upon  by  a  single  twisting  force  P  instead  of 
a  couple  (P.  —  P),  this  force  P  can  be  resolved  into  a  twisting 
couple  (Py  —  P)  and  a  force  P  acting  upon  the  axis,  so  that 
instead  of  Qt  k  we  must  substitute  in  the  latter  formula  P  L 

FmAL  Remabx. — ^Although  there  is  no  portion  of  mechanics  which  has 
been  the  subject  of  so  many  experiments  as  the  elasticity  and  strength  of 
bodies,  yet  mnch  remains  to  be  investigated  and  many  points  are  still 
uncertain.  Experiments  upon  this  subject  have  been  made  by  Ardant, 
Banks,  Barlow,  Bevan,  Brix,  Busson,  Buig,  Duleau,  Ebbels,  Eytelwein, 
Finchan,  Qeistner,  Girard,  Gkiuthey,  Fairbaim  and  Hodgkinson,  Lageijhelm, 
Mosschenbrock,  Morveau,  Navier,  Rennie,  Rondelet,  Tredgold,  Wertheim, 
etc  The  older  experiments  are  discussed  at  length  in  £ytelwein*s  *'  Hand- 
buch  der  Statik  fester  Eorper,^'  Vol.  IL,  and  also  in  Gerstner's  "  Handbuch 
der  Mechanik,"  YoL  L  A  copious  treatise  on  this  sabject  by  v.  Burg  is 
given  in  the  Idth  and  20th  volumes  of  the  Jahrbiicher  dee  Polytechn. 
Ihstitats  zu  Wien.  Theories  which  differ  somewhat  from  those  given  in 
this  work  are  also  to  be  found  in  this  treatise.  The  experiments  of  Brix 
and  Lageijhelm  have  already  been  mentioned  (page  804).  New  and  very 
Taried  experiments  upon  the  reacting  strength  of  different  kinds  of  stone 
by  Biix  are  reported  in  the  82d  year  (1858)  of  the  transactions  of  the 
^^Yerein  zur  Befordenmg  des  Gkwerbefleiszes  in  Preussen."  A  simple 
theory  of  flexnre  by  Brix  is  to  be  found  in  the  treatise  '*  Elementare  Berech- 
nung  des  Widerstandes  prismatischer  Korper  gegen  die  Biegung,"  which  is 
printed  separately  from. the  transactions  of  the  Preussischen  Gewerbeve- 
reins.  Wertheim's  latest  experiments  upon  elasticity  have  already  been 
mentioned  (page  896).  An  abstract  of  Hodgkinaon^s  experiments  is  to 
be  found  in  Moaeley's  '^  Mechanical  Principles  of  Engineering  and  Archi- 
tecture." Hodgklnson's  principal  work,  the  title  of  which  is  **  Experimen- 
tal Researches  on  the  strength  and  other  properties  of  cast  iron,  etc.,*'  was 
published  by  John  Weale  in  1846.    A  French  translation  of  it  by  Pirel 
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appeared  in  Tome  IX.,  1$65,  of  tiie  <<  AnnaleB  des  Fonts  et  Chaofls^**  and 
an  abstract  of  it  by  Concha  in  Tbme  XX.,  1856,  of  the  '<  Annales  dea 
Mines.'*  Tredgold  has  published  a  treatise  up<»i  the  strength  of  cast  iron 
and  other  metals.  The  following  works  are  also  recommended  for  study. 
Poncelet's  ^Mntroduction  &  la  M^caniqne  Indostrielle,^  Part  L,  Navier^s 
R^am^  des  Le9ons  sur  Papplicatlon  de  la  M^aniqne,  Part  I.,  translated 
into  (German  by  Westphal  under  the  title  *'  Mechai^k  der  Bankunst,*'  to 
which  work  Poncelet  has  made  some  additions  in  his  theory  of  the  resist- 
ance of  rigid  bodies  (see  his  Manual  €i  Applied  Mechanics,  Vol.  IL,  trans- 
lated into  German  by  Schnuse).  We  would  also  recommend  particularly 
the  ''  Resistanoe  des  Materiaux  ^  (Lemons  de  Mtomique  Pratique),  by  A. 
Morin,  which  has  been  mudi  used  in  preparing  this  work.  We  may  men- 
tion further  the  "  Theorie  der  Hols-und  Eisenoonstmctionen  mit  besonderer 
Rucksicht  auf  das  Bauwesen,''  by  Qeorge  Rebhan,  Vienna,  1856,  the  work 
of  Moll  and  Reuleaux  (already  quoted  in  page  469)  upon  *'  die  Festigeit 
der  Materialien,''  a  '*•  Memoire  sur  la  Resistanoe  du  Fer  et  de  la  Fonte,  par 
G.  H.  Love,  Paris,  1852,**  as  well  as  Tate's  work  upon  the  strength  of  mate- 
rials as  applied  to  tubular  bridges,  etc.  llie  theory  of  combined  elas- 
ticity and  strength  was  first  treated  by  the  author  in  ^  der  Zeitschrift  filr 
das  gesammte  Ingenieurwesen  (dem  Ingenieur),  by  Bomemann,  eta,  Vol.  L 
In  the  first  volume  of  the  new  series  of  this  magazine  (Ciyilingenieur, 
1854)  the  graphic  representation  of  the  relative  strength  is  treated  by  Mr. 
Bomemann,  and  the  results  of  the  experiments  made  by  Bomemann  and 
by  Lemarle  are  also  given. 

The  theory  of  elasddty  and  strength  will  be  treated  of  again  when  we 
discuss  the  tiieory  of  oscillation  and  of  impact 

Mr.  Fairbaim's  Useful  Information  for  Engineers,  L  and  IL  Series,  gives 
the  results  of  many  experiments  upon  the  strength  of  wrought  iron  of  dif- 
ferent forms,  as  well  as  upon  stone,  glass,  etc.  From  a  tiieoretical  point 
of  view,  we  can  particularly  recommend,  ^^  Lemons  sur  la  theorie  mathe- 
matique  de  PAasticit^  des  corps  solidee,*'  par  Lam^,  ^^  A  Manual  of  Applied 
Mechanics,"  by  W.  J.  Rankine,  the  '^Couis  de  M^canique  appliqu^,"  L 
Partie,  by  Breese,  and  the  *^  Thtorie  de  la  rgsistance  et  de  la  flexion  plane 
des  solides,"  par  Belanger.  The  treatise  of  Laissle  and  Schublen,  ^^  Ueber 
den  Bau  der  Bruckentrager,"  is  a  fair  exponent  of  the  state  of  sdenoe  upon 
this  question,  when  it  was  written,  and  is  therefore  to  be  recommended. 
Ruhlmann's  "  Grundsuge  der  Mechanik,**  8.  Auflage  (1860),  contains  also 
a  treatise  upon  the  resistanoe  of  materials  worth  reading. 

The  ^  C^vilingenieur  "  and  the  ^*  Zeitschrift  dea  deutschen  Ingenieur* 
vereins**  contain  several  valuable  treatises  upon  the  theory  of  elasticity 
and  strength,  particularly  those  by  Grashof,  Schwedler,  Winkler,  etc,  as 
well  as  several  good  translations  from  the  French  and  English  of  Barlow, 
Bouniceau,  Fairbaira,  Love,  etc.  The  results  of  many  experiments  by  Fair- 
bairn,  Kamiaisch,  Bcbonemann,  Volkers,  etc,  are  also  given  in  these  jouznalSb 
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CHAPTER    I. 

THEORY  CP  TBE  UOMENT  OP  DUIBTIA. 

%  279.  Kinds  of  Motion.— The  motion  of  a  ri^d  bodj  is 
either  one  of  translaiian,  or  of  rotation,  or  a  combinaiton  of  the  two. 
In  the  motion  of  translation  (Fr.  mouvement  de  translation ;  (3er. 
fortsehreitende  or  progreawTe  Bewegung)  the  Hpaces  described 
Bimnltiineouslf  by  the  difl^nt  parts  of  tfaa 
body  are  parallel  and  eqnal  to  each  other ; 
in  the  motion  of  rotation  (Fr.  monTement 
de  rotation;  Oer.  drehende  or  rotirende 
Bewegung),  on  the  contrary,  the  parts  of 
the  body  describe  concentric  arcs  of  circlea 
abont  a  certain  line,  ealled  the  axis  of  rota- 
tion (Pr.  axe  de  rotation ;  Ger.  Umdre- 
hangsaxe).  Every  compound  motion  can 
be  considered  as  a  motion  of  rotation  around 
a  movaiie  axis.  The  latter  ie  either  varia- 
hle  or  constant.  The  piston  D  E  and  the 
pieton-rod  B  Fofa  pump  or  steam  engine. 
Fig.  466,  have  a  motion  of  translation,  and 
the  otanb  A  C  has  a  motion  of  rotation. 
The  connecting  rod  A  B  has  a  compound 
motion ;  for  one  of  its  estrenuties  B  has  a 
motion  of  tranaUtion,  while  the  other  A 
has  a  motion  of  rotation.  The  axis  of  rota- 
tion of  a  cylinder,  which  is  rolling,  is  con- 
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stant,  while  that  of  the  connecting  rod  A  B  is  yariable ;  for  its 
position  is  determined  by  the  intersection  M  of  the  perpendicular 
B  Kto  direction  0  B  of  the  axis  of  the  piston-rod  and  of  the  pro- 
longation of  the  crank  C  A  (see  §  101). 

§  280.  Rectilinear  MotioxL — The  laws  of  motion  of  a  mate- 
rial pointy  discussed  in  §  62  and  §  98,  are  directly  applicable  to  a 
rectilinear  motion  of  translation.  The  elements  of  the  mass  3/„ 
Mf,  Mi,  etc.,  of  a  body,  moving  witl^  the  acceleration  p,  resist  the 
motion,  by  wtuo  of  their  inertia,  with  the  forces  if,  p,  M^p,  M^p, 
etc  (§  54),  and  since  the  motions  of  all  these  elements  take  place 
in  parallel  lines,  the  directions  of  these  forces  are  also  parallel ;  the 
resultant  of  all  these  forces  due  to  the  inertia  is  equal  to  the  sum 
Mip  -{-  M^p  +  M^ip  -P  . . .  =  (J/i  4-  J/g  +  if,  +  . .  .)^  =  Mp, 
when  M  denotes  the  mass  of  the  whole  body,  and  the  point  of  ap- 
plication of  the  resultant  coincides  with  the  centre  of  gravity.  In 
order  to  set  in  motion  a  body,  whose  mass  is  M  and  whose  weight 
is  (?  =  Mg  and  which  in  other  respects  is  free  to  move,  we  re- 
quire a  force 

P  =  Mp  =  ^, 

9 
whose  direction  must  pass  through  the  centre  of  gravity  8  of  the 

body. 

If,  in  consequence  of  the  action  of  the  force  P,  the  velocity  c  is 

changed  to  the  velocity  v  while  the  space  s  is  described,  the  energy 

stored  by  the  mass  is  (§  72) 

ExAXFLE. — ^The  motion  of  the  piston  and  piston-rod  of  a  pump,  steam- 
engine,  blowing-machine,  etc.,  is  variable ;  at  the  beginning  and  end  of  its 
stroke  the  velocity  is  =  0,  and  near  the  middle  of  it  it  is  a  maximum.  If 
the  weight  cf  fhe  piston  and  piston-rod  =  O^  and  if  the  maximum  velocity 
at  the  middle  of  its  stroke  =  9,  the  energy  stored  by  them  in  the  first  half 
of  the  stroke  and  restored  in  the  second  half  is 


«• 


If  G  =  800  pounds  and  «  =  5  feet,  we  have 

L  =  0,0155  .  5» .  800  =  810  foot-pounds. 

Now  if  half  the  stroke  of  the  piston  is  •  =  4  feet,  we  have  the  mean 
force,  which  is  necessary  to  produce  the  acceleration  of  the  piston  in  the 
first  half  of  the  stroke  and  which  the  piston  exerts  in  the  second  half,  when 
it  is  retarded, 
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Fig.  466. 


L         «•  810 

§  281.  Motion  of  Rotation.— If  the  motiye  force  P  of  a 
body  A  By  Pig.  466,  does  not  pass  through  its  centre  of  gravity  8y 

the  body  turns  around  that  point,  and  at  the 
same  time  moves  forward  exactly  as  if  the  force 
acted  directly  at  die  point  8y  as  can  be  shown  in 
the  following  manner.  Let  us  let  fall  from  the 
centre  of  gravity  S  a  perpendicular  8  A  upon 
the  direction  of  the  force  and  continue  it  in  the 
other  direction  until  the  prolongation  8  B  \a 
equal  to  the  i)erpendicular  8  A,  and  let  us  sup- 
pose that  two  forces  +  2  -P  and  —  ^  P,  which 
balance  each  other  and  are  parallel  to  P,  are  applied  at  P.  The 
force  +  ^  P  combines  with  half  the  force  P  acting  in  A  and  gives 

rifle  to  the  resultant 

P,=  1P  +  ^P  =  P 

applied  at  the  centre  of  gravity,  while,  on  the  contrary,  the  force 

—  i  P  forms  with  the  other  half  (^  P)  of  the  force  P  applied  in  A 

a  couple ;  hence  the  force  P,  applied  eccentrically,  is  equivalent  to 

9k  force  Pi  =  P,  which  is  applied  at  the  centre  of  gravity ^  and  which 

moves  this  point  ^d  with  it  the  body,  and  to  a  couple  (^  P,  — 

\  P),  which  causes  the  body  to  turn  around  its  centre  of  gravity  8 

without  producing  a  pressure  upon  it    The  statical  moment  of 

this  couple  is 

=  iP.ST+  iP.S~B=P.8^=z  Pa, 

or  equal  to  the  statical  moment  of  the  force  P  applied  in  A  in 

reference  to  the  centre  of  gravity  8;  the  resulting  rotation  would 

therefore  be  the  same  if  the  centre  of  gravity  8  were  fixed  and  P 

alone  were  acting. 

If  a  body  A  P,  Pig.  467,  is  compelled, 

by  means  of  guides  D  Ey  P,  -E',,  to  assume 

a  motion  of  translation,  the  eccentric  force 

A  P  =  P  produces  the  same  efiect  upon 
the  motion  of  the  body  as  an  equal  force 
acting  at  the  centre  of  gravity,  and  the 
couple  (i  P,  —  ^  P)  is  counteracted  by 
the  guides.  If  a  is  the  eccentricity  8  A 
of  the  force  P,  or  the  distance  of  its  direc- 
tion from  the  centre  of  gravity  8  of  the 
body,  and  if  b  denotes  the  distance  H  K 


Fig.  467. 
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between  the  perpendiculars  to  the  gaidea  at  the  diagonally  opposite 
points  J"  and  Q  and  {JV,  —  if)  the  conple,  with  wbicli  the  body 
acts  on  the  guides,  we  har^  by  eqaatiog  the  moment  of  the 
coupleB  (i  /*,  -  J  i*)  and  {N,  -  N), 

Nh  =  Pa,  and  therefore 

If,  finally,  the  body  A  B,  Pig.  468,  is  preyeDt«d  from  moving 
forward  by  the  fixed  aiis  C,  the  ecoentrio  foree 
A  P  =  P  prodncea  the  same  efi'ect  uptHi  the 
rotation  of  the  body  aboat  this  axis  C  as  a 
coople  {{  P,-  i,  P)  with  the  arm  »  (7  ^  = 
%  CB  =:  2(1,  or  with  the  moment  ^  P.  2  a  si 
P  a;  for  the  remaiuing  central  force  C~P=: 
Pi  =  PJB  connteracted  by  the  bearings  of  tha 
axis  (compare  g  130). 

§  282.  Momeat  of  Inortia. — During  the  rotation  of  a  body 

A  B,  Fig.  469,  aboat  a  tixcd  axis  O,  all  points  M^,  Ma  etc,  of  it  de- 

Fw.  uo  scribe  oqaal  angles  at  the  centre  Jf,  C  if| 

=  MtC  No  etc.,  =  0%  which,  when  tha 

radii  C  Dj   =  C  D^  etc,  =  one  (1)  are 

eqoal,  correspond  to  the  same  arc 


Since  Q\6  velocity  is  determined  by 

the  quotient  of  the  element  ^  of  the  space 

and  the  corresponding  element  r  of  the 

time,  the  angular  velocity  (Fr.  viteesa  an- 

gtdaire,  Qer.  Winkelgeschwindigkeit),  i.e.  the  velocity  of  those 

points  of  the  body  which  are  situated  at  a  distance  equal  to  the 

onit  of  length  (e.o.  a  foot)  from  tlie  azia  of  rotation,  is  therefore 

one  and  the  same  for  the  whole  body,  and  its  value  is 

and  in  like  manner  the  angidar  acceleration,  or  the  acceleration  of 
the  rotating  body  at  the  distuice  =  unity  &om  the  axis  of  loti^ 
tion,  is  the  same  for  the  whole  body,  and  its  valne  ia 
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61  denoting  the  increaae  of  angular  yelodtj  in  the  element  of 
time  T. 

In  order  to  find  the  spaces  Siy  89,  eta,,  the  Telocities  Vi,  v^,  etc, 
and  the  accelerations  ^i,^,,  etc.,  of  the  points  ifi,  Mf,  etc,  of  the 
body,  which  are  situated  at  the  distances  C  M^  =  r^  (7  JT,  =  Ti, 
etc.,  from  the  axis  of  rotation  Cy  we  must  multiply  the  angular 
space  ^,  the  angular  velocity  o),  and  the  angular  acceleration  p  by 
Ti,  Tf,  etc.;  thus  we  obtain 

S\  =  <t>  Txy «,  =  ^  r„  etc., 
Vi  =  wr,,  r,  =2  w  ri,  etc,  and 
P\  =  i^ri,pt=i  «r„etc. 

K  the  whole  mass  if  of  the  body  is  composed  of  the  parts  Mu 
Mf,  eta,  which  are  at  distances  equal  to  the  radii  r„  r„  etc.,  from 
the  axis  of  rotation  C,  the  forces  with  which  these  elements  of  the 
mass  resist  the  rotation  are 

Pi  =  Mipi  =  kMi  r„  Pi  =  MiPf  =  ttM^rt,  etc, 
and  their  moments  are 

P^Vi^  K Ml  r,*, P, Ti  =  ic  jJf, Tt,  etc., 

and  the  momerU  necessary  to  cause  the  body  to  rotate  with  the 
angular  acceleraiion  it  is 

Pa  =  icMiri\  +  icMiTf*  +  ... 

=  ic(J/;ri*  +  M^rt^  -fJ/irs*  +  ...). 

In  like  manner  (according  to  §  84)  the  energy  stored  by  the 
elements  Mi,  M^,  etc.,  while  they  acquire  the  yelociides  Vi,  Vt,  etc.,  is 

Ai  =  iMiVi*=ziui'Miri\ 
Ai  =  ^Mi  Vf  =  J  0)*  Jl/j  r/,  etc, 
and  therefore  the  work  done  in  communicating  to  the  whole  body 
the  angtUar  velocity  6)  is 

^  ^^  ^1  "f"  A%  "4*  •  •  • 

=  ^ai«  {MiTi'  +  Jtfir.-  +  if.r,'  +  ...). 
The  force  of  and  the  energy  stored  by  a  body  in  rotation  de- 
pends principally  upon  the  sum  of  the  products  Mi  r*  +  Jfj  r,*  + 
MtTt  -\-  . . .  of  the  different  elements  Mi,  Mt,  etc.,  of  the  mass  and 
of  the  squares  of  the  distances  ti,  Vf,  eta,  from  the  axis  of  reyolu* 
tion.  This  sum  is  called  the  moment  of  inertia  (Fr.  moment  d'in* 
ertie,  Qer.  Tr&gheits-,  Drehungs-  or  Massenmoment),  and  we  will 
hereafter  denote  it  by  if  r*  or  W.  Hence  the  moment  of  the  force, 
by  which  the  mass  Jf  =  if]  +  ITt  +  .  •  .,  whose  moment  of 
inertia  is 

TT  =  if  r*  =  if,  r^  +  ift  r,»  +  . . ., 
37 
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has  imparted  to  it  the  angular  acceleration  k,  is 

1)  Pa^tcMr*  =  ic  W, 

and,  on  the  contrary,  the  work  done  in  pntting  the  mass  if  in  ro- 
tation with  the  angular  velocity  o)  is 

2)  P8  =  i<o'  Mr^  =  iw'TF. 

If  the  initial  angular  Telocity  of  the  mass  was  e,  the  work  done 
in  increasing  it  to  (o  is 

We  can  also  determine  from  the  work  done  and  the  initial  ye- 
lociiy  e  the  final  yelocity  <*) ;  it  is 


6>  =  |/e 


ExAMFLB. — If  tbe  body  A  B,  Fig*  469,  moyable  about  a  fixed  axis  C 
and  in  tbe  beginning  at  rest,  possesses  a  moment  of  inertia  of  60  foot- 
pounds, and  if  it  is  set  in  rotation,  by  means  of  a  rope  passing  round  a 
pulley,  by  a  force  P  =  20  pounds,  wbieb  describes  the  space  •  =  5  feet, 
the  angular  velocity  produced  is 

VaP«      ./2 .  20 . 6        rr      «-   ^ 
^  =  r-^  =  y        50       =Vi  =  2feet, 

I.B.,  every  point  at  the  distance  of  a  foot  from  tbe  axis  of  rotation  de- 
scribes, after  this  work  has  been  done,  2  feet  in  each  second.  The  time  of 
one  revolution  is 

2  ir 
t  =  —  =  8,1416  seconds, 

and  the  number  of  revolutions  in  a  minute  is 

60_     60  ,^, 

"  -  «  -  8,1416  ""  ^*'^- 

If  the  angular  velocity  u  =  2  feet,  just  found,  is  transformed  into  a  ve- 
locity c  =  J  foot,  the  work  performed  by  the  body  is 

P^  «j  =  [2«  -  (f)']  .  iyi  =  (4  -  -A)  .  25  =  ft.  25  =  85,98  foot-pounds, 
B.a.,  it  has  lifted  a  weight  of  10  pounds  8,508  feet  high. 

§  283.  Reduction  of  the  Mass. — ^If  the  angular  yelocities  of 
two  masses  Mi  and  M^  are  the  same,  i^  kg.,  they  belong  to  the 
same  rotating  body,  their  living  forces  are  to  each  other  as  their 
moments  of  inertia  Wi  =  Jfi  n'  and  TF,  =  M^  r,*,  and  if  the  latter 
are  equal,  both  masses  haye  the  same  living  force.  Two  masses 
have,  then,  equal  influence  upon  the  state  of  motion  of  a  rotating 
body,  and  one  can  be  replaced  by  the  other,  without  causing  a 
vhsmge  in  that  state,  when  their  moments  of  inertia  Mi  r*  and 
Mi  fi  are  equal,  or  when  the  masses  themselves  are  to  each  other 
inversely  as  the  square  of  their  distances  from  the  axis  of  rotation. 
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With  the  aid  of  the  formula  ifi  r,'  =  if,  r,'  we  can  reduce  a  mass 
firom  one  distance  to  another,  i.£.  we  can  find  a  mass  M^y  which  at 
the  distance  r^  has  the  same  influence  on  the  state  of  motion  of  the 
rotating  body  as  the  given  mass  Mx  at  the  distance  fi,  and  this 
mass  is  ^       Mi  r^        Wx 

I.E.,  the  mass  reduced  to  the  distance  fs  is  equal  to  the  moment  of 
inertia  of  the  mass  divided  by  the  square  of  thai  distance. 

Two  weights  Q  and  Qx^  fixed  upon  a  disc  A  C  By  Fig.  470,  at 

tiie  distances  0  B  =  b  and  C  Bx  =^  a  from 
the  axis  of  rotation  X  X,  have  the  same 
influence  upon  the  movement  of  the  disc 
in  consequence  of  their  inertia,  when  Qx  a* 

=^  Qb*  or  Qx  —  — i-.   If,  therefore,  a  force 

a 

Py  whose  arm  i&  C  A  =  C  Bx  =  a,  causes 
a  body,  whose  weight  is  Q  and  whose  dis- 
tance from  the  axis  of  rotation  isC  B  =  b, 
to  rotate,  we  must  reduce  the  latter  to  the 
arm  a  of  the  force  P  and  put  instead  of  Q, 

and  the  mass  moTed  by  P  is 

consequently  the  acceleration  of  the  weight  P  is 

_  Force  _        P  _        Pa* 

^■"Mass  -  p       n  *'*^""  ^«'  +  C*''^' 
and  the  angular  acceleration  is 

"''  a"  Pa'  -{-QV'^' 
ExAHFLB.— If  the  weight  of  the  rotating  mass  is  Q  =r  860  pounds,  its 
distance  from  the  axis  of  rotation  is  5  =  2,5  feet,  the  weight  acting  as 
moving  force  is  P  =r  24  pounds  and  its  arm  is  a  =  1,5  feet,  the  mass 
accelerated  by  P  is 

M^^PJ^  (i4)'  ^  ]  •  ^  =  ^^^^  (24  +  y .  860)  =  0,081 .  1024 

=  81,74  pounds, 
and  the  acceleration  of  the  weight  is 

24 
^  "=  8i;74  =  ^''''^^  ^^ 
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on  the  contrary,  that  of  the  mass  Q  is 

^5'^      8^      8 =  l»»«feet, 

and  the  angular  acceleration  is 

«  =  ^  =  0,504. 

a  ■ 

After  four  seconds  the  angular  velocity  is 
u  =  0,504  .  4  =  2,016  feet, 
and  the  corresponding  space  described  is 

J  «  t  =  - — =  4,032  feet, 

hence  the  angle  of  rotation  is 

A  AQQ  • 

/  =  - —  .  ISO*  =  1,2884  .  180*  =  231«  1' 

and  the  space  described  by  the  weight  P  is 

pf      0,766.4"       ^^^^-  , 
«  =  ^  =  -^— s =  6,048  feet. 


§  284.  Redaction  of  the  Momeuts  of  Inerti&— If  the 

moment  of  inertia  of  a  body  or  of  a  system  of  bodies  in  refercBce 
to  an  axis  passing  throngh  the  centre  of  gravity  S  of  the  body  is 

known,  the  moment  of  inertia  in  reference 
^^-  ^'^^'  to  any  other  axis,  parallel  to  the  former,  can 

easily  be  determined    Let  S,  Fig.  471,  be 
the  first  axis  of  rotation,  whicli  passes  through 
the  centre  of  gravity,  and  D  the  other  axis 
of  rotation,  for  which  the  moment  of  inertia 
is  to  be  determined ;  let  8  D^  dhe  the  dis- 
tance between  the  two  axes  and  /S  iVl  =  ic, 
and  N'l  M{  =  y,  the  rectangular  co-ordinates  of  an  element  ifi  of 
the  mass  of  the  whole  body.    The  moment  of  inertia  of  this  ele- 
ment in  reference  to  2>  will  be  ^^       j.'       l[.\f 

=  M,.DlI:  =  M,  {WW  +  WW)  =  if,  {{d  +  x,y  +  y7]  '  ' 
and  in  reference  to  8 


and,  therefore,  the  difference  of  these  moments  is 

=  M,  (rZ"  +  2  ^ic,  +  x,^  -f  y,')  -  if,  (a?,'  +  y,')  =  ifi rf*  +  2 if,  dx^. 

For  another  element  of  the  mass  it  is 

=  if,tf  +  2if,e?a^ 
for  a  third  it  is 

=  JftcT  +  2Mtdxt, 

and,  therefore,  the  moment  of  all  the  elements  together  is 

=  {Mi  +  ilf,  +  Jf,  +  ...){?  +  2d{MiXi  +  if.a:,  +  ifta^i  +  ...). 
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But  ifi  +  Iff  + .  • .  is  the  sum  IT  of  all  the  masses  and  M^Xi  + 

M9X9  +  Jfa  ^  is  the  sum  M  xot  the  statical  moments ;  henc6  it 

follows  that  the  difference  between  the  moment  of  inertia  Wx  of 

the  whole  body  in  reference  to  the  axis  D  and  its  moment  of  inertia 

fFin  reference  to  iS'  is 

TF,-  W^Md^  -h2dMz. 

But  since  the  sum  of  the  statical  moments  of  all  the  elements 
upon  one  side  of  every  plane  passing  through  the  centre  of  gravity 
is  equal  to  that  of  the  moment  of  those  on  the  other,  the  alge- 
braical sum  of  all  the  moments  is  =•  0,  and  we  have  Mx  =  0,  and 
consequently 

IT,-  W^Md", 
LB  Wi=  W  -^  Md". 

The  momeni  of  inertia  of  a  body  in  reference  to  an  eccentric  axis 

is  equal  to  the  moment  of  inertia  in  reference  to  a  parallel  axis 

passing  through  the  centre  of  gravity  plus  the  product  of  t/ie  mass 

ef  the  body  by  the  square  of  the  distance  of  the  two  aices  from  each 

other. 

We  see  from  this  that  of  all  the  moments  of  inertia  in  reference 

to  a  set  of  parallel  axes  that  one  is  the  leasts  whose  axis  is  a  line 

of  gravity  of  the  body.  •  • 

§  285.  Radivs  of  G^snration. — It  is  very  important  to  deter- 
mine the  moment  of  inertia  for  various  geometrical  bodies ;  for  the 
values  thus  deduced  are  frequently  employed  in  the  different  calcu- 
lations in  mechanics.  If  the  bodies,  as  we  will  hereafter  suppose, 
are  homogeneous,  the  different  portions  if,,  J/,,  etc.,  of  the  mass,  are 
proportional  to  the  corresponding  portions  F„  Fj,  etc.,  of  the  vol- 
ume, and  the  measure  of  the  moment  of  inertia,,  or  as  it  is  generally 
called,  the  moment  of  inertia,  can  be  replaced  by  the  sum  of  the 
products  of  the  portions  of  the  volume  and  the  square  of  their 
distances  from  the  axis  of  rotation.  In  this  sense  we  can  also 
determine  the  moment  of  inertia  of  lines  and  surfaces.  If  we 
imagine  the  entire  mass  of  a  body  concentrated  in  one  point,  we 
can  determine  the  distance  of  the  same  from  the  axis,  if  we  sup- 
pose that  the  moment  of  inertia  of  the  mass,  which  is  thus  concen- 
trated, is  the  same  as  it  was,  when  distributed  through  the  whole 
space.  This  is  called  the  radium  of  gyration  (Fr.  rayon  d'inertie, 
Gter.  Drehungs-  or  Tragheitshalbmesser).  If  W  is  the  moment  of 
inertia,  M  the  mass  and  k  the  radius  of  gyration,  we  have 
MV  ^  W^  and  therefore 
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Wo  must  also  remember  tbat  this  radiae  does  not  give  a  definite 
poiiit,  bnt  only  a  circsle,  ia  whose  circumference  the  moss  can  be 
distributed  arbitrarily. 

If  in  the  formnla  W,  =  W  +  Md"  we  rabHtitnte  W  =  MV  . 
and  If'i  =  Mlcx,  ve  obtain 

*,'  =  *■  +  d*, 
I.E.,  the  square  of  the  radius  of  gyration  in  relation  to  any  axis  is 
equal  to  the  square  of  the  radius  of  gyration  in  reference  to  the  line 
of  gravity  parallel  to  that  axis  plus  the  square  of  the  distance  of 
the  two  axes  from  each  other. 

%  286.  Momant  of  Inertia  of  a  Rod. — The  moment  of  inertia 

of  a  rod  A  B,  Fig.  473,  vhich  reTolves  abont  an  axis  2^  X  passing 

through  its  middle  S,  is  determined  in  the  fol- 

Fia.479.  lowing  manner.    Let  the  cross-section  of  the 

*  rod  be  =  /■  and  half  its  length  be  =  ?,  and  the 

angle,  which  its  axis  makes  with  the  axis  of 

rotation,  i.b.  A  S  ^,he  =  a.    Let  us  divide  the 

half  length  of  4he  rod  into  n  parts,  the  contents 


different  portions  of  it  from  the  centre  8  are 

-,  —,  —,  etCT  hence  their  distances  from  the 
n   n    n 

axis  of  X  X,  snch  as  Jf  J\^,  are  =  -  sin.  a, 

—  gin.  a,  —  sin.  a,  etc.,  and  the  squares  of  the 
//  sin.  o\*     //  sin.  a\' 


,  ,,  llsinay  ^  llsin.a\'  „/lsin.a\'  , 


and  adding  the  products  thus  obtained,  we  obtain  the  moment  of 
inertia  of  the  rod 

-=i'[('^)"+*('-^°y-»('4-°)'— ] 


but  since  1'  +  2'  +  3'  +  . . .  +  » 
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weliaTe 

FPsin-'a 
"  -         3        * 
Now  cince  Flia^e  Tolnme  of  the  ludf  rod,  Tluch  ve  treat  as 
the  masB  M  of  the  bodyy  we  have 

W=  i  MfgiTu'a. 
The  dietanoe  of  one  end  of  the  rod  &oin  the  axis  X  Sia 
A  0=  B D  =  a=  Isitua, 
and,  therefore,  we  have  more  eimply 

which  formula  applies  to  the  entire  rod,  when  we  understand  by 
M  the  mass  of  the  whole  rod. 

The  mometit  of  inertia  of  a  mass  M,  at  the  end  A  of  the  rod  is 
Mi  a*;  if,  therefore,  we  make  M,  =  \  M,  M,  has  the  ^ame  numwat 
of  inertia  as  the  rod.  Hence,  bo  for  as  the  moment  of  inertia  is 
conoemed,  it  makes  no  difference  whether  the  mass  is  equally 
distribnted  along  the  rod,  or  whether  one-third  of  it  is  coDcentrated 
at  the  end  A.  If  we  put  W  =  M  i^,  we  obtain  i'  =  ^  a',  and, 
therefore,  the  radivt  o/gyralion  of  the  rod  is 

i  =  0*^  =  0,5773.0. 
^  If  the  rod  is  at  right  angles  to  the  ans 

of  rotation  a  =  I,  and  consequently 

If,  finally,  the  rod  does  not  lie  in  the 
same  plane  as  the  axis  of  rotation,  if  the 
shortest  distance  between  the  axis  of  rota- 
tion and  the  axis  of  the  rod  ie 

SS,  =  CC,  =  DD,  =d, 
and  if  the  normal  distancea  A  0=  B  Dof 
the  ends  A  and  B  of  the  rod  from  the  axis 
CD,  passing  through  the  centre  of  gravity 
S  of  the  rod  and  parallel  to  C,  i7,  is  o,  we 
hare  (according  to  §  HSi)  the  moment  of 
inertia  of  the  rod 

W,=  W+  i  Ma'  =  M{^  +  i  «'). 

g  287.  Reotugle  and  Farallalopipedon. — The  moments 
of  inertia  of  j^ne  surfaces  are  found  in  exactly  the  Bame  way  as 
their  moments  of  flexure  W  =  Ft,'  +  F,z,'  +  ..,    We  can,  con- 
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fieqaeotly,  employ  here  the  valnes  of  W,  fonud  ia  the  last  section 
for  Tarioae  aur&cea,  ae  their  momants  of  inertia  W. 

For  the  rectangle  A  B  C  D,  Fig.  474,  the  moment  of  inertia  in 
reference  to  the  axis  X  X,  which  mna 
parallel  to  one  side  and  throngh  the 
middle  S  of  the  flgare,  ie,  according  to 
6  A' 


Fro.  474 


:^^- 
--^^° 


w  = 


la' 


i  denoting  the  width  A  B  =  C  D  paral- 
lel to  the  axis  of  rotation  and  h  the 
length  A  D  —  B  C  ot  GiQ  surface. 
But  the  area  of  this  surface  can  be  re- 
garded as  the  masB  M,  and  therefore 
we  have 


J/"  A" 


M  ik\* 


i:b.  equal  to  that  of  one-third  of  this  mass  concentrated  at  the  dia- 
tance  8  F=  8  0  =  „  from  the  axis  of  rotation. 

If  this  rectangle  turns  upon  an  axis  Z  Z,  which  is  at  right 
angles  to  xXn  plane  and  which  at  the  same  time  passes  throngh  the 
middle  8  of  the  figore,  tre  have,  according  to  g  325, 

Mh*      Mjff  _  Jf  (A'  +  S')  _  M^  r/A\'     /S\'-| 
13    "•"    12    ~  la  ~   3  L\2/  "•■  \2^  J 


W=- 


FiQ.  47S. 


A  designating  the  diagonal  A  C  =  B  D  ot  the  rectangle.     We  can 

imagine  here  also  one-third  of  the  whole  mass  to  be  concentrated 

at  one  of  the  comers  A,  B . . . 

Since  a  reguiar  paraOelopipedon  S  E  F,  Fig.  475,  can  be  decom- 
posed  b;  parallel  planes  into  equal 
rectangular  slices,  this  formula  ia 
applicable,  when  the  axis  of  rota- 
tion passes  through  the  centres  of 
two  opposite  Burfacea  It  followa 
also  that  the  moment  of  inertia  of 
the  parallelopipedon  is  equal  to  the 
moment  of  inertia  of  on^third  of 

its  mass  applied  at  one  of  the  comers  A. 
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g  28B.  Pzism  and  Cylinder  .—By  tlie  aid  of  the  formola  for 

the  moment  of  inertia  of  &  parallelopipedon,  we  can  also  calonlate 

ihat  of  &  triangular  prism.    The  diagonal  plane  A  i> /"  dividea  the 

parallelopipedon  into  two  equal  triangn- 

^^■^''*'  lar  priflma,  whose  baaee  A  B  D,  Fig.  476, 

are  right-angled  trianglee.   The  moment 

of  inertia  for  a  rotation  abotit  an  axis 

X  X,  paBBing  tbroDgh  the  middles  C  and 

^  of  the  hypothenuses,  is  =  -,'3  M  d*. 

Now  if  we  employ  the  mle  given  in 

g  384,  we  obtain  the  moment  of  inertia 

in  reference  to  an  axis  Y  F*  passing  through  the  centree  of  gravity 


=  4 


and  it  follows  also  that  the  moment  of  inertia  in  reference  to  the 
edge  B  Sia 

W,=  W  +  M.8W=  isMd*  ■¥  Mi\dy=  ^'sMO' 
=  IMS', 
d  denoting  the  hypotbenuBe  A  D  of  the  triangular  base. 

For  a  priam  A  D  F  E,  Fig.  477,  whose  bases  are  isosceles  tri- 
angles, the  moment  of  inertia  in  reference  to  an  axis  X  X,  joining 
the  centres  of  gravity  of  the  bases,  is  W, 
Pig.  477.  =  ^  M  d*,  d  denoting  the  side  A  D  = 

A  Eot  one  of  the  bases;  for  this  snr&ce 
can  be  divided  by  the  perpendicular  A  B 
.  into  two  right-angled  triangles.    Now  if 

the  altitude  .^  J9  of  the  isosceles  triangles, 
which  form  the  bases,  is  —  h,  we  have  the 
moment  of  inertia  of  this  prism  in  refer- 
ence to  the  axis  Y  F  passing  through  the 
oetntzee  of  gravity  of  the  bases 

W=kMd'-M  (|y=  Miid'-i  h') 
=  iM{id'-ih% 
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and,  finally,  the  moment  of  inertia  in  reference  to  the  edge,  passing 
through  the  points  A  and  F  of  the  bases,  is 

By  the  aid  of  the  latter  formula,  we  can  calculate  the  moment 
of  inertia  of  a  regviar  right  prism  A  D  F  K,  Fig.  478,  which  ^e- 
TOlTes  about  its  geometrical  axis.    Let  C  A 
FIG.  478.  =  C  5  =  r  be  the  radius  of  base  or  of  one 

of  the  triangles  composing  the  base,  A  the  al- 
titude C  N  oi  one  of  these  triangles  A  C  B, 
and  M  the  mass  of  the  whole  prism,  then,  ac- 
cording to  the  last  formula,  when  we  substi- 
tute r  for  d,  we  have 

The  regular  prism  becomes  a  cylinder,  when  h  becomes  equal 
to  r,  and  the  moment  of  inertia  of  the  cylinder  in  reference  to  its 
geometrical  axis  is 

ir=Jif(^+r')  =  JJfr'. 

The  moment  of  inertia  of  a  cylinder  is  equal  to  the  moment  of 
inertia  of  half  the  maes  of  the  cylinder  concentrated  upon  its  cir- 
cumference, or  equal  to  the  moment  of  inertia  of  the  whole  mass  at 
the  distance 

i  =  r^  =  0,7071  .  r. 

If  the  cylinder  A  B  D  E,  Fig.  479,  is  hollow,  we  must  subtract 

—      ._  themomentof  inertia  of  the  hollow  space 

from  that  of  the  solid  cylinder.    Let  I 

denote  the  length,  r  the  radms  C  A  ot 

the  exterior  and  r,  that  00  of  the  interior 

cylinder,  then  we  have,  according  to  the 

above  formnia,  for  the  moment  of  inertia 

"  of  the  hollow  cylinder 

W=i{M,  r,*  -  M,r,')  =  in  (r,* .  r,'-  r,'  .r,')l  =  in  (r,'-  r,')  I 

=  I ^  W  - r,')  (r,'  +  r,*)  l  =  iM {r,'  +  r,') ; 
for  the  volume  of  the  body,  which  may  also  be  considered  as  its 

mass,  is  =  IT  (r,*  —  r,')  I    If  r  denotes  the  mean  diameter    '  „   ~ 
and  b  the  width  r,  —  r.  of  the  annular  sur&ce,  we  have 
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§  289.  Cone  and  Psrramid. — ^With  the  aid  of  the  formnla 

for  the  moment  of  inertia  of  a  cylinder  we  can 
calculate  those  of  a  right  cone  and  of  a  pyramid. 
Let  A  C  By  Fig.  480,  be  a  cone  turning  upon  its 
geometrical  axis  and  letr  =  2?-4  =  i>^be  the 
radius  of  its  base  and  A  =  6'  2>  its  altitude,  which 
coincides  with  the  axis.  If  by  passing  planes 
through  it;  parallel  to  the  base  and  at  equal  dis- 
tances from  each  other,  we  divide  it  into  n  slioes^ 
we  obtain  n  discs,  whose  radii  are 

r      r      r  r 

— ,  2  -,  3  —  . . .  71  — 
n      n      n  n 

and  whose  common  height  is  - ;  the  Tolumes  of 

these  slices  are 
(rV    h      /2rV    h      (Z  rV    h 

and  consequently  their  moments  of  inertia  are 

The  sum  of  these  values  gives  the  moment  of  inertia  of  the  entire 


cone 


W=  ^*  (1*  ^.  2*  +  3*  +  . . .  +  n*\ 


2n' 


n' 


LR,  since  1*  +  2*  +  3*  +  .  • .  4-  w*  =  -r  and  the  mass  of  the  cone  is 

o 


M  = 


TT  r"  A 


W  = 


nr*h  _  3     -n  r"  h    ^_Air«^ 
10     ""10-      3     -^-lO^^- 

In  like  manner  we  have  under  the  same  cir- 
cumstances for  a  right  pyramid  AC  E^  Fig.  481, 
whose  base  is  a  rectangle, 

IF  =  i  JftT, 
in  which  formula  d  denotes  the  half  D  A  ot  the 
diagonal  of  the  base. 

We  obtain,  by  subtracting  one  moment  of 
inertia  from  another,  the  moment  of  inertia  of  a 
frustum  of  a  cone  {A  B  E  Fy  Fig.  480)  in  refer- 
ence to  its  geometrical  axis  X  X 

If  we  denote  the  radii  D  A  and  0  Fhj  r^  and  rt 
and  the  altitudes  CD  and  COhj  hi  and  At,  we  have 
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TT 


TT  Ai 


or,  fiiiice  the  mass  is 

Jf  =  5  (f ,' »,  -  r/ »,)  =  J-^  (f,"  -  r,-), 

§  290.  Sphere. — In  the  same  manner  the  moment  of  inertia 
of  a  sphere,  revolving  upon  one  of  its  diameters  D  E  =  2r,  is 
determined.    Let  us  divide  the  hemisphere  A  D  By  Fig.  482,  by 

planes  parallel  to  its  base  A  C  By  uito  n 
equally  thick  slices,  such  as  0  K  Hy  eta, 
and  let  us  determine  their  moments.  The 
square  of  the  radius  O  K  oi  one  of  these 
slices  is 

QK^  =  TIW  -  CW=  r'  -  CK~\ 
and,  therefore,  its  moment  of  inertia  is 


^       n  ^  ' 


irr 


Substituting  successively  for  C  Ky  -y  — ,  — ,  etc.,  to  —  and 

n    n     fi  fi 

adding  the  results,  we  obtain  the  moment  of  inertia  of  the  hemisphere 


i.bl, 


^  "■    2    ^^       3  ^  ^^  ~     15   • 


Now  since  the  contents  of  a  hemisphere  are  Jf  =  f  tt  r",  we  can 
put  H^  =  I .  f  TT  r" .  r'  =  f  Mr\ 

and  if  we  consider  M  as  the  mass  of  the  whole  spherey  the  formula 
still  holds  good. 

The  radius  of  gyration  is 

k=z  rVi  =  0,6324.  r; 
two-fifths  of  the  mass  of  the  sphere,  at  a  distance  equal  to  the 
radius  of  the  sphere  from  the  axis  of  rotation,  has  the  same  moment 
of  inertia  as  the  entire  sphere.    The  formula 

holds  good  also  for  any  spheroid  whose  equatorial  radius  is  =  r. 
(See  §  123.) 


g  S91.]  THEORT  OF  THE  MOMENT  OF  INERTIA.  689 

If  the  Sphere  reyolves  about  another  asn  at  the  diBtance  d  from 
the  centre,  we  must  pat  the  moment  of  inertia 
W=M{d-  +  fr-). 

g  291.  Cylinder  and  Cone. — The  moment  of  inertia  of  a 
circle  A  B  D  E,  Fig.  483,  in  reference  to  an  axis  paesing  throngh 
ite  centre  Cand  at  right  angles  to  the  plane  of  the  circle,  since  all 
points  are  at  a  distance  C  A  =  r  from  the  axia,  ie 

W=Mt',  _  _ 

and  cOnBeqnently  that  in  reference  to  a  diameter  X  X  or  Y  T 
(compare  g  %31)  is 

On  the  contrary,  the  moment  of  inertia  of  a  circular  disc 
A  B  D  E,  Fig.  483,  which  reTolves  about  its  diameter  B  E,  ig 
fonnd  to  be,  like  the  moment  of  flexure  of  a  cylinder, 

_  ffr'  _  Mr' 

-    4     -     4  ' 
conseqnenti;  the  radius  of  gyration  of  thia  surface  is 

LE.,  half  the  radius  of  the  circle. 

Fm.  48S.  Fm.  484. 


A. 


From  this  wc  can  calcnlate  the  moment  of  inertia  of  a  cylinder 

A  B  D  E,  Fig,  484,  which  revolves  aronnd  ite  diameter  F  6,  which 

passes  throngh  its  centre  of  gravity  S.      Let  I  be  the  half  height 

A  F  and  r  the  radius  CA  =  C  5  of  the  cylinder,  then  the  volume 

of  one  half  of  it  is  =  ir  r*  /,  and  if  we  pass  throngh  it  planes 

parallel  to  the  base  and  at  equal  distances  from  each  other,  we 

TTr'l 
decompose  this  body  into  n  eqnal  pwrte,  each  ot  which  is  = 


the  third  at  a  distance  — ,  eta,  from  the  centre  of  gravity  &    By 
means  of  ttie  formula  in  g  284,  we  obtain  the  momente  of  inertia 


of  these  discs  or  slices 
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-whoBe  snm  ia  the  moment  of  inertia 

of  half  the  cijhnder.   This  formula  holds  good  for  the  whole  cylinder, 
when  Jf  denotes  its  mass. 

The  moment  of  inertia  of_a  right  prism  ABB,  Fig.  485,  in 
reference  to  a  transverse  axis  X  X  paaaing  through  the  centre  of 
gravity  8  ia  determined  in  a  similar  way.  Let  h  be  the  radius  of 
gyration  of  the  base  A  B  of  the  prism  in  reference  to  an  axis  N  N, 
passing  through  the  centre  of  gravity  C  of  the  base  and  parallel 
to  X  X,  and  let  I  denote  the  half  length  or  height  C  S  =  D  S  of 
the  prism;  we  have  the  required  moment  of  inertia  in  reference 
to  the  axis  XX 

W=M{i?  +  if). 
Va.m.  p,g.486. 


In  like  manner  we  find  for  the  right  cone  A  B  D,  Fig.  486, 
whose  axis  of  rotation  pasaea  through  its  centre  of  gravity  at  right 
angles  to  its  geometrical  axis  C  D, 


W 


=  Air(r-  +  |). 


g  292.  Segments. — The  moment  of  inertia  of  a  paraboloid  of 
revolution  BAD,  Fig.  487,  which  revolves  around  its  axis  of 
revolution  A  C,  is  determined  in  a  similar  manner  to  that  of  a 
sphere.  If  the  radius  of  the  base  is  C  B  ~  C  D  =  a,  and  the 
^titode  C  A  =h,  and  if  we  divide  the  body  into  slices  of  the 
height  -,  we  have  their  contents 


§292.]  THEOBT  OF  THE  MOMENT  OF  INERTIA.  591 

n       1    .  A       2    ,  A       3    .     . 

=  -  tr .  -  a%  -  TT .  -  fl',  -  TT .  -  a\  etc, 
n      n      n      n      n      n 

for  the  squares  of  the  radii  are  as  the  altitudes  or  distances  from 
the  yertex  A.  From  this  we  obtain  the  moments  of  inertia  of  the 
suocessiYe  discHshaped  elements  of  the  body,  which  are 

""  ii  •  2  •  n-'  »  '  2  •  n«  '  ii  •  2  '  "^'  ®^ 

and  consequently  the  momeifU  of  inertia  of  the  whole  parahoUnd  is 

for  the  Yolome  of  this  body  is  if  =  — ^ — . 

This  formula  may  be  applied  to  a  low 
Fig.  487.  segment  of  a  sphere. 

^^^  If  the  altitude  h  of  such  a  segment  is 

y^^^k  not  Tery  small  compared  with  Oy  we  have 

iT  /  /  ^B  for  the  moment  of  inertia  of  one  of  its 

-X— ^H-BB— X  slices 

in  which  r  denotes  the  radius  of  the  sphere. 

Now  if  we  substitute  for  A  successiyely  the  values  -,  — ,  — ,  etc, 

n    n     n 

we  obtain  the  moment  of  inertia  of  the  segment  of  the  sphere 

=  Tif  (20  r*  -  15  r  A  +  8  A*). 
The  Tolnme  or  the  mass  of  the  segment  of  the  sphere  ia 

aad  therefore 

9 

generally  it  is  sufficiently  correct  to  put 

PT  =  I  if  A  (r  -  T-«2  A)  =  4  JT  (a*  +  I  A'). 
This  formula  is  applicable  to  the  bob  of  a  pendidurru 
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§  293,  Parabola  and  Ellipse.— For  the  surface  A  B  D, 
Fig.  488,  of  a  parabola^  if,  instead  of  the  surface  Fy  we  substitute 

the  mass  M  on  change^into  My  and  if  we 
denote  the  chord  A  B\}j  s  and  the  height 
of  the  arc  C  Dhy  ?iywe  have  (according  to 
§  233)  the  moment  of  inertia  in  reference 

to  the  geometrical  axis  XXof  this  surface 

"''-   20' 

and  that  in  reference  to  the  axis  V  Y, 
passing  throngh  the  centre  of  gravity  8  at 

right  angles  to  X  X,  is 

Hence  the  moment  of  inertia  in  reference 
to  an  axis,  passing  through  8  at  right  angles  to  the  sur&ce  of  the 
parabola^  is 

Pr=  F.  +  IT.  =  Jf  (^  +  jSS  A«)  =  i  i/-[(y)*+  if  A'} 

For  such  an  axis,  passing  through  the  yertex  D  of  the  parabola, 
the  moment  is,  since  D  S  :=  I  ^  (§  ^^^h 

w,  =  w+M(i  hy  =  i  jf  [(^y+  V.A«J 

and,  on  the  contrary,  the  moment  in  reference  to  an  axis  passing 
through  the  centre  0  of  the  chord  is 

W,=  W+M{ihy^iM[(-^)\^v'\ 

This  formula  is  also  applicable  to  a,  prism  whose  bases  are  para- 
bolas, £.G.  a  working-beam,  which  consists  of  two  such  prisms 
oscillating  about  an  axis  passing  through  their  middle  (7. 

The  moment  of  inertia  of  an  ellipse  A  B  A  By  Fig.  489,  whose 

sem^-axes  are  (7  ^  =  a  and  C  B  =^hym 
reference  to  the  axis  B  B,iB  (according 
to  §231) 

^'  -  ~r  -  "4"' 

and  that  in  reference  to  the  axis  ^  ^  is 

w.  -   4   -  -r » 

hence  the  moment  of  inertia  in  reference 
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Fxo.  400. 


to  an  axisy  passing  through  the  centre  (7  at  right  angles  to  the  plane 
oflAefigureyia 

(§  294.)  Snx&ces  and  Solids  of  R6VoliitiOB.^The  mo- 
ments of  inertia  of  surfaces  and  solids  of  revolution  can  be  determined 
with  the  aid  of  the  Calcnlus  by  means  of  the  following  formulas. 

1)  K  a  zone  or  belt  P  Q  Qi  Pi,  Fig.  490,  whose  radius  is  if  P 

=  y  and  whose  width  is  P  Q  =  d  s,iB 
caused  to  revolve  around  its  geometrical 
axis  A  (7,  we  have  (according  to  §  125}  ita 
area 

dO  =  2nydSf 
and  its  moment  of  inertia  is 

y^d  0  =  2TTy*ds; 
hence  the  moment  of  inertia  of  the  whole 
surface  of  revolution  A  F  Pi  in  reference 
to  its  axis  A  Oia 

W=2nJ*i^ds. 

2)  For  a  slice  P  Q  Qi  Pi,  whose  volume  isrfF=  nj^dx,  the 
moment  of  inertia  in  reference  to  the  axis  A  C  ia  (according  to- 
§  288) 

d  V.y*  __  ny^dx 
2  2~' 

and  consequently  the  moment  of  inertia  for  the  whole  solid  of  rev- 
olution  -4  P  Pi  is 

w=lftrdx. 

If  A  P  is  an  arc  of  a  circle^  in  which  case  the  surface  generated 
by  its  revolution  is  a  spherical  cup  or  zone,  we  have 

y»  =  2ra?  —  a^AuAyds  =  r  dx, 
and  consequently  the  moment  of  inertia  of  this  zone  is 

W'=^%TxJ{^rx  -  ^)rdx-%'nr  {^rjxdx  --jQ^dxK 
=  27rr(r«*-yj, 

w 

or,  if  we  substitute  h  for  the  altitude  -4  AT  =  a?,  we  have 

since  the  area  or  mass  of  the  zxmo  is  Jf  =  2  tt  r  A. 
38 


594  GENERAL  PRINCIPLES  OP  MECHANICS.  [§294. 

For  the  entire  surface  of  the  sphere  A  =  2  r,  and  therefore 

W=iMr\ 

K,  on  the  contrary,  A  P  ]b  the  arc  of  an  ellipse,  and  conse- 
quently the  solid  of  revolution  A  P  Pi  generated  by  the  rotation 
of  the  plane  surface  A  P  Ma  segment  of  an  eUipsoid  of  revolution, 
we  will  haye 

and  therefore  its  moment  of  inertia  in  reference  to  the  axis  A  0  is 

-  i^y^* a'af-iaal'  +  x*)dx 

B.G.  for  the  entire  eUipsoidy  in  which  case  a;  =  2  a, 

V 
for  the  contents  of  this  body  are  expressed  by  — ; .  f  tt  a*  =  |  tt  a  ft* 

(compare  §  123). 

3)  K  the  belt  P  QQxPi  reyolyes  about  an  axis  passing  through 
A  at  right  angles  to  its  geometrical  axis  A  C,  we  haye  (see  §  284 
and  §  291)  its  moment  of  inertia 

=  d  0  (a^  H-  ^  y«)  =  »^{a?'  +  ^  y")  y  ^«. 
and,  therefore,  the  moment  of  inertia  of  the  whole  zone  ^  P  P,  is 

W=TT  y  (2  of  +y*)yds. 

4)  If  the  entire  disc  P  Q  Qi  Pi  reyolyes  around  this  same  axis 
.passing  through  Ay  its  moment  of  inertia  is 

and,  therefore,  that  of  the  entire  body  -4  P  Pi  is 

W=7r  f{af  +  iff')y'dx. 

For  a  paraboloid  of  reyolution  (see  §  292),  we  haye,  when  we 
denote  its  altitude  A  Mhy  h  and  the  radius  of  its  base  Jf  P  by  a, 

and  consequently  the  moment  of  inertia  in  reference  to  the  axis  of 
ordinates  passing  through  A  is 
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or,  when  we  gnbstitnte  a;  =  A, 

W=  i  TT  a'  A  (A'  +  ^  a')  =  ^  if  (A'  +  i  a'), 
since  the  Tolume  of  thia  body  is  =  ^  ir  o'  A  (comp.  §  124). 

HeDce  we  have  the  moment  of  iiiertiit  of  this  body  iii  reference 
to  an  axis,  pttssing  through  the  centre  of  gravity  S  at  right  angles 
to  AC 

W,  =  iM(k*  +  i  a')  -  iiyMk'  =  i  If  {a'  +  i  A'). 

g  295.  Accelerated  Rotation  of  a  Wheel  and  Axle.— 
The  most  freqnent  applications  of  the  theory  of  the  moment  of 
inertia  are  to  macbines  and  instmments;  for  rotary  niotione 
around  a  Szed  axis  are  very  common  in  them.  Since  thronghont 
thia  work  we  shall  meet  with  Tery  many  applications  of  this  theory, 
we  shall  treat  here  hut  a  few  simple  cases. 

If  two  weights  P  and  Q  act  by  means  of  two  perfectly  flexible 
etringa  apon  the  wheel  and  axle  AC  DB,  Fig.  491,  if  their  arms  are 
CA  =  a  and  D  B  =  b  and  if  the  jour- 
FiB.  481.  Qgjg  (y^  g(j  gmaii  that  the  friction  can 

be  neglected,  the  machine  is  in  equi- 
librinm,  when  the  statical  momenta 
P .  C~A,  and  Q  .  WB,  are  eqnal  to 
each  other,  or  when  P  a=  Qh.    If, 
on  the  contrary,  the  moment  of  the 
weight  P  is  greater  than  that  of  Q, 
otPa>  Q  b,  P  ynn  fail  and  Q  vm 
rise ;  on  the  contrary,  i£  P  a  <  Qh, 
P  will  rise  and  Q  will  ML    Let  na  therefore  seek  the  relations  of 
the  motiona  in  thia  case,  taking,  £.0^  P  a  >  Qb.    The  force, 
which  acts  with  the  arm  h  and  corresponds  to  the  weight  Q,  pro- 
duces a  force  -— ,  whose  arm  is  a  and  which  acts  in  opposition  to 
the  force  corresponding  to  the  weight  P,  so  that  the  motive  force 

in  action  atAiaP  —  — .    The  mass  — ,  reduced  from  the  arm  i  to 
a  g' 

the  arm  a,  is  ^— r>  hence  the  mass  moved  by  the  force  P  —  -^  ia 
ga  ■'  n 


-(^^'-^h 
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0  if 
therefore  the  mass  of  the  same  rednced  to  j1  is  =  — r>  we  hftT« 

ga" 
more  accurately 

Hence  the  acceleratioti  of  P  or  of  the  cirduoferenoe  of  tha 
wheel  is  Qi 

_  motive  foroe a  , 

'         mais      ~  i>o"  +  gy  +  e*-''" 

Pa  — gi 
~Po'+ «*■+ »*•■''■' 
hence  the  acwleration  of  the  rieing  weight  Q  or  of  the  circnm- 
feienoe  of  the  axle  is 

b  Pa-Qi 

'^J'^Pa'  +  ey  +  oi--'*- 

The  teneioD  of  the  cord,  to  which  P  is  attached,  ia 
S  ^F  -  :^  =  p  (i  _  £^  (aee  §  76), 
and  that  of  the  cord,  to  which  Q  is  attached,  is 

fi  =  e.^  =  e(i+|), 

uid,  therefore,  the  pressare  on  the  beariogs  is 

■  Pa'  +  Qy+Ok'' 
The  pressare  on  the  bearing  of  a  wlteel  and  axle,  when  in  rota- 
tion, is  consequently  less  than  when  it  is  standing  still. 

From  the  acce)eradoQS  p  and  g  the  other  relations  of  the  mo- 
tion can  be  found ;  after  t  seconds  the  Telocity  of  P  is 

V  =p  t 
and  that  of  Q  is 

Vi  =  q  t; 
Fto. 493.  the  space  described  by  Pis 

>  =  ipe 

and  that  by  Q, 

ExAiD>i.E. — Let  tbe  weight  upon  the 
wheel, Fig.  49S,beP=S0pnnnclEBa<1that 
on  the  axle,  Q  =  ISO  pounds ;  let  the  aim 
of  the  fonner  he  C  A  =  a  =  SO  inches 
and  that  of  the  latter  J3  B  =  J  =  6  inches, 
and  let  the  axle  be  composed  of  a  maauve  cylinder,  weighing  10  poonda, 
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And  the  wheel  of  two  rings,  one  weighing  40  poands  and  the  other  19 
pounds,  and  of  four  arms,  weighing  together  15  ponnds ;  finally,  let  the 
radii  of  the  huge  ring  ud  27  be  =  20  and  10  inches  and  those  of  the  smaller 
one  ^  6^  be  =  8  and  6  inches.  Required  the  conditions  of  motion  of  this 
machine.    The  motive  force  at  the  circumference  of  the  wheel  is 

P-.^Qr=60-A-l^~^  —  ^  =  1^  pounds, 
and  the  moment  of  inertia  of  the  machine,  when  we  disregard  the  masses 
of  the  ropes  and  journals,  is  equal  to  the  moment  of  inertia  of  the  axle, 
which  is  TFft»      ^^-^'^ion 

plus  the  moment  of  the  amaller  ring,  which  is 

« g = 3 =  600, 

plus  the  moment  of  the  larger  ring,  which  is 

pins  the  moment  of  the  anna,  wliich  is,  approximately, 

^(r,«-r,»)      A  (r,t  +  r,r^+  f«»)      15  .  (19»  +  19 . 8+8») 

"  "8Tr;^-7J  = 8 8 =  ^^' 

hence,  by  addition,  we  obtain 

Gk*  =  180  +  600  +  15220  +  2885  =  18885, 

or,  taking  the  foot  as  the  unit  of  measure, 

18885      ,„^,^ 
=  "Iff  =  1«1.14. 

The  whole  mass,  reduced  to  the  radius  of  the  wheel,  is 

=  (eO  +  160 . 0,09  +  -  ^^ )  .  0,081 

=  (60  +  14,4  +  47,21)  .  0,031  =  131,61 .  0,081  =  8,76991  pounds. 
Hence  we  have  the  acceleration  of  the  weight  P,  or  that  of  the  circum- 
iference  of  the  wheel, 

a  13 

^  "*  Pa*^  Qbi^T~Oki  '^  -  "8:76991  =  ^'^^^«^; 

and,  oil  the  contrary,  that  of  Q  is 

g  =  'p  =  /g.  8,188  =  0,955  feet; 
the  tension  on  the  rope  to  which  P  is  hung  is 

i»  =  (l  -^)  .  P  =  (l  -  ^^-^)  .  60  =  (1  -  0,099) .  60  =  54,06  pounds, 

and  that  of  the  rope  supporting  Q  is 

5^  s:  A  +  ly  Q  s  (1  +  0,065 . 0,081) .  160  »  1,08 .  160  =  164,8  pounds ; 

consequently  the  pressure  on  the  bearings  \b  8  -\-  8^  s=  54,06  +  164,8 
=  218,86  lbs.,  or,  if  we  include  the  weight  of  the  machine,  it  is  =  218,86 
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+  77  =  295,86  pounds.    At  the  end  of  10  seconds  P  has  attained  the  ve- 
locity V  =  pt  =  8,188  .  10  =  81,88  feet,  and  has  described  the  space  »  = 

V  t  ^  h 

-^  =  81,83  .  5  =  159,2  feet,  and  Q  has  been  raised  up  a^  =  -  a=0,8 .  159,2 

=  47,76  feet. 

§  296.  The  weight  F,  which  imparts  to  the  weight  Q  the  ac- 
celeration 

_        Pab- QV 

^  ~  Pa*  +  Qb'  -^  Gk'*^' 
can  be  replaced  by  another  Pi,  without  changing  the  acceleration 
of  Qs  when  the  arm  of  the  latter  is  Hh^  in  which  case  we  have 

Piai  -  Qb         _  Pa-  Qb 

P^a^'  +  Qb*+  (/*"■"  Pa'  +  Qb'  +  G  k'^ 

11  we  designate  the  quantity p    L,  oh hy ^ we obtam 

Qb{b  +  c)  +  Gk* 
a,*-cai=  -  ^^—^ — j^ , 

and  the  required  arm  of  the  leyer 

We  find,  also,  by  the  differential  calculus  that  the  greatest  ac- 
celeration is  imparted  to  Q  by  P,  when  the  arm  of  the  latter  cor- 
responds to  the  equation  Pa*  —  2Qab=  QV  +  O  V,ot  when 


P    '    ^   VP/  P 

The  foregoing  formulas  become  yery  complicated,  when  we  take 
into  consideration  the  friction  of  the  journals  and  the  rigidity  of 
the  ropes.  K  we  denote  the  resistance  due  to  both  of  these,  reduced 
to  a  radius  r,  by  Fy  we  must  substitute,  instead  of  the  motive  force 

P Q>  the  expression  P  —  -^ ,  and  then  we  have  the 

acceleration  of  Q 

__  (Pa-Fr)b-QV 

^~   Pa»+  QV+  Gk'   '^ 
and 


« =  — p —  +  r  \ — p — )  +  — p — . 

ExAiCFiiE — 1)  If  the  weights  P  =  80  pounds  and  Q  =  80  pounds  act 
with  the  arms  a  =  2  feet  and  b  =.  ^  foot  upon  a  wheel  and  axle,  and  if  the 
moment  of  Inertia  of  this  machine  is  (?  1^  =  60,  the  acceleratlQn  of  the 
rising  weight  Q  will  be 
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^  ""  80  .  2*  +  80  .  (J)'  +  eO  •  ^  "  120  +  20  +  60'  ^'^  ""  20 
=  1,61  feet 
Now  if  we  wish  to  produce  the  same  acceleration  with  a  weight  P^  = 
45  pounds,  the  arm  of  P^  most  be 


^  _e       //cy     80.i(i  +  g)  +  60 


but  200 

^=60^:40  =  ^^' 


^^^      aj  =5  ±  l/25-y  =:5±t-ll,W8  =  5±8,786 

=  8,786  or  1,214  feet 
2)  The  acceleration  of  Q  is  a  maximum  when  the  arm  of  the  foioe  .or 
radius  of  the  wheel  is 


a  = 


J. 80       ./W^     20  4-  60  _  4         /i6      24      4  +  VJO- 
"30"  +  r  \mj  •*■      80      "•8"^T9"*"9"        8 


=  8,4415  feet, 
and  this  maximiun  acceleration  is  then 

/  80 . 1,7207  -  20  \  81,621  «  qoo  p  «* 

g==  (807(8,4415)'  -H80)^  =  485;82-^  =  ^-^^^^^ 
8)  If  the  moment  of  the  firiction  and  of  the  rigidity  of  the  ropes  be 
Ft  =  8,  we  must  substitute,  instead  of  C  ft,  Q  ft  +  .F'r  =  40  +  8  =  48, 
whence  it  follows  that 

48 


^  =  80 


+  |/(|^y+  I  =  1,6  +  V6;227  =  8,886  feet, 

and  that  the  corresponding  maximum  acceleration  is 

80 . 1,943  -  8  .  i  -  20  84,29    _._^       __.   ^ 

^  =       80 .  (8,886)*  +  80      *  ^  =  TSS" '  ^^^  =  ^'^  ^*^*- 

§  297.  Atwood's   BCachine. — The  formulas  for  the  wiieel 

and  axle  found  in  §  295  are  applicable  to  the  simple  fixed  pulley; 

for  if  we  put  J  =  a,  the  wheel  and  axle  becomes  2k  fixed  puUey,    Ee- 

tuining  the  same  notations  that  we  employed  in  the  foregoing 

paragraphs,  we  haye  the  acceleration  with  which  P  sinks  and  Q 

rises 

{P-  Q)  g* 

or,  taking  the  friction  into  consideration, 

_     _  (P  -  Q)a^  -  Far 

In  order  to  diminish  the  friction,  the  axle  C  of  the  pulley  A  By 
Fig.  493,  is  placed  upon  the  friction-wheels  D  E  F  and  i>,  E^  P,. 
Kow  if  the  moment  of  inertia  of  these  wheels  is  0\  ki  and  their 
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radinB  \a  D  E  ~  D,  B,  =  a^  we  have,  vhen  F  designates  the  Mc- 
tion  reduced  to  the  circumfereitce  of  the  axle  C, 

,  =  ,  = (/>-g).'-^.r    ^^^. 

(^4-  Q)a'  +  Ok*  +  gA~ 
for  the  moment  of  inertia  of  these  Mction  roUers,  reduced  to  their 

0  Jc' 
cironmference  or  that  of  the  axle  of  the  wheel,  is  =  -    .-  -. 

Inversely  we  have  the  acceleration  of  gravity 

{P+  Q)a'  +  QV+  G,^ 


^~  {J>  -   Q)a'-  Par 

■  When  the  difference  P  —  §,  of  the  two  weights  is  smaU,  the 
acceleration  p  is  small  and  the  motion  ia 
^^-  **^  conseqaently  very  slow ;  hence  the  resists 

ance  opposed  to  the  weights  by  the  air 
is  nnimporttlnt,  and  the  acceleration  of 
gravity  can  be  determined  with  a  certain 
degree  of  accuracy  by  means  of  such  an 
apparatus,  while  the  determination  of  it  by 
observationa  upon  a  body  falling  freely  is 
impoBsible.  Experiments  of  this  kind  were 
first  made  by  an  Englishman  named  At- 
wood  (see  Atwood's  treatiae  on  Rectilinear 
and  Rotary  Motion),  and  for  this  reason 
the  apparatus  is  known  as  Atwood's  Ma- 
chine. The  scale  IT  E,  along  which  the 
weight  P  fells,  serves  to  measure  the 
distance  fallen  through.  From  the  spaces 
fellen  through  and  the  corresponding  time 
/  we  obtain 

Z.8 

but  if  during  the  fall  we  remove  the  motive 
force  by  causing  the  weight  L  L,  which  is 
made  in  the  shape  of  a  ring  and  is  equal  to  the  force,  to  be  caught 
by  the  fixed  ring  NN\,  the  remainder  of  the  space  s,,  through  which 
the  weight  P  falls,  will  1«  described  uniformly,  and  the  velocity, 
which  is  determined  by  the  time  *,  (which  can  be  observed  by 
means  of  a  good  watch),  ia 
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and  the  acceleration  is 


V 


8t 


tti' 


It  we  make  ^i  =  ^  =  1,  we  obtain  directly  by  the  experiment 
p  =  «,.  Substituting  this  value  of  j?  in  the  above-mentioned 
formula,  we  obtain  the  acceleration  g  of  gravity. 


§  298.  Accelerated  Motion  of  a  System  of  Pulleys  or 
Tackle. — ^The  accelerations  of  the  weights  F  and  Q,  which  are 
supported  by  a  system  composed  of  a  fixed  pulley  A  B,  and  a  loose 

pulley  E  G,  Fig.  494,  are  found  in  the  following 
manner.  Let  the  weight  of  the  pulleys  A  B  and 
E  0\)e=:  0  and  (?„  their  moments  of  inertia  Cf  h* 
and  Oi  ki\  their  radii  C  A  =  a  and  D  E=  c^  and 
their  masses  reduced  to  the  circumference  M  = 


Fio.494 


—  .  — i  and  Jzi  =  —  .  — =, 
g     a*  g    a," 


K  the  weight  P  sinks 
a  certain  distance  »y  Q  +  Ox  rises  -j  s  (§  164),  the 


8 


work  done  is  therefore  P  «  —  ( ©  +  (?i)  ^.  Now  if 
in  sinking  the  weight  P  has  acquired  the  velocity  Vj 
then  the  velocity  ^  is  communicated  to  ©  +  ^i,  the  velocity  of  the 
pulley  -4  5  at  the  circumference  is  v  and  the  pulley  E  G  acquires 

V 

at  its  circumference  the  velocity  ^ ;  for  in  rolling  motion  the  mo- 

tions  of  translation  and  of  rotation  are  equal  to  each  other.    The 
sum  of  the  living  forces,  corresponding  to  the  masses  and  velocities,  is 


9  9 


•(1/ 


9  a*  g 


patting  the  half  of  it  equal  to  the  work  done,  we  obtain  the  equation 


{ 


_  (Q+g.)\  ,  _ 


)•  =  ( 


P  +  ^+  <^'  +  ^'  +  ^'  ^'i 


2       /  \  4        ■     a'     ■    4  a,'  /  » ^ 

Hence  the  velocity  corresponding  to  the  epaoe  g,  described  by  P,  is 


V  = 


2  5r«(P- 


2 


) 


4  a 
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For  the  acceleration^  we  have/?  *  =  "o">  *^^  therefore 


p       Q+(^i 


p=z 


P  +  g  +  ^1  +  —  +  ^'  **" 


The  acceleration  of  6  +  G^,  isj^i  =  ^^  and  the  rotary  acoelera- 

tion  of  Gi  is  also  the  same.     The  tension  on  the  rope  JB  E,  which 
unites  the  two  pulleys,  is 

(GJc\  D 
P  +  — 5-1  -  is  expended  in  producing  the  accel- 
eration of  P  and  G\  the  tension  on  the  rope  G  ^ET,  which  is 
£Et8tened  at  one  end,  is,  on  the  contrary, 

Ox         2g' 
for  the  pulley  JF  (7  is  set  in  rotation  by  the  difference  8  —  Si  of  the 
tensions  on  the  rope. 

Example. — The  weights  P  =  40  potmds  and  Q  =  66  pounds  hang 
upon  the  system  of  palleys  or  tackle  represented  in  Fig.  404,  and  each  of  the 
pulleys  weighs  6  pounds ;  required  the  acceleration  of  eacb  of  the  weights. 
The  motive  force  is 

The  masses  of  these  pulleys,  reduced  to  their  circumferences,  are 
Gh^^G.h,-  ^  G  ^  6   ^8 
ga»        ga^*        2g      %g      "g^^       ^' 
and  the  total  mass  is 

hence  the  acceleration  of  the  sinking  -weight  is 

4      ,  16 .  ^       16  .  82,3      615,2       « ^^^  ^  ^ 

^  =  247-^^=W=-'W^  =  W  =  ^'^^^^^ 
and  that  of  the  rising  weight  is 

i>i  =  I  =  1,048  feet 
The  tension  of  the  rope  BE\a 
B  =  P--  (P+  yU  =  40  -  48  .  ^  =  40  -  2,785  =  87,215  pounds, 
and  that  of  the  rope  G  Hi% 
B,=6--^.  -/^  =  87,215-8.?^—  =  87,118 pounds. 


p 
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§  299.  The  motion  is  more  complicated,  when  the  pulley  E  (?, 
Fig.  495^  hangs  only  upon  a  cord  wound  around  it    Let  us  sup- 
pose that  P  sinks  with  the  acceleration^,  and  that  Q 
Fig.  495.      ^jg^  -^^h  the  acceleration  q^  then  the  acceleration  of 
A  An   the  motion  at  the  circumference  of  the  loose  pulley  is 

?!=;>-?  (§45). 
Now  if  we  put  the  tension  of  the  cord  A  E,^  S^  we 
obtain 

and 

if 

for,  according  to  §  281,  we  can  assume,  that  S  seta  at  the  centre  of 
gravity  D  ot  E  0.    Finally  we  hare 

ax        g' 
since  we  can  assume  that  the  centre  of  gravity  D  is  fixed  and  that 
the  pulley  is  put  in  rotation  by  8, 

The  last  three  formulas  give  the  accelerations 

a 

snbstitatmg  all  tliree  in  the  equation  qi=p  —  q,we  obtain 

8  a,*  P-S  S-(Q  +  g.) 

G,k,*^~  p  _^GV^^  Q  +  0,       ^' 

a* 
vhenoe  it  follows  that  the  tension  of  the  rope  is 

2  P  a*  +  <?  i* 


s  = 


(A-^«T-g-)(^«'  +  ^*>'  +  «*- 


.From  this  value  of  8  we  find  by  the  application  of  the  above  formula 
the  accelerations  of  the  weights  P  and  Q, 

If  we  neglect  the  mass  G  of  the  fixed  pulley  and  put  Q  =  0, 
we  obtain  simply 

P(a.*  +  *,•)«•  +  Ga'k,'  ""  G,  k,'  ^  P  {a,'  -{•  *,«)• 

If  the  end  of  the  cord  A  E,  instead  of  passing  over  the  pulley, 
is  fixed,  we  have  the  acceleration  i?  =  0,  and  therefore  Ji  =  —  j', 
und  the  tension 
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(«+  g,)a,' +  »,*,•* 
for  Q  =  0,  we  have 

If  the  rolling  body  &i  is  a  massiTe  cylinder,  we  have 

a,'     -^'''' 
and  the  tension  in  the  finrt  case  is 

2P<?, 


S  = 


ZP  +  Gi' 
and  in  the  seoond 

o_g. 

If  in  the  first  case  the  weight  P  mnst  nae^  we  have  j?  negatdye 

and  8>  P,  lb., 

2PG,kt'>P  G,  *»•  +  P*  (a,»  +  *,•), 
or  simply 

in  order  that  (7]  shall  sink  it  is  necessary  that  S  <.  Gy,OT  that 

P  '    ^      *,»' 

ExAMPLK. — If  the  rope  Q  Hof  the  system  of  pulleys  in  the  example  of 
§  298,  Fig.  494,  suddenly  breaks,  the  rope  ^  will  be,  for  an  instant  at  least, 
stretched  by  a  force 

Oh* 
^  ^  "^  "^  2  .  40  +  8 


a+TV)(40  +  3)  +  l 


88.73  6976      ,„,„ 

=  28.48  +  72  =  1147  =  «.«1<»P°'»'^ 

Hence  the  acceleration  of  the  sinking  weight  P  is 

r    p^S    \  /40-6,210\    „^^      84,79    „^^      „._ 

^  =  /;^^;;^|^  =  (-loT3")»^^ 

and  that  of  the  sinking  pulley  is 

' = (^^> = F^^)  • -^ = ^  • -^ = "■"'^ 

and  the  acceleration  of  rotation  of  this  pulley  is 

?i  =  ^^.^  =  -^.82,2  =  66,92  feet 
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§  300.  RoUiiig  Motion  of  a  Body  on  a  Horizontal 
Plana. — ^If  a  ronnd  body  A  C  Dy  Fig.  496,  is  pushed  forward  with 

a  certain  initial  yelocity 
Fzo.  486.  ^  upon  the  horizontal 

^^  —  path  D  E,  it  will,  in 

consequence  of  the  fric- 
tion upon  this  path,  as* 
Bume  a  motion  of  rota- 
tion, the  velocity  of 
which  will  gradually  increase ;  its  acceleration  p  is  determined  by 
the  formula 

_  Force  _  ^  G cf  _  0a* 
-^"  Mass"  "  MV  '^~W^' 
in  which  0  denotes  the  coefiScient  of  friction,  O  =  M g  the  weight, 
0  G  the  friction,  M  V  the  moment  of  inertia  and  a  the  radius  C  D 
of  rotation  of  the  body.  The  velocity  of  rotation  at  the  distance 
C  D  from  the  axis  Cy  engendered  by  this  acceleration  in  the 
time  iy  is 

On  the  contrary,  the  forward  motion  of  the  body  suffers  a  re- 
tardation 9,  which  is  determined  by  the  formula 

_  Besistance  _  <I>G  __ 
^-^      Mass      -"jr""*^' 
hence  the  velocity  of  this  motion  after  t  seconds  Is 

Now  if  we  put  Vi  =  v,  or 

we  obtain  the  time  after  which  the  velocity  of  rotation  becomes 
equal  to  that  of  translation  and  the  rolling  of  the  body  begins. 
Thia  time  is 

c  V         c 


t  = 


(i + i)  H 


a'  +  V  it>  g 


At  the  end  of  this  time  the  common  velocity  is 


a 


Ci  =  -i:t4>fft  = 


a*  e 


+  *•' 


and  the  space  described  by  the  centre  0  of  the  body  is 


• = m ' = 
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If  the  coeflScient  of  rolling  friction  was  =  0,  the  body  A  O 

a*  c 
would  roll  on  forever  with  the  constant  velocity  (?,  =    ,      ,  ^  upon 

€v    "T*  A/ 

the  horizontal  plane  without  coining  to  rest ;  but  since  the  rolling 

f  0 
friction  '^ —  constantly  opposes  this  motion  (see  §  192),  the  body, 

after  describing  a  certain  space  «i,  will  come  to  rest.    At  the  end 

f  G  8 
of  this  space  the  work ^  of  this  friction  has  consumed  the  whole 

of  the  energy 

^g         a*    *2  g~\    a»     )  2g 
stored  by  the  mass  of  the  body,  and  therefore  we  can  put 

a  "[     a*     )  2g' 
hence  the  space 

_  a'  +  i^    cl_  _        g'          c* 

""""  fa     '2g'-  /{a'  +  e)2g 

is  described  in  the  time 

/  —  ?  j!}  —  ^'  +  ^*   £l  —  ?Lf 
'  ■""(?,    ■"     fa       g  ~fg 

For  a  rolling  ball  -^  =  |,  and  for  a  cylinder  -f  =  i  (see  §  290). 

C  i? 

In  the  latter  case  ^  =  J  — -j,  Ci  =  |  (?, «  =  J  ^         and  «i  =  f 


f^g 


CHAPTER    II. 

THE  CENTRIFUGAL  FORCE  OP  RIGID  BODIES. 

§  301.  The  Nonnal  Force. — The  force  of  inertia  manifeats 
itself  not  only  when  the  velocity  of  a  moving  body  changes^  but  also 
when  there  is  a  change  in  the  direction  of  the  motion;  for  a  body. 
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by  virtae  of  its  inertia,  morea  uniformly  and  in  a  straight  line  (see 
§  55).  The  action  of  inertia,  when  the  direction  changes  continn- 
ally,  I.E.  when  the  motion  of  a  body  takes  place  in  a  corred  line, 
and  particularly  in  a  circle,  will  be  the  subject  discossed  in  this 
chapter. 

If  a  material  point  movea  in  a  corred  Uue,  it  is  at  erery  point 
enbjected  to  an  acceleration,  which  causes  it  to  deviate  ^m  iie 
former  direction.  This  acceleration  has  already  been  treated  of  in 
phoTonomics  nnder  the  name  of  the  normai  acceleration.  Let  the 
radioB  of  ciuratare  of  the  path  of  the  moring  body  be  =  r  aad  its 
Tdodty  V,  then  the  normal  acoeleratioii  ia 

^  =  -^(542). 

Now  if  the  mass  of  the  point  =  M,  die  acceletntion  corres- 
ponds to  a  force 

which  we  must  consider  as  the  original  canBe  of  the  cootinaed 
change  of  the  direction  of  motion  of  the  point.  If  the  point  is 
acted  npon  by  no  other  (tangential)  force  than  the  normal  one,  ita 
Telocity  will  be  constant  and  =  c,  and  therefore  the  normtd  force 

r 
is  dependent  only  npon  the  cnrratare  or  radius  of  curvature,  lb. 
smaller  for  a  smaller  cnrratare  or  for  a  greater  radius  of  curvature, 
and  greater  for  a  greater  curvature  or  for  a  smaller  radios  of  curva- 
ture. When  the  radius  of  curvature  is  doabled,  the  normal  force 
is  but  one-half  as  great  aa  before.  If  a  material  point  M,  Fig.  497, 
is  obliged  to  pass  over  a  horizontal 
Fio.  487.  plane  in  a  carved  line  ABD  FH, 

if  we  neglect  the  fnction,  thepoint 
will  have  in  all  points  the  same  ve- 
locity and  the  pressure  against  the 
side  wall  in  every  position'  will  be 
eqnal  to  the  normal  force.  While 
the  point  describes  the  arc  ^  .S 

.,.  .  M  c'      ,.- 

this  pressure  is  =  =r-;  while 

it  describes  B  Z?  it  ia  = ;  for  the  arc  iJ  J"  it  is  =  -^-.  and 

EB  QD 
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Iff  ^ 

for  the  arc  Fff,  =  =^,  C  Ay  E  B,  O  D  wA  K  F  denoting  the 

II  F 

radii  of  carvatnre  of  the  portions  A  B,  B  D,D  J^and  F  H  oi  the 

path. 

§  302.  Centripetal  and  Centrifiigal  Foroe&— If  a  material 
point  or  body  moves  in  a  circle,  the  normal  force  acts  radiaUy 
inwards,  and  for  this  reason  it  is  called  the  centripetal  force  (Fr. 
force  centripede,  Oer.  Geniaipetal-  or  Ann&herungskraft),  and  the 
force  in  the  opposite  direction,  le.  radially  outwards,  with  which 
the  body  through  its  inertia  resists  the  former  force,  has  reoeiyed 
the  name  of  the  centrifiigal  force  (Pr.  force  centrifuge,  Ger.  Centrif- 
ugal-, Flieh-  or  Schwungkraft).  The  centripetal  force  is  the  one 
which  acts  upon  the  body  inwards,  and  the  centrifugal  force  is  the 
resistance  of  the  body,  which  acts  in  the  opposite  direction.  In  the 
rcYolution  of  the  planets  around  the  sun,  the  attraction  of  the  suu 
is  the  centripetal  force ;  if  the  moving  body  is  compelled  to  describe 
a  circle  by  a  guide,  such  as  is  represented  in  Fig.  497,  the  guide 
acts  by  its  resistance  as  the  centripetal  force  and  opposes  the  centrif- 
ugal force  of  the  body.  K,  finally,  the  revolving  body  is  connected 
by  means  of  a  string  or  rod  with  the  centre  of  rotation,  then  it  is 
the  elasticity  of  the  rod,  which  puts  itself  in  equilibrium  with  the 
centrifugal  force  of  the  body  and  acts  as  the  centripetal  force. 

If  (?  is  the  weight,  and  therefore  if  =  —  the  mass  of  the  re- 

Yolving  body,  r  the  radius  of  the  circle,  in  which  the  revolution 
takes  place,  and  v  the  velocity  of  revolution,  we  have,  according  to 
the  last  paragraph,  for  the  centrifugal  force 


P  = 


or 


r 

gr 

%. 

^g' 

& 

r 

0  =  2 

LE.,  the  centrifugal  force  is  to  the  weigU  of  the  bodff  as  doubb  tie 

height  due  to  the  velocity  is  to  the  radius  of  rotalion. 

If  the  motion  is  uniform,  which  is  always  the  case  when  no 

other  force  (tangential  force)  besides  the  centripetal  force  acts 

upon  the  body,  we  can  then  express  velocity  t;  =  c  in  terms  of  the 

snaoe       S  fr  9* 
duration  <  of  a  revolution  by  putting  e  =  -n— -  =  T"'  ^^^ 


§  302.]        THE  CENTRIFUGAL  FORCE  OF  RIQID  BODIES.  609 

exprefision  for  the  centrifugal  force  becomes 

Since  4  ir*  =  39,4784,  and  in  feet  -  =  0,031,  we  have,  in  a  more 

9 
convenient  form  for  calculation,  the  yalue  of  the  centrifugal  force 

•,        39,4784      ^         ^  ^^^o    Gr  , 

P  =:  — 1- .  Mr  =  1,2238  .  -^  pounds. 

The  number  u  of  reTolutions  per  minute  is  often  given,  in  which 
case,  substituting  for  /,  — ,  we  have 

ao  4784. 

P  =  ~'-P^ u'Mr  =  0,010966  w*  Jf  r  =  0,0003399  u^Gr  pounds. 

•^e  have  also  P  =  4,0243  ~  =  0,001118  u*  G  r  kilograms^ 

Since  -—  is  the  angular  velocity  u,  we  can  also  write 

P  =  io\Mr. 

Hence  it  follows  that  for  equal  times  of  revolutiouy  le.  for  the 
same  number  of  revolutions  in  a  given  time  or  for  the  same  angular 
velocitiesy  the  centrifugal  force  increases  as  the  product  of  the  mass 
and  the  radius  of  gyration  ;  and  if  the  other  circumstances  are  the  . 
samsy  it  is  inversely  proportional  to  the  square  of  the  time  of  revolu- 
tion, or  directly  proportional  to  the  square  of  the  number  of 
revolutions  and  to  the  square  of  the  angular  velocity. 

EzAXFLB — 1)  If  a  body,  weighing  50  pounds,  describes  a  circle  of  8  feet 
radios  400  times  in  a  minute,  the  centrifugal  force  is  P  =  0,0003809 . 
400* .  50 .  8  =  8,899  .  16  .  50  .  8  =  889,9  .  24  =  8168  pounds. 

If  this  body  is  connected  with  the  axis  by  a  hemp  roi)e,  the  modulus 
of  ultimate  strength  of  which  is  (J  212)  7000  lbs.,  we  should  put  8168  = 

7000  .  P,   and  therefore  the  cross-section  of  rope  should  be  P  =  yqqq  ~ 
1,165  square  inches,  and  its  diameter  should  be 

^  =  y   —  =  0,5642  .  VpSo  =  0,5642  .  2,159  =  1,22  mches. 

In  order  to  have  triple  security,  we  must  make  d  =  1,22  V8  = 
1,22  .  1,782  =  2,11  inches. 

2)  From  the  radius  of  the  earth  r  =  20}  million  feet,  and  the  time  of 
39 
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TCTolDliaii  or  length  of  daj  f  s  24  houra  =  £4  .  00  .  60  =  86400  Hccmda, 
we  obtain  for  the  centrifugal  force  of  bod;  upon  the  earth  at  the  equator 

P- 1.3388.— g^^—  =  -g^..  &^^.0, 

bat  if  the  day  were  17  tdmee  as  short,  or  ^7  »  Ih.  24'  42",  this  fnroe  woqM 

be  17*  :r  2B9  times  as  great,  and  tiie  ceutriftigal  force  would  be  neuly 
equal  to  the  weight  3  of  the  body.  At  the  equator,  in  that  case,  the  cen- 
trifugal force  would  be  equal  to  the  force  of  grant;,  and  the  body  would 
nnther  &11  nor  rise. 

8)  llie  centriftigal  force  ariung  fiom  the  revolution  of  the  moon  around 
the  earth  is  counteracted  by  the  attraction  of  the  latter.  If  C  is  the  weight 
of  the  moon  and  r  is  its  distance  fh>m  the  e«rth,  and  t  the  time  of  rerolo- 
tion  around  the  latter,  the  centrifhgol  force  of  this  body  is 

=  1,2888 .  ^. 
Now  let  a  be  the  radius  of  the  earth,  and  let  us  assume  that  the  force 
•f  gravity  at  different  distances  fhim  itfl  oentie  is  inveieely  pn>portion2l  Yo 
the  nth  power  of  this  distance;  we  have  the  weight  of  the  moon  or  the 
attraction  of  the  earth  _  „  /•\" 

and  patting  both  forces  equal  to  each  other 
(?)-=l,SM8.f 
But  -  =  gs,  r  =  18S1  million  foet,  t  =  S/J  days  7  hours  42  minutes  = 

80842  minntes  =  80843 .  60  =  2800020  Beconds,  whence 

/J_\-_  1,288B  ■  12C1 1 n  \' 

\60/  ~    868,4' .  86     ~  8600  ~  \Bo)  '• 
hence  n  =  3,  i.s.  the  attraction  of  the  earth  (or  gravis]  is  inversely  pro- 
portional to  the  Bqoare  of  the  distance  &om  its  centre. 

§  303.  Meohanlcal  Effect  of  the  Centrifagal  Force.— 
If  the  path  CAB,  Pig,  498,  in  which  the  body  M  moves,  la  not 
at  rest,  but  turning  upon  an  axis  C,  it 
Pia.  408.  imparts  to  the  body  a  cerUrifugai  force 

^  P,  by  virtue  of  which  it  either  gives  out 

or  absorbs  a  certain  amount  of  met^anicai 
effect.  The  former  occura  when,  in  tnov- 
ing  in  its  path,  it  departs  from,  and  the 
I  latter  when  it  ^proaohes  the  axis  of  rota- 
tion C.  Let  M  be  the  mnee  of  the  body, 
w  the  constant  angular  velocity  with  which 
the  path,  B.Q.  a  top  {Pr.  sabot,  Ger.  Krei- 
oel),  turns  aronnd  its  asis  C,  and  let  2  de- 
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note  the  variable  distance  C  M  of  the  body,  which  is  moving  in 
the  path  CAB;  we  have  the  centrifugal  force  of  the  body 

F  =  (o'Mz, 
and  the  work  done  by  this  force,  while  the  body  describes  an  ele- 
ment Jf  0  of  its  path  and  the  radius  0  M  ia  increased  by  an 
amount  iV  0  =  f ,  is 

Let  us  imagine  the  radius  2;  to  be  composed  of  n  parts,  each  =  4^ 
then  if  we  put  z  =:  n  i  and  assume  that  the  body  begins  to  move 
at  the  centre  of  rotation  C,  we  obtain  the  work  done  by  the  cen- 
trifugal force  of  the  body,  while  tlie  body  is  describing  the  space 
C  A  M,  during  which  time  the  distance  of  the  body  is  gradually 
increasing  from  0  to  i^  By  substituting  successiyely  in  the  last 
equation,  instead  of  Zy  the  values  ^,  2  ^,  3 1^, . . .  f»  C  ^i^d  then  adding 
the  values  thus  found,  we  obtain  this  mechanical  effect 
A  =  «•  Jf  f  (f+2f+3f+...+  n<')=w%¥ r(l  +  2  +  3  +  . . .  +n), 
or,  since  1  +  2  +  3  +  .*.  +^;  when  the  number  of  members  is 


great,  =  -^,  we  can  write 


n* 


Now  the  velocity  of  rotation  of  the  top  at  the  distance  (7  Jf  =  e 
from  its  axis  is 

hence  we  can  write  more  simply 

when  we  substitute,  instead  of  the  mass  of  the  body,  the  weight 
G  =:Mg. 

If  the  body  begins  its  motion,  not  at  (7,  but  at  any  other  point 
A  without  tiie  axis  of  rotation,  and  at  a  distance  0  A  =  Zi  from 
C,  where  the  velocity  of  rotation  is 

r,  =  6)  «|, 
the  work  J^  c/  Mzi*  done  by  the  centrifugal  force  while  the  body  is 
passing  from  Cto  A  must  be  omitted,  and  we  have  the  work  done 
by  the  centrifugal  force  while  the  body  passes  from  A  to  M 

If  a  body  moves  in  a  rigid  path  or  groove,  which  revolves  about 
a  fixed  axis,  the  via  viva  of  this  body  is  increased  or  diminished  by 
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the  prodact  of  the  maas  {M)  and  the  difference  of  the  heighte  doe 

to  the  velocities  of  reyolation  (^ —  and  x—)  at  the  two  ends  A 

and  M  of  the  path.  The  increase  takes  place  when  the  motion  is 
from  within  outward,  and  the  decrease  when  the  motion  is  &om 
without  inward. 

§  304.  If  a  hod;  begins  its  path  A  M  B  upon  a  top  ABC, 
Fig.  499,  at  A  with  a  relative  velocity  Ci, 
Pio.  4».  jnd  leaves  the  top  at  B  with  tie  relative 

velocity  c^  and  if  the  velocities  of  rotation 
of  the  top  in  A  and  £  are  v,  and  v^  the 
energy  fltored  by  the  body  in  describing 
the  path  A  M  B,  eupposing  no  other  force 
to  act  npon  it,  is 

A  =  '-'1^  a  =  "■'-"''  ^ 

and  therefore 


c,  =  c,"  +  v,'  - 
and  conseqaently  the  velocity  of  exit  it 


:   f'c'  +  V,'  —  V,*  =  Vc'  +  w'  (r,"  —  T,% 

<■)  denoting  the  angnlar  velocity  of  the  top  ajid  r,  and  r,  the  dis- 
tances O  A  and  C  B  of  the  points  {A  and  B)  of  entrance  and  exit 
^m  the  axis  of  rotation  C. 

The  relative  velocity  of  exit  e,  is  determined  in  like  manner, 
when  the  body  enters  at  B  npou  the  top  with  the  relative  velocity 
C  and  moves  upon  it  from  without  inwards.    It  is  then 
c,  =  f'c'  -  (V  -  V,')  =  fc,'-w'(r/-r,'). 

Since  the  body  in  describing  the  path  A  M  B  has,  besides  its 
relative  velocity  (c)  in  the  path,  also  the  velocity  of  rotation  v  of 
the  path,  it  mnst  be  introduced  at  A  with  an  absolute  velocity 
A  Wt  =  W|,  which  is  determined  in  intensity  and  direction  by  tha 
diagonal  of  the  parallelogram  constructed  with  c,  and  v,,  and  the 
body  leaves  at  B  with  an  absolute  velocity  B  w,  =  w„  determined 
by  the  diagonal  of  the  parallelogram  B  cWiV,,  constnicted  with 
t!ie  relative  velocities  c,  and  r,. 

The  energy  restored,  or  stored,  by  the  body  in  describing  the 
path  A  M  B  00.  the  top,  which  has  been  gained  or  lost  by  the 

top,  is 
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If  a  body  should  transmit  all  its  energy  ^  6^  to  the  top,  while 

describing  the  path  A  M  By  the  absolute  velocity  of  exit  must  be 
w,  =  0,  and  c,  must  be  not  only  equal  to  r,  but  also  exactly  oppo- 
site to  it ;  the  path  must  therefore  be  tangent  to  the  circumference 
at^. 

Example. — If  the  interior  radius  of  the  top,  represented  in  Fig.  499,  is 

6!il  :=  r,  =  1  foot  and  the  exterior  one  C7  P  =  r,  =  1^  feet  and  if  it 

leTolves  100  times  per  minute,  the  angular  velocity  is 

tru  10 

«  =  -g^  =  8,1416  .  y  =  10,472  feet, 

and  consequently  the  velocity  at  the  interior  circumference  is 

0^  =  cj  r^  =  10,472  feet,  and  at  the  exterior  one 
«,  =  «  r,  =  10,4';2  .  1,5  =  15,708  feet. 
Now  if  we  cause  a  body,  whose  velocity  is  tr ^  =  25,  to  enter  the  top  at 
Ay  in  sach  a  direction  that  the  angle  w^  A  t^  formed  by  its  absolute  mo- 
tion with  the  direction  of  revolution  is  a  =  80\  we  have  for  the  relative 
velocity  e^^  with  which  the  body  begins  its  motion  on  the  top, 

c,«  =  ©i*  +  w/  —  2t?i  Wj  eo9,  a  =  109,66  —  453,45  +  625,00  =  281,21, 

and  therefore 

Ci  =  16,77  feet 

If  the  body  is  to  enter  without  impact,  we  must  have  for  the  angle 

v^  Ae^  ^  p  formed  by  the  path  with  the  inner  circumference  of  the  top 

tin.  0       10^ 


,  or 


tin.  a        e^ 

.  25  nn.  80' 

*"*^=       16,77     ' 
whence  /3  =  48«  12'  f 

For  the  relative  velocity  of  exit  e^  we  have 

c/  =  (j,»  +  «,«  -  Cj«  =  281,21  +  109,66  [(|)«  -  1^]  =  418,28, 

and  consequently 

e^  =  20,45  feet. 

And,  on  the  contraiy,  for  the  absolute  velocity  of  exit  w^,  when  the  canal 
or  groove  A  M  B  forms  with  the  exterior  circumference  an  angle  d  =  20* 
or  v^Be^  =  160",  we  have 

w,«  =  c,»  +  ©,»  -  2  0,  «,  <»f.  d  =  418,28  +  246,74  -  608,72  =  61,80, 
and  consequently 

w,  =  7,80  feet 

Finally,  the  heights  due  to  the  velocities  are 
1^  =  0,0155  .  625  =  9,69  feet,  and  ^^  =  0,0155  .  61,81  =  0,95  feet, 

and  the  amount  of  mechanical  effect  imparted  to  the  top  by  a  body,  whose 
weight  is  (?,  while  passing  over  the  top,  is 
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or,  if  ita  weight  G'  =  10  pounds, 

A  =  8,74  .  10  =  87,4  foo^po1lIlds. 

Remabk. — ^The  foregoing  theoiy  of  the  motion  of  a  body  on  a  top  is 
directly  applicable  to  turbine  wheels. 

§  305.  Centrifagal  Force  of  Mbbbob  of  Finite  Dimen- 
sioxis. — The  formulas  for  the  centrifugal  force  found  in  the  fore- 
going paragraphs  are  not  directly  applicable  to  an  aggregate  of 
masses  or  to  a  mass  of  finite  extent ;  for  we  do  not  know  what 
radius  r  of  gyration  must  be  substituted  in  the  calculation.    To 

determine  this  radius,  the  following 
method  may  be  adopted.  Let  C  Zj 
Fig.  500,  be  the  axis  of  rotation  and 
CXand  C  J'two  rectangular  co-ordi- 
nate axes  and  let  Jf  be  an  element  of 
the  mass  and  MK^XyML^y  and 
M  N  ^  2P  its  distances  from  the  co-or- 
dinate planes  Y  Z^  X  Z  and  X  T. 
Since  the  centrifugal  force  P  acts  in  the 
direction  of  the  radius,  we  can  transfer 
its  point  of  application  to  its  point  of 
intersection  with  the  axis  of  rotation. 
If  we  decompose  this  force  into  two  components  in  the  directions 

of  the  axes  C  Xand  (7  Y,  we  obtain  ~0Q  =  C  and  ~0~R  =  Ry  for 
which  we  have 

0  Q:0  P  =  OL:  OManA  0  R:  0  P  =z  0  K:  0  My 
whence 

^      r  r 

r  designating  the  distance  0  M  of  the  element  of  the  mass  from 
the  axis  of  rotation.  If  we  proceed  in  the  same  way  with  all  the 
elements  of  the  mass,  we  obtain  two  systems  of  parallel  forces,  one 
in  the  plane  X  Z  and  the  other  in  the  plane  Y  Z,  and  each  of 
which  acts  at  right  angles  to  the  axis  C  Z.  Employing  the  indices 
1,  2,  3,  etc.,  to  distinguish  the  various  elements  of  the  mass,  I.B. 
putting  them  =  Jf,,  M^  M^,  etc.,  and  their  distances  =^  XiyX^x^ 
etc.,  we  have  the  resultant  of  one  system  of  forces 


+  • +  — - —  -r 


=  cjj .  {Ml  Xi  +  M^Xi  +  . » .), 


Tt 
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and  that  of  the  other 

£  3=  iZ,  +  -Bi  +  . . .  =5  6)* .  ( Jf,  y,  +  Jf,  y,  +  . . .). 

If,  finally,  we  pnt  the  dich 

tanoe  C  d,  C  Of,  etc.,  of  the 
elements  of  the  mass  from 
the  plane  of  X  ^  =  £|,  Zf, 
etc.,  we  obtain  for  the  points 
of  application  U  and  V  of 
these  resultants  the  ordi- 
nates  C  U  =  u  and  C  F=  v 
by  means  of  the  formulas 

(Oi  +  ft  +  •  •  •)  w 
=  Oi  «i  +  0« ««  +  •  •  • 

and  (i2i  +  R%  •¥  .  .  .)  v  = 
RiZx^-  Rt%i  +  ..^ whence 
M\  Xi  Zi  -h  Mi  Xf  Zi  -h  ... 


and 


_  ft  gi  +  ft  gf  -f  *  *  * 
ft  +  ft  + 


•  • 


V  = 


^1  z^  +  ihi  Zf  4- 


•  * 


_  JTi  yi  gi  +  3f,  y^  g»  +  .  ■  ■ 
-Wi  yi  +  if,  y,  + 


• .  • 


Hence  we  see  that  generally  the  centrifngal  forces  of  a  system 
of  masses  or  of  finite  bodies  can  be  referred  to  two  forces,  which 
cannot  be  combined  so  as  to  give  bat  a  single  resnltant  when  u 
and  V  are  onequaL 

Example.— Let  the  massed  of  a  system  be 
M^  =  10  potmds,  M^  =3  15  poandS)  Jf,  =s  18  ponnds,  M^  :s  12  pounds^ 
and  their  distances 

«^  3z  0  inches,  0g  s  4  inches,  0,  =3  8  inches,  04  =  6  inches, 


«i  =  2 


(I 


u 


t,  =  8 


(( 


(i 


«.  =  8 


(i 


a 


(4 


(( 


then  the  resultants  of  the  centrifugal  forces  are 

Q  =  ««  .  (10  .  0  +  16  .  4  +  18  .  2  +  12  .  6)  =  168 .  »•  and 
J?  =  «»  .  (10  .  8  +  15  .  1  +  18  .  5  +  12  .  8)  =  171 .  ««, 

and  consequently  their  distances  irom  the  origin  C  are 

10.0.2  +  15.4.8  +  18.2.8  +  13.6.0     S88      12    ,^,,,    ^ 

=jg-3=y =1,714  inches, 

and 


10.0  +  16.4  +  18.2  +  12.6 
10.8.2  +  15.1.8  +  18.6.8  +  12.8.0 


^^  875     125     .__.    , 

•  ~  10. 8  +  15. 1  +  18. 6  +  12. 8"         •=  171=  -57  =  2,l»3mche8. 

The  difference  of  these  yalucs  of  tt  and  v  shows  that  the  centrifugal 
forces  cannot  be  replaced  by  a  single  force. 
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Fig.  503. 


§  306.  If  the  elements  of  the  mass  lie  in  a  plane  of  rotation, 

LB.  in  a  plane  X  C  F,  Fig.  602, 
which  is  at  right  angles  to  the 
axis  of  rotation,  as  if  i,  ifs . . .,  do, 
their  centrifugal  forces  will  give 
a  single  resultant;  for  their  di- 
rections cut  each  other  at  one 
point  C  of  the  axis  C  Z.  Kwe 
retain  the  notations  of  the  last 
paragraph,  we  obtain  the  re- 
sulting centrifugal  force  in  this 
case 

Now  if  C  JST  =  a;  and  C  L  =  y  axe  the  co-ordinates  of  the 
centre  of  gravity  of  the  system  of  masses  Jf  =  Jfi  +  if,  +  . . ., 
we  have 

ifi  an  +  ifj  a?j  +  . . .  =  if  a; 

Miyi  +  Mfift  +  ...=z  My, 

whence  it  follows  that  the  centrifugal  force  is 

P  =  a)»  VM^T?  +  M^y"  =  «*  MVa?  +  y*  =  w'if  r, 

in  which  r  =  Va^  +  y*  designates  the  distance  C  8of  the  centre 
of  gravity  from  the  axis  of  rotation  0  Z. 

For  the  angle  P  (7  X  =  a,  formed  by  this  force  with  the  axis 
(7 X,  we  have  ^  B       My      y 

consequently,  the  direction  of  the  eerUrifugcU  force  passes  through 
the  centre  of  gravity  of  the  system^  and  that  force  is  precisely  the 
same  as  it  taould  be  if  all  the  elements  of  the  mass  were  concentrated 
at  the  centre  of  gravity. 

For  a  disc  ^  P  at  right  angles  to  the  axis  of  rotation  Z  Zy 

Fig.  503,  the  centrifugal  force  is  also  = 
<J  Mr,if  M  denotes  its  mass  and  r  the  dis- 
tance (7  /S  of  its  centre  of  gravity  from  the 
axis.  If  the  centres  of  gravity  of  the  ele- 
ments of  the  mass  of  a  body  lie  in  a  plane  of 
rotation,  or  if  this  plane  is  a  plane  of  symme- 
try of  the  body  A  D  F  F,,  Fig.  604,  the  cen- 
trifugal forces  of  the  elements  of  the  mass  of 
the  body  can  be  combined  so  as  to  give  a 
single  resultant  acting  at  the  centre  of  gravity  of  the  body,  and 


I 
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this  resnltant  corrcsponds  to  the  diatance  of  this  point  S  from  the 
axis  of  rotation  and  ctm  therefore  be  dotemiioed  by  the  formola 
F  =  a'Mr. 

Fio.  501.  Fig.  MB. 


y-^ 


Id  Older  to  find  the  oentriftigal  force  of  a  body  A  B  D  B, 
Fig.  605,  let  ns  divide  it  into  disc-shaped  elements  by  planes  per- 
pendicalar  to  the  axis  Z  Z,  and  then  find  their  centres  of  gravity 
Si,  St,  etc ;  we  can  then  determine  by  the  ud  of  the  latter  the  cen- 
trifngal  forces,  by  decomposing  these  into  their  components  in  the 
directions  of  the  axes  C  Xand  0  Y  and  by  combining  the  compo- 
nents m  the  plane  Z  G  X,yie  obt^n  the  resnltant  Q,  and  by  com- 
bining those  in  the  plane  Z  C  Y,ve  obtain  their  resultant  R, 

If  the  centre  of  gravity  of  all  the  discs  lie  in  a  line  parallel  to 
the  axis  of  rotation,  we  have  x  =  Xi  =  Xt,  etc,  sod  y  =  yi  =  y»  ete., 
and  therefore  r  =  Vt  =  r„  etc.,  whence  it  follows  tliat  the  centrif- 
ngal  force  of  the  whole  body  is 

P  =  w'  (J/i  r  +  J^  r  +...)  =  <^'  Mr, 
and  that  the  distance  of  the  point  of  application  from  the  plane 
jris 

-  ('tf^i  x,-\-  M,T,  +  ...)r  _  Jf,  g,  -f-  3/,  z,  +  .  ■  ■  _ 
'~     (if, +ir,+ ...)r     ~     M,  +  M,  +  ...     "'• 

From  these  equations  we  see  that  the  centrifugal  force  of  a  body, 
which  can  be  divided  into  discs,  whose  centres  of  gravity  lie  in  a 
line  parallel  to  the  axis  of  rotation,  is  equal  to  the  centrifugal  foroe 
of  the  mass  of  the  body  concentrated  at  its  centre  of  gravity,  and 
the  point  of  apphcatioa  of  this  force  is  at  the  centre  of  gravity. 

Hence  we  can  find  in  this  manner  the  centrifugal  forces  of  all 
tymmeirical  bodies  (see  g  106),  whoae  axis  of  symmetry  is  parallel 
to  their  axis  of  rotation,  and  also  that  of  all  solids  of  revolution, 
whose  geometrical  axis  is  parallel  to  the  axis  of  rotation.  If  the 
axis  of  rotation  and  the  geometrical  axis  coincide  the  resulting 
centrifiigal  force  is  =  0. 
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EzAUFLB. — The  dimeDsioiiB,  heaTinesa  and  streiigth  of  a  mill-itcma 
A  B  D  B,  Fig.  SOe,  aie  giveii ;  required  the  angular  velocity  u  when  the 
■tone  !■  torn  apart  by  the  centriftigal  force.     Putting  the  radius  of  tb« 
millstone  =  r, ,  the  tadiue  of  its  eye 
Fio.  KB.  =  r„  ita  height  A  E  =  S  L  =  I, 

its  heaviness  =    y   and  the  moda* 
lU8  of  ultimate   strength  =  K,  MO 
have  the  force  necessary  to  tear  tlie 
,  atone  apart  in  a  diametral  plane 

P  =  a  (r,  -  r,)  t  K, 
the  weight  of  the  stone 

and  the  radius  of  rotation  for  each 
h&lf  of  the  stone,  I.e.  the  distance 
of  its  centre  of  gravity  from  the 
axis  of  revolution  (see  )  114), 


At  the  moment  of  tearing  apart  the  centriftigal  force  of  one-half  the  stone 
is  equal  to  the  biealdiig  load  of  the  stone,  and  we  have 

^^'  u'.|(r,«-^'>'^  =  S{r, -r,)iJr. 

Cancelling  3  I  on  both  fides  of  the  equation,  we  have 


-  .Ag(r. -f,)-g  _     /  figS 

"    ^   (^'-'■,■)7  ~ ''^  (V +  »■.*■»  + V)  >■ 

Now  if  r,  =  a  feet  =  24  inches,  r,  =  4  inches,  K  =  750  pounds  and 
the  specific  gravity  of  the  stone  =  3,0,  or  the  weight  of  a  cubic  inch  of  it 

Y  =  — '     "     '    =  0,09028  pounds,  we  have  the  angular  velodtj,  wheo 

the  tearing  begins, 


.  =  / 


8  .  12  .  S3,3  .  750 


If  the  number  of  revolutions  in  a  minute  = 

80u       .     ,,                 80  .  118,8       ,,„  ™ 

inversely  «  =  ,  or  m  this  cose,  = —  =  liasj, 

Qenerally  the  number  of  revolutions  of  such  a  stone  ia  laO  or  about  nine 
times  Ices,  For  a  fiy-wheel  we  can  put  r,'  ■+  r^Vf  +  r,'  =  8  »^,  *■  denoting 
the  radius  of  the  middle  of  the  ring,  and  consequifQtIy  we  have 

g  307.  If  all  the  parts  M„  M,  of  a  Byetem  of  maaaes,  Fig.  507, 
or  the  centres  of  gravity  a/  the  elements  of  a  body  ore  in  a  plana 


Fig.  607. 
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passing  through  the  axis  of  rotatum^  the  centrifugal  forces  fonn  a 
system  of  parallel  forces  and  can  be  referred  to  a  single  force.    Let 

the  distances  of  the  elements  of_the 
mass  from  the  axis  of  rotation  ZZhe 

0,  Ml  =  ri,  Oi  Mi  =  r^  etc., 
then  the  centrifugal  forces  are 
Pi  =  01*  if,  r„  Pi  =  0)*  Mi  rt,  etc., 
and  their  resultant  is 
Pi  =  w*  {Ml  ri  +  Jfg  r,  +  . . .) 

=:6)»Jfr, 

r  denoting  the  distance  of  the  centre 
of  gravity  of  the  whole  mass  Jffrom 
the  axis  of  rotation.  The  distance 
of  the  centre  of  gravity  from  the  axis 
of  rotation  must  be  considered  here  as  the  radius  of  rotation.  In 
order  to  find  the  point  of  application  0  of  the  resulting  centrifugal 
force  P,  we  substitute  the  distance  of  the  elements  of  the  mass 
from  the  normal  plane,  viz.,  C  Oi=^Zy,C  Ot^Zt,  etc.,  in  the  formula 

/7  /%      ^      if,  ri  «i  +  ifj  r,  «8  +  . . . 

M^ri  -^  Miri  -{-  ... 

By  the  aid  of  the  formula  P  ^  v^  Mr  the  centrifugal  forces 
of  solids  of  revolution  and  of  other  geometrical  bodies  can  be  deter- 
mined, when  the  axis  of  these  bodies  is  in  the  same  plane  aa  the  axis 
of  revolution. 

For  a  rod  A  C,  Fig.  508,  whose  length  \a  A  C  =  I  and  whose 

angle  of  inclination  A  C7  Z  to  the  axis 
of  rotation  is  =  a,  we  have 

r  =^  K  S  ^  \l  sin  ay 
and  conseqjiently  the  centrifugal  force 

P  =  G}* .  i  Ml  sin.  a ; 
but  in  order  to  find  the  point  of  appli- 
cation 0  of  this  force,  we  must  substi- 
tute in  the  expression 


Fia.608. 


M 


a>* .  —  X  sin.  a  ,  x  cos.  a 
n 


=  6)' .  —  a^  sin.  a  COS.  a 
n 


M 


for  the  moment  —  of  the  rod  successively,  instead  of  x.  the  ele- 


620 
meatB 


GENERAL  PRINCIPLES  OF  MECHAHICa 


[§807. 


,  etc,  and  add  Uie  espreseiotiB  thus  obtained  to- 
ft n    «  ' 

getber.    In  this  manner  we  find 

Pu  =  <^'^  Bin.  acos.a~{l'  +  2*  +y  +  ...  +  «') 

=  i  i^*  Ml'  sin.  a  COS.  a, 
hence  the  arm  C  L  =  0,0  or 

H  =  j  u*  Jf  /*  sin.  a  COS.  a  :  i  u*  M I  atn.  a  =  §  ^  cos.  a, 
and  tlie  distance  of  the  point  0  from  the  end  Cot  the  rod,  which 
liee  on  the  axis,  is 

C  0  =  iL 
If  the  rod  A  B,  Fig.  509,  dws  not  reach  the  axis,  we  have 
/>  =  ^  w'  Ft,*  sin.a  ~  ^  «"  Fl,'  sin.  a 
=  ii^*Fsin.a{l,*^l,% 
and  the  moment 

Pu  —  \ui*  Ftin.  a  COS.  a  {I,'  —  V); 
for  the  mass  of  C  ^  {=  crosa-section  multiplied  by  the  length)  is 
=  Fl,and  the  mass  of  CB,  =  FU- 

It  follows,  therefore,  that  the  distance  of  the  point  of  applica- 
tion 0  from  the  point  of  intersection  C  with  the  axis  is 


CO=f  5C^!orCO=/  +  ^ 


I  denoting  the  distance  C  iS'  of  the  o 
length  of  the  rod. 


-^.)' 


12/    ' 
of  gravity  and  ^i  —  ^  flie 


This  formula  holds  good  also  for  a  rectangular  plate  A  B  D  E, 
Fig.  610,  which  is  divided  into  two  similar  rectangles  by  the  axial 
plane  C  0  Z,  and  whose  plane  is  at  right  angles  to  this  axial  plane ; 
for  the  points  of  application  of  the  centrifugal  forces  of  the  slices, 
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obtained  by  paeeing  planes  through  it  perpendicular  to  C  ^,  are 
in  the  medial  line  F  O.  Now  if  the  disUnceB  C  F  and  C  6=  of  the 
two  bases  A  B  and  F  E  from  the  origin  (7  are  i|  and  U,  we  have 
here  also 

In  like  maoner  the  centrifugal  force  of  a  right  cone  ABU, 
vith  a  circular  batie,  Fig.  511,  wliicli  tnms  about  an  axis  C  D 
passing  throngh  its  apex,  is  found  by 
Pw.  511.  substituting  in  the  formnla  P  =  <J  M  r 

for  T  the  distance  K  S  oi  the  centre  of 
gravity  S  of  this  body  from  C  Z.  If  A 
denote  the  altitude  K D  of  the  cone,  and 
a  the  angle  B  C  Z  formed  by  the  base 
of  the  cone  with  the  axis  of  rotation, 
we  will  have 

K  S  =  DS  cot.D  8  K=  I  htm.  a, 
and  consequently  the  required  centrifu- 
gal force  is 

P  =  w'  J/"  J  A  COB.  a. 

The  point  of  application  0  of  this 

force  is  determined  by  the  co-ordinates 

D  L  =  u  and  L  0  =  r,  for  which  we 

find  with  the  aid  of  the  Calculus,  under 

the  supposition  that  the  axis  of  rotation  C  Z  does  not  pass  through 

the  cone,  the  following  expression 

.  =  ii„„.«[i-(^j] 

r  denoting  the  radius  K  A  =  KB  of  the  base. 

§  308.  If  all  the  different  parts  of  the  body  tie  neither  in  a 
plane  normal  to  the  axis  of  revolntion,  nor  in  one  containing  that 
axis,  the  resulting  centrifugal  forces 

Q  =  d'  [M,  X,  +  M,x,  +  ...)saAR  =  <^'  {M,  y,  +  3/,  y.  +  . ..) 
will  not  give  a  single  force,  bnt  it  is  possible  to  replace  them  by  a 

force  

P  =  VOLTS' =  >•>' M  r, 
applied  at  the  centre  of  gravity,  and  by  a  couple  composed  of  Q 
and  R.    If  we  apply  at  the  centre  of  gravity  four  forces  +  Q  and  —  Q 
as  well  ae  +  R  and  —  R,  which  balance  each  other,  the  positive 
forcea  will  give  the  resultant 
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while  the  negative  ones  -  Q  and.  ~  R,  together  with  the  centrifti- 
gal  fopcea  applied  at  U  and  V  (see  Fig.  601)  form  the  coaplea 
(Gi  —  Q)  »nd  {R,  —  R),  which  can  be  combined  so  as  to  form 
a  single  couple. 

In  order  to  nnderstand  better  this  referring  of  the  ceatrifngal 

forces  of  s  revolving  body  to 

Pro.  013.  "^8  ^'^^'^  ^^^  one  couple, 

J  let  us  consider  the  following 

simple  case.    The  rod  -^  -B. 

Pig.    612,    which    revolves 

about  the  axis  Z  Z,  is  par^- 

lel  to  the  plane  T  Z  and  its 

end  A  reposes  npon  the  axis 

C  X.     Let  ne  denote  the 

length  A  B  ot  the  rod  by  l^ 

its  weight  by  ff,  the  angle 

A  B  B„  formed  by  the  rod 

with  the  axis  of  rotation,  by 

a  and  its  distance  C  A  from 

the  plane  FZ,  which  is  also 

ito  shortest   distance  from 

the  axis  Z  Z'hy  a.    Now  if 

jE"  is  an  element  —  of  the  rod, 

and  y  =  A  B,  the  horizontal  projection  of  its  distance  A  ^from 

the  end  A,  we  have  the  components  of  the  centrifugal  force  P,  of 

this  element 

e,  =  <-■ .  ^  .  CA  =  ^'.~amiR,  =  ^.^.A^,  =  ,^'.K« 
n  n  n  '  n  "' 

and  their  moments  in  reference  to  the  plane  X  (7  F  of  the  base, 
since  the  distance  of  the  element  from  this  plane  X  Fis 
B,E=  A  Ey  cotff.  o  =  y  ootg.  a,  are 
Qi  »i  =  u' .  — .  'CA  .  S^  =  w' .  _  a  y  cotff,  a  and 
Ri  «,  =  w* .  —  y» .  cotff.  a. 
The  resnltant  of  all  the  components  parallel  to  X^is 
Q  =  Q,  +  Q,  +  -..  =  n.<^\-a  =  u'.Ma, 
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and  its  moment  is 

A/" 

Qu  =  QiZi  +  C,  «,  +  ...=  «*.  —  a  cotg.  a  (yi  +  yt  +  . .  .)> 

ft 

I  sin.  a  2  1  sin.  a  SI  sin.  a   . 

or,  since  yi  =  — - — ,  y^  = ,y,  = ,etc.,Mid«>^jr.tt. 

n  n  n 

sin.  a  =  cos,  cl,  we  have 

Ott  =  w*.  —  acos.a..-  (1  -f  2  +  3  f  .. .  4-n)  =  w*. — acos.a-  .  -^ 
^  n  n^  '  n  n    % 

=  ^  w' .  Ma  I  COS.  a. 

The  distance  of  the  point  of  application  of  this  component  from 

the  plane  X  1^  of  the  base  is 

a    a  i  <^*  ^  <^  I  COS.  a  ,   , 

Si  8  =^  u=^ rnr/ ^  II  cos.  a, 

LB.,  this  point  coincides  with  tlie  centre  of  gravity  of  the  rod. 
The  resultant  of  the  components  parallel  to  F  Z  is 

M 

5  =  5,  +  JZ,  +  . . .  =  «' .  —  (yi  4-  y»  +  . . .) 

n 

,    Ml  sin.  an*      i    •  1^7   .  -i  -j  •  . 

=  «• . .  7r-  =  ^a»' if  mn.  a,  and  its  moment  18 

n       n         A 

M 
^  v  =  G)'  —  .  eotg.  a  (y^  +  y»*  +  . . .) 

,    M       ,       m  sin.  ay   .    (2lsin.ay    .        \ 

=  «• .  —  .  cotg.  a  I  ^^ Y-^  +  "^ i — -  +  •  •  •) 

n        ^     \       n*  n*  / 

=  w' . —  .  — 5-  {sin.  ay  cotg.  a  (1  +  4  +  9  +  . . .  +  n*) 

.   M    f    .  n' 

=  «' .  —  .  — i  sin.  a  cos*  a .  -^ 
n     V?  3 

=  I  «•  Jf  P  «7i.  a  COS.  a. 

Hence  the  distance  of  the  point  of  application  0  of  this  force 

from  the  plane  X  F  is 

^   ^  4  w"  MV  sin.  a  cos.  a       „  _ 

0,  0  r=  t;  =  - — z — ,3,^,    . —  %lcos.  a, 

^u*  Ml  sin.  a  •  ' 

I.B.  this  point  lies  at  a  distance  (|  —  2)  Z  cos.  a  =  ^  I  cos.  a  yerti- 
cally  above  the  centre  of  gravity,  or,  in  general,  5  0  =  J  of  the 
length  of  the  rod  A  B. 

From  the  two  components  Q  =  f»i^  M  a  and  R  =  ^  u*  Ml 
sin.  a,  it  follows  that  the  final  resultant,  which  acts  at  the  centre 
of  gravity  of  the  rod,  is 

P  =  VQ"  +  IP  =  w*  MVa'  +  ^rsin.a\ 
that  the  couple  is  {By  —  S),  and  that  its  moment  is 
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R,SO  =  ^(o*Ml  sin,  a  •  J  /  cos.  a 

=  j\i  0)'  Jf  P  sin,  acos,a  =  j^a)*Mr  sin.  2  a. 

§  309.  Free  Axes. — ^The  centrifugal  forces  of  a  body  revolv- 
ing uniformly  upon  its  axis  generally  exert  a  pressure  upon  the 
axis,  yet  it  is  possible  for  these  forces  to  balance  each  other,  in 
which  case  the  axis  is  subjected  to  no  pressure  from  them.  As  ex- 
amples of  this  case  we  may  mention  solids  of  revolution  turning 
around  their  axis  of  symmetry,  or  geometrical  axis,  the  wheel  and 
axle,  water  wheels,  etc.  K  a  body  in  this  condition  is  acted  upon 
by  no  other  forces,  it  will  remain  forever  in  revolution,  although 
the  axis  is  not  fixed.  This  axis  of  rotation  is  therefore  called  a 
free  axis  (Pr.  axe  libre,  (Jer.  freie  Axe).  From  what  precedes,  we 
know  the  conditions,  which  are  necessary  when  an  axis  of  rotation 
becomes  a  free  axis.  It  is  necessary  that  not  only  the  two  re- 
sultants Q  and  B  of  the  forces  parallel  to  the  co-ordinate  planes 
X  Z  and  Y  Z,  but  also  that  the  sums  of  the  moments  of  each  of 
the  two  systems  of  forces  shall  be  =  0,  whence  it  follows  that 

1)  MiXi  -f  Jf,  re,  +  . . .  =  0, 

2)  if,  yi  +  Jf,  y,  +  . . .  =  0, 

S)  MiXiZi  +  MfX^z^  +  . . .  =  0  and 
4)  if,  y,  j?,  +  ifj  y, «,  +  . . .  =  0. 

The  first  two  conditions  require  the  free  axis  to  pass  through 
the  centre  of  gravity  of  the  body  or  system  of  masses.  The  two 
latter,  however,  give  the  elements  required  for  determining  the  po- 
sition of  this  axis.  It  can  also  be  proved  that  every  body  or  system 
of  masses  has  at  least  three  free  axes,  and  that  these  axes  are  at 
right  angles  to  each  other  and  intersect  each  other  at  the  centre  of 
gravity  of  the  system. 

The  higher  mechanics  distinguishes  from  the  free  axes  other 
axes,  which  may  intersect  each  other  at  any  point  of  the  system  and 
which  are  called  principal  axes  (Fr.  axes  principaux,  Ger.  Hanpt- 
axen).  It  is  also  proved  that  the  moment  of  inertia  of  a  body  in 
reference  to  one  of  the  principal  axes  is  a  maximum,  and  in  rela- 
tion to  the  second  it  is  a  minimum,  and  in  relation  to  the  third  it 
has  a  mean  value,  and  that  for  a  point  which  lies  in  the  free  axes 
the  principal  axes  are  parallel  to  the  free  axes,  I.E.  to  the  principal 
axes  passing  through  the  centre  of  gravity. 

§  310.  Free  Axes  of  a  System  of  Masses  in  a  Plane. — 

If  the  parts  of  a  mass  are  in  a  plane,  E.G.,  if  they  form  a  thin  plate 
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or  plane  figure,  then  the  straight  line,  passing  through  the  centre 
of  gravity  of  the  entire  mass  at  right  angle  to  that  plane,  is 
a  free  axis  of  the  mass ;  for  in  this  case  the  mass  has  no  radius 
of  rotation,  and  therefore  the  only  possible  centrifugal  force  is  =  0. 
In  order  to  find  the  other  two  free  axes,  we  employ  the  following 
method.    Let  8,  Fig.  513,  be  the  centre  of  gravity  of  a  mass  and 

let  U  ^  and  F  F  be  two  co-ordinate 
axes  in  the  plane  of  the  mass  and  let  us 
determine  the  elements  of  the  mass  by 
means  of  co-ordinates  parallel  to  these 
axes,  E.a.  the  element  Mi  by  the  co-or- 
dinates Jf,  JV^=  th  and  Jf,  0  =  v,.    Now 

if  XXis  one  free  axis  and  F  Fan  axis 
at  right-angles  to  the  same  and  if  the 
angle  U  8  JT,  which  the  free  axis  makes 
with  the  axis  of  co-ordinates  8  U  and 
which  is  to  be  determined,  =  0,  then 
putting  forjhe  co-ordinates  of  the  elements  of  the  mass  in  refer- 
ence to  XX  and  F  F,  arj,  ^ .  • .  and  yi,  y^  •  • .,  E.G.  for  those  of 

the  mass  Mi 

Ml  K  =  Q^  and  -Ztfi  i  =  y„ 
we  obtain 

Zi=MiK=SR-\-RL=80co8.<l>'hOMi8in.<t>=UiC08.<l>-\'ViSin.<l>,. 

yi-MiL=  ^OR^OF=  -80sin.<l>+  OM,co8.(f> 

=  —  «,  sin,  (f>  -¥  Vi  COS.  0, 

and  therefore  the  product 

^  yi  =  (wi  C08.  (f>  -\-  Vi  sin.  0)  .  (—  %ti  sin,  9  +  Vi  cos.  <t>) 
=  —  (wi*  —  Vi*)  sin.  0  COS.  0  +  Ui  Vi  {cos.  0'  —  sin.  0'), 
or,  since  sin.  0  cos.  0  =  3  sin.  2  0  and  cos.  0*  —  sin.  0*  =  cos.  2  0, 

a^i  yi  =  —  2  (wi*  —  Vi*)  sin.  2  0  +  t^i  t?i  cos.  2  0, 
and  therefore  the  moment  of  the  element  Mi  is 

MiXiyi=z -^  (w,'  —  v*) sin. 2 0  +  ifi t^,  v, cos. 2 0, 

and  in  like  manner  the  moment  of  the  element  M^  is 

M 

MiX^i/i^ ^  (u*  —  v^)  sin. %<f>  -k-  M^y^v^ cos. 2 0,  eta, 

and  the  sum  of  the  moments  of  all  the  elements  or  the  moment  of 
the  entire  mass  itself  is 

MiXit/i  -\-  M^x^y^  +  ...=  --  \  sin.  2  0  [{Mi  Ui   -V  M^u%  -V  .. .) 
—  {MiVi  +  M^v^  +  •••)]  +  co8.%^{MiUiVi  +  JfjWjV,  +  ...). 

40 
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In  order  that  X  X  shall  be  a  free  axis,  thia  moment  mart  be 
=  0 ;  we  mnst  therefore  pnt 
i»».3*[(jr;«,*  +  Jf, «,'  +  ... )-{-i>'ifi' +■*;».'  +...)] 

—  C08.%^{My  M,  p,   +  Jf,  u,  p,  +  .,,)  =  0, 
from  this  ve  obtain  the  equation  of  condition 

*m^    8(^.".  I'. +  -y.«.  .>.  +  ..■) 

**^  *^      co».%<p     (Jf,«,'  +J/,w.'  +  ...)  -  (Jf,r.'+Jf. »,'  +  ...) 

_  Double  the  moment  of  the  oentrifogal  force 

Difference  of  the  momente  of  inertia 

This  formula  gives  two  Talnea  for  2  *,  which  differ  from  each 

other  180',  or  two  valnea  of  ^  differing  90*  from  each  other ;  this 

angle  therefore  determines  not  only  the  free  axis  X  X,  but  also 

the  free  axis  F  Fperpendicnlar  to  it. 

§  311.  The  free  axes  of  many  surikoes  and  bodies  can  be  given 
without  any  cslcnlation.  In  a  symmetrical  figure,  B.G.,  the  axis  of 
symmetry  is  a  free  axis,  the  perpendicular  at  the  centre  of  gravity 
is  the  second,  and  the  axis  at  right-angles  to  tJie  suriiace  of  the 
figure  the  third  free  axis.  For  a  soUd  of  revolution  A  B,  Fig.  51^ 
the  axis  of  rotation  Z  Z  w  one  free  axis  and  in  like  manner  eretj 
normal  XX,  F  F . . .  to  this  line  and  passing  through  the  oentre 
of  gravity  is  another.  For  a  sphere  every  diameter  is  a  free  axis,  and 
for  a  ri^i  paraOtAopipedon  A  B  D,  Fig.  616,  bounded  by  6  rectan- 
ViG.  814.  Pia.  61S. 


glee  they  are  the  three  axes  X  X,Y  Y  and  Z  Z,  passing  throngh 
the  centre  of  gravity  perpendicular  to  the  sides  BD,AB  and  A  D, 
and  parallel  to  the  edges- 
Let  us  now  determine  the  three  axes  for  a  rhomboid  A  B  CD, 
Fig.  516.  We  begin  by  passing  two  rectangular  co-ordinate  axes 
U  U  and  V  V  through  the  centre  of  gravity,  so  that  one  is  paral- 
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lei  to  the  side  A  B  of  the  rhomboid,  and  by  decomposing  the  rhom- 
boid by  parallel  lines  in  2  n  eqnal  strips,  such  b&  FO.  Now  if  one 
side  J  B=^%a  and  the  other  ^4  D  =  2  ft  and  the  acute  angle  ^  D  C 
between  two  sides  =  a,  we  have  the  length  of  the  strip  E  6?, 

situated  at  a  distance  8  E  ^  x 

from  UU, 

:=KG-\-EK=a-¥x  cotg.  a, 

and  that  of  the  other  part  E  F 
=  a  —  a;  cotg.  o, 

and  since  -  sin.  a  is  the  width  of 
n 

both,  we  have  the  areas  of  these 

strips 


h  sin,  a 


{a  +  X  cotg.  a)  and 


b  sin.  a 


{a  —•  X  cotg.  a) ; 


»  "     '  n 

and  consequently  the  measures  of  the  centrifugal  forces  of  the  two 

portions  in  reference  to  the  axis  F  F  are 

J  sin.  o,  .  ±     \    \  t    X        ±      \      b  sin.  a  ,     .         ^      \a 

(a  +  x cotg. a).l{a-¥x cotg. a)  =     ^  ^     {a  +  x cotg. ay 


and 


n 


2n 


b  sin.  a 
2n 


{a  —  X  cotg.  a)\ 


and  iheir  moments  in  reference  to  the  axis  U  Uaxe 

bsin.a  .     ,          .      .,         j.bsin.a,  ^      ., 

-^ (o  +  a?  cotg.  ay  x  and  — ^ (a  —  x  cotg.  ay  x. 

Since  the  two  forces  act  in  opposition  to  each  other  in  reference 
to  F  F,  by  combining  their  moments  we  obtain  the  difference 

b  X  sin*  a  r./  .      \«      /  ,      v-i       2     ,    . 

— 5 Ua  +  X cotg.  ay  —  (a  —  a? cotg. ay]  =  -abx'  cos. a. 

Z  n  n 

HI L*.   J.    •     ii*    «         1                .    ,    }  sin,  a  2  b  sin,  a 
we  substitute  m  this  formula  successively  — - — , 


n 


n 


3  b  sin.  a 
n 


>etc.,  and  add  the  results,  we  obtain  the  measure  of  the 


moment  of  the  centrifugal  force  of  one-half  the  parallelogram 


2ab 


ab  Vsin.^a,.^    .,    ^,  .  .v    «    ,.   . 

-—COS.  a. 5 —  (i«4.2«+3'+  ...+n')=2a J»«i 

n  n 


sin,' a  COS.  a. 


n' 


3  w* 


=  I  a  ft'  sin.*  a  cos.  a, 
and  for  the  whole  parallelogram  we  have 
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MiUiVi  +  MiUiVt  +  . . .  =  I  a  }'  sin.*  a  cos.  a. 

The  moment  of  inertia  of  one  strip  F  Gia  reference  to  V  V^ia 

_  }  sin.  a  i{a-\'X  cotg,  a)*   ,    (a  —  a;  cotg,  a)*\ 
""  ""w""  V  3  "^  3  / 

2  i  sin, «/,      o      9j«\      o^J'       /•      rt«j«\ 
=  — [a*  +  3  a  a;*  co^^.' « )  =  i  —  «*?*.  a  (a»  +  3  ic*  «?^.'  a). 

o  V  x-i.  i.'      !•  •    1    *  **^  a  2  ft  sin.  a  3  S  «w.  a    , 

SuDstitutmg  for  x  Buccessiyely y , ,  etc^ 

n  w,  n 

and  summing  the  resulting  values,  we  obtain  the  moment  of  inertia 

of  one-half  the  rhomboid^  which  is 

=  f  a  ft  sin.  a  (a*  +  ft*  cos.*  a), 

and  for  the  whole  rhomboid  it  is 

=  {ah  sin.  a  {a*  -f  ft'  cos.^  a). 

In  reference  to  the  axis  of  rotation  U  U  the  moment  of  inertia 
of  the  parallelogram  is 

=  -4  a  ft  8in.  a — ^ —  =  I  a  ft»  sin.*  a  (see  §  287), 

and  the  required  difference  of  the  moments  is  given  by  the  equation 

(if,  Wj*  -f  i/,  w,*  4-  . . .)  —  {M^  ^i*  +  -W/f  J*  +  . . .) 
=  I  a  ft  sin.  a  (a*  +  ft'  co«.*  a)  —  |  a  ft*  «w.*  a 
=  I  a  ft  «f n,  o  [a*  +  V  (cos*  a  —  w'n.'  a)] 
=  I  a  ft  «w.  a  (a*  +  ft*  cos.  2  a). 

Finally,  we  have  for  the  angle  U  8  X  =  (f>y  which  the  firee  axis 

X  X  makes  with  the  co-ordinate  axis  U  JJ  ox  with  the  side  A  By 
according  to  §  310, 

,        o  >f.  — ^  (ifi  ^1  ^1  '\'  M^u%Vi  -\-  . . .) 

tang.  ^  ^  -  ^^^  ^.  j^  m^u^  ^  ...)-  (M,  v,*  +  M,v,*  +  . . .  ) 

_         2  . 1  a  ft*  «tn.*  a  cos.  a  h*  sin.  2  a 

""  I  a  ft  «w.  a  {a*  +  ft*  co«.  2  a)       a*  +  ft*  «?«.  2  a* 

For  the  rhombus  a  =  by  and 
,        ^  ,       Mn.  2  a  2  sin.  a  cos.  a  2  sin,a  cos.a     . 

a 

or  2  0  =  a  and  0  =  5. 

Since  this  angle  gives  the  direction  of  the  diagonal,  it  follows 
that  the  diagonals  are  free  axes  of  the  rhombus. 
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ExAKpi^.— The  aides  of  the  rbomboid  A  B  C  D,  Fig.  file,  kkAB  = 
9a  =  16  inches,  aud  £  £7=86  =  10  inches,  and  the  angled  B  C=as: 
60° ;  what  are  the  directions  of  the  free  asea  t 

Here  we  have 

«„      a     -      g'  **"■  ^JM**       _     ag«fa.  W      _  85 . 0.96608 

^'      *~  8*  +  6'(«w.iaO'~M  — 25 weO""  84-30.0,6 

=  0,42040  =  tang.  83°  48'  or  tanf/.  303°  48' ; 

hence  it  follows  that  the  angles  of  inclinatioii  of  the  flret  two  free  axes  to 
the  nde  .il  £  are  ^  =  11°  24'  and  101°  24'.  The  third  free  axis  ia  perpen- 
dicalar  to  the  plane  of  the  parallelogram.  Tbeae  angles  determine  the  free 
axes  of  a  right  paralielopipedon  with  a  rhomboidal  base. 

§  312.  Action  upon  Ae  Axis  of  Rotation. — If  a  material 
point  M,  Fig.  617,  reTolvea  with  a  variable  motioii  aroand  a  filed 
oxifi  C,  the  latter  must  coqd- 
^'^-  ■'^^*  teract  not  only  the  centrifa- 

gal  force,  but  also  the  force 
of  inertia  of  this  point.   While 
the  centrifugal  force  acts  r»- 
j     dially  ontwoxda,  the  force  of 
inertia  acts  ta n gen tially  either 
in  the  opposite  or  in  the  same 
direction  as  the  movement  of 
rotation,  according  as  the  ac- 
celeration of  this  motion  is 
poBitire  or  negative  (Retard- 
ation).    We  can  therefore  as- 
sume that  the  ccntrifngal  force 
M  N  =  C  N=  N  acts  directly  upon  the  axis  C,  and  that  the  force 
of  inertia  M  F  =  —  Pii  composed  of  a  conple  {P,  —  P)  and  an 
ami  force,  —  P,  and  oonseqnently  the  entire  force,ficting  upon  the 
axifl,  0  S  =  B  ia  represented  by  the  diagonal  of  a  right-angled 
parallelogram  formed  of  JV  and  —  P.    If  r  is  the  distance  C  if  of 
the  mass  M  ^m  the  axis  of  rotation  0,  <^  the  angular  velocity  and 
K  lite  angular  acceleration,  ve  have,  according  to  §  303  and  §  282, 

and  P  =  KMr, 

and  Uierefcoe  the  required  resultant  ia 

R  =  VN*  +  P*  =  fu*  +  «• .  Mr. 
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and  for  the  angle  R  0  N  =  4^,  made  by  this  force  with  the 
direction  C  M  of  the  centrifugal  force,  we  have 

-P  P  « 

Since  in  consequence  of  the  acceleration  ic,  cj  is  yariable,  the 
centrifugal  force  ^and  the  resultant  R  are  variable. 

In  order  to  combine  the  centrifugal  forces  and  the  forces  of 
inertia  of  the  masses  if^  M^  etc.,  we  decompose  each  of  these  forces 

into  two  components  parallel  to  the  directions  of  two  axes  X  X  and 

Y  Yy  then  if  we  combine  them  by  algebraical  addition,  so  as  to 
obtain  two  forces  acting  in  the  direction  of  each  axis,  we  have  only 
to  determine  the  resultant  of  these  two  forces.  If  x  and  y  are  the 
co-ordinates  C  K  and  C  L  oi  the  material  point  M  in  reference  to 

the  co-ordinate  axes  X  X  and  Y  Yy  we  hare  the  two  components 
of  the  centrifugal  force  N 

JVi  =  -  JV  =  0)*  MxdsA 
r 

and,  on  the  contrary,  those  of  the  force  of  inertia 

P,z:z^P  =  «  Jfyand 

T 

P,=z-P  =  kMx, 

r 

and  therefore  the  entire  force  in  the  axis  X  X  is 

^  =  JV^,  +  Pi  =  <•>•  Mz  +  K  My, 

and  that  in  the  axis  F  F  is 

^  =  JV;  -  Ps  =  w*  My  -  K  Mx, 
If  we  have  a  system  of  points  or  masses  if,,  M^,  etc,  which  are 
revolving  about  a  fixed  axis  (7,  Pig.  518,  and  if  the  co-ordinates  of 

these  points  in  reference  to  the  axis  XX  are 

C  Ki  =  Xi,  C  X,  =  a?!,  etc., 

and  those  in  reference  to  the  axis  Y  Ysxe 

CLi  =  y„  C  ig  =  yj,  etc., 
the  entire  force  in  the  direction  of  the  first  axis  is 

Q  =  (o*  M^Xt  +  KMiyi  +  0)'  Jf,  aj^  +  «  ifj  y,  +  . . .,  LB. 
Q  =  (D*  {MiXi  +  iTjXs  +  .-.)  +  «(-3/iy,  +  M^yt  +  ...), 
and  that  in  the  direction  of  the  other  axis  is 

22  =  w*(J/;yj  +  if,y,  +  ...)  —  «(-^i»i  +  M^x^  +  .,.). 
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Now  if  we  denote  the  entire  mass  Jfj  +  Jfs  +  . . .  by  if  and 
the  co-ordinates  of  its  centre  of  gravity  in  reference  to  the  axes 

XX  and  FFby  x  and  y,  we  have  (see  §  306) 

Fi».5ia 


-X 


Jf,  rTi  +  ^s  ^  +  •  •  •  =  ^^ 
Ifj  y,  +  Jf,  y,  +  , . ,  =  My^ 

and  therefore,  more  simply, 

Q  =  6)'  Mx  +  %  My  and 
R^u^My^itMx. 

From  Q  and  R  we  obtain  the  resultant 

and  for  the  angle  X  C  8  •==^  0  of  its  direction 

tang.  i>  =  -Q 

Since  Mx  and  My  are  the  statical  moments  of  the  centre  of 
gravity,  it  follows  that  in  determining  the  pressure  8  upon  the  axis 
of  a  system  of  masses,  situated  in  one  and  the  same  plane  of  revo- 
lution, we  can  consider  die  whole  moss  to  be  concentrated  at  the 
centre  of  gravity ;  and  since  the  distance  of  the  centre  of  gravity 
of  the  system  of  masses  from  the  axis  of  rotation  is 

we  have  also 

8  =  4/[(a>*  Mx  +  K  MyY  +  («•  Jf  y  -  «  MxY] 
=  3f4/[6>^(g'  +  y^)-h«'  (a^  +  y*)] 
=  MVcj*  +  «•  Va^-h  y'  =  Vu>*  +  «• .  Mr 

Bekabk. — If  a  triangle  ABO,  Fig.  619,  revolves  about  its  comer  C, 
and  if  the  other  comers  A  and  B  are  determined  by  the  co-ordinates 
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(a^i,  y^)  and  Ov,,  y^),  we  have,  according  to  §  112,  the  co-ordinates  of  its 
centre  of  gravity  8 


Fia.  519. 


and 


c^.=y=?4^«, 


and  the  mass,  if  we  measure  it  by  its  super- 
ficial area,  is 

Its  moment  of  inertia  in  reference  to  the  axis 
of  rotation  O  can  be  determined  by  the  for- 
mula 

Tr=  ^  f^i'~V  +  yi'-y»'\ 


if 


=  -J-  (»i'  +  «i  «f  +  «f  •  +  yi"  +  yi  yi  +  yi*). 

This  formula  is  also  applicable  to  a  right  prima^  whose  base  is  the  tri- 
angle ABC, 

Example. — A  right  prism  with  the  triangular  base  A  B  C\a  caused  to 
rerolye  around  its  edge  (7  by  a  force  which  acts  uninterruptedly,  so  that 
at  the  end  of  the  time  t  =  1  it  has  made  u  =z  \  revolutions ;  required  not 
only  the  moment  of  this  couple,  but  also  the  action  of  this  motion  upon 
the  axis  C,    Let  the  base  of  this  body  be  determined  by  the  co-ordinates 

«i  =  1»5,  Vx  =  0,5 ;  «,  =  0,4,  y,  =  1,0  feet, 
and  let  its  length  or  height  be  Z  =  2  feet,  and  its  heaviness  y  =  80  pounds. 
From  these  date  we  calculate,  first,  the  area  of  the  base 

■wn      «i  yi  ^  «i  Vx      1»5  .  1,0  —  0,4  .  0,5      1,8      -  ^,  ^    . 

F  =  f, — '-=^  =  — —^ — —  =  4-  =  0,65  square  feet, 

* 

and  the  mass  of  the  whole  body 

Fl  y 

'  =  0,081 .  0,65 .  2 .  80  =  1,209  pounds. 


Now 


Q 


Vx  +  yi  yi  +  Vt  =  0.26  +  0,50  + 1,00  =  1,75, 

hence  the  moment  of  inertia  of  the  body  is 

M  1,209 

Tr=  (8,01  -f.  1,75)  y  =  4,76  .  -y-  =  0,95914. 

In  consequence  of  the  constant  action  of  the  couple,  the  movement  of 
rotetion  is  uniformly  accelerated,  and  consequently  the  ang'vSUvr  vdooUy  of 
the  body  at  the  end  of  the  time  t  =  1  second  is  (see  f  10} 


2«      2.2  itu       2.  2.  5  ir 


t  ~       t  2 

and  the  VMchamcdl  effed  required  is 


=  81,416  feet. 
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J  =  ^  (j>  Tr==  I  (81,416)* .  0,06914  s  478,8  foot-ponnda. 

The  angular  aoederai^^m  is 
u      81,416 

and  theiefoie  the  fTi^m^Ti^  of  the  toujIU 

Pa=:  K  W=  81,416  .  0,96914  s  80,18  footrpounds. 
The  distances  of  the  centre  of  gravity  8  of  the  base  from  the  co-ordi- 
nate axes  X  X  and  F  F  are 

0  =    *  T^    *  =        ^    ~  =s  0,6888  and 

^  =  ^-4^^=5^  =  0.5000, 
consequently  the  distance  of  the  centre  of  gravity  from  the  aoBii  is 


08  =  r  =  Vaf^  +  y*  =  0,6511. 

BesideB  we  have 

u«  =r  81,416«  =  974090  and 

«•  =  81,416"  =  987, 
whence 


V«*  +  ««  =  V976077  =  987,46, 
and  the  j?reM«r0  upon  the  osbU  increases  during  the  accelerated  rotation  from 

P  =r  ic  Jf  r  =  81,416  .  1,209 .  0,6611  =  94,78  poands 
to 

B  =  V««  +  K*  .Mr  =  987,46  . 1,209  .  0,6611  =  777,88  pounds. 

If  after  one  second  of  time  the  couple  ceases  to  act,  the  motion  of  rota- 
tion of  the  body  becomes  uniform,  and  the  pressure  upon  the  axis  from 
that  moment  consists  only  of  the  centrifugal  force,  which  is 

iV=  «•  Jf  r  =  986,96  .  0,7872  =  776,94  pounds. 

The  pressure  upon  the  axis,  which  increases  gradually  ttom  24,73  to 
77f,88  pounds,  is  in  the  banning  at  right-angles  to  the  central  line  of 
gravity  O  8^  but  approaches  more  and  more  this  line  as  the  velocity 
increases,  so  that  at  the  end  of  the  time  t  =  1  second,  it  makes  but  an 
angle  ^  with  that  line,  and  this  angle  is  determined  by  the  expression 

P        24  78 

'"^-  ^  =  ]^  =  rm  =  ®'*»i*»' 

fbr  which  ^  ==  1^  40'.  If  the  couple  ceases  to  act,  the  direction  of  the 
axial  force  if  =  776,94  pounds,  coincides  of  course  with  the  central  line  of 
gravity  O  8  and  revolves  with  this  line  in  a  circle.  If  instead  of  the  couple 
8  single  force  P  acts  with  the  arm  a  upon  the  body,  another  pressure  equal 
to  this  force  P  must  be  added  to  the  pressure  on  tiie  axis. 
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§  313.  Centre  of  Percussion. — If  the  different  portions 
M^  Mf,  etc..  Fig.  520,  of  a  syBtem  of  reyolving  masses  are  not  in 

one  and  the  same  plane,  the 
directions  of  the  forces 
Ci  =  w*  if,  a;,  +  ic  Mx  y„ 
Qt^d"  M^x^  +  ic  Jf,y„etc., 
no  longer  coincide  with  the 

co-ordinate  axis  X  Xy  bat 
lie  in  the  co-ordinate  plane 
X  Z,  and  those  of  the  forces 
5,  =  w'  J/;  y,  -  «  iV,  x^y 
R^  =  (M)*M9yi  —  K  Mt,Xt,etc^ 
no  longer  lie  in  the  axis 
Y  V,  but  in  the  co-ordinate 
plane  Y  Z.  The  system  of 
forces  Q„  Qt,  etc,  and  £„  Rt, 
etc,  give,  according  to  §  305, 
the  resultants 

C  =  Ci  +  Ct  +  •  • .  and 

jK  =  Hi  +  Mf  +  •  •  • 

Kow  since  the  lines  of  ap- 
plication U  Q  and  F  jB  do 
not  generally  lie  in  the  same 
plane,  but  cut  the  axis  C  Z 
of  rotation  at  different  points  TJ^sA  F,  it  is  impossible  to  obtain  a 
single  resultant  by  combining  them,  but  we  can  refer  them  to  a 
single  force  and  a  couple.    The  components  are,  of  course,  as  above^ 

§  =  6)«  (Jf,  ar,  +  M^x^  +  ...)  +  «  Wyi  +  ^tyt  +  . . .) 
=  i»i^  Mx  +  kM  y 
and 

R  =  ti*{M^yx  +  J/i y.  +  ...)  —  « (-^i ^  +  -Mi a^  +  . . .) 
=  i»i^  M  y  +  kMxj 

if  denoting  the  entire  mass  if,  +  i/t  +  •  •  •  and  x  and  y  the  dis- 
tances of  its  centre  of  gravity  S  from  the  co-ordinate  planes  Y  Z 
andXZ 

Now  if  we  put  the  distances  of  the  masses  if,,  Mt»  etc.,  from  the 
plane  of  rotation  X  F,  which  is  perpendicular  to  the  axis  of  rota- 
tion C  Zj  equal  to  a^i,  z„  etc,  we  obtain,  as  in  §  305,  the  distanoes 
of  the  points  of  application  TJ  and  F  of  the  forces  Q  and  R  from 
the  origin  C. 
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Ci  +  <>.  4-  . . . 

""      «"  (i/i  xj  +  Jff«i  +  ...)  +  *  W  yi  +  -^jy*  +  ••  •) 

ftnd 

Ml  4*  xtf  +  .  •  • 

_  («)'  (ifi  y,  Zi  +  MiffiZf-h  .. .)  ^  ft  (Ifi  a?!  gi  +  ^8  a:»  ^  +  * '  0 
"^        cj'(J/j  yi  +  if,  y«  +  . . .)  —  *  (-^1  a?,  +  ifj  a;,  +  . . .) 

If  the  axis  C  Z  ia  retained  at  two  points  A  and  B  (the  pillow 
blocks),  which  are  at  the  distance  C  A  =^  U  and  C  B  ^  1%  from 
the  origin  of  co-ordinates,  the  force  Q  is  decomposed  into  two  oom- 
])onents 

and  the  force  E  into  the  components 

Now  the  pressure  upon  the  bearing  A  is 

and  that  upon  the  bearing  B  is 

If  the  acceleration  of  the  rotation  is  produced  not  by  a  couple, 
whose  moment  is  P  a,  but  by  a  force  P,  whose  arm  is  a,  a  third 
pressure  equal  to  the  force  P  is  added  to  the  two  axial  forces  Q 
and  R.  If  we  cause  this  force  P  to  act^  at  the  distance  F  0  =  a 
from  the  axis  of  rotation,  parallel  to  the  axis  C  Y  and  \)erpendicu- 
lar  to  the  plane  X  Zy  and  if  we  assume  that  its  line  of  application 
is  at  a  distance  C  F  ^  H  0  =^  h  from  the  co-ordinate  plane  X  Yy 
the  force  R  only  will  be  increased  by  an  amount  P,  and  the  portion 
of  it  Yx  at  the  bearing  A  will  be  increased  by 

and  the  part  y,  at  the  bearing  B  by 
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If  MiXi'^MtX^  + ...  =1  0, 

ir,y,  +  if,y,  +  ...  =  0, 
MiXiZi  +  MfX^z^  -h  .  ••  =^  0 and 
MiyiZi  +  M^i/tZt  +  , ..  =  0, 

(7  Z  is  a  free  axis,  and  not  only  the  forces  Q  and  R,  but  also 
their  moments  Q  u  and  R  v  become  =  0 ;  and  we  can,  therefore, 
conclude  that  when  a  system  of  masses  rotates  about  a  free  axis 
not  only  the  centrifugal  forces,  but  also  the  moments  of  inertia 
balance  each  other  (compare  §  309). 

Let  us  assume  that  the  system  of  masses  is  at  rest,  lil,  g)  =  0, 
or  let  us  neglect  the  action  of  the  centrifugal  force  upon  the  axis 
of  rotation,  then  we  have  more  simply  for  the  pressures  in  the  axes 

^  =  K  My  ^  K  (Mx  yi  +  -Wj yj  +  . . .)  and 
i2=  —  «ifa?=  —  « {Ml  ar,  +  Jtfi  iCj  +  . . .),  and  also 
Cwr=  ic(if,y,2P|  +  M^y^z%  +  . . .)  and 
Rv  —  —  K  {Ml  a?,  jKi  +  J/i  «8 «,  +  . .  .)• 
When  the  plane  oi  X  Z\&  plane  of  symmetry  and  consequently 

a  plane  of  gravity, 

Miyi  +  Jf,y,  +  ..-==0 

and 

Jfi  y,  2,  +  Jft^t^  + .  • .  =  0, 

and,  therefore, 

and  also 

Gw  =  0. 

Now  if  we  require  that 
the  force  of  rotation 

a 

shall  be  counteracted  by  the 
force  of  inertia  JS,  so  that 
there  shall  be  no  action  upon 
the  axis  of  rotation,  we  must 
have 

.       P  +  ^  =  0 
and 

P  J  +  iJ  v  =  0, 

LB., 


Fig.  521. 
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«  W 


—  «  (Jf,  ir,  +  Jf,  re,  +  ...)=  0 


and 


a 


—  K  {Ml  a?i  «i  +  if*  aJk  «,  +  ...)  =  0, 


and  consequently 

W   __  M^  r,'  +  if,  r,*  +  .  > . 

Mx  ""  Ml  Xi  +  MfiCi  +  . .. 


a  = 


Moment  of  inertia 
Statical  moment 


and 

.  _  /JT,  g|  gi  +  if,  g,  gf  +  . » »\      _  ifi  a?!  gi  +  if,  g,  g,  -f  .  . . 
^~\  fK  1^"      MiiH  +  M,x,-\-... 

__  Moment  of  the  centrifugal  force 
Statical  moment 

These  co-ordinates  determine  a  point  0^  which  is  called  the 
centre  of  percussion  (Fr.  centre  de  percussion;  Ger.  Mittelpunkt 
des  Stosses) ;  for  every  force  of  impact  P,  whose  direction  passes 
through  this  point  and  is  at  right  angles  to  the  plane  of  symmetry 
X  Zoi  the  body  passing  through  the  axis  of  rotation  or  fixed  axis 
C  Zy  wiU  be  completely  balanced^  when  the  collision  takes  place, 
by  the  inertia  of  the  mass,  without  producing  any  action  upon  the 
axis  of  the  body. 

ExAMFLiB — 1)  The  moment  of  inertia  of  a  straight  line  or  rod  0  By 
Fig.  522,  of  uniform  thickness  throughout,  which  at  one  end  O  meets  the 

axis  (7  Z  at  a  given  angle  Z  0  E^  when  Jf  is  its  mass 
and  r  the  distance  />  B  of  its  other  end  from  the  axis 
of  rotation,  is 

W  =  Mh*  =  i  Mr*  (see  §  286), 

and,  on  the  contrary,  the  statical  moment  is 

Jfaj=  JJfr, 

and  finally  the  moment  of  the  centrifugal  force,  since, 
if  h  denotes  the  projection  O  D  of  the  length  O  Eof  the 
rod  on  the  axis  of  rotation  0  Z,  we  have 

C  0^   _  fi  _  A 


Fia.  622. 


or 


IS 


0,Jf, 
JTj  «i  «i  =  -  ift  «i*»  iff  «i «»  =  -  if»  *!*>  etc., 


^  r  T 

Therefore,  the  co-ordinates  of  the  centre  of  percussion  of  this  rod  are 
determined  by  the  formulas 
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„  ^  Moment  of  inertia       4  JTr* 


Statical  moment 


and 


^M 


__  Moment  of  centrifugal  force  _^  J  Jf  A  r 
C  F=b=  Statical  moment  ~   ^Mr    =  *  *> 


and  this  centre  is  situated  at  f  of  the  length  0  JSof  the  rod  from  the  end 

0  and  i  of  the  same  from  the  end  JB, 

2)  The  moment  of  inertia  of  a  surface  ABO,  Fig.  538,  whose  form  is  a 

right^ngUd  triangle,  which  turns  around  its  base  C  A, 
is,  when  we  denote  the  mass  by  M  and  its  base  and 
perpendicular  0  A  and  C  Bhj  h  and  r. 


Fia.  623. 


12   ~    2 


0 


=  \  Mi»  (see  S  229), 


and  its  statical  moment,  since  the  centre  of  gravity  8 
is  at  a  distance  x  from  the  axis  0  A^ib 


Jf«  = 


Mr 
8  » 


consequently  the  distance  of  the  centre  of  peroussicHi  0 
of  this  sur&ce  from  this  axis  is 

\Mr       *^' 
For  an  element  K  L  of  the  triangle,  whose  shape  is  that  of  a  strip, 

whose  length  is  x  and  whose  width  is  -,  and  which  is  situated  at  a  dis- 

n 

tance  0  K=  z  from  the  apex  (7,  the  moment  of  the  centrifugal  force  is 

Mx  9=  -X  ,\xt^ 


n 


or,  amce 


X       r  r 


Jfsf  =  j^ 


n 


#•. 


Substituting  for  t  successiyely  the  values  1  (-)>2  l-\  8  (-)  ...n(-V 


and  adding  the  values  thus  obtained  for  If  jb  s,  we  have  the  total  moment 
of  the  centrifugal  forces 

M^x,$^  +Jr,«,f, +...  =  i-QV  +  3*  +  3»  +  ...  +n»)  Q 


=»iO'-Tay=*-=»T- 


=  iMrh, 
and,  therefore,  the  distance  of  the  centre  of  percussion  0  from  the  comer 
(7  is 


THE  ACTION  OP  aaAVITY,  ETC. 


CHAPTER    III. 

OP  THE  ACnON   OF  QRAVITY  UPON  THE   UOTION  OP  BODIES 
IN  FKESCRIBED  PATHa 

g  314.  ffHi^iwg  upon  an  Inclined  Plane. — A  heavy  body  can 
be  hindered  in  many  ways  from  Mling  freely.  We  will,  however, 
consider  but  two  cases  here,  viz.,  the  case  of  s  body  supported  by 
an  inclined  plane  and  the  case  of  a  body  movable  around  a  hori- 
zontal axis.  In  both  cases  the  paths  of  the  bodies  are  contuued  in 
a  vertical  plane.  If  a  body  lies  upon  an  inclined  plane,  its  weight 
ifi  decomposed  into  two  components,  one  of  which  is  normal  to  the 
plane  and  is  counteracted  by  it,  and  the  other  is  parallel  to  the 
plane  and  acts  upon  the  body  as  a  motive  force.  Let  0  be  the 
weight  of  the  body  A  S  CD,  Fig.  52i,  and  a  angle  of  inclination  of 
the  inclined  plane  FSRtotYie 
^^-  "^  horizon,  according  to  §  146  the 

normal  force  ia 

If  =  G  COS.  a, 
and  the  motive  force  is 
P  =  Gsin.a. 
The  moHon  of  the  body  can 
be  either  a  sliding  or  a  rolling 
one.    Let  na  consider  the  former 
case  first.    In  this  case  all  the 
parte  of  the  body  participate  equally  in  its  motion,  and  have  there- 
forea  common  acceleration^,  determined  by  the  well-known  formula 
force        P        O  ain.  a 
^       mass        M  Q         "      "  ' 

hence  P'9  =  sin*  o  ■  li 

LB.,  th«  acceleration  of  a  body  upon  an  inclined  plane  is  to  the  accel- 
eration of  gravity  as  the  sine  of  the  angle  of  ijtclination  of  the  plane 
it  to  unity.  But  on  account  of  the  Motion  this  formula  is  seldom 
sufficiently  accurate.  It  is,  therefore,  very  often  necessary  in  prac- 
tice to  take  the  friction  into  consideration. 

If  a  body  moves  npon  a  curved  surface  the  acceleration  is 
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yariable,  and  is  in  every  point  eqnal  to  the  acceleration  correspond- 
ing to  the  plane,  which  is  tangent  to  the  curved  sur£Ace  at  that 
point 

§  315.  If  a  body  slides  down  an  inclined  plane  without  Mo- 
tion and  its  initial  velocity  is  =  0,  then,  according  to  §  11,  the 
final  velocity  after  t  seconds  is 

V  =  g  sin.  a  .t  =  32,2  sin.  a  •  t  feet  =  9,81  sin.  a  .  t  meters, 
and  the  space  described  is 
^=  i  9  ^^'  a  '  t*  =  16,1  sin.  a . P  feet  =  4,905  sin.  a .  f  meters. 

When  a  body  falls  fireely  Vi  ^  g  t  and  Si  ^  ig  t^,  and  we  can 
therefore  put 

vivi  =  s:  Si  =^  sin.  a :  1, 

LK,  the  final  velocity  and  the  space  described  by  a  body  sliding  upon 
the  inclined  plane  are  to  the  velocity  and  the  space  described  by  a 
iody  falling  freely  as  the  sine  of  the  angle  of  indinoHon  of  the  plane 
is  to  unity. 

In  the  right-angled  triangle  F  O  Hj  Fig.  525,  whose  hypothenuse 
Fio.525.       ^  ^  ^®  vertical,  the  base  IbF H=  F  G  sin.FG  ff  — 
F  G  sin.  F  H  R  =^  F  G  sin.  o,  when  a  denotes  the 
inclination  of  the  base  to  the  horizon,  and  therefore 

FH.FG^  ^  sin.a\\\ 

the  body,  therefore,  describes  the  vertical  hypothenuse 
F  G  and  the  inclined  base  F  H  in  the  same  time. 
Hence  the  space  described  by  a  body  upon  an  inclined 
plane  in  the  time,  in  which,  if  falling  freely,  it  would 
describe  «  given  space,  can  be  found  by  construction. 

Since  all  the  angles  F  H^G^  F  JT,  (?,  etc.,  inscribed  in  a  semi- 
circle F  Ht  Gy  Fig.  526,  are  right  angles,  the  semicircle  subtended 

hj  F  G  will  cut  off  from  all  inclined 
planes  beginning  at  F  the  distances 
F  Hi,  F  iTj,  etc.,  described  simultane- 
ously with  the  diameter.  For  this  rea- 
son we  say  that  the  chords  or  diameter 
of  a  circle  are  described  simultaneously 
or  isochronously.  This  is  true  not  only 
when  the  chords,  as,  B.G.,  F  Si,  F  fli, 
etc,  begin  at  the  highest  point  Fy  but 
also  when  the  chords,  as,  E.G.,  ^,  G,  K^  G, 
etc,  end  at  its  lowest  point  G\  for  we 


Fio.  526. 
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can  draw  through  F  the  chords  F  K^  F  Kf,  etc,  which  have  the 
same  length  and  position  as  the  chords  G  H^  G  Ht,  eta 

§  316.  From  the  equation 


we  obtain 


8  sin.  a  =  ^,  and  inversely, 


V  =  V2g  8  sin,  a. 

Now  8  sin.  a  is  the  height  F  R  (Pig.  627)  of  the  inclined  plane 
or  the  vertical  projection  h  of  the  space  FH  =  s.    If,  therefore, 
several  bodies,  whose  initial  velocities  are  =  0,  descend  inclined 
Fig.  527.  planes  F  JT,  jP  J^i,  etc.,  of  diflferent  inclina- 

tions, but  of  the  same  height,  their  final 
velocity  will  be  the  same  and  equal  to  that 
acquired  by  a  body  falling  freely  through 
the  distance  F  R  (compare  §  43  and  §  84). 
From  the  equation  s  =  i  g  sin,  a  .  ^*  we 
obtain  the  formula  for  the  time 

.  _  V   2  g""  _      1      ^2  8  sin,  g  _      1        ^j/2A 
^       g  sin.  a  "~  sin.  a  ^         g         "  sin.  a'  ^    g    ' 

If  a  body  falls  freely  through  the  height  FR  =  h,  the  time  is 
/i  =  V  — ,  whence 

g 

i:ii  =  l:sin.a  =  8:h  =  FHi  FR 

The  time  required  by  a  body  to  descend  an  inclined  plane  is  to  the 
time  of  falling  freely  through  the  height  of  this  plane  as  the  length 
of  the  plane  is  to  its  height. 

Example— 1)  The  top  i?*  of  an  inclined  plane  F  H^  Fig.  528,  is  given, 
and  we  are  required  to  determine  the  other  extremity  H^  which  is  situated 
in  such  a  position  upon  a  line  A  B  that  a  body  descending  the  plane  will 
reach  this  line  in  the  shortest  time.  If  through  F  we  draw  the  horizontal 
line  F  Q  until  it  cuts  A  By  and  make  (7  ^  =  (7  ^,  we  obtain  in  H  the 
point  required,  and  in  ^^  the  plane  of  the  quickest  descent;  for  if  we 
pass  through  ^and  ^a  circle,  to  which  the  lines  ^^  and  O  ITare  tan- 
41 
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geota,  the  chords  ^£^j,  7?,, etc.,  described  eiinaltaiieouBly,  aie  shorter 
than  the  Onen  F  S^,  FB„  etc..  drawn  fttwn  J"  to 
Pio.  638.  the  line  A  B-  consequently  the  time  required  to 

^  descend  this  chord  is  less  thttn  that  required  to 

descend  these  lines,  and  the  inclined  plane  F  S, 
which  coincides  with  that  chord,  is  the  plane  of 
quickest  descent 

3)  Required  the  inclination  of  the  inclined 
plane  F  H,  Fig,  637,  which  &  body  will  descend 
in  the  saoie  time  as  it  will  fall  fieel;  throogb  the 
height  F  B  and  move  with  the  acquired  velocity 
npoD  a  horizontal  plane  to  H.  The  time  required 
-     to  fall  through  the  Tcrtical  distance  F  B  =hi& 


«aA  the  velodty  acquired  is 


If  no  Telodty  is  lost  in  passing  from  the  vertical  to  the  horizontal  mo- 
tion, which  is  the  case  when  the  comer  B  is  rounded  off,  the  space  B  S 
=  k  eotg.  a  will  be  described  nnifonnly  uid  in  the  time 


V— ■ 

'      9 


The  time  in  which  a  body  will  descend  ttie  inclined  plane  is 


_|/n. 


Now  if  ve  pat  t  =  t,  4-  f„  we  obtun  the  equation  of  condition 
1  ^  tang,  a 

STi  =  '+»"*•""  ^KT  =  ""«•■'  + »• 

Resolving  this  equation,  we  obtain  tang,  o  t=  }.  In  the  corresponding 
inclined  plane  the  height  is  to  the  base  is  to  the  length  as  8  is  to  4  is  to 
6,  and  tbe  angle  of  inclioation  ts  a  =  86°  62'  11". 

8)  The  time  in  which  a  body  will  slide  down  an  inclined  plane,  wboee 


'  g  iin.a  OM.c 
a  when  nn.  3  a  is  a  maximum,  lb.  =  1 ;  then  8  a"  =  00 
or  a"  =  is".    Water  flows  qnickeet  down  roofk  whose  pitch  is  4S°. 

§  317.  If  the  inilial  velocity  of  a  body  upon  an  inclined  plane 
ia  c,  we  must  employ  the  fonnnla  fonnd  in  §  13  and  §  14 ;  hence, 
when  a  body  aBcenda  an  inclined  plane,  we  have  the  velocity 

V  =  e  --  ff  ain.  a ,  t, 
and  Hie  space  described 
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g  =z  C  t  --  Ji  g  MfL  a  .  fy 

imd  for  a  body  deecending  the  inclined  plane  we  must  put 

t;  =  c  -f  ^  $in*  a  .  /  and  s  ^  c  t  *¥  ^  ff  sin.  a  .  i*. 

In  both  cases,  however,  the  following  formula 

i^  —  e*  .  ,       v'  —  ^        ^         <? 

8  =  s — : — ,  or  s  sin.  a  =  A  =  — x-— -  =  s ^r- 

2gsin.a'  2g         2g      2g 

M  ai^licaUe. 

The  vertical  prof  edian  (A)  of  the  space  (s)  described  upon  the  in- 
clined plane  is  alioays  eqiud  to  the  difference  of  the  heights  due  to  the 
velocities. 

When  two  inclined  planes  F  0  Q  and  G  H  R,  Kg.  529,  meet  in 
a  rounded  edge,  a  body  descending  the  plane  will  experience  no 

impact  in  passing  from  one  to  the  other ; 
^^'  '     hence,  if  we  have  such  a  combination  of 

planes,  there  will  be  no  lose  of  velocity, 
and  the  following  rule  will  be  applicable 
to  the  case  of  a  body  descending  these 
planes:  Jieight  of  fall  equal  to  height  due 
to  velocity.  We  can  easily  understand  that 
when  a  body  ascends  or  descends  a  series  of  such  planes  or  a  curved 
line  or  surface,  its  motion  will  take  pkce  according  to  the  same  law. 

Example — 1)  A  body  ascends,  with  an  initial  velocity  of  21  feet,  an 
inclined  plane,  the  inclination  of  which  is  22°.  What  is  its  velocity  and 
what  is  the  space  described  after  H  seconds  ? 

The  velocity  is 

«  =  21  -  82,2  rin.  22** .  1,6  =  21  -  82,2  .  0,8746  . 1,5  =  21  -  18,09 
=  2,91  feet, 
and  the  space  is 

2)  How  high  will  a  body,  whose  initial  velocity  is  86  feet,  rise  upon  a 
plane  inclined  at  48°  to  the  horizon  ?    The  vertical  height  is 


t)» 


A  =  s-  =  0,0155  .  v"  =  0,0155  .  86«  =  20,088  feet, 

and  therefore  the  entire  space  described  upon  the  inclined  plane  is 

h         20,088 


•  = 


=  ;^^o  =  37,081  feet, 

nn.  48  '  ' 


nn,  a 
and  the  time  reqnired  to  describe  it  is 

^       2  .  «      2 .  27,081      27,081       ^  ^ 

^  =  "T"  =       86       =  ~18~  =  li6  seconds. 

§  318.  Sliding  upon  an  Inclined  Plane  when  the  Fric- 
tion is  tidLen  into  Consideration. — The  sliding  fnction  has 
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great  influence  npon  the  SBcent  or  descent  of  a  body  upoo  an  in- 
clined plane.  From  the  weight  G  of  the  body  and  firom  the  angle 
of  inclination  a  we  obtain  the  normal  preasnre 

N=Gcos.a, 
and  consequently  the  Motion 

F=>l>N=>l>Oco8.a. 
If  we  subtract  the  latter  &om  the  force  P,  =  G  sin.  a,  with  which 
the  gravity  pulls  it  down  the  plane,  there  remains  the  motive  force 

P  =  G  situ  a  —  lit  G  C08.  a, 
and  we  have  for  acceleration  of  a  body  moving  down  the  inclined 
plane 

force      /G  sin.  a  —  A  G  eoa.  a\  ,  .  ^  . 

?  =  Sis  =  I 0 )  »  =  (<■»■«-«"»■•)*• 

For  a  bodyascending  an  inclined  plane  the  motive  force  is  neg- 
ative  and  =  Q  tin.  a  +  tp  .  G  cos.  a,  and  the  acceleration  p  is  also 
negative  and  =  —  (sin.  a  +  (p  cos.  a)  g. 

If  two  bodies  placed  npon  two  different  inclined  planes  F  0  and 
^ja  saa.  ^  ^'  -^fr  ^^^'  *™  iinitfld  by  a  perfectly 

c  flexible  cord,  which  passes  over  a  pulley 

C,  it  ia  possible  that  one  of  the  bodies 
will  descend  and  raise  the  other.  De- 
noting the  weight  of  these  bodies  by  Q 
and  C,  and  the  angles  of  inclination 
of  the  inclined  planes,  upon  which  they 
rest,  by  a  and  a„  and  assuming  that  O 
descends  and  draws  np  0,,  we  obtain  the  motive  ibrce 

P  =  G  sin.  a  —  Gi  sin.  a,  —  ^  0  cos.  a  —  <!>  G,  cot.  a, 
=  G  (m:i.  a  —  tp  COS.  a)  —  6,  (sin.  «j  +  ^  cos.  a,), 
and  the  mass  moved 

S 
and  therefore  the  acceleration  with  which  6  descends  toii  Ot 


_  G  (sin,  a  —  ^cos.  a)  —  Oi  {sin,  c,  +  i^  cos,  a,) 
^~      .  6  +  G,  •^- 

Since  the  fHction,  which  is  a  resistance,  cannot  produce  mo- 
tion, we  must  have,  if  G  descends  and  G,  ascends, 

0  (sin.  a  —  <p  COS.  a)  -;:>■  G,  (sin.  a,  +  ipcos.  a,),  or 
sin.  a,  +  <j)  COS.  a,         G        sin,  (a,  +  p) 

.  --.-..•  ^■=-  0,  >  «■«.  (a  -  py 
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If,  on  the  contrary,  0^  descends  and  0  ascends,  we  must  have 

Oi  ^    sin.  a  +  0  cos,  a 

-FT  >  ": 1 >  or 

O       8%n,  Oi  —  0  COS.  o, 

O       sin.  a,  —  ^  COS.  o,         O        sin.  (a,  —  p) 

Oi        sin.  a  +  <p  cos.  a '      'Ox       sin.  (a  +  p) ' 

As  long  as  the  ratio  -^  is  within  the  limits 

sin.  a,  +  0  cos.  a,       ,  sin,  a^  ^  ib  cos.  o, 

— : and  — ; ,  or 

sin.  a  —  0  COS.  a  sin.  a  +  0  cos.  a 

sin.  (a,  4-  p)  ^^ ,  sin.  (a,  —  p) 

- — ; 7 V-  anCL  — : z ~  • 

Sin.  (a  —  p)  sin.  (a  +  p) 

ihe  friction  will  prevent  any  motion. 

Example — 1)  A  sled  slides  down  an  incllDed  plane  covered  with  snow, 
150  feet  long  and  inclined  at  an  angle  of  20  degrees,  and  on  arriving  at  the 
bottom  it  slides  forward  upon  a  horizontal  plane  until  the  friction  brings 
it  to  rest.  K  the  coefScient  of  friction  between  the  snow  and  the  sled  is 
=  0,03,  what  space  will  the  sled  describe  upon  the  horizontal  plane  (the 
resistance  of  the  air  being  neglected)  ? 
The  acceleration  of  the  sled  is 

p  ==  («n.  a  —  0  <»«.  a)  ^  =  («».  20**  —  0,08  .  cos,  20°) .  82,2 
=  (0,8420  -  0,08  .  0,9897) .  82,2  =  0,3188  .  82,2  =  10,104  feet, 

and  therefore  its  velocity  on  arriving  at  the  bottom  of  the  inclined  plane  is 

«  =  VTpi  =  V 2.  10,104.  150  =  V308i;2  =  55,06  feet. 
Upon  the  horizontal  plane  the  acceleration  is 

p^  =  —  ^  ^  =  —  0,08  .  82,2  =  —  0,966  feet, 
and  therefore  the  space  described  is 

«»         8031,2       ,,,^^^ 

The  time  required  to  slide  down  the  inclined  plane  is 

*  =  t  =  m;o6  =  '•'*''**'*'""'''' 

that  reqnired  to  slide  along  on  the  horizontal  plane  is 

,        2«,       8188      „  . 

*»  =  -S"  =  65,06  =  "  **°"*^^ 
and  therefore  the  duration  of  the  entire  journey  is 
f  +  f ,  =  62,45  seconds  =  1  minute  2,46  seconds. 
2)  A  bucket  K,  Fig.  531,  which,  when  filled,  weighs 
250  pounds,  is  drawn  up  a  plane,  70  feet  long  and  in- 
clined at  an  angle  of  50%  by  a  weight  (?  =  260 ;  what 
time  will  be  required  when  the  coefficient  of  the  fric- 
tion of  the  bucket  upon  the  floor  is  0,36  ? 
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The  motiye  force  is 

=  G  -  {Hn,a  +  (pca8.a)K—2eO  —  (dn,  60"*  +  0,36  co$.  50"")  •  260 
=  260  -  0,9974 .  360  =  10,6  pounds, 

and  therefore  the  acceleration  is 

^  =  260  +  360  =610  =  ^'^^  ^  5 
the  time  of  the  motion  is 

and  the  final  Telocity 

3  «      140      ^  ^^  .  ^ 

*  =  T  =  "82-=^'^^^^ 

§  319.  Rolling  Motion  npon  an  XncUned  Plane.— When 
a  wagon  runs  down  an  inclined  plane>  it  is  the  firiction  on  the  axle 
which  offers  the  principal  resistance  to  the  acceleration.  If  0  is 
the  weight  of  the  wagon,  r  the  radius  of  the  axle  and  a  that  of  the 
wheel,  we  have 

^-^  N  —  ^—'  Ocos.a, 
a  a  . 

and  therefore  the  acceleration 

p  =  \9%iu  a  —  - —  COS.  a)  g. 

If  a  round  tody  A  By  as,  E.O.,  a  cylinder  or  a  sphere,  etc.,  roILl 
down  an  inclined  plane  F  H^  Fig.  532,  we  have  at  the  same  time  a 

motion  of  translation  and  of  rotation.  Aa 
the  acceleration  of  translation  p  is  generally 
equal  to  that  of  rotation  (§  169),  if  we  put 
the  moment  of  inertia  of  the  rotating  body 
=  ff  i*  and  the  radius  C  -4  of  rotation  =  a, 

we  obtain  for  the  force  -4  JT  =  JT,  with 
which  the  roller  (in  consequence  of  the  mu- 
tual penetration  of  its  sur&oe  and  that  of 
the  inclined  plane)  is  set  in  rotation, 

K  =  p.  — r* 

But  the  force  K  opposes  the  force  G  sin.  a,  which  tends  to 
cause  the  body  to  slide  down  the  plane,  and  therefbre  the  motive 
force  for  the  motion  of  translation  is 

P  =,  Gsin.a-^  K, 

and  its  acceleration  is 

0  sin.  a  ^  K 

p^    Q ^S 
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Eliminating  K  from  the  two  equations,  we  obtain 

Gp=  G grin,  a -r--A 

and  consequently  the  required  acceleration 

a  sin.  a 
P^- p- 

For  a  homogeneous  cylinder  if  =  ^  a*  (§  288),  and  therefore 

a  sin.  a      » 

but  for  a  sphere  i*  =  |  a*  (§  290),  and  therefore 

a  sin.  a       . 

the  acceleration  of  a  rolling  cylinder  is  but  f  and  that  of  a  rolling 
ephere  is  but  %  as  great  as  that  of  a  body  sliding  without  friction. 
The  force  which  produces  the  rotation  is 

JT—  g  rin.a     OV       QVsin.a 

As  long  as  this  force  is  less  than  the  sliding  friction  0  Q  cos.  a, 
80  long  will  the  body  descend  the  plane  with  a  perfect  rolling 
motion.    Bat  if 

K>  <l>  Gcos.a,i.^,i[tang.  a  >  0  (1  +  -jj^J, 

the  friction  is  no  longer  suflScient  to  impart  a  velocity  of  rotation 
equal  to  that  of  translation;  the  acceleration  of  translation 
becomes,  as  in  the  case  of  sliding  friction, 

G  sin,  a  -^  <b  G  cos.  a  ,  .  ^  . 

p  = ^ .  ff  =  (wik  a^  (l>ooe.a)g, 

and  that  of  rotation 

<t>  G  cos.  a  a* 

If  the  weight  of  a  wagon  is  G,  the  radius  of  its  wheels  a  and 
their  moment  of  inertia  G  V^  we  will  baye 

iT,   T  , '                G  sin.  a  •-'  <l>  -  G  cos.  a  ^  K 
Jr  =  i;— ^andi,  = g .g. 


648  GENERAL  PRINCIPLES  OF  MECHANICS.  [§820. 

LB., 

g  {sin.  a  ^  (p-  cos.  a) 


1  + 


Ga' 


EzAMPLB — 1)  A  wagon,  wMch,  when  loaded,  weighs  8600  pounds  and 
whose  wheels  are  4  feet  high  and  have  a  moment  of  inertia  of  2000  foot- 
pounds, rolls  down  a  plane  whose  inclination  is  12° ;  required  the  accelera> 
tion,  when  the  coefficient  of  Motion  upon  the  axles  is  ^  =  0,15  and  the 
thickness  of  the  axles  is  2  r  =  8  inches. 

Here  we  hare 

W  =  86-^  =  ^  =  «'1«»  -^  ♦S  =  «'«  •  4—4  =  ''"^ 
and  therefore  the  required  acceleration  is 

_82,2 (dn.  12°-0,0094.<»<.  12°)  _  82,2  .  (0,2079  —  0,0094  .  0,978) 
^  1  +  0,139  ""  1,189 

_  82,2.0,1987 

1389~"  =  ^'^^^  ^"^ 

2)  With  what  acceleration  will  a  maasiTe  roller  roll  down  a  plane  whose 
angle  of  inclination  is  a  =  40°  t 

If  the  coefficient  of  sliding  friction  of  the  roller  upon  the  plane  is 
^  =  0,24,  we  have 

^(l  + -J)  =0,24(1  +  2)  =0,72. 

Now  tang,  40°  =  0,889,  and  tang,  a  is  therefore  greater  than  ^  ( 1  +  „  )t 

and  the  acceleration  of  the  rolling  motion  is  smaller  than  that  of  the  mo- 
tion of  translation. 

The  latter  is 

p=  (9m.a-^eo9.a)g  =  (0,648  -  0,24  .  0,7660)  .  82,2  =  0,459. 82,2 
=  14,78  feet,  and  the  former  is 

j7^  =  0,24  .  2  .  82,20  eoi.  40°  =  15,456  .  0,776  =  11,99  feet 

§  320.  The  Circular  FendnliixiL — A  body  suspended  from 
a  horizontal  axis  is  in  equilibrium  as  long  as  its  centre  of  graTity 
is  vertically  under  this  axis ;  but  if  we  move  the  centre  of  gravity 
out  of  the  vertical  plane  containing  the  axis  and  abandon  the  body 
to  itself  it  assumes  an  osciUaiing  or  vHrating  motion  (Fr.  oscilla- 
tion, Grer.  Schwingende  Bewegung),  LB.,  a  reciprocating  motion  in 
a  circle.  A  body  oscillating  about  a  horizontal  axis  is  called  a 
pendulum  (Pr.  pendule,  Ger.  Pendel  or  Kreispendel).  If  the 
oscillating  body  is  a  material  pointy  and  if  it  is  connected  with  the 
axis  of  rotation  by  a  line  without  weight,  we  have  a  simple  or 
theoretical  pendulum  (Fr.  p.  simple,  Ger.  einiaches  or  mathema- 
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tisches  P.) ;  but  if  the  pendukm  congists  of  a  body  or  of  several 
bodies  of  finite  dimensions,  it  is  called  a  compound  pendtUum  (Pr. 
pendule  compose,  Ger.  zuzammengeseztes,  physisches  or  materielles 
Pendel).  Such  a  pendulum  can  be  considered  as  a  rigid  combina- 
tion of  a  number  of  simple  pendulums,  oscillating  around  a 
common  axis.  The  simple  pendulum  has  no  real  existence,  but  it 
is  of  great  use  in  discussing  the  theory  of  the  compound  pendu- 
lum, which  can  be  deduced  from  that  of  the  simple  one.  If  the 
pendulum,  which  is  suspended  in  C,  Pig.  533,  is  moved  from  its 
vertical  position  C  M  to  the  position  C  A  and  left  to  itself,  by 
virtue  of  its  weight  it  will  return  towards  (J  if  with  an  accelerated 

motion,  and  it  will  arrive  at  the  point  M 
with  a  velocity,  the  height  due  to  which  is 
equal  to  D  M,  In  consequence  of  this 
velocity  it  describes  upon  the  other  side 
the  arc  M  B  =:  M  A,  and  rises  to  the 
height  D  M.  It  falls  back  again  from  B 
to  M  and  A  and  continues  to  move  back- 
wards and  forwards  in  the  arc  A  B,  If  we 
could  do  away  with  the  friction  on  the 
axis  and  the  resistance  of  the  air,  this 
oscillating  motion  of  the  pendulum  would  continue  forever ;  but 
since  these  resistances  can  never  be  entirely  removed,  the  arc  in 
which  the  oscillation  takes  place  will  gradually  decrease  until  the 
pendulum  comes  to  rest 

The  motion  of  the  pendulum  from  ^  to  ^  is  called  an  osdUor 
Hon  (Ft.  oscillation,  Ger.  Schwung  or  Pendelschlag),  the  arc  A  i?,  the 
amplitude  (Pr.  amplitude,  Ger.  Swingungsbogen),  and  the  angle 
measured  by  half  the  amplitude  is  called  the  angle  of  displacement. 
The  time  in  which  the  pendulum  makes  an  oscillation  is  called  the 
time^  duration,  or  period  of  an  oscillation  (Pr.  dur6e  d^une  oscilla- 
tion, Ger.  Schwingungszeit  or  Schwingungsdauer). 

§  321.  Theory  of  the  Simple  Pendulum. — In  consequence 
of  the  frequent  use  of  the  pendulum  in  common  life,  viz.  for  clocks, 
it  is  important  to  know  the  duration  of  an  oscillation ;  its  demon- 
stration is  therefore  one  of  the  most  important  problems  in 
Mechanics.  To  solve  this  problem,  let  us  put  the  length  of  the 
pendulum  -4  (7  =  Jf  (7  =  r.  Pig.  534,  and  the  height  of  rise  and 
fall  during  an  oscillation  if  Z>  =  A.    Assuming  that  the  pendulum 
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has  fallen  fi-om  Aia  0, and  making'the  vertical  height  D  Hot  &11 
correepottding  to  this  tnotioii  =  2^  we  have  the  vdocity  acqtured 
at& 

and  the  element  of  time,  during  vhich 
■~     ---  the  element  of  ita  path  O  Kia  described, 

_0K_    QK 
~    V     ~   Vfgx 
If  we  describe  from  the  middle  0  of 
JfZ)  =  i with  the  radiua  OM  =0D  = 
^  A  the  semicircle  MND,we  can  cut  from 
the  latt£r  an  elementary  arc  N  P,  which 
will  have  the  same  altitude  P  Q  = 
KL  =  BH9bOK,  and  whose  relation 
to  the  latter  can  be  very  simply  ex- 
pressed.   In  consequence  of  the  eim- 
ilarity  of  the  triauglea  O  K  L  and  0  Q  H  wa  have 
OK  _  CO 
EL      OH' 
and  in  consequence  of  the  similarity  of  the  triangles  N  P  Q  and 
ONH 

NP  _  ON 
PQ~  NW 
dividing  the  first  of  these  proportions  by  the  second  and  remem- 
bering that  X  L  =  P  Q,-we  obtain  the  ratio  of  the  above  elements 
of  the  area 

ff_ff" _  CO.NH 
N  P~'QH.  ON' 
From  a  well-known  property  of  the  circle  we  have 
G7P  =  MH{2CM-MH)wiANli'  =  MH.DB, 
whence  it  fuilows  that 

QK  __  CO.VDH  _  rVx 

NP~  ON.  i/20W^~MH  ~  i  A  *^2T^(k~^^)' 
and  the  time  required  to  describe  an  element  of  the  path  is 

ri^i  NP   _  8r  „„ 


ihi/2r  -\h~x)'   Vigx      f^  Viff  [^r  -  {h  -  x)]' 
^  2r 
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Generally  in  practice  the  angle  of  displacement  is  small,  and 
then  r— ,  5—  and  -^ —  are  such  small  quantities,  that  we  can 
neglect  them  and  their  higher  powers  and  put 

9       A 
The  duration  of  a  demi-osciUation  or  the  time  within  which  the 
pendulum  describes  the  arc  ^  Jf  is  equal  to  the  sum  of  all  the 
elements  of  the  time  corresponding  to  the  elements  0  E  or  N  P* 

Now  since  ^  .  y  ~  is  a  constant  fieu^tor,  we  can  put  the  sum  equal 

1    /r 
to  y  y  -  times  the  sum  of  all  the  elements  formincr  the  semi- 
n      g  ° 

circle  D  N M^  le^  =  -  y  -  times  the  semicircle  \-r\  or 

The  same  time  is  required  by  the  pendulum  for  its  ascent;  for 
the  velocities  are  the  same  but  opposite  in  direction,  hence  the 
duration  of  a  complete  oscillation  is  double  the  latter,  or 

^  9 

(§  322.)  More  Easact  Formula  for  the  Duration  of  an 
Oscillation  of  the  Circular  Pendulum. — In  order  to  determine 
tiie  duration  of  an  oscillation  with  greater  precision,  as  is  some- 
times necessary,  when  angles  of  displacement  are  large,  we  can 
transform  the  equation 

r A3i      V  %r  1 

into  the  series 

and  then  we  have  the  time  in  which  an  element  of  the  path  is 
described 
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Putting  the  central  angle  i>  0  if  =  ^',  or  the  arc 


J>!r=DO.it>  = 
obtain  the  height 
MS=h-x  =  JtfO  —  ffO  = 


we  obtain  the  height 

A 
'  8 

+  5  o"-  «  =  (1  +  on-  «)  I  i 

and  therefore  the  element  of  time 

r  =  [n.  J.(1  +  »M.0)  A 

.,(1.».,«-(A)V...]V|.^. 

or,  since 

(1  +  COS. ^)'  =  1  -f-  2  COS.  *  +  {«M.  ^)'  =  1  +  2 ««. ^  +^  +y.g» 
=  i  +  2  w«.  0  +  J  CM.  2  1^ 

■  =[i-s44-v.(,4)'+--(s4^+fG4)"+-)-* 

Now  the  sum  of  all  the  elementa  N  P  ia  =  the  arc  D  N  P  ^ 
^,  iTP  aw.  *  ifl  =  JV  e  and  the  smn  of  all  the  JV  g  is  =  the 

ordinate  N  H=  ^  sin.  -p  and  also  the  sam  of  all  the -r — '■ — - 

ie  =  sin.  2  ^,  therefore  the  time  required  to  describe  the  arc  A  0  ia 

'■  =  ([l^'  -Tr-  +/.  (4)'+-]'+  [i  4  +»  (it)'--]"-* 
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The  time  required  to  describe  the  nrc  A  M  is,  since  we  have 
here  ^  =  ^,  sin.  ^  =  tin.  tt  and  sin.  2  (f>  =  sin.  2  rr  =  0, 

As  the  velocity  decreases  in  the  same  manner^  when  the  pen- 
dulum ascends  on  the  other  side,  as  it  increased  during  the  descent, 
the  time  required  for  describing  the  entire  arc  or  the  duration  of 
the  complete  oscillation  is 

If  the  pendulum  oscillates  in  a  semicircle,  we  have  A  =  r,  and 
consequently  the  duration  of  an  oscillation  is 

In  the  most  cases  in  practice  the  amplitude  of  the  oscillations 
is  much  less  than  a  semicircle,  and  the  formula 

'  =  ('-84)'^ 
is  BufSciently  accurate. 

If  the  angle  of  displacement  be  denoted  by  a,  we  have  cos.  a  = 

=  1 or-  =  l  —  COS.  a.  and  therefore 

r  TV 

h         -     1  —  COS.  a       ,  /  .     a\* 

8T=^- — 2 — =n'^"-2)' 

from  the  latter  formula  we  can  determine  the  correction  to  be 
applied  for  any  given  amplitude.  If,  for  example,  this  angle  is 
a  =  15',  we  have 

and,  on  the  contrary,  for  a  =  5* 

g^  =  0,00047 ; 
for  this  last  amplitade  the  duration  of  an  oscillation  is 

/  =  1,00047 .  ff  y^. 

^  9 


,00436. 


^54  GENERAL  PRINCIPLES  OF  MECJHANICS.  [§  8S8. 

Consequently  if  the  amplitude  is  less  than  6%  we  oan  put  with 
sufficient  accuracy  the  duration  of  an  oscillation 

t=zny^=z^Vr=z  0^54 Vr. 
§  323.  Length  of  the  Pendiiliuii.— Since  in  the  formula 

9 
the  angle  of  displacement  does  not  appear,  it  follows  that  the 

duration  of  small  oscillations  of  a  pendulum  does  not  depend  upon 
this  angle,  and  that  pendulums  of  the  same  lengths,  when  their 
amplitudes,  although  different,  are  small,  oscillate  isochranally  or 
have  the  same  duration  of  oscillation.  A  pendulum,  when  its  am- 
plitude is  4  degrees,  make  an  oscillation  in  (almost)  the  same  time 
as  when  it  is  1  degree. 

If  we  compare  the  duration  ^  of  an  oacillation  with  the  time  tt 
of  the  free  fall,  we  find  the  following  relation.  The  time  required 
by  a  body  to  fall  freely  a  distance  r  is 

^9  if 

hence 

the  duration  of  an  oscillation  of  a  pendulum  is  to  the  time  required 
by  a  body  to  fall  freely  a  distance  equal  to  the  length  of  the  pen-r 
dulum  as  the  number  tt  is  to  the  square  root  of  2.  The  time  re- 
quired to  fall  the  distance  2  r  is 

9  ^9 

therefore  the  duration  of  an  osciUaiion  is  to  the  time  required  tofaB 

a  height  equal  to  twice  the  length  of  the  pendulum  as  n  is  to  2. 

If  we  put  the  durations  of  the  oscillations  of  two  pendulums, 

whose  lengths  are  r  and  n,  equal  to  t  and  ^i,  we  obtain 

t:t,  =  VT:  V7,. 
When  the  acceleration  of  gravity  is  the  same,  t?ie  durations  of  the 
oscillations  are  proportional  to  the  square  roots  of  the  lengths  of  the 
pendulums.  Now  if  n  is  the  number  of  oscillations  made  by  one 
pendulum  in  a  certain  time,  as,  e.g.,  in  a  minute,  and  n,  the  num- 
ber made  in  the  same  time  by  another  pendulum,  we  have 

n    ni     • 
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and  inversdy  n  :  »i  =  VTi :  VT, 

I.E.  the  number  of  osciUationa  is  inversely  proportional  to  the  square 
root  of  the  length  of  the  pendulum.  A  pendulum  four  times  ae 
long  afl  another  makes  but  one-half  as  many  oscillations  in  the 
same  time. 

A  pendulum  is  called  a  second  pendulum  (Fr.  pendule  k  seconde, 
Oer.  Secundenpendel)^  when  the  duration  of  its  oscillation  is  a 

second.    Substituting  in  the  formula  t  =  fry  — ^,  <.  =  1,  we  obtain 

the  length  of  the  second  pendulum  r  =  —■ ;  for  English  system 

of  measures 

r  -  3,26255  feet  =  89,1606  inches, 

and  for  the  metrical  system 

r  =  0,9938  metrea 

By  inverting  the  formula  t  =  ny — ,  we  obtain  g  =  l-j  r,  by 

means  of  which  we  can  deduce  from  the  length  r  of  the  pendulum 
and  the  duration  t  of  its  oscillation  the  acceleration  g  of  gravity. 
We  can  determine  the  value  of  g  more  simply  and  more  accurately 
in  this  manner  than  with  Atwood's  machine. 

Rekabk. — ^By  observations  upon  the  pendulum,  the  decrease  of  the  force 
of  gravity,  as  we  proceed  from  the  equator  to  the  poles,  has  been  proved, 
and  its  intensity  determined.  This  diminution  is  caused  by  the  centrifugal 
force  arising  from  the  daily  revolution  of  the  earth  upon  its  axis,  and  also 
by  the  increase  of  the  radius  of  the  earth  from  the  poles  to  the  equator. 
The  centrifugal  force  diminishes  the  action  of  gravity  at  the  equator  yf,^  of 
its  value  (f  302),  while  at  the  poles  the  action  of  the  centrifhgal  force  is  null. 
By  observation  upon  the  pendulum  we  can  determine  the  acceleration  of 
gravity  at  the  place  of  obeervatioii.  This  acceleration,  when  /?  denotes  the 
latitude  of  the  place,  is 

g  =  9,8066  (1  —  0,00259  oa$.2  P)  metres; 
therefore  at  the  equator,  where  /S  =  0  and  eos.2p  =  1,  we  have, 

g  =  9,8056  (1  -  0,00269)  =  9,780  metres, 
and  at  the  poles,  where  J3  =  OO"*,  009.  2  j3  =  eo8, 180"*  =  —  1, 

g  =  9,8056  . 1,00269  =  9,831  metres. 
Upon  mountains  g  is  smaller  than  at  the  level  of  the  sea. 

§  324.  Cycloid. — We  can  put  a  body  in  oscillation  or  cause  it 
to  assume  a  reciprocating  motion  in  an  infinite  number  of  ways. 
Any  body  moving  in  such  a  manner  is  called  a  pendulum.  We 
distinguish  several  kinds  of  pendulums,  as,  for  example,  the  circt^ 
lar  pendulum,  which  weiave  just  discussed,  the  cycloidal  pendulum, 
where  the  body,  by  virtue  of  its  weight,  swings  backwards  and  for- 
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If  we  substitute  O  K  = 

GK 


2y2 


rx 


T  = 


T  = 


V¥gx 
%V2rx 


h 
we  obtain 


N  P  in  the  formula 


.NP 


j;  r   ^  • 


NP. 


V2gx.A  ^  '   ff 

The  time  required  to  fall  from  ^  to  if  is  the  sum  of  all  the 
values  of  t,  obtained  by  substituting  for  JVP  all  the  diTisions  of 
the  semicircle  D  NM^ot 

=  =-  i/ -  times  the  semicircle  D  NM  (^  A). 
h^  g  \2    / 

Hence  we  have  the  time  required  to  describe  the  arc  ^  Jf 

and  since  the  time  for  ascending  the  arc  if  £  is  equal  to  it^  we  have 
for  the  time  required  to  describe  the  whole  arc  A  M  B 

t  =  2trz=2n\/^  =  n  i/^. 

Since  this  quantity  is  entirely  independent  of  the  length  of  the 
arCy  it  follows  that  the  times  of  the  oscillations  for  aU  arcs  of  the 
aame  cycloid  are  mathematically  exactly  equal,  or  that  the  cydaidal 
pendulum  is  perfectly  isochronal.  If  we  compare  this  formula  with 
the  formula  for  the  duration  of  the  oscillations  of  a  circular  pen- 
dulum, we  find  that  the  durations  are  the  same  for  both  pendulums^ 
when  the  length  of  the  circular  pendulum  is  four  times  the  radius 
of  the  generating  circle  of  the  cycloid. 

Remabk. — In  order  to  make  a  body  suspeDded  by  a  flexible  cord  oscil- 
late in  a  cycloid  and  thereby  to  form  a  cycloidal  pendulum,  we  must  hang 

the  same  between  two  arcs  C  0  and  C  O^, 
Fig.  588,  of  a  cycloid,  so  that  daring 
each  oscillation  the  cord  will  unwind 
from  one  and  wind  upon  the  other  arc. 
It  can  easily  be  shown  that,  when  the 
cord  0  0  P  wraps  and  unwraps,  the  end 
P  describes  a  cycloid  equal  to  the  given 
one,  but  in  an  inverted  position.  The 
length  of  the  semi-cycloid  is  C7  O  ^  = 
OD  =  2  A  j^and  the  arc  0  J  is  =  the 
straight  line  0  P,  which  has  been  un* 
wound;  but  the  arc  0  ^1  =  twice  the 
chord  A  F  =:  2  G  0,  and  therefore 


Fio.  538. 
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P  Q  =  G  0  =  AF  and  HI9'=  AK     Describing  upon  Dff=ABtk 
semicircle  D  K  H  and  drawing  the  ordinate  NP^  we  have  K  H  :=^  P  Q 
and,  therefore,  also 
PK  =  Q  H  :=^  AH  -^  AQ  =^  AI[--FO  =  sicAFB  —  sltcAF  := 

arc  jB  ^  =  arc  D  j; 
and,  finally,  NPia  =  the  ordinate  ^JT  of  the  circle  pins  the  correspond- 
ing arc  j3  JT;  ^Pis  therefore  the  ordinate  of  a  cycloid  D  P  A  corre- 
sponding to  the  generating  circle  D  K  H, 

Upon  the  application  of  cycloidal  pendulums  to  clocks,  sec  ^*  Jahrbii- 
cher  des  polytechn.  Institutes  in  Wien,"  Vol.  20,  Art.  n.  Also  PrechtPs 
technologische  Encyclopadie,  Bd.  19. 

(§  326.)  The  Conre  of  Quickest  Descent— It  can  be  proved 
by  the  Galcnlns  that  the  cycloid,  besides  the  property  of  isochronism 
or  tautochronism,  possesses  also  that  of  hrachyatoniamy  le.  it  is  the 
line  in  which  a  body  descends  from  one  given  point  to  another  in 
the  shortest  time. 

We  can  prove  this  (as  Jacob  BemoaUi  did)  in  the  following 
manner. 

Let  the  relative  position  of  two  points  A  and  B,  Fig.  539,  be 
given  by  the  verticsd  distance  A  C  ^  a  and  the  horizontal  one 

B  C  =i  b,  and  that  of  a  horizontal 
line  D  E  hj  the  vertical  distance 
A  D  s=  h;  required  the  point  K,  in 
which  a  body  falling  from  A  to  B 
must  intersect  the  line  i>  i^  in  order 
to  reach  B  in  the  shortest  time.  If 
the  body  arrives  at  A  with  the  ve- 
locity V,  the  velocity  at  K  is 

Vi  =  Vv^  +  2  gh; 

and  supposing  that  A,  K  and  B  are 
infinitely  near  each  other,  or  that  a,  b  and  h  are  very  small  com- 
pared to  V,  we  can  assume  that  -4  -^  is  described  uniformly  with 
the  velocity  v  and  K  B  uniformly  with  the  velocity  v„  or  that  the 
time,  in  which  A  K  Bi%  described,  is 

._AK      KB 

V  Vi 

Denoting  2>  JT  by  «,  we  have 

-4  JT  =  VFT?  and  ^  5  =  ¥{a  -  A)*  +  (6  -  z)\ 
and  therefore 


Fio.  589. 
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^  = 


VFT 


V 


V(a  -  hy  +  {b-  zy 

Vi 


This  qnantitj  will  be  a  minimum,  when  we  make  its  first  dif- 
ferential coefficient 

d  t  z  b  ^  z 


But 


and 


dz      ViTh'  +z'      V,  V{a  -  A)'  +  (ft  -  zy 

z  K  D  ^  „  ^ 

,  =  ^?r--T  ^  co%.A  KD  =i  coa.il> 

i^A«  +  «*      ^^ 


=  0. 


b-z 


B  L 


cos^KBL^eos.^ 


V{a  -  hy  +  (J  -  «)•       ^  ^ 

^  and  01  denoting  the  inclination  of  the  paths  A  K  and  iT  JB  to  the 
horizon ;  hence  we  haye  for  the  equation  of  condition 

Pjitting  the  heights  due  to  the  velocities  v  and  t^^  M  A^y  and 
NK  z:^  y„or 

V  =  Va^y  and  v,  =  4^2  ^ry,, 
our  equation  becomes 

COB,  0  _  ^a.  01 

and  if  we  apply  this  formula  to  the  oase  of  a  curved  line  SAKPy 
it  follows  that  for  every  point  of  this  curve  the  quotient  — ^  must 

be  a  constant  quantity,  such  as  —7=^* 

T  2  T 

This  property  corresponds  to  a  cycloid  8  G  M,  Kg.  540 ;  for 
we  have  for  an  element  O  K  of  this  curve 
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6;_Z       FH  _  VMH.EH  _  j/^ff  _  JIT 
"^^^  QK^  FM-  VMH.£M^  ^  EM^^  Vf^ 

and  therefore 

C09.  ^  1 


r  denoting  the  radius  C  M  :=  C  -fi^  of  the  generating  circle  E  F  M, 
An  arc  SGofa  cycloid  is  therefore  the  arc  in  which  a  body 
descends  in  the  shortest  time  from  one  point  8  to  another  point  G. 

§  327.  The  Compound  or  Material  Pendulum. — In  order 
to  determine  the  duration  of  an  oscillation  of  a  compound  pendulum 
or  of  any  body  A  B,  Fig.  541,  oscillating  about  a  horizontal  axis  C, 

we  must  first  find  the  centre  ofosdUation  (Pr.  centre 
d'oscillation,  Qer.  Mittelpunkt  des  Schwunges  or 
Schwingungspunkt),  I.E.,  that  point  K  of  the  body 
which,  if  it  oscillates  alone  around  C  or  forms  a 
simple  pendulum,  has  the  same  duration  of  oscilla- 
tion as  the  entire  body.  We  can  easily  perceive 
that  there  are  several  such  points  in  a  body,  but  we 
generally  understand  by  it  only  that  one,  which 
lies  in  the  same  perpendicular  to  the  horizontal 
axis  as  the  centre  of  gravity  does. 

Prom  the  variable  angle  of  displacement  E  C  F  =^  0  we  obtain 
the  acceleration  of  the  isokted  point  K,  which  is 

=  g  sin.  <l>'y 

for  we  can  imagine  that  it  slides  down  a  plane,  whose  inclination  is 
EUR  =  EC  F=ip.  If  Jfi*  is  the  moment  of  inertia  of  the 
entire  body  or  system  of  bodies  A  B^  M  s  its  statical  moment,  le. 
the  product  of  the  mass  and  the  distance  (7  iS'  =  «  of  its  centre  of 
gravity  from  the  axis  of  oscillation  (7,  and  r  the  distance  C  Eof 
the  centre  of  oscillation  from  the  axis  of  rotation  or  the  length  of 
the  simple  pendulum,  which  vibrates  isochronally  with  the  material 
pendulum  A  By  we  have  the  mass  reduced  to  E 

and  therefore  the  rotaiy  force  reduced  to  this  point  is 

—  -Mgsin.^\ 
consequently  the  acceleration  is 
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force      5  ,,      .     ^    Ml^      Mar         .     , 

In  order  that  the  duration  of  an  oscillation  of  this  pendulum 
shall  be  the  same  as  that  of  the  simple  pendulum,  it  must  haye  in 
every  position  the  same  acceleration  as  the  other;  henoe 

M  8  r        .     ^  .      - 

This  equation  gives 

—  ^^  —  moment  of  inertia 
~  Jf «  ~~  statical  moment 
We  find,  then,  tliat  the  distance  of  the  centre  of  oaciUation  from 
the  point  about  which  the  rotation  takes  place,  or  the  length  of  the 
simph  pendidum  having  the  same  duration  of  oscillation  as  the  com- 
pound pendulum,  is  equal  to  the  numient  of  inertia  of  the  compound 
penduhim  divided  hy  its  statical  moment  or  the  moment  of  its  weight. 

Substituting  this  value  of  r  in  the  formula  t  =  n  y  — ^,  we  ob- 
tain for  the  duration  of  an  oscillation  of  a  compound  pendulum 

^  Mg  s  ^  gs 

or  more  accurately 

By  inversion  we  obtain  from  the  duration  of  an  oscillation  of  a 
suspended  body  its  moment  of  inertia  by  putting 

MTC^  :=z  (-^y.  MgSOTlf  =z  {1^  g  8. 

Remark — 1)  In  order  to  determine  the  moment  of  inertia  M  V  c^  9k 
body  from  the  duration  of  one  of  its  oscillations,  it  is  necessary  to  know  its 
statical  moment  M  g  %  •=.  G  »,  The  latter  is  found  by  drawing  the  body 
A  C,  Fig.  542,  out  of  its  position  of  equilibrium  by  means  of  a  rope^  J9i>t 
which  passes  over  a  pulley  and  to  which  a  weight  P  is  suspended.  The 
perpendicular  C  y,  let  fall  from  the  axis  C  upon  the  direction  of  the  rope 

A  B^  is  the  arm  a  of  the  weight  P,  and  Pa  is  equal  to  the  moment  O,  Off 

of  the  weight  G,  which  acts  vertically  at  the  centre  of  gravity  5.    Denoting 

by  a  the  angle  V  O  8  =  C  8  H,  which  the  body  is  raised  by  the  weight  P, 

we  have 

C5=  '08mn,a  =  <<m.a, 
and  therefore 

G  3  tin.  a  =z  Pay 

from  which  we  deduce  the  required  statical  moment 

tin,  a 


§827.] 


THE  ACTION  OP  GRAVITY,  ETC. 


663 


2)  A  very  simple  and  xxaefal  pendulnm  A  D  F,  Fig.  648,  may  be  made 
of  a  ball  of  lead  A  about  1  inch  in  diameter,  suspended  by  a  silk  thready 


Fig.  542. 


Fig.  548. 


(# 


whose  npper  end  is  fastened  into  a  ferrule  D  by  a  clamping  screw.  This 
ferrule  has  upon  its  end  a  screw,  which  passes  through  the  arm  E  F 
and  is  made  last  by  a  nut  O,  when  the  arm  has  been  screwed  into  a 
door-frame  or  some  other  solid  support.  If  the  length  is  G  A  ^  0,2485 
or  nearly  ^  meter,  then  this  pendulum  will  beat  half-seconds  for  almost 
an  hour,  although  the  arcs  in  which  it  oscillates  will  continually  decrease. 
Example — 1)  If  the  point  of  suspension  of  a  prismatical  rod  A  B, 
Fig.  544,  is  at  a  distance  O  A  =  l^  from  one  end  A  and  0  B  =^  l^ 
from  the  other  B^  its  moment  of  inertia,  when  F  denotes  its  cross-sec- 
tion, is  (1 286) 

if*»  =  ii?'(V+Z,»), 
and  its  statical  moment  is 

Aence  the  length  of  the  simple  pendulum,  which  oscillates  isochronally, 

is 

M  k^       ,    ?i«  +  Z,»  _  P  +  8  <P 
Fig.  544.  **  =  ITT  =  t  • 

B 


I  denoting  the  sum  l^  +  l^  and  d  the  difference  l^  —  Z,. 
rod  should  beat  half-seconds,  we  must  make 


If  this 


g 


r  =  J. -^  =  i.  89,15  =  9,79  inches, 

and  if  the  rod  is  12  inches  long  we  must  put 
^^^       144  +  8d» 

»»7»  =  -Td- 

hence  ,      19,58- V  191,3764      19,58  - 18,88     _,.    , 

d  = — ;r =  2|mcnes; 


ord»  -  19,58  £?= -48, 


A      from  which  we  obtain 


2 


664 


GENERAL  PRINCIPLES  OF  MSCHANICa 


[§82a 


Fig.  545. 
oC 


Z,  = -|-  =  6  +  lA  =  7Aand?,=  -g- =  6  -  lA  =  4^. 

3)  If  6^  is  the  weight  and  I  the  length  of  the  rod  of  a  pendulom  with 
a  spheroidal  bob  A  B^  Fig.  545,  and  if  JT  is  the  weight  and  r^  the  diam- 
eter MA  =  MB  of  the  latter,  we  will  have 

If  the  wire  weighs  0,05  pounds  and  the  ball  1,5  pounds,  and 
if  the  length  of  the  wire  is  1  foot  and  the  radius  of  the  ball  1,15 
inches,  we  have  the  distance  of  the  centre  of  oscillation  of  this 
pendulum  from  the  axis  of  rotation 

_  i .  0,05 .  12'  4-  JT  (18,15*  H- 1 . 1,15«)  _  2,4  +  260,177 
•^  ~  J .  0,05  .  12  +  1,5 .  13,15  ""   0,3  +  19,725 

269,577       .«..«,    , 

260  177 
If  we  neglect  the  wire,  r  =   ^*  ^  ==  18,100  inches,  and  if  we  assume 

the  mass  of  the  ball  to  be  concentrated  at  its  centre  r  =  13,15  inches.    The 
duration  of  an  oscillation  of  this  pendulum  is 

t  =  TT  |/-  =  0,554 1/^^^  =  0,554  Vi;0926  =  0,5791  secondsw 

§  328.  Reciprocity  of  the  Point  of  Snspension  and  the 
Centre  of  Oscillation. — The  paint  of  suspeTisian  and  the  centre 
of  oseillcUion  are  reciprocal  (Fr.  reciproque ;  (Jer.  wechselfieitig), 
LE.  one  can  be  changed  for  the  other,  or  the  pendulam  can  be  sus- 
pended at  the  centre  of  oscillation  without  changing  the  duration 
of  the  oscillation.  This  can  be  proyed,  by  the  aid  of  what  was 
said  in  §  284,  in  the  following  manner.  Let  W  be  the  moment  of 
inertia  of  the  compound  pendulum  A  By  Fig.  546,  referred  to  an 

axis  of  rotation  paasing  through  its  centre  of  grav- 
ity 8y  for  an  axis  of  rotation  passing  through  (7, 
which  is  at  a  distance  C  S  =  s  from  the  centre  of 
gravity  8,  we  have 

TT,  =  TT  +  M8\ 
and  therefore  the  distance  of  the  centre  of  oscilla- 
tion from  the  axis  of  rotation  C  is 


Fig.  546. 


+  8. 


Ms  ~       Ms  Ms 

Denoting  the  distance  K  S  =^  r  ^  s  of  the  centre 

of  oscillation  JT  from  the  centre  of  gravity  by  «„  we  obtain  the 

W 
equation  ssi  =  jp  in  which  s  and  Si  present  themselves  in  the 
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same  manner^  and  therefore  can  be  changed  for  one  another.  This 
formnla  is  consequently  applicable  not  only  to  the  case,  where  s 
expresses  the  distance  of  centre  of  rotation  and  8i  that  of  the  cen^ 
tre  of  oscillation  from  the  centre  of  grayity,  but  also  to  the  case, 
where  8  expresses  the  distance  of  the  centre  of  oscillation  and  8i 
that  of  the  centre  of  rotation  from  the  centre  of  gravity.  There- 
fore C  becomes  the  centre  of  oscillation,  when  K  becomes  the  point 
of  suspension.  We  employ  this  property  in  the  rever8' 
Fig.  647.  ^jjfe  pendulum  A  B,  Pig.  547,  first  suggested  by  Bohnen- 
^  berger  and  afterwards  employed  by  E^ater.  It  is  provided 
with  two  knife-edge  axes  G  and  K,  which  are  so  placed, 
that  the  duration  of  an  oscillation  remains  the  same, 
whether  the  pendulum  is  suspended  from  one  axis  or  the 
other.  In  order  to  avoid  changing  the  position  of  the 
axes  in  reference  to  each  other,  two  sliding  weights  are 
applied  to  it,  the  smaller  of  which  can  be  moved  by  a 
small  screw.  K  by  sliding  the  weights  we  have  brought 
them  to  such  a  position,  that  the  duration  of  an  oscilla- 
tion is  the  same,  whether  the  pendulum  be  suspended  in 
C  or  Kj  we  obtain  in  the  distance  0  K  the  length  r 
of  the  simple  pendulum,  which  vibrates  isochronally  with 
the  reversable  pendulum,  and  the  duration  of  the  oscilli^ 
tion  is  given  by  the  formula 

9 

§  329.  Rockiiig  Pendulum. — The  roching  of  a  body  with  a 
cylindrical  base  can  be  compared  to  the  oscillation  of  a  pendulum. 
This  rocking,  like  every  other  rolling  motion,  is  composed  of  a  mo- 
tion of  translation  and  one  of  rotation,  but  we  can  consider  it  as  a 
rotation  about  a  variable  axis.  This  axis  of  rotation  is  the  point 
of  support,  where  the  rocking  body  ABC,  Fig.  548,  rests  upon 

the  horizontal  support  H  R.  Let 
the  radius  CD-  C  Pot  the  cylin- 
drical base  A  D  B  he  =  r  and  the 
distance  C  Sot  the  centre  of  gravity 
S  of  the  whole  body  from  the  centre 
C  of  this  base  be  =  ^,  then  we  have 
for  the  distance  S  P—  y  of  the  cen- 
tre of  gravity  from  the  centre  of  rota- 
tion,  corresponding   to   the   angle 
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y»  =  r*  +  «•  —  3  r  «  «>«.  ^  =  (r  —  «)'  +  4  r  8  I  sin.  -^). 

If  we  denote  the  moment  of  inertia  of  the  whole  body  in  reference 
to  the  centre  of  gravity  Shj  M  F,  we  obtain  the  moment  of  inertia 
in  reference  to  the  point  of  support  F 

JT  =  J!f  (*•  +  y»)  =  Jf  [i'  +  (r  -  «)•  +  4  r  «  (sin.  ^J], 

for  which  for  small  angles  we  can  put  M[k*  +  (r  —  «)*  +  r  «  0']  or 
even  i!/  [A*  +  (r  -^s)*].    Now  since  the  moment  of  the  force  = 
0  .  8  N  =  Mg  .  G  S  sin.  <!>  =  M  g  s  sin.  if>y  we  have  the  angular 
acceleration  for  a  rotation  around  F 
_   moment  of  force    _       M  g  s  sin.  ^      __     gssin.<t> 
^  moment  of  inertia  ~  Jf  [&*  -h  (r  —  sy]  ~~  A"  -h  (r  —  «)*" 

For  the  simple  pendulum  it  is  =  ~ ^,  when  Vi  denotes  its  length. 

If  they  should  oscillate  isochronaUy,  we  must  have 

g  s  sin.  (p     ^  g  sin.  <f>  _  *'  +  (^  ~"  *)* 

FT(^".^  -  ~i^'  ^'^'  "■»  -  ~s         • 

The  duration  of  an  oscillation  of  the  rocking  body  is,  therefore, 

^   g         ^         gs 

This  theory  is  applicable  to  a  pendulum  A  B,  Pig.  549, 
with  a  rounded  axis  of  rotation  C  J/,  when  we  substitute 
for  r  the  radius  of  curvature  C  M  oi  this  axis.  If  instead 
of  the  rounded  axis  a  knife-edge  axis  D  is  used,  the  dura- 
tion of  an  oscillation  would  be 

g.D  S  ^     g{8  -x) 

when  the  distance  C  D  of  the  knife-edge  D  from  the  cen- 


-"■♦it^ii--^ 


tre  C  of  the  rounded  axis  is  denoted  by  x.    The  two  pen- 
dulums will  have  the  same  duration  of  oscillation,  when 

i^-his-xy      Jk'-^ir-sy          *•                 k'-^r'       ^ 
1 L.  =: 1 L.  or ic  = 2  r ; 

s  —  X  s  s  —  X  s 

V  V      T^x 

putting  approximatively =  —  +  — j-  and  neglecting  r*,  we 

S  "^  X  8  S 

obtain  __   2r  s* 

Remark. — The  conical  peudulam  will  be  dificnssed  in  the  third  part, 
in  the  article  upon  the  "  Qovemor." 

In  the  appendix  to  this  volume  the  subject  of  oscillation  is  treated  at 
length. 
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CHAPTER    IV. 


THE    THEORY    OF    IMPACT. 

§  330.  Impact  in  G^eneraL — On  account  of  the  impenetra- 
bility of  matter,  two  bodies  cannot  occupy  the  same  space  at  the 
same  time.  If  two  bodies  come  together  in  such  a  way  that  one 
seeks  to  force  itself  into  the  space  occupied  by  the  other,  a  recipro- 
cal action  between  them  takes  place,  which  causes  a  change  in  the 
conditions  of  motion  of  these  bodies.  This  reciprocal  action  is 
what  is  called  impact  or  collision  (Pr.  choc,  Ger.  Stoss). 

The  conditions  of  impact  depend,  in  the  first  place,  upon  the 
law  of  the  equality  of  action  and  reaction  (§  65);  during  the  im- 
pact one  body  presses  exactly  as  much  upon  the  other  as  the  other 
does  upon  it  in  the  opposite  direction.  The  straight  line,  normal 
to  the  surfaces,  in  which  the  two  bodies  touch  each  other,  and 
passing  through  the  point  of  tangency,  is  the  direction  of  the 
force  of  impact  If  the  centre  of  gravity  of  the  two  bodies  is  upon 
this  line,  the  impact  is  said  to  be  central;  if  not,  it  is  said  to  be 
eccentric    When  the  bodies  A  and  Bj  Fig.  550,  collide,  the  impact 

Fig.  SCM). 


is  central ;  for  their  centres  of  gravity  Sx  and  8^  lie  in  the  normal 
JV  iV  to  the  tangent  plane.  In  the  case  represented  in  Fig.  551  the 
impact  of  A  is  central  and  that  of  B  eccentric ;  Jor  Sx  lies  in  and 
S%  without  the  normal  line  or  line  of  impact  N  N» 

When  we  consider  the  direction  of  motion,  we  distinguish  direct 
impact  (Fr.  choc  direct,  Ger.  gerader  Stoss)  and  oblique  impact  (Fr. 
choc  oblique,  Ger.  shiefer  Stoss).    In  direct  impact  the  line  of  im- 
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pact  coincides  with  the  direction  of  motion ;  in  oblique  impact  the 
two  directions  diverge  from  each  other.    H  the  two  bodies  A  and 

By  Fig.  552,  move  in  the  directionB 
^<*-  ^^'  5i  Ci  and  Si  C^,  which  diyerge  from 


J?i  C, 


the  line  of  impact  N  N,  the  impact 

which  takes  place  is  oblique,  while, 

on  the  contrary,  it  would  have  been 

—       direct  if  the  directions  of  motion  had 

coincided  with  N  N, 

We  distinguish,  also,  the  impact 
of  free  bodies  from  that  of  those  par- 
tially  or  entirely  retained* 

§  331.  The  time  during  which  motion  is  imparted  to  a  body  or 
a  change  in  its  motion  is  produced  is,  it  is  true,  very  small,  but  by 
no  means  infinitely  so ;  it  depends  not  only  upon  the  force  of  im- 
pact, but  also  upon  the  mass,  velocity  and  elasticity  of  the  colliding 
bodies.  We  can  assume  this  time  to  consist  of  two  parts.  In  the 
first  period  the  bodies  compress  each  other,  and  in  the  second  they 
expand  again,  either  totally  or  partially.  The  elasticity  of  the 
body,  which  is  brought  into  action  by  the  compression,  puts  itself 
into  equilibrium  with  the  inertia,  and  thus  changes  the  condition 
of  motion  of  the  body*  If  during  the  compression  the  limit  of 
elasticity  is  not  surpassed,  the  body  returns  to  exactly  its  former 
shape,  and  it  is  said  to  be  perfectly  elastic  j  but  if  the  body,  after 
the  impact,  only  partially  resumes  its  original  form,  we  say  it  is 
imperfectly  elastic;  and  if,  finally,  the  body  retains  the  shape  it  as- 
sumed under  the  maximum  of  compression  or  possesses  no  ten- 
dency to  re-expand,  we  say  that  the  body  is  inelastic.  This  classi- 
fication of  impact  is  correct  within  certain  limits  only;  for  it  is 
possible  that  the  same  body  will  act  as  an  elastic  one  when  the  im- 
pact is  slight,  and  as  an  inelastic  one  when  the  impact  is  violent 
Strictly  speaking,  perfectly  elastic  and  perfectly  inelastic  bodies 
have  no  existence ;  but  we  will  hereafter  consider  elastic  bodies  to 
be  those  which  apparently  resume  their  original  form,  and  inelastic 
bodies  to  be  those  which  undergo  a  considerable  change  of  form  in 
consequence  of  the  impact 

In  practical  mechanics  the  bodies,  such  as  wood,  iron,  etc, 
which  are  subjected  to  impact,  are  very  often  regarded  as  inelastic, 
because  they  either  possess  but  little  elasticity  or  lose  the  greater 
part  of  their  elasticity  in  consequence  of  the  repetition  of  tiie  im- 
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pact  It  is  yerj  impartant  in  conBtructing  machinery,  etc^  to  ayoid 
impacts  as  much  as  possible.  If  this  cannot  be  done,  we  shonld 
diminish  their  intensity  or  change  them  into  elastic  ones ;  for  they 
give  rise  to  jars  or  concossions  and  canse  tilie  machinery  to  wear 
yery  fast^  and  in  consequence  a  portion  of  the  energy  of  the  ma- 
chine is  consumed. 

§  332.  Central  Impupt.— Let  ns  first  investigate  the  laws  of 
the  direct  central  impact  of  bodies  moving  freely.  Let  us  suppose 
the  duration  of  the  impact  composed  of  the  equal  elements  r,  and 
the  pressure  between  the  bodies  during  the  first  element  of  time  to 
be  =  -Pu  during  the  second  to  be  =  P^  during  the  third  to  be 

=  Pi9  eta  Now  if  the  mass  of  the 
body  Ay  Fig.  563,  =  if,,  we  have  the 
oorresponding  accelerations 

Bnty  according  to  §  19,  the  vari- 
ation in  velocity  corresponding  to  p 
and  to  an  element  of  the  time  r  is 

hence  the  elementary  increments  and  diminutions  of  velocity  in 
the  foregoing  case  are 

_PlT        _  P.  T         _  A  T 

and  the  increase  or  decrease  in  velocity  of  the  mass  Mi  after  a  cer« 
tain  time  is 

«i  +  «»  +  «s  +  . . .  =  (Pi  +  Ps  +  -P.  +  . . .)  ^» 

and  the  corresponding  variation  in  velocity  of  the  body  B,  whose 
mass  is  Mt,  is 

=  (P»  +  P.  +  P,  +  . . .)  -J. 

The  pressure  acts  in  the  following  or  impinging  body  in  oppo- 
sition to  the  velocity  c,  producing  a  diminution  of  velocity,  and 
after  a  certain  time  the  velocity,  which  the  body  still  possesses,  is 


670  GENERAL  PRINCIPLES  OF  MECHANICS.  [§  882L 

The  pressnre  acts  upon  the  body  By  which  is  in  advance  and  which 
is  impinged  upon^  in  the  direction  of  motion^  its  yelocity  Ci  is 
increased  and  becomes 

t^.  =  C  +  (Pi  +  P.  +  Ps  +  . . .)  ^• 

Eliminating  from  the  two  equations  (Pi  +  P«  +  Pa  +  •  • .)  ''"* 
we  have  the  general  formula 

I.  Ml  {ci  —  Vi)  =  Jf,  (v,  —  Cq)y  or 

Ml  Vi  +  if,  V,  =  Ml  Ci  -{■  M^Cf. 

The  product  of  the  mass  of  a  body  and  its  yelocity  is  called  its 
momeffUum  (Fr.  quantite  de  mouvement ;  6er.  Bewegnngsmoment)^ 
and  we  can  consequently  assert  that  at  every  insta^it  of  the  impact 
the  sum  of  tlie  momentums  {Mi  Vi  +  Ma  v^)  of  the  two  bodies  is  the 
same  as  before  the  impact  took  place. 

At  the  instant  of  greatest  compression,  the  two  bodies  have  the 
same  velocity  v,  hence  if  we  substitute  this  value  v  for  Vi  and  v,  in 
the  formula  just  found,  we  obtain 

from  which  we  deduce  the  velocity  of  the  bodies  at  the  moment  of 
greatest  compression 

_  Ml  (?i  +  Jfg  gg 
^^  "■      Mi-\-  M,    ' 

If  the  bodies  A  and  B  are  inelastic^  le.  if  affcer  compression 
they  have  no  tendency  to  expand,  all  imparting  or  changing  of 
motion  ceases,  when  the  bodies  have  been  subjected  to  the  maxi- 
mum compression,  and  they  then  move  on  with  the  common 
velocity 

Ml  C\  +  Ma  Cf 


V  = 


Ml  +  if. 


Example — 1)  If  an  inelastic  body  B  weighing  80  pounds  is  moving 
with  a  velocity  of  8  feet  and  is  impinged  upon  by  another  inelastic  body 
A  weighing  60  pounds  and  moving  with  a  velocity  of  7  feet,  the  two  move 
on  after  the  collision  with  a  velocity 

60  .  7  +  80  .  8       860  +  90       44       11       «-  -    . 
*  =       60  +  80       =        80       -  -Q-  =  T  =  ^**^*- 

2)  In  order  to  cause  a  body  weighing  120  pounds  to  change  its  velocity 
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from  c  =  H  feet  to  «  =  2  feet,  we  let  a  body  weighing  60  pounds  strike 
it ;  what  Telocity  must  the  latter  hare  ?    Here  we  have 

§  333.  Elastic  Impact. — K  the  colliding  bodies  are  perfectly 
elasticy  they  expand  gradually  during  the  second  period  of  the  im- 
pact after  having  been  compressed  in  the  first  one^  and  when  they 
have  finally  assumed  their  original  form^  they  continue  their  mo- 
tion with  different  velocities.  Since  the  work  done  in  compressing 
an  elastic  body  is  equal  to  the  energy  restored  by  the  body,  when 
it  expands  again,  no  loss  of  vis  yiya  is  caused  by  the  impact  of 
elastic  bodies.  Hence  we  have  for  the  vis  viva  the  following  equa- 
tion 

IL  Ml  v,'  +  J^  v,'  =  Ml  Ci  +  Mi  CjS  or 

Ml  (ci'  -  vi')  =  M,  K  -  c^). 

From  equations  L  and  II.  the  velocities  Vi  and  v^  of  the  bodies 
after  the  impact  can  be  found.    First  by  division  we  have 

c^  —  Vi   _  v^  —  c* 
Ci  —  Vi   ~"   v,  —  c, ' 
LE., 

Ci  +  Vi  =  v%  ■¥  Cf, or  Vi  ^  Vi  =  Ci  —  Oil 
substituting  the  value 

Vj  =  C,    +   V,   —  Cty 

deduced  from  the  last  equation,  in  equation  I.,  we  have 

Ml  Vi  -h  M9V1  +  Mi {ci  —  Ci)  =  MiCi  -h  Mid,  or 

(Ml  +  Mi)  Vi  =  {Ml  +  Mi)ci-%Mi  (ci  -  Ci), 

whence 

2  Mi  {ci  —  Ci)      , 
^'  =  ^ Mi\Mi     "^^ 

_  2  Mj  {ci  —  d)  _      .  2  Jfi  (g,  -  Ci) 

Vi  —  C\  ^^  Ci  -T  Ci  =-= — ; ^r= —  Ci  -r  tT? — ; JTjF • 

Ml  +  Mi  Ml  +  Mi 

Hence  if  the  bodies  are  inelastic,  the  loss  of  velocity  of  one 
body  is 

/•  —  «  —  ..  —  -^1  Ci  +  Mi  Ci  _  Mj  {ci  -  g«) 
"^      ''r'   '  Mi  +  Mi      -    Mi-\-Mi' 

and  when  they  are  elastic,  it  is  double  that  amount,  or 
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_       _2Jf,(c,-c.) 

and  while  for  inelastic  bodies  we  have  the  gain  in  yelocity  of  the 
other  body 

_  Ml  gi  +  Jf,  c  _         ^1  (gi  -  Ct) 
^     ^'-      Mt-hM,         ^^   M^  +  M,' 
for  elastio  bodies  it  is 

''^-^-      M,^M,    ' 
or  dtmife  £»  mt^c& 

ExAHFLB. — Two  perfectly  elastic  balls,  one  wdghing  10  ponnds  and 
the  other  16  pounds,  collide  with  the  yelodties  12  and  6  feet  What  ars 
their  yelocities  after  the  impact  t  Here  M^  s  10,  c^  =  13,  if,  =  16  and 
6,  =  —  6  feet,  and  the  loss  of  yelocity  of  the  first  body  is 

_  2.16(13  +  6)_a.l6.18 

«!-«!-        10  +  16       ■"        26        "      '^"  ^^^ 

and  the  increase  of  the  velocity  of  the  other  is 

2.  10  .18     ^«^.^  .  ^ 
«,  -  c,  =: gg =18,846  feet. 

The  first  body,  therefore,  reboonds  after  the  collision  with  the  Telocity 
«^  =  12-  22,154  =  — 10,154  feet,  and  the  other  with  the  velocity  v^p  =  —  6  + 
18,846  =  7,846  feet.  The  vis  viva  of  these  bodies  after  the  impact  is 
=  M^  €>!»  +  ifg  «8«  =  10  .  10,154'  +  16  .  7,846*  =  1081  +  986  =  2016  op 
the  same  as  that  before  impact  if^  01  + if,  c,  =  10. 12'  +  16.6'=  1440  + 
576  =  2016. 

If  the  bodies  were  inelastic,  the  first  body  would  lose  bat  -^— ^ — - 

=  11,077  feet  of  its  velocity  and  the  other  would  gain    *  T"   *    =    6,028 

f^;  the  velocity  of  the  first  body  aftertheimpact  wonldbe  12  —  11,077  = 
0,028  feet,  and  that  of  the  second  —  6  +  6,928  =  0,928 ;  a  loss  of  me- 
chanical effect 

[2016  -  (10  +  16)  0,928']  :  2  ^  =  (2016  -  22,2) .  0,0155  =  80,9  foot-poimdfl^ 
however,  takes  place. 

§  334.  Particular  Casaa. — The  formnlas  fonnd  in  the  fore- 
going paragraph  for  the  final  velocities  of  impact  are  of  conrae 
appUcable,  when  one  of  the  bodies  is  at  rest,  or  when  the  two 
bodies  move  in  opposite  directions  and  towards  each  other^  or 
when  the  majss  of  one  of  the  bodies  is  infinitely  great  compared 
to  that  of  the  other,  etc.  If  the  mass  Mfiaat  rest,  we  have  C|  =  0 
and  therefore  for  inelastic  bodies 
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"^  "  if,  +  Mi 
and  for  eUastic  ones 

''^  ~  ^  +  Jf,  +  if,  -  ifi  +  M  '''• 
If  the  bodies  move  towards  each  others  c,  is  negaidre,  and  there- 
lore  for  inelastic  bodies 

^  =     \)  ""  i>r*    >  M^d  for  elastic  ones 
if,  +  Jf , 

2if,(c,  -h^)  and  t;  -  -IS.  +  ^  ^^  ^^  ^^^ 

''"-''*  if,  +  if.     ^'^'^* ^^      M,  +  M,' 

If  in  this  ease  the  momenta  of  the  bodies  are  equal,  or  if,  ^i  = 
if,  Cf,  when  the  bodies  are  inelastic,  v  =  0,  us,,  the  bodies  bring 
each  other  to  rest,  but  if  they  are  elastic, 

2  (3/,  g,  4-  if,  g|)  _  ^       o  ^  _       ^   ^. 
Vi^Ci M  +  if =  c?i  —  »  Ci  =  —  Cu  ana 

^  2  (if,  c,  +  if,  c)  .  « 

r,  =  -  cj  +        M  +  M —  =-^  +  2c=+^; 

the  bodies  after  the  impact  proceed  in  the  opposite  direction  with 
the  same  Telocity  they  originally  had.  I^  on  the  contrary,  tjie 
masses  are  equal,  we  have  for  inelastic  bodies 

and  for  elastic  ones 

v,  =  —  <j,and  V,  =  c„ 

LS^  each  body  returns  with  the  same  velocity  that  the  other  body 

had  before  the  impact     If  the  bodies  move  in  the  same  direction; 

and  if  the  one  in  advance  is  ir^nUely  great,  we  have  for  inelastic 

bodies 

MtC% 

and  for  elastic  ones 

v,  =  £?,  —  2  (c,  —  c)  =  3  c,  —  £?!,  V,  =  c,  +  0  =  c,; 
the  velocity  of  the  infinitely  great  body  is  not  changed  by  the 
impact    If  the  infinitely  great  body  is  at  rest,  or  if  (^  =  0,  we  have 

for  inelastic  bodies 

V  =  0, 
and  for  elastic  ones 

Vi  =  — Ci,V8=0; 
here  the  infinitely  great  body  remains  at  rest;  but  in  the  first  case 

43 
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the  impinging  body  loses  its  velocity  completely,  and  in  the  second 
case  it  is  transformed  into  an  equal  opposite  one. 

EzAMFLB — 1)  With  what  Telocity  mnst  a  body  weighing  8  pounds 
strike  a  body  weighing  25  pounds  in  order  to  communicate  to  the  latter  a 
velocity  of  2  feet  ?    K  the  bodies  are  inelastic,  we  must  put 

M^  +  m;^         8  +  25* 

whence  we  obtain  0^  =  i^  =  8^  feet,  which  is  the  required  velocity ;  if 
they  were  elastic,  we  would  have 

••  =if  ^'^, whence Cj  =  V  =  H feet 

2)  If  aball  lfi,Fig.  554,  strikes  with  the  velocity  0^  themass  if,  =  n  if j, 
Fig.  554.  which  is  at  rest,  if  the  second  mass 

j^^         . .  strikes  a  third  M^  =  nM^^n^  Jtf^, 

*       ^      ]^^  with  the  velocity  imparted  to  it  by 

>^    the  impact,  and  if  this  third  mass 


4    strikes  a  fourth  if 4  =  n  Jf,  = 
n*  M^j  etc.,  we  have,  when  Ihese 
masses  are  perfectly  elastic,  the  velocities 

2  Jsi  2  2  J^f  2 


(ihp'' ^* '^  (ihh' 


I^  for  example,  the  weight  of  each  mass  is  one-half  that  of  the  pre- 
ceding one,  we  have  the  ratio  of  the  geometrical  series  formed  by  the 
masses 

n  =  J, 
hence 

t,  =  f  cj, «,  =  (|)>  Oj,  «4  =  (})• «!...,  «io  =  (♦)•  «i  =  IWa .  e^. 

§  335.  Loss  of  Energy. — ^When  two  inelastic  bodies  collide, 
a  loss  of  vis  viva  always  takes  place^  and  therefore  they  do  not 
possess  so  much  energy  after  the  impact  as  before.  Before  the  im- 
pact the  vis  viva  of  the  masses  Mi  and  M^  which  move  with  the 
velocities  Ci  and  d,  is 

Ml  Ci*  +  JIf,  C*, 

hut  after  the  impact  they  move  with  the  velocity 

Ml  Ci  -¥  MtCi      , 


i 
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Qieir  yis  yiva  is 

Jlf,  v*  +  -¥,  v'; 

by  subtjaction  we  obtain  the  loss  of  vis  viva  caused  by  the  impact 

jr=  Jf,  (c*  -  v")  +  M,  {c'  -  v') 

=  Jf,  (c,  +  v)  (<?,  -  v)  -  Jlf,  ((?,  +  v)  (v  -  c,),  but 

M,  (c,  -  v)  =  JIf,  (v  -  ci)  =  — M,  +  M^     ' 
whence' 

If  the  weights  of  the  bodies  are  &,  and  0^,  or  if 

Ifi  =  ^  and  JIf,  =  — , 
we  have  the  loss  of  energy  or  the  work  done 

We  call  ^  '    '    the  harmonic  mean  between  O^  and  Oi,  and  we 

can  assert  ^A^  ^A«  loss  of  energy y  caused  by  the  impact  of  two  inelastic 
todies  and  expended  in  changing  thetrform^  is  equal  to  the  product 
of  harmonic  mean  of  the  two  masses  and  the  height  due  to  the  differ- 
ence  of  their  velocities. 

If  one  of  the  masses  Jft  is  at  rest,  we  have  the  loss  of 
mechanical  effect 

_  c:       0,0, 
^Tg'  O,^  Oi 

and  if  the  moving  mass  Mx  is  very  great,  compared  to  the  mass  at 
rest,  O,  disappears  before  (7i  and  the  formula  becomes 

A^^.O^ 
2g 

We  can  also  put 
JT  =  i!f,  (c,'  -  V*)  +  M,  (c.*  -  v") 

=  M,  (c,  -vY  +2MiV  (c,  -  v)  +  if,  (c,  -  v)"  +  2  J/»  v  (c,  -  v) 
=  if,  (c,-tr)'  + Jf,(c,-v)'; 
for  if,  (c  —  v)  =  if,  {v  —  c,). 

From  this  we  see  that  the  vis  viva  lost  by  the  inelastic  impact  is 
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l%m. 


equal  to  the  sum  of  the  products  of  the  masses  and  the  squares  of 
their  gain  or  loss  of  velocity. 

Example — 1)  If  in  a  machine  16  impacts  per  minute  take  place  be- 
tween the  masses 

M.  = lbs.and  M^  =s Iba., 

whose  yelocitiee  are  (^^  =  5  feet  and  e^  =  2  feet,  the  loss  of  energy,  in  con- 
sequence  of  these  impacts,  is 

(5  -  2)«     1000  .  1200 
^=H-      8^-        2200 =  A.  0.0,0155  i«A=  20,29  foot-lbs. 

per  second. 

2)  If  two  tndns  of  cars,  weighing  120000  and  160000  pounds,  come  into 
collision  upon  a  railroad  when  their  velocities  are  o^  =  20  dnd  e^  =  15 
feet,  a  loss  of  mechanical  effect,  which  is  expended  in  destroying  the  loco- 
motives and  cars,  ensues ;  its  value  is 

^20  +  15\«  120000  .  160000      ^„    ^  ^^,,     1920000     .^,^^^.:^  ^  ^ 

-  =c  85*  .  0,0155  . :r;r— ^ISOSeCO'foot-lbB. 


280000 


28 


§  336.  Hardness. — ^If  we  know  the  modtilus  of  elasticity  of 
the  colliding  bodies,  we  can  find  also  the  compressive  force  and  the 
amount  of  compression.    Let  the  cross-section  of  the  bodies  A  and 

B,  Pig.  555,  be  F,  and  F^,  their  length 
/i  and  2^  and  their  moduli  of  elasti- 
ciiy  be  Ei  and  E^.  If  they  impinge 
npon  one  another,  the  compressions 
produced  are,  according  to  §  204> 

and  theirratio  is 

X\  jTj    J&f       li 

If,  for  the  sake  of  simplicity,  we  denote    '     '  by  ffi  and    *     ' 


by  -Hi,  we  obtain 


and 


F  F 

A,  =  -g:  and  A,  =  -gr. 


^1  ^  jHi 

Galling,  with  Whewell  (see  the  Mechanics  of  Engineering, 

F  E 
§  207),  the  quantity  — r—  the  hardness  (Fr.  dnretfi  raidenr,  Ger. 
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Harte)  of  a  body^  it  follows  thxt  the  depth  of  compression  is  in^ 
versdy  prcportional  to  the  hardness. 

If  the  mass  JT  =  —  impinges  with  the  velocity  c  upon  an  im- 
movable or  infinitely  great  mass,  all  its  vis  viva  is  expended  in  com- 
piessing  the  latter  body^  whence^  according  to  §  206^ 

Bat  the  space  a  is  eqnal  to  the  snm  of  the  compressions  \  and 

P  P 

A^  and  we  have  Ai  =  -=  and  A,  =  =,  whence 

«T  =  A.  +  A,  =  p(^  +  ^)  =  -j^^ .  P, 
or  inversely  „  _    Hi  Ht 

Sabstitating  this  Talae  of  P  in  the  above  equation,  we  obtain  the 
equation  of  condition 

or  ./H,  +  H,    G 

by  the  aid  of  which  the  values  P,  A,  and  A,  can  be  calculated. 

Example. — ^If  with  a  sledge,  that  weighs  50  pounds  and  is  6  inches  long 
and  the  area  of  whose  face  is  4  square  inches,  we  strike  a  lead  plate  one 
inch  thick,  and  the  area  of  whose  cross-section  is  2  square  inches,  with  a 
Telocity  of  50  feet,  the  effect  can  be  discussed  as  follows.  Assuoiing  E^  = 
29000000  as  the  modulus  of  elasticity  of  iron  and  ^,  =  700000  as  that  of 
lead,  we  find  the  hardness  of  the  two  bodies  to  be 


_        F^E^      4 .  29000000 
-^1  =  -1 —  =  — 


=  19388888  and 


„        F^E^       2.700000        ,,^^^^^ 
E^  =     V      = i =   1400000 

Substituting  these  values  in  the  formula 


=  c  |/ 


i7,  +  i?8      G 


and  putting  the  weight  of  the  dedge  =  4.6.  0,20  =7  7  pounds,  or 
—  =  7  .  0,081  a:  0,217, 

we  have  for  the  space  described  by  the  sledge  in  compressing  the  lead 

^^  ,  /"20788888  .  0,217"    ,^  ,  /0.44991 
'  =  ^r  19888338  .  1^000=^^  V  2706660=^-^^^  inches =0,245  lines. 
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Hence  the  pressure  is 

H^  H^            19838888  .  1400000   ^  ^^^,      ^^^^ 
^=]&rr4-"  =  — ^07833-83 .0,0204  =  26682  pounds; 

the  compression  of  the  hammer  is 
P  26682 

^^  =  ^  =  r9333333  =  ^'^^^  "^^^^  =  ^'^^^  ^«^ 
and  that  of  the  lead 

P         26682 
^»  =  5:  =  1400000  =  ^'^^^  "^"^^  =  ^^^^  ^^ 

§  337.  Elastic-inelastic  Impact — ^If  two  masses  ifi  and  M^ 
are  moving  with  the  velocities  c^  and  c^  in  the  same  direction,  their 
common  velocity  at  the  moment  of  maximum  compression  is,  ac- 
cording to  §  332, 

*  Ml  +  M,    ' 

and  the  work  done  daring  the  compression,  according  to  §  335,  is 

2        '  Mt  +  M,~       %g      '  Gi  +  G,' 
but  this  mechanical  effect  can  be  put 

=  J  P  a  =  i  P  ( A,  +  A.)  =  i  .  ;^^!^  <^. 

whence  we  obtain  for  the  sum  of  the  compressions  of  the  two 
masses 


from  which  the  compressive  force  P  and  the  compressions  Ai  and 
A,  of  the  two  masses  can  be  found. 

If  the  bodies  are  inelastic,  they  remain  compressed  after  the 
impact ;  but  if  one  only  is  inelastic,  the  other  resumes  its  original 
form  in  a  second  period,  and  the  work  done  in  expanding  produces 
another  change  of  velocity.     K,  for  example,  the  mass  Mx  = 

—  is  elastic,  the  work  done  in  the  second  period  of  the  impact  is 

_  (c.  -  c,)'      g.g,  H^  . 

~       %g      '  Gi  +  &,' ff,  +  ff,' 

We  have,  therefore,  -when  the  velocities  after  the  impact  are  t«,  and 
Vt,  the  formulas 
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Ml  Vi  +  J/i  v,  =  J/1  Ci  +  Jfj  c,  and 
JTi  r,»  +  J/;  V,'  =  Mx  ci*  +  Jf,  c,«  +  (ci  -  c,)' .  jy '^^  .  ^  ^^ 

=Jf,c.'+ir.c,-(c,-c)  .^g_^  +  (c-c)  .^—^^.^—^, 


M,  r,'  +  Jf.  t>,«  =  Jf,  c'  +  Jf.  c.'  -  (c  -  cY  .  —Ij^^ .  ^^^■^^. 

If  we  put  the  loss  of  velocity  C|  —  Vt  =  x,  ve  have  the  gain  in 

Telocity 

M,x 

*•  ~  *^  =  IST' 

and  the  last  equation  assumes  the  following  form : 

or 

Multiplying  by  ^     '  ^  and  remembering  that 

Jai   +   Jag 

"^  =  1    —  ^ 


we  obtain  the  quadratic  equation 


or 


by  resolving  which  we  obtain  the  loss  of  velocity  x  of  the  first  body 
and  the  gain  of  velocity  of  the  other 

ExAMFLB. — If  we  assume  that  in  the  example  of  the  foregoing  para- 
graph the  iron  sledge  is  perfectly  elastic  and  that  the  lead  plate  is  perfectly 
inelastic,  we  obtain  the  loss  of  yelocity  of  the  hammer,  which  weighs  7 
pounds  and  falls  with  the  Telocity  of  50  feet,  since  we  must  put  e,  =  0  and 
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c,  -.,  =0,  (l  +  |/J^^)  =  50(l  +  |/^S) 

s=  60  (1  +  0,26)  =  68  feet ; 
hence  the  velocity  of  the  sledge  after  the  blow  is 

©J  =±t  cj  —  63  =  50  —  68  =±  -*  18  feet 
The  Telocity  of  the  lead  plate,  which  is  retained,  of  coarse  remains  =s  0. 

§  33&  Imperfsctly  Elastic  Impact.— If  the  oolUding 
bodies  are  imperfectly  elastic,  they  expand  only  partially  in  the  second 
period  of  the  impact  and  the  mechanical  effect  expended  in  pro- 
ducing the  compression  in  the  first  period  is  not  entirely  restored 
in  the  second  period.  If  A,  and  A«  again  denote  the  amount  of 
compression  and  P  the  pressure  (called  also  tJie  force  of  distorsion), 
we  hare  the  mechanical  effects  expended  during  the  compression 
as  ^  P  X,  and  ^  P  A^  and  if  daring  the  expansion  but  the  Mth 
part  or  more  generally  daring  the  expansion  of  the  first  body 
but  the  jEi,th  and  during  that  of  the  other  but  the  fisth  part  of  tl^ 
mechanical  effect  is  restored,  the  entire  loss  of  mechanical  effect  is 

P  P 

or,  putting  A,  =  -g:  and  A,  =  ^, 

The  force  with  which  the  bodies  react  in  the  second  period  is 
called  ^Q  force  of  restitution. 

But  according  to  the  foregoing  paragraph  we  have 

srnr.*"^'  =  ^'^ " '^^  ^wtm^ •  H,H, ' 

hence  the  required  loss  of  mechanical  effect  is 

.       (c,  -  c,y       M,M,  H,H,     II- ft,       l-M 

2      •  if .  +  Jif,  •  jsr,  +  jy,  \  jy,     "^    jr.  / 

_  {ci  -  c,y  M,M,  (  _  !h_^2jLtl^\ 
"*         2         •  if,  +  if,  \  ffi  +  fff    / 

To  find  the  velocities  Vi  and  r,  after  the  impact,  we  employ  the 

equations 

Mi  v,  +  ifs  Vj  =  if,  <?i  -f  i^f  Cj  and 

Ml  V,*  +  if  J  t*»"  =  ifi  Ci   +  2lfi  c% 

~  ^"^  ~  "'>  •  M,  +  M, jy. +  J2;  ' 

which  we  most  combine  and  reeolve.  In  exactly,  the  same  manner 
as  in  the  last  paragraph  the  ha  of  veloeittf  of  the  first  body  is  found 
to  be 


P  = 
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,,  - 1;, « (c,  -  c.)  ji^-:^rM,  V^^  S^VHTr 

and  the  gain  in  velocity  of  the  body,  which  is  in  advance, 

■^ -«■  =  (---)  STTTf.  ('*  V^IIF> 

These  two  formulas  include  also  the  laws  of  perfectly  elastic 
and  of  inelastic  impact  If  we  substitute  in  them  jtij  =  /i,  =  1,  we 
obtain  the  foi*mula  already  found  for  perfectly  elastic  bodies^  and 
if  we  assume  ^i  =  /Li^  =  0^  we  obtain  the  formulas  for  inelastic  im- 
pact, eta  If  both  bodies  are  equally  elastic^  or  fi^  =  fif,  we  have 
more  simply 

teai 

If  the  mass  i/t  is  at  rest  and  infinitely  great,  it  follows  that 

<?,  —  V,  =  Ct  (1  +  V^,  LE^ 
v,  =  —  c,  V^  or  inversely 

" = (I)' 

If  we  cause  a  mass  Mi  to  &11  from  a  height  h  upon  a  rigidly 
supported  mass  M^,  and  if  it  bounces  back  to  a  height  hi,  we  can 
determine  the  coefficient  of  imperfect  elasticity  of  the  body  by  the 
formula  A, 

''  =  x- 

Newton  found  in  this  way  for  ivory, 

^  =  (ir  =  If  =  0,79, 
for  glass 

^  =  (||)«  =  0,9875*  =  0,879, 

and  for  cork,  steel  and  wool 

fi  =  {^y  =  0,566'  =  0,309, 

We  assume,  in  this  case,  that  the  falling  body  is  a  sphere  and 
that  the  body  upon  which  it  falls  is  flat 

(General  Morin  by  causing  cannon  balls,  weighing  from  6  to  20 
kilograms,  to  &11  upon  masses  of  clay,  wood  and  cast-iron,  which 
were  suspended  from  a  spring  balance  or  spring  dynamometer 
found  that  for  clay  and  wood  fi  is  nearly  =  0,  and  that,  on  the 
contrary,  for  cast-iron  it  is  nearly  =  1,  le.  that  the  impact  of 
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bodies  of  former  substancea  can  be  considered  as  me]aetio  and  that 
of  those  of  the  latter  substances  as  perfectly  elastic  (see  A.  Monn, 
Kotions  fondamentales  de  Mecanique,  Art  G7-70). 

ExAicpLX. — What  will  be  the  velocitiea  of  two  steel  plates  after  impact,  if 
before  the  impact  thnr  velodtdes  were «,  =  10  aod  <;i=:— Ofeet,aiidif  ooe 
weighs  80  and  the  other  40  pounds  ?    Here  we  have 
«,  -  r^  =  (10  +  6)  .  M  (1  +  i)  =  10  .  +  .  V  =  ^  =  H32  feet, 
hence  the  rec[mred  yelocilieB  are 

e,  =  e,  -  14,23  =  10  -  14,33  =  -  4,33  ffcet 
and 

«,=«,  +  10,««  =  —  6  +  10,68  =  4,6e  feet. 

g  339.  Obliqtie  Impact. — If  the  directions  of  motion  S,  C^ 
and  S,  C,  of  the  two  bodies  A  and  B,  Fig.  556,  diverge  from  the 
normal  N  Nto  the  tangent  plane, 
^^-  '**  an  oblique  impact  takes  place.    The 

theory  of  obliqne  impact  can  be  re- 
ferred to  that  of  direct  impact  by 
',     decomjrasing  the  velocities  *?,  C,  =  c, 
and  SiCt  =  Ct  into  their  components 
in  the  direction  of  the  normal  and 
H    tangent ;  the  components  in  the  di- 
rection  of   the    nonual    produce  a 
direct  impact,  and  are,  therefore,  changed  exactly  as  iu  the  case  of 
direct  impact,  while  the  Telocities  parallel  to  the  tangent  plane 
cause  no  impact,  ^iid,  therefore,  remain  unchanged.    If  we  combino 
the  normal  velocity  of  any  body,  obtained  according  to  the  rules 
for  direct  impact,  with  the  tangential  velocity,  which  has  remained 
unchanged,  the  resultant  is  the  velocity  of  the  body  after  the  im- 
pact.   Putting  the  angles  formed  by  the  directions  of  motion  with 
the  normal  equal  to  a,  and  a^or  C,  Si  N  ~  n^  and  f7,  iS,  N=  o„  we 
obtain  for  the  normal  velocities  i^,  E^  and  S,  E,  the  values  c,  cpa.  a, 
and  c,  COS.  n,  and,  on  the  contrary,  for  the  tangential  velocities  iS,  /\ 
and  S,  F,  the  values  c,  «i».  a,  and  c,  a%n.  a^ 

The  normal  velocities  are  changed  by  the  collision,  the  first  one 
becoming 

Ki  =  c,  COS.  a,    —    (C  «W.  Oi    —    C,  COS.  O.)   ^        ~  (1   +  Vfi), 

and  the  second 

V,  =  c  COS.  a,  +  (c,  COB.  a,  —  c,  COS.  o,)  „     '     •  (1  +  Vji), 

in  which  Jf,  and  M,  denote  the  masses  of  the  two  bodies. 
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From  Vi  and  Cj  sin.  Oj  we  obtain  the  velocity  /Si  ^i  of  the  first 
body  after  the  impact 

Wi  =  Vv*  +  c,"  gin.*  a„ 
and  from  Vt  and  Ct  sin.  a,  the  velocity  Sf  0%  of  the  second  body 

w,  =  I^Vj'  +  c,'  ««.•  a, ; 
the  angles  formed  by  the  directions  of  the  velocities  with  the 
normal  are  given  by  the  formulas 

.         ^        Ci  sin,  tti      J  .        />       Cg  sin.  a^ 
tang.  Pi  = and  tang.0^  = , 

01  denoting  the  angle  Oi  Si  N  and  i3,  the  angle  G^  St  K 

ExAifFLE — 1)  Two  balls,  weighing  80  and  60  pounds,  strike  each  other 
with  the  velocities  c^  =  20  and  c^  =  25  teet,  whose  directions  fonn  the 
angles  a^  =  21''  85'  and  a,  =  65''  20'  with  the  direction  of  the  normal  to 
the  tangent  plane;  in  what  direction  and  with  what  velocity  will  these 
bodies  move  after  the  impact  t    The  constant  components  are 

Cj  «n.  a^  =  20  .  »Mk  2V  85'  =  7,857  feet  and 

6,  m.  a,  =  25  .  nn.  65'*  20^  =  22,719  feet, 
and  the  variable  ones  are 

e^  00$,  a^  =  20  .  C09,  2V  85'  =  18,598  feet  and 

0,  COB,  a,  =  25 .  co%.  65°  20'  =  10,438  feet. 

If  the  bodies  are  inelastic,  we  have  /it  =  0,  and  therefore  the  normal 
velocities  after  the  impact  are 

«i  =  18,598  -  (18,598  -  10,488)  .  \%  =  18,598  -  5,108  =  18,495  feet  and 
«,  =s  10,488  +  8,165  . 1  =  10,488  +  8,062  =  18,495  feet. 
Hence  the  resulting  velocities  are 


Wj  =  V18,495*  +  "7,857*  =  V28M4  =  15,87  feet  and 

w,  =  V13,495«  +  22,719*  =  VSSip?  =  26,42  feet; 

and  their  directions  are  determined  by  the  formulas 

7  857 
tcmg.  p^  =  j^^[^,  log.  tang,  p^  =  0,78658  —  1,  /^^  =  28°  86'  and 

22  719 

tang.  /?,  =  jg^,  log.  tang.  0,  =  0,22622, 0^  =  59°  17'. 

§  340.  Impact  against  an  Infinitely  Great  Mass.— K  the 
mass  Ay  Fig.  557,  strikes  against  another  mass,  which  is  infinitely 
greats  or  against  an  immovable  object  B  B,  or  if  c,  =  0  and 
if«  =  00 ,  we  have 

Vi  =  Ci  COS.  Oi  —  C|  COS.  Oi  (1  +  Vfi)  =  —  Ci  COS.  a,  VJi  and 

Vj  =  0  +  c,  COS.  ai  ^lSL± — fjl  =  0+0  =  0, 

00 
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if  in  addition  fi  =  0,  we  have  V|  =  0,  bat  if  /*  =  1,  r,  =  —  o,  eot.  a,, 
I.E.,  when  the  impact  is  inelastic,  the  normal  force  it  complete- 
ly annihilated,  fmt,  on   the   contrary, 
Fio.  667.  when  it  is  perfectly  elastic,  the  normal 

force  is  changed  into  an  equal  opposite 
oris.  The  angle  formed  by  the  di- 
rection of  motion  after  the  impact 
with  the  normal  is  determined  b;  the 
-S  eqnatioD 

-        c,  sin.  B,  c^sin.ay 

=  -tang.ihV-' 
for  inelastic  bodiea 

toj.  ft  =  feHli' =  „,  I.,,  (i,  =  »•; 
and  for  elastic  ones 

tanff.  (3,  =  —  tanff.  a„  i.e.  0,  =  ~  a,. 

After  an  inelastic  body  has  impinged  upon  an  inelastic  obstacle, 
it  moves  on  with  the  Telocity  c,  sin.  a,  in  the  direction  of  the  tan- 
gent plane.  When  an  elastic  body  baa  impinged  upon  an  elastic 
obstacle,  it  moves  on  with  its  velocity  unchanged  in  the  direction 

5  0,  which  hes  in  the  same  plane  as  tlie  normal  JV  2f  and  the 
ori^al  direction  JT  8,  and  makes  with  the  normal  the  same  angle 

6  iS  JVthat  the  direction  of  motion  before  the  impact  made  with 
it  The  angle  X  8  N,  formed  by  the  direction  of  motion  before 
the  impact  with  the  normal  or  perpendicular,  is  called  the  angle  of 
inci(fem»(Fr.  angle  d'incidence;  Ger-Einfalls-winkel),  and  the  angle 
0  S  N,  formed  by  the  directaon  of  motion  after  the  impact  with 
the  same,  is  called  the  angle  of  reflexion  (Pr.  angle  de  reflexion ;  Ger. 
Aastritts-  or  Reflexionswinkel) ;  v>e  can  therefore  aeeert  thai  when 
the  impact  is  perfectly  elastic,  the  angles  of  incidence  and  of  r^Iexion 
lie  in  the  same  plane  as  the  normal  and  are  equal  to  each  other. 

When  the  impact  is  imperfectly  elastic,  tha  ratio  ^  of  the 
tangejita  of  these  angles  is  eqnal  to  the  ratio  of  the  velocity  pro- 
duced by  the  expansion  to  the  velocity  lost  by  the  compression. 

By  the  aid  of  this  law  we  can  easily  find  &e  direction  in  which 
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a  body  A,  ¥ig,  658,  maEt  atri3:e  t^net  an  immoTsble  obstacle 

B  B,  Then  we  wish  it  to  take  a  gives  direction  S  Y  after  the  im- 
pact. If  the  impact  ia  elastic,  we  let  faR 
^^■'^l^  from  a  point  Y  of  the  given  direction 

a  perpendicular  Y  0  upon  the  normal 
N  N  and  proloug  it  until  the  pro- 
—  —     longation  0  J",  ia  equal  to  the  per- 

pendicular itself;  S  F,  is  then  the 
direction  in  queBtion  ;  for,  accord- 
ing to  the  constntction,  the  angle 
NSYy^NSY.    If  the  impact  IB 

imperfeotly  elastic,  we  muat  make  0  Y,  =^.  0  Y;  then  Y,  8 

ia  the  reqnired  directioQ,  for 

towg.n,  _  or,  _  ^ 

tang.li,~  0  Y~    ^' 
If  we  let  fiill  the  perpendicnlor  Y  R  upon  the  line  8  R  parallel 

to  the  tangent  plane  and  make  the  prolongation  RX=  y  -  R  Y, 

^Xwill  be,  as  we  can  easilyaee,  the  required  direction  of  incidence. 
BzuABK. — Tbe  prinripal  application  of  the  theoij  of  oblique  .impact 
!b  to  the  game  of  billiards.  See  "  Tb^rieHatitematiqac  dee  effete  dujeude 
billard,  par  Coriolie."  According  to  Coriolis,  when  a  billiard  ball  atrikea 
tbe  cndiion  tbe  ratto  of  tbe  velocity  of  recoil  to  the  velocity  of  impact  la  = 
0,5  to  0,6  or  ;<  is  =:  0,5'  =  0;S5  to  0,6*  =  0,86.  By  the  aid  of  these  values 
the  direction,  in  which  a  ball  A  most  strike  tbe  cushion  B  B  «hen  it  is 
to  be  thrown  back  towards  a  point  T,  can  be  determined.  We  let  fkll 
from  Fthe  perpendjcnlar  FA  to  tbe  line  of  gravity  parallel  to  the  cushion, 

prolong  the  same  a  distance  SX  =  a/-  =  >^  to  ^  of  its  length,  and 

draw  the  line  F,  X;  the  point  of  iittergection  B  is  the  point  towards  which 
tbe  ball  most  be  driven,  when  we  wish  it  to  rebound  towards  F.  The  twist 
of  tbe  ball  cansea  this  relation  to  vary  somewhat. 

g  341.  Friction  of  Impftot— When  oblique  impact  occurs 
the  pressure  between  the  colliding  bodies  gives  rise  to  friction,  in 
consequence  of  which  the  components  in  the  direction  of  the  tan- 
gent phuie  are  caused  to  vary.  The  friction  F  of  imiMict  is  deter- 
mined in  the  same  way  as  tJiat  of  pressure.  If  P  denote  the 
pressure  of  impact  and  ^  the  coefficient  of  friction,  then  F  =  ip  P. 
It  differs  from  the  friction  of  pressure  in  this  only,  that,  like  the 
impact  itself,  it  acts  but  for  an  instant    The  changes  in  velocity 
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produced  by  it  are  not,  hovever,  immeasurably  eioall ;  for  the 
pressure  P  during  impact  (and  therefore  the  portion  ^  i*  of  it)  is 
generally  rery  great.  Denoting  the  impinging  mass  by  M  and  the 
uonnal  acceleration  produced  by  the  force  of  impact  P  by^,  we 
b&ve 

P  =  MpmAF=<p  Mp, 
and  also  the  retardation  or  negative  acceleration  of  the  Mcdon 
during  the  impact 

LE.  0  times  that  of  the  normal  force.  Now  the  duration  of  the  ac- 
tion is  the  same  for  both  forces ;  therefore  the  change  of  velocity  pro- 
duced by  the  friction  is  ip  times  the  change  of  tlie  normal  velocity 
produced  by  the  impact. 

If  a  mass  M  falls  vertically  npon  a  horisontal  sled,  and  if  the 
Telocity  c  of  this  mass  is  entirely  lost  by  the  colliaion,  the  retarda- 
tion of  the  motion  of  the  sled,  whose  mass  ia  M^,  is 
F       _    ^Mp 
M+  M,  ~  M  +  M,' 
and  consequently  the  loss  of  velocity  ia 

Morin  has  proved  the  coirectneas  of  this  formula  by  experiment 
(see  his  Notions  fondamentales  de  Mecanique). 

If  a  body  strikes  an  immovable  mass  ^  ^  at  an  angle  a,  Fig. 
659,  the  change  in  the  normal  velocity  is,  according  to  the  last 
paragraph, 

Fio.  6TO.  10  =  e  COS.  a{l  +  VJl); 

hence  the  variation  produced  in  the 
tangential  velocity  is 

=  0  w  =  0  c  (1  +Vii)cos.a. 
After  the  impact  the  component  c8in.a 


c  sin,  e  —  0  c  (1  +  Vji)  cos.  a 
=  [sin.  a  —  <f,  COS.  a  {I  +  f/*)]  c; 
for  perfectly  elastic  bodies  it  ia 

=  {sin.  a  —  Zip  COS.  a)  c, 
and,  on  the  contrary,  for  inelastic  bodies  it  is 
=  (m'n.  a  —  ip  cos.  a)  e. 
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The  friction  yery  often  causes  the  bodies  to  turn  around  tJieir 
emires  of  gravity ^  or  if^  before  the  impact,  a  motion  of  rotation  ez- 
istSy  it  is  changed.  If  the  moment  of  inertia  of  a  ronnd  body  A  in 
reference  to  its  centre  of  gravity  Sis  =  M  k\  and  if  its  radius  8  0 
=  Oy  we  have  the  mass  of  the  body  reduced  to  the  point  of  tan- 
gency  (7 

and  therefore  the  acceleration  of  the  rotation  produced  by  the  fric- 
tion ^is 

_       F       _    <f>  Mp     _  ^       a_ 
and  the  corresponding  change  of  Telocity  is 

/I*  /i' 

For  a  cylinder  -^  =  2,  and  for  a  sphere  -p  =  j|,  therefore,  it  fol- 
lows that  the  changes  of  velocity  of  rotation  of  these  round  bodies, 
produced  by  impact  against  a  plane,  are 

ttr,  =  2  0  (1  +  V/x)  COS.  a  and  w  =  j  0  (1  +  Vpl)  cos.  a. 

ExAMFLA. — If  a  billiard  ball  strikes  the  cushion  with  a  velocity  of  16 
feet,  in  such  a  manner  that  the  angle  of  incidence  a  =  45**,  what  will  be 

the  conditions  of  motion  after  the  impact  f    Patting  for  yfii  its  mean  value 
0,55,  we  have  the  normal  component  of  the  velocity  after  the  impact 

=  —  V/7.  c<»«.o=  —0,55. 15. aw.  46''=  —  8,25  .  Vf  =  —  5,833  feet, 

and  asBuming,  with  Coriolis,  ^  =  0,20,  we  obtain  the  component  of  the  ve- 
locity parallel  to  the  cushion,  which  is 

=  tfrfnw  a  -  f  (1  +  V?)  cftw.  a  =  (1  -  0,20 . 1,55) .  10,607  =  0,69 .  10,607 
=  7,819  feet, 

and  consequently  for  the  angle  of  reflection  we  have 

7  819 
tang.  /?  =  ^  =  1,2648  or  i3  =  5r  27'; 

hence  the  velocity  after  impact  is 

The  baU  also  acquires  the  velocity  of  rotation 
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I  f .  I,6S  .  10,607  =  8,S20  feet 
Aboatito  vertical  line  of  gravity. 

Since  the  baJl  does  not  slide,  bat  rolls  apon  the  billiard  table,  we  most 
aaanme  that,  beudes  its  velocitj  c  =  10  feet  of  traoBlation,  it  baa  an  equal 
velocity  of  rotation,  and  that  this  can  algc  be  resolved  into  the  compoDents 

e  AW.  a  =  10,607  and  e  tin.  a  =  10,807. 
The  first  compoDent  correaponda  to  a  rotation  about  an  axis  parallel  to  tbe 
axis  of  the  cuabion,  and  becomes 

eaw.  0-1^(1  +-/il)eeoi.a  =  10,607—  8,220  =  3,887  feet; 
tbe  other  component  o  no.  a  =  10,607  feet  coneepondB  to  a  rotation  about 
an  axis  normal  to  the  cnahion  and  remains  onchanged. 

§  342.  Impact  cf  Revolving  Bodiea — If  ttoo  bodies  A  and 
S,  Fig.  560,  revolving  aronnd  thejixed  axes  0  and  IC,  impinge  npon 
one  another,  changes  of  velocity  tak« 
Pie.  860.  place,  which  can  be  determined  from 

the  moments  of  inertia  M,  ki'  and 
M,  jb,'  of  these  bodies  in  reference  to 
their  fixed  axes  by  the  aid  of  the 
formulas  found  in  the  preceding  para^ 
grspha  If  the  perpendiculars  6  H 
and  K  L,  let  fall  from  the  axes  of  ro- 
tation upon  the  line  of  impact^  be 
denoted  by  a,  and  a»  we  will  have  the 
masses  reduced  to  the  extremities  H  and  X  of  these  perpendicular 

to  the  line  of  impact  =  -^'-  and  ■   ' ,  *■,  sabetittiting  these  valnes 

for  M,  and  M,  in  the  formnla  for  central  impact^  we  obtain  the  vari- 
ations of  velocity  of  the  points  S  and  X  (§  338). 

c,  —  r,  =  (c,  —  -  ^ 


in  which  c,  and  Ct  denote  the  velocities  of  these  points  before  the 
impact 

To  introduce  the  angular  velocities,  let  us  denota  the  angular 
velocities  before  the  impact  by  c,  and  Cg  and  those  after  the  impact 
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by  Wi  and  w,,  thus  we  obtain  Ci  =  Oi  «!,  c,  =  Oj  c^  v,  =  a,  w,  and 
Vt  =  Os  <>>S9  and  the  loss  of  velocity  of  tbe  impinging  body  is 

e.  -  0,  =  a,  (a,  e.  -  «,  «.)  ;g^^;r^^^^r^.  (1  +  4^), 
and  the  gain  in  velocity  of  the  impinged  body  is 

«.  -  ^  =  «.  (a.  e,  -  «.  e.)  j^^T^j^^^T^.  (1  +  V7). 
The  angular  yelocities  after  impact  are 


Wi  =  ej  —  a,  (dj  Ci  ~  Os  Cj)  (1  +  i^) 


.xlf  f  A?) 


and 


«»  =  ««  +  a«  (<»i «!  -  «« ««)  (1  +  V^) 


If  both  bodies  are  perfectly  elastic,  we  have  /i  =  1,  or 

1  +  4/7=2, 
and  if  they  are  inelastic,  /i  =  0,  or 

1  +  V7=il. 
In  the  latter  case  the  loss  of  vis  viva  occasioned  by  the  impact  is 

EzAMFLB.— The  moment  of  inertia  of  the  shaft  A  O,  Fig.  661,  in  refer- 
ence to  its  axis  of  rota* 
Fio.  601.  ^Qj^  Q  la 

=  M^  *i«  =  40000 :  (7, 
and  that  of  the  tilt  ham- 
mer J9  JT  in  reference  to 
itsaxis  f  is 

=  160000 :  gy 
the  arm  G  C  of  the  shaft 
18  two  feet  and  that  S  0 
of  the  hammer  is  6  feet,  and  the  angular  velocity  of  the  shaft  at  the  mo- 
ment it  impinges  upon  the  hammer  is  =  1,06  feet ;  how  great  is  the  velocity 
after  the  impact  and  how  much  mechanical  effect  is  lost  by  each  blow,  sup- 
posmg  both  bodies  to  be  completely  inelastic?  The  required  angular 
Telocity  of  the  shaft  is 

,  ^^  4  .  1,05  .  150000  ^^,  /         60  \       ,  ^^    ^  „^ 

">="  ^>^^  "  40000 .  36  +  160000 .  4  ==  ^^M^  "^  204)  =  ^>^^  •  ^>^^ 
=  0,741  feet, 

and  that  of  the  hammer  is 

2.6.1,06.4    ,  GO       ^^^^     .       A«..*x.^ 
~ also  =  «i  .  -gr^  =  0,741 . 1  =  0,347  feet 

44 
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LB.,  three  times  as  email  as  that  of  the  shaft    The  \<m  of  mechuiical  effect 
for  each  impact  b 

(8 . 1,0B')  JOOOO .  IBOOOO         _  600000 


-*  =  --¥^  ■  dnooo    BftXT-iiiiioo-i  =  "'"*'«  ta,l)' 


144  -fOO 


=  0,0165  .  4,41  —1^1 —  =  ■ — Fj-'—  =  201,06  foot-pounds. 

§  343.  Impact  of  an  Oscillating  Body.— If  a  body  A, 
Fig.  fi6S,  which  has  a  Ttwtion  of  translation  and  is 

Pio.  683.  unretained,  impinges  upon  a  body  B  C  E,  movable 
around  an  axia  K,  we  can  find  the  velocitiefl  after 
impact  by  eabatltiiting  in  the  formulas  of  the  pre- 
ceding paragraph  instead  of  a,  e,  and  a,  u,  the  ve- 
locities of  translation  c,  aod  Vi  and  instead  of 


tatioQB  remain  nnchanged.    The  velocity  of  the 
first  mass  after  the  impact  is  therefore 

.  and  the  angnlar  Telocity  of  the  second  is 

w,  =  e,  +  o,  (c,  —  o,  e,)  (1  +  <i/~^) .  ' 


M.Or'  +  M.h'' 

If  the  mass  Af,  is  at  rest,  or  if  e,  =  0,  we  have 

and 

If  J/|  is  at  rest,  I.E.,  if  the  oscillating  mass  impinges  upon  it, 
we  have  c,  =  0,  and  hence 

.1 — i  JKj  ^1 

•'■  =  '••'•<' ■^'^^-M.  a.- +  M,i.- 
and 

^  =  ..(i-a.^)„,^^-;.,,). 

The  Telocity,  which  is  imparted  to  s  maee  at  rest  by  another 
by  a  blow,  depends  not  only  npon  the  velocity  of  the  blow  and  the 
masBes  of  the  bodies,  biit  also  upon  the  distance  E  L  =  a,B.i  which 
the  direction  of  the  impact  is  situated  from  the  axis  K  of  the  body 
which  ie  capable  of  rotation.  If  the  free  body  impinges  npon  the 
osciUatiDg  body,  the  angnlar  velocity  of  the  other  becomes 
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w.  =  c.(l  +  i^)^^^.-^\^. 

and  if  the  oscillating  body  strikes  against  the  free  one^  the  latter 
acquires  the  velocity 

both  velocities  increase,  therefore,  when 


or 


Cv 

k* 
increases,  or  Jfj  Ot  +  it/^  —  decreasea 

Substituting  {oTaf,a  dz  XyX  being  very  small,  we  obtain  for 
the  value  of  last  expression 

^         '      a  ±x  a      \    ^  a       a^         r 

or,  since  the  powers  of  a;  are  very  small, 

M  k^ 
Now  if  a  is  to  correspond  to  the  minimum  valueof  Jfl  at+ — ^^, 

^^^^  ±  (m.  -  ^•)  .  m,*  di»pp»r,  tor  „.  sign'  i. 

different,  when  a  is  increased  a  quantity  (x)  firom  what  it  becomes, 

when  a  is  decreased  by  a  quantity  {—  x);  hence  we  must  have 

/--      M,k,'\ 
Fio.  563.  \^i ^i— j  aj  =  0,  LB^ 

4\  *  =  Jtfl,  and  consequently 
Now  if  one  body  strike  against  the  other  at 
this  distance  (a),  the  latter  assumes  its  maximum 
velocity,  which  is 

»"•  =  <'*  ♦^l  A  ♦^  =  (1  +  '^)  5^. 

when  the  oscillating  body  is  impinged  upon;  and 
when  the  free  body  receives  the  blow. 
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/W 

The  extremity  L  of  the  distance  or  lever  arm  a  ■=.  h^\  -^, 

which  corresponds  to  the  maximum  Telocity,  or  the  point,  where 
the  latter  line  intersects  the  line  of  impact,  is  sometimes,  though 
incorrectly,  caUed  the  ceftUre  of  percussion  ;  a  more  correct  term 
would  be  the  point  of  percussion. 

We  should  be  careful  not  to  confound  it  with  the  centre  of  per^ 
cussion  (§  313),  whose  distance  from  the  axis  of  rotation  is  ex- 
pressed by  the  equation        __  M^  k^  __  k^ 

""   MiS  ^   s* 
in  which  s  denotes  the  distance  of  the  centre  of  grayiiy  of  the  mass 

Mt  from  the  axis  of  rotation.  If  the  direction  NN  of  the  impact 
of  the  masses  Mi  and  M^  passes  through  the  centre  of  percussion, 
the  reaction  upon  the  axis  of  rotation  becomes  =  0. 

In  order,  for  example,  to  prevent  a  hammer  from  jarring^  i^B. 
reacting  upon  the  hand,  which  holds  it,  or  upon  the  axis,  about 
which  it  turns,  it  is  necessary  that  the  direction  of  the  blow  shall 
pass  through  the  centre  of  percussion. 

If  a  suspended  body  K  B  is  struck  by  a  mass  i/i  with  force  F 

at  the  point  of  percussion,  or  at  a  distance  a  ^  k^y  -^  from  the 

axis  Ky  the  reaction  upon  the  axis  is 

P,  =  P  +  i?  =  P-«if,«(see§  313). 

K  M  k*  Pa 

Since  P  = ^— *- >  we  have  the  angular  acceleration  «  =  ^  .  , 

and  ic  MiS  =  -^  ,,  P;  hence  the  required  reaction  is 

ExAicPLE — 1)  The  centre  of  percussion  of  a  prismatical  rod  O  A^  Fig. 

564,  'which  revolves  about  one  of  its  ends,  is 
Fio.  664.  at  a  distance 


3        Jl2  '1       ^"^^^^    fix)ni  the  axis.    Now  if  we  grasp  the  rod  at 

one  end  and  strike  with  the  point  0,  which  is 
at  the  distance  C  0  =  f  C  A,  upon  an  obstacle,  we  will  feel  no  recoil. 

The  point  of  percussion,  on  the  contrary,  is  at  a  distance  r  y  x-^  from 
(7,  and  if  the  mass  of  the  body  struck  M^  =  JIT,,  we  have  this  distance 

=  —  =  0,6774  r.  The  rod  0  A  must  therefore  strike  a  mass  at  rest  at  this 

V8 
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diaUnce  from  C,  vhen  we  wish  to  communicate  the  greatest  poeaible  vc- 
Icmt;  to  the  latter. 

2)  The  distance  of  tbe  centre  of  p«rciuuon  0  of  a  parallelopipedon 
B  D  E,  Fig.  S6S,  from  an  &xis  X  X,  which  is  parallel  to  four  ol  ite  udn 
and  ia  at  a  diataoce  8A  =  »  from  the  centre  uf  granty,  and  about  which 
the  body  rotat«a,  is 

Fro.  663.  "  ~        «       ' 

d  denoting  the  semi-diBgonal  C  D  at  the  aides, 
through  which  the  axis  X  X  passes  (S  S8T).  If  the 
force  of  impact  passed  through  the  point  of  per- 
dUBion,  we  would  hare 

and  the  reaction  upon  the  axis  would  be 


g  344.  Ballistic  Fendoltun. — The  principles  discnased  in  tbe 
preceding  paragrapfas  are  applicable  to  the  theory  of  the  ballistic 
pendolnm  of  Bobins  (Fr.  pendule  ballistique ;  Ger.  bailiBtische  Pen- 
del).    It  consists  of  a  lai^  maea  M,  Fig.  666,  which  ia  capable  of  . 
Fio,  B60,  turning  around  a  horizoa- 

tal  axis  C.  It  is  set  in  os- 
cillation "by  means  of  a 
cannon-ball,  which  is  shot 
against  it,  and  serves  to 
determine  its  velocity.  In 
order  to  render  the  im- 
pact as  inelastic  as  poesi- 
ble,  npon  the  side  where 
the  ball  strikes,  a  large 
cavity  ia  made,  which  from 
time  to  time  is  filled  with 
fresh  wood  or  clay,  etc. 
The  ball  remains,  there- 
fore, after  every  shot, 
sticking  in  this  mass,  and 
oscillates  together  with 
the  whole  body.  In  order 
to  determine  tbe  velocity 
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of  the  ball,  it  is  necessary  to  know  the  angle  of  displacement;  to 
determine  this  angle,  a  graduated  arc  B  D  ib  placed  under  it,  along 
which  a  pointer,  placed  directly  below  the  centre  of  gravity  of  the 
pendulum,  moves. 

According  to  the  foregoing  paragraph,  the  angular  velocity  of 
the  ballistic  pendulum,  after  the  impact  of  the  ball,  is 

""  Ml  a^  +  Mt  ki* ' 
Ml  denoting  the  mass  of  the  ball,  M^  h^  the  moment  of  inertia 
of  the  pendulum,  Ci  the  velocity  of  the  ball  and  Ot  the  arm  C  G  of 

the  impact  or  the  distance  of  the  line  of  impact  N  N  from  the  aids 
of  rotation.  If  the  distance  C  M  of  the  centre  of  oscillation  M  of 
the  entire  mass,  including  the  ball,  from  the  axis  of  rotation  (7, 1.E. 
if  the  lengtli  of  the  simple  pendulum,  oscillating  isochronously 
with  the  ballistic  one,  =  r,  and  the  angle  of  displacement  E  C  D 
=  a,  the  height  ascended  by  a  pendulum  oscillating  isochronously 
will  be 

h  =  CM'-CJI=r  —  r  cos.  a  =  r  (1  —  cos.  a)  =  2  r  Isiiu  5  J  ; 

hence  the  velocity  at  the  lowest  point  of  its  path  is 

V  =  V2gh  =  2  /^  sin.  ^, 
and  the  corresponding  angular  velocity 


equating  these  values  of  the  angular  velocity,  we  have 

Ml  a^  4-  M^  k^    ^  ./g      .    a 

Now,  according  to  the  theory  of  the  simple  pendulum, 

moment  of  inertia      MiO^  -\-  M^  k^ 
statical  moment  (3fi  +  M^  s  ' 

s  denoting  the  distance  C  8  of  the  centre  of  gravity  from  the  axis 
of  rotation ;  hence  it  follows  that 

Ml  a^  +  M^  jfc,'  =  {Ml  +  Mi)  s  r  and 
^  (Ml  4-  3fA     s    jj .     a 

If  the  pendulum  makes  n  oscillations  per  minute,  the  duration 
of  an  oscillation  is 

4/F       60"      ,^,      ^      J —      60".flf 

Try  —  =  — ,  and  therefore  y  a  r  ^ -\ 

g         n  ^  nn    ' 

hence  the  required  velocity  of  the  ball  is 
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c,  = 


_  JIfi  +  Jf^   120  ff^ 


a 


Ml         n  n  Oi 

EzAMFLB. — ^If  a  ballistic  pendulum  weighing  8000  pounds  is  set  in  os- 
cillation by  a  6-pound  ball  shot  at  it,  and  the  angle  of  displacement  is  16^, 
if  the  distance  s  of  the  centre  of  gravity  from  the  axis  =  5  feet  and  the 
distance  of  the  direction  of  the  shot  from  this  axis  is  =  5,5  feet,  and, 
finally,  if  the  number  of  oscillations  per  minute  is  n  =  40,  the  velocity  of 
the  ball,  according  to  the  above  formula,  is 

8006      120  .  82,2  .  5    .  _  601  .  8864  .  tin.  T  80' 

40.8,141675,5**^    *   "■ 


6  = 


=:  1828  feet 


Fig.  567. 
B         B 


6     •  40 .  8,1416  .  5,5 '    ~  44  .  8,1416 

§  345.  Eccentrio  Impact. — ^Let  ns  now  ezamine  a  simple 
case  of  eccentric  impaciy  where  the  two  masses  are  perfectly  free. 
It  two  bodies  A  and  B  E,  Fig.  567>  strike  each  other  in  such  a 

manner  that  the  direction  N  Not  the  impact 
passes  through  the  centre  of  gravity  iSi  of  one 
body,  and  beyond  the  centre  of  gravity  S  of 
the  other,  the  impact  will  be  central  for  one 
body  and  eccentric  for  the  other.  The  action 
of  this  eccentric  impact  can  be  found  accord- 
ing to  the  theorem  of  §  281,  if  we  assume,  in 
the  first  place,  that  the  second  body  is  Aree 
and  that  the  direction  of  impact  passes 
through  its  centre  of  gravity  S,  and,  in  the 
second  place,  that  this  body  is  held  fast  at 
the  centre  of  gravity,  and  that  the  force  of  impact  acts  as  a  rotating 
force.  Now  if  c,  is  the  initial  velocity  of  A,  c  that  of  the  centre  of 
gravity  of  B  E^  and  if  the  two  velocities  become  v,  and  v,  we  have, 
as  in  §  332,  Mx  v,  +  Mv  =  Jfi  c,  +  Mc  If,  farther,  e  is  the 
initial  angular  velocity  of  the  body  B  E,  in  turning  about  the  axis 
passing  through  its  centre  of  gravity  perpendicular  to  the  plane 

N  N  8y  and  if,  in  consequence  of  the  impact,  this  becomes  w,  de- 
noting the  moment  of  inertia  of  this  body  in  reference  to  /S^  by 
Jfcf  i*,  and  the  eccentricity  or  the  distance  S  K  of  the  centre  of 
gravity  S  from  the  line  of  impact  by  «,  we  have 

Mk' 


s  e. 


8'  '    '         s^ 

If  the  bodies  are  inelastic,  both  points  of  t^angency  have  the 
same  velocity  after  impact,  then  Vi  =  v  +  «  w.  Determining  from 
the  foregoing  equations  v  and  &>  in  terms  of  Vi^  and  substituting  the 
values  thus  obtained  in  the  last  equation,  we  obtain 


t,=^^l^+o 


jy.  s'  (c,  -  V,) 
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firom  which  we  determine  the  loss  of  velocity  of  the  first  body 

_    M'k^  (ci  —  c  —  St) 
^'      ^*  ~  {My  +  i!f )  *'  +  M,  «^ 
the  gain  in  velocity  of  translation  of  the  second 

Ml  A'  (^1  —  c  —  «  e) 


t;  —  (3  = 


{M,  +  Jf)*»  +  ilfi*'' 

and  ite  gain  in  angular  velocity 

_    Ml  8  {cx  —  c  ^  8  e) 
"^  "■  ^  •*"  {Ml  +  JRf )  *"  4-  Ml  «•• 
When  the  impact  is  a  perfectly  elastic  one,  these  values  are 

doubled^  and  when  it  is  imperfectly  elastic,  they  are  (1  +  VJi)  times 
as  great. 

ExAMFLS. — If  an  iron  ball  A^  weighing  65  pounds,  strikes  with* a  ve- 
locity of  36  feet  the  parallelopipedon  B  E^  Fig.  567,  which  is  at  rest  and 
is  made  of  spnice,  if  this  body  is  5  feet  long,  8  feet  wide  and  2  feet  thick, 

and  if  the  direction  of  impact  KNIb  at  a  distance  8  K  ==  g  =  1}  feet  fVom 
the  centre  of  gravity  8^  we  obtain  the  following  values  for  the  velocities  after 
the  impact  If  the  specific  gravity  of  spmce  is  =  0,45,  the  weight  of  the 
parallelopipedon  is  =  6  .  8  .  2  .  62,4  .  0,45  pounds  =  842,4  pounds.  The 
square  of  the  semi-diagonal  of  side  B  D  i?' parallel  to  the  direction  of  the 
impact  is 

(*)«  +  (!)•  =  7,25, 
whence  (according  to  §  287), 

P  =  f .  7,25  =  2,416, 

^  Jf  P  =  842,4  .  2,416  =  2085,2, 
and  ^  (ifi  +  M)  k^  =  907,4  .  2,416  =  2192,8 ; 

hence  the  velocity  of  the  ball  after  the  impact  is 

_  Mlife^ / 2085,2  x 

**  ""  *'^       (Jfi   +  Jf )  *»  +  if,  «»  ""  *^  V         2192,8  +  66 . 1,75V 

=  86  (l  -  |g^  =  86  .  0,149  =  5,864  feet, 

and  that  of  the  centre  of  gravity  of  the  body  struck  is 

•  -  (Jf ,  +  2f )  *•  +  Jf,  *•  -      8891,4      -».»"»<*. 
and  finally  the  angular  Telocity  i> 

,  »  Jft^^i  -  ^^^'"^^  '  ^  -  1  71S  feet 

§  346.  Uses  of  the  Force  of  Impact. — The  weight  of  a  body 
is  a  force  whioh  depends  upon  its  mass  alone  and  increases  nni- 
formly  with  it ;  the  force  of  impact,  on  the  contrary,  increases  not 
only  with  the  mass,  but  also  with  the  velocity  and  with  the  hard- 
ness of  the  colliding  bodies  (see  §  336  and  §  338),  and  it  can  therefore 
be  increased  at  wilL  Impact  is  consequently  an  excellent  method  of 
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obtaining  great  forces  with  email  masses  or  weights,  and  it  is  very 
often  made  use  of  for  breaking  or  stamping  roclc,  cutting  or  com- 
pressing metals,  driring  nails,  piles,  eta  On  the  other  band,  im- 
pact occasions  not  only  a  lose  of  mechanical  effect,  hat  also  causes 
the  different  portions  of  the  machine  to  wear  rapidly  or  even  to 
break,  and  the  dumbilitj  of  the  structure  or  machine  is  seriouflly 
affected  by  it.  For  this  reason  it  is  necessary  to  make  the  dimen- 
sions of  tboflc  parte  of  the  machine  larger  tlian  when  the  latter  are 
snbjected  to  extension,  compression,  weight,  el«.,  without  impact 

If  a  rigid  body  A  B,  Fig.  5C8,  strikes  upon  an  unlimited  mass 
C  D  Coi  soft  matter,  it  compresses  the  latter  with  a  certain  force, 
whose  mean  value  P  ts  determined  by  means 
Fra.sae.  Qf  t^ijg  ^gpjjj  Qf  t^g  impreseion  K  L  =  s, 

when  we  put  the  work  done  P  s  during 
the  compression  equal  to  the  energy  of  the 
mass  of  the  striking  body.  If  i^  be  the 
mass,  or  6"  =  J  Jf  the  weight,  of  this  body 
A  B  and  v  the  velocity  with  which  it  strikes 
upon  CD  (7,  we  will  have 

and  the  required  force  with  which  the  soft  matter  will  be  com- 
„  _  ,  Jf  1^  _     t^    „ 


Dividing  this  force  by  the  croes-section  of  the  body  F,  we  obtain 
the  force  with  which  each  unit  of  surface  of  the  soft  material  is 
compressed  and  which  such  a  unit  can  bear  without  giving  way, 
_P__  ^     G_ 
^  ~  F  ~  %g-  Fs 
For  safety  we  only  load  such  a  mass  with  a  small  portion  of  p, 

for  example  with  one-tenth  part  (  ^  )■ 

The  body  M  acquires  its  velocity  J"  ty  being  allowed  to  fall  freely 
fiom  a  height  A  =  ^.  If  we  subetitnte  this  height,  instead  of  o— , 
in  the  foregoing  formula,  we  have 

P  =  -g-,  or  for  the  nnit  of  surface  p  =  -vr-. 
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The  force  or  resistance  P,  with  which  Boft  or  loose  granular 
masaea  oppose  the  penetration  of  a  rigid  body  A  B,  is  generally 
variable  and  increases  with  the  depth  s  of  tlie  penetration.  In 
many  caeea  we  can  assume  it  to  increase  direetiy  with  s,  i.e.,  that 
it  is  null  at  the  beginning  and  double  at  the  end  what  it  is  in  the 
middle.  Now  since  the  yalue  of  P,  deduced  from  the  above 
formula,  is  the  mean  value,  the  resistance  or  proof  load  P,  of  soft 
-  materials  is  twice  as  great  aa  the  value  P  obtained  by  the  formula, 


=  ai>  = 


iOh 


Example.— If  a  commander  A  B,  Pig.  568,  whose  weight  O  =  130  lbs. 
falls  upon  a  moss  of  earth  from  a  height  h  =  i  feet,  and  if  the  latter  is 
compressed  ^  an  inch  by  the  last  blow,  a  surface  of  thia  material  eqaal  to 
the  croBS-aectioD  of  the  stamper  will  support  a  weight 

•P  =  -—  =  -~vr'  =  ^^"^'^  ponnds, 

NowifthecrosB-sectioo  Fof  the  commander  is  J  square  feet,  the  force 
per  square  foot  aapported  by  this  mass  of  earth  would  be 

P       28040 
P  =  p  =  -j-gy  =  18432  pounds; 

instead  of  which,  for  the  sake  of  sufety,  we  should  take  but  -^  p  =  1S4S,9 

pounds. 

FiQ.  S69.  g  347,  Pile-driving.— If  we  drive  piles 

such  as  A  B,  Fig.  569,  into  earth  or  any 
other  soft  material  CD  (7,  we  increase  its 
resistance  much  more  than  we  would  by 
simply  stamping  it  Such  piles  (Fr,  pienz ; 
Ger.  Pffihle)  are  from  10  to  30  feet  long,  8 
to  20  inches  thick,  and  ore  provided  with 
an  iron  shoe  B.  Tlie  body  M,  the  so-called 
ram  (Fr.mouton;  Ger.  B^mklotz,  Bamm- 
bar  or  Hoyer),  which  is  allowed  to  fall  &oin 
3  to  30  feet  upon  the  top  of  the  pile,  is  gen- 
er^ymadoof  cast  iron,  more  rarely  of  oak, 
and  weighs  from  5  to  20  hundred  weights. 
If  the  ram  falls  the  vertical  distance  A,  the 
velocity  with  which  it  strikes  the  pile  is 


and  if  its  weight  =  &  and  that  of  the  pfla 


§847.]  THE  THEORY  OP  IMPACTr.  699 

=  6^1,  we  haye,  when  we  suppose  that  both  bodies  are  inelastic^  the 
velocity  of  the  same  at  the  end  of  the  impact  (see  §  332) 

Oc 

hence  the  corresponding  height  due  to  the  velocity  ia 


P  = 


Now  if  the  pile  sink  during  the  last  blow  a  distance  s,  the  re* 
sistance  of  the  earth  and  the  load  which  the  pile  can  support  is 

2F*  ^^ -^  ^'^  =  i  •  erg.' 

or  more  eorrectl j,  since  tlie  weight  G  +  OiOt  the  pile  and  ram  act 
in  opposition  to  the  resistance  of  the  earth. 

In  most  cases  G  +  Giis  so  small,  compared  to  P,  that  we  can 

neglect  the  latter  part  of  the  formula. 

If  the  weight  Gi  of  the  pile  is  much  smaller  than  the  weight  G 

of  the  ram,  we  can  write 

Gc 

and  simply  P  =  -  G. 

The  foregoing  theory  suffices  in  practice,  when  the  resistance  P 
is  moderate  and,  consequently,  the  depth  8  of  the  impression  is 
not  very  small ;  for  in  that  case  the  compression  of  the  pile,  etc.^ 
can  be  neglected.  If,  on  the  contrary,  the  resistance  P  is  veiy 
great  and,  consequently,  the  depth  8  of  the  impression  very  small, 
the  compression  a  of  the  pile  can  no  longer  be  regarded  oa  null,  and 
must  therefore  be  introduced  into  the  calculation. 

The  pile  of  course  does  not  begin  to  sink  until  the  force  of 
impact  has  become  equal  to  the  resistance  P  of  the  earth.     Now 

if  -H*  =  —J—  and  jH",  =  — ^^ — -  denote  the  hardness  of  the  ram  and 

that  of  the  pile  (in  the  sense  of  §  336),  the  sum  of  the  compressions 
of  the  two  bodies,  when  the  force  of  impact  is  P,  is 

P        P       n         1  \  „ 

^  =  :&  -^  ^  =  l^  "^ :»;  J  ^' 

and  the  mechanical   effect  expended   in  producing  this   com- 
pression is 

Pff/l         IXP* 

^~    2    ~\H'^  Hj   3' 
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Now  if  this  first  impact  of  the  two  bodies  causes  the  yelociiy  c  of 
the  ram  to  become  v.  its  mass  M  =  —  performs  the  work 

hence  we  can  pat 

/c*  -  lA  _       /I         1  \P> 

(-27-)  ^  =  (ff  +  5;)  y 

from  which  we  obtain 


-  =  \^<^-^9(^^^) 


2g      29 

consequently  the  velocity  of  the  ram,  when  the  pile  begins  to  pen- 
etrate the  eartli,  is 

IF' 

We  infer  from  this  that  a  pile  (and  also  a  bolt  or  nail  in  a  wall) 
will  begin  to  enter  the  resisting  obstacle  when 

2  g^^WI  "^  //,/  2' 

or  when  the  weight  of  the  ram  and  its  velocity  have  the  proper  re- 
lation to  the  resistance  of  the  earth.  During  the  penetration  of 
the  pile  the  force  of  impact  and,  consequently,  the  compression  of 
the  pile,  etc.,  diminish  as  long  as  the  velocity  of  the  ram  exceeds 
that  of  the  pile ;  when  both  attain  a  common  velocity  v,  and  the 
force  of  impact  becomes  a  maximum,  the  bodies  begin  to  expand 
again.  During  this  expansion  not  only  the  velocity  of  the  ram, 
but  also  that  of  the  pile  becomes  gradually  =  0 ;  the  pressure  be- 
tween the  two  bodies  becomes  again  P,  and  consequently  at  the 


c* 


moment,  when  the  pile  ceases  to  penetrate,  the  whole  eneigy  ^ 
G  of  the  ram  is  consumed  by  the  work 


\£f  ^IfJ% 


expended  in  compressing,  and  by  the  vork 

Pa 
done  in  driving  the  pile  to  the  depth  s. 

Hence  we  have 


^(?=(?A  =  (^  +  ^-)f +  P., 
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and  therefore  the  load  which  corresponds  to  the  depth  of  penetrur 
tion  8  is  

tl  1    \   P* 

qr  +  -rr)  -5-  is  considerably  smaller  than 

the  space  s  described  by  the  pile,  we  can  write  simply 
P  =  g =  — ,  or,  more  accurately, 

P=  ^^ 


Comparing  the  work  done  in  driving  in  the  pile 
P  CA 

with  the  work  done  G  hm  raising  the  ram,  we  see  that  the  former 
approaches  the  latter  more  and  more  ^  ( "^  +  -^  )  -5—  becomes 

smaller  or  as  the  hardness  H^  — ^—  of  the  ram  and  that  ^  =  --y— ^ 

of  the  pile  become  greater,  lb.  the  greater  the  cross-sections  F  and 
^t  and  the  modali  of  elasticity  E  and  Ex  of  these  bodies  are  and  the 
smaller  the  lengths  are. 

The  action  of  the  weights  of  the  two  bodies  can  be  entirely  neg- 
lected, since  they  generally  form  bnt  a  small  portion  of  the  resist- 
ance P.  We  can  also  neglect  the  energy,  which  the  bodies  possess 
in  consequence  of  their  elasticity  (although  the  latter  is  imperfect) 
after  the  pile  has  come  to  rest ;  for  the  body,  which  is  thrown  back 
by  their  expansion,  is  generally,  upon  &lling  again,  incapable  of 
overcoming  P  and  setting  the  pile  in  motion.  For  safety's  sake, 
the  pile,  which  has  been  driven  in,  is  loaded  with  only  y^  part  of 
the  resistance  P,  just  found,  or  perhaps  with  even  less.  Accordmg 
to  some  late  experiments  made  by  Major  John  Sanders,  TJ.  S.  A., 
at  Fort  Delaware  (communicated  by  letter)  we  can  put,  approxi- 
matively,  the  resistance 

Example. — A  pile,  whose  cross^ection  is  1  foot  =  144  square  inches, 
whose  length  is  25  feet  =  25  .  12  =  800  inches,  and  whose  weight  is  1200 
pounds,  is  driven  by  the  last  tally  of  ten  blows  of  a  ram,  weighing  2000 
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pounds  and  falling  6  feet  =  72  inches,  3  inches  deeper,  what  is  the  resist- 
ance of  the  earth  ?  If  we  neglect  the  inconsiderable  compression  of  the 
cast  iron  and  put  (according  to  §  212)  the  modulus  of  elasticity  of  wood 
E^  =  1,560000,  we  obtain 

l^  800  1 


*i^*w)"* 


%F^E^      2 .  144 . 1,560000  ""  1497600' 
Now  since  Gh  =  2000  .  72  =  144000  inch-pounds  and  the  depth  of  the  pen- 
etration after  one  blow  is  «  =  -j^  =  0,2  inches,  we  obtain  for  the  determina- 
tion of  P  the  following  equation  : 

jj^^  +  0,2  P  =  144000  or  P«  +  299520  P  =  215654400000. 

Besolving  this  equation,  we  obtain 

P  =  -  149760  +  V  288082457600  =  888177  pounds. 
According  to  Sanders'  formula 

Gh       144000      ^,^^ 

^=-8-7  =  -o;r-=^^'^^' 

while  the  old  formula,  on  the  contrary,  gives 

Q^h  G         Gh       2000     144000       .    ««^^^ 

^^  =  1.720000 


P  = 


8200' 


t 


(G+  G^)s''  G+G^'    s    ' 

=  450000  pounds. 

From  P  =  388177  pounds  we  obtain 

1         1  \  P* 
^  +  ^  j  -r-  =  76865  inch-pounds, 

and  therefore  the  height  fh>m  wldch  a  ram  weighing  2000  pounds  must 
fall  in  order  to  move  the  pile  is 

/I         1  \  P*       76865 
^=  (^  +  ^)2-S=  2000   =^'^^^^^^ 

§  348.  Absolute  Strength  of  Impact. — By  the  aid  of  the 

moduli  of  resilience  and  fragility  (see  §  206)  we  can 
easily  calculate  the  conditions  under  which  a  prismatical 
body  A  By  Pig.  570,  will  be  stretched  to  the  limit  of  elaa- 
ticity  or  broken  by  a  blow  in  the  direction  of  its  axis.  If 
O  be  the  weight  and  c  the  velocity  of  the  impinging 
body,  the  work  done,  when  the  prismatical  body,  whose 
weight  we  will  denote  by  G^„  is  struck,  is 


Fig.  570. 
A 


L  = 


2g  *  G  +  G,' 


or  denoting  the  height  due  to  the  velocity  -s—  by  A, 
have  more  simply 


we 


i  = 


G-h  g; 
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This  mechanical  effect  is  chiefly  expended  in  stretching  the  rod 
A  By  upon  which  the  second  body  hangs ;  if,  therefore,  If  is  the 
hardness,  I  the  length,  F  the  cross-section,  E  the  modulus  of  elasti- 
city, P  the  force  of  impact  and  A  the  extension  of  the  rod  produced 
by  it>  we  have 

and  consequently 

FE  CPh 

2/  (?+  (?/ 

from  which  the  extension  A  of  the  rod,  caused  by  this  impact,  can 

be  easily  calculated. 

If  the  rod  is  to  be  extended  only  to  the  limit  of  elasticity^  we 

have,  when  A  denotes  the  modulus  of  resilience  (§  206), 

L=:A  V^AFl, 
and  therefore  .  ^ ,         CPh 

A  Fl  r=i 


0  +  0^ 

the  velocity  of  impact  c  =  ^  %  ghy  which  is  necessary  to  stretch  it 
to  the  limit  of  elasticity,  is  determined  by  the  height 

A  =  — ^5 — .A  Fl 

If  we  are  required  to  find  the  conditions  of  rupture  of  the  rod, 
we  must  substitute,  instead  of  the  modulus  of  resilience  -4,  the 
modulus  of  fragility  B. 

We  see  from  this  that  the  greater  the  mass  of  the  rod  is,  the 
greater  is  the  blow  it  can  bear.  Hence  we  have  the  following  im- 
portant rule,  that  the  mass  of  bodies  subjected  to  impacts  should 
be  made  as  great  as  possible. 

Since  G  and  G^  fall  the  distance  X  during  the  impact,  it  is  more 
correct  to  put 

L  =  ^^  +  (C  +  &.)  K 
or  for  the  case,  when  the  limit  of  elasticity  is  reached, 

in  which  r  =  ^  expresses  the  extension  corresponding  to  the  limit 

of  elasticity. 

If,  finally,  we  wish  to  take  into  consideration  the  mass  and 
weight  (rj  of  the  rod,  we  have,  since  its  centre  of  gravity  sinks  but 

IK 
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We  have  a  similar  instance  of  the  action  of  impact^  when  a 
moving  mass  if  =  — ,  Fig.  571,  puts  another  mass  if,  =  —  in  mo- 

9  g 

Pio.571 


tion  by  means  of  a  chain  or  rope.  If  c  is  the  velocity  of  M  at  the 
moment^  when  the  chain  is  stretched,  v  the  velocity  with  which 
both  bodies  move  after  the  impact,  we  have  again 

Mc  G  a, 


V  = 


while,  on  the  contrary,  the  work  expended  in  stretching  the  chain  is 

~  M  +  M,'   2  ~  G  +  &t 

If,  therefore,  this  chain,  eta,  is  to  be  stretched  only  to  the  limit 
of  elasticity,  we  must  pat 

GGt 


AFl  = 


.  h. 


G+  G, 
J*  denoting  the  cross-section  and  I  the  length  of  the  chain. 

9 

Example— 1)  If  two  opposite  snspenaon-rods  of  a  chain  bridge  sup- 
port a  constant  weight  of  5000  pounds,  which  is  increased  6000  pounds  by 
a  passing  wagon,  if  the  modulus  of  resilience  A  of  wrought  iron  is  7  inch- 
pounds  and  if  the  length  of  the  suspension-rods  is  200  inches  and  their 
cross-section  1,5  square  inches,  we  have  the  dangerous  height  of  fall 

-       AFl(G+G^)      T.  2.  h5, 200. 11000  _  7 .  11  _  77      ,  ^^ . 

"^  —  7i2  —  QAAAAnnn  —    An     ""  «ft  —  ^»^^  mcnes. 


G' 


86000000 


60 


60 


If  the  wagon  passes  over  an  obstacle  1,8  inches  high,  the  suspension-rods 
would  already  be  in  danger  of  being  stretched  beyond  the  limit  of  elas- 
ticity. 

2)  If  a  full  bucket  or  loaded  cage  in  a  shaft  is  not  gradually  set  in  mo- 
tion, but  if  by  means  of  the  rope,  which  has  been  hanging  loosely,  it  is  sud- 
denly brought  to  a  certain  velocity  by  the  revolving  drum,  the  rope  will 
often  be  stretched  beyond  the  limit  of  elasticity,  and  sometimes  even 
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broken.    If  the  maas  of  the  dmm  and  ahaft,  reduced  to  the  dicomferenoe 

0       100000 
of  the  former,  ia  if  =  —  = ,  the  weight  of  the  full  bucket  or  cage 

ia  6^2  =  2000  poundis  and  the  weight  of  the  rope  =  400  pounds,  then  if 
the  weight  of  a  cubic  inch  of  rope  ia  ^  0,8  pounds,  ita  volume  will  be 


„,       G^       400      4000      , ,    .    ^ 
jP'Z  =  -^  =  yg  =  -g--  cubic  mchea, 


and,  finally,  if  the  modulus  of  fragility  of  this  rope  is  =  850  pounds,  we 
have  the  height  due  to  the  velocity,  which  will  break  the  rope, 

i-RFZ    ^  +  Q'^  4000     100000  -i-  2000  _  1400000        102 

O  Q^     -850.     g     .  iQQQQQ     2QQQ  -        3        .  200000 

=  288  inches  =  19,88  feet, 
and,  therefore,  the  velocity  of  the  rope  at  the  beginning  of  the  strain  is 


e  =  -JTgl  =  VW,4  .  19,88  =  85,74  feet 

§  349l  Relativo  Strangth  of  Impact — The  foregoing  the- 
ory is  alao  applicable  to  the  case  of  a  prismatic  body  B  B,  Fig. 
573,  supported  at  both  ends  and  exposed  to  the  blows  of  a  body 
Ay  which  falls  firom  the  height  A  C  =  h  upon  its  middle  G.    Let 

—  =  Jf  be  the  mass  of  the  falling  body  and  M^  that  of  the  body 

B  Bf  reduced  to  its  middle  0,  then  the  energy  of  the  bodies  after 
the  impact  is 

-       c'        J/*  c«         J/         „  M      ^^ 


2  '  M+Mi^2g  'if  +  if, 


M-^Mi 


Fia.  572. 


The  mass  ifi  of  the  beam  B  B  can  be  determined  in  the  follow- 
ing manner.  Let  G^  be  the  weight,  I  half  the  length  B  A  Fig, 
573,  of  this  beam,  x  the  abscissa  B  N"  and  y  the  corresponding 
ordinate  JV  Oof  the  curve,  formed  by  5  5  at  the  moment  of 
greatest  flexure,  and,  finally,  let  a  denote  the  maximum  deflection 
CDot  this  curve.  If  we  imagine  5  C  to  be  divided  into  n  (an  infi- 
nite nnmber  of)  parts,  the  weight  of  an  element  0  of  the  rod  will 
45 


I 
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1)6  — ^  and  therefore  the  ma^  of  an  element  of  the  rod,  reduced 
from  NXfiDi  is 

But,  according  to  §  317, 


y^iw^*-^''**' 


PT 


9  PF*  ^*' 
whence  it  follows  that  the  element  of  the  mass  of  the  rod  is 


9  C.  «•  (p  -  i  r  a:"  +  1^) 


Now  if  instead  of  x  we  sabstitate  saccessively  -,  2  -,  3  -  . . .  — 

■"  n     tt    n         n 

and  add,  etc.,  the  ralnes  thns  obtained,  we  obtain  the  mass  of  the 

rod  B  B,  reduced  to  its  middle  C, 

^'  -  47?  V  •  8      '  '^  •  5  "^  '  7/  ~  "  •  7" 
If  we  snbstitate  this  Tslae,  we  can  put  the  work  done  by  the 
impact 

L  =  „  .    .,  .Qh  = 


and  obtain  the  condition  of  bending  to  the  limit  of  elasticity  (see 

§235), 

Wl  _        CPh 

^  •  3  «•  ~  ff  +  ii  ff.' 

If  the  beam  is  a  parallelopipedon,  we  have 

and  therefore 

h  = 9^"^ — '  °' putting  F,  =  -— , 

'^~       97ff=      • 

If  we  snbstitate  B  instead  of  A,  the  expression  becomes 
,  _  Bff,{&  +  U  g.) 
9'y  <y 
and  gives  the  height,  firom  which  the  weight  &  mnst  &11  in  order 
io  break  the  parallelopipedioal  rod. 
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.  ExAMFLB. — From  what  a  height  mast  an  iron  weight  G  =  200  ponnds 
fall,  in  order  to  break  by  striking  it  in  the  middle  a  cast  iron  plate  36 
inches  long,  12  inches  wide  and  8  inches  thick,  which  is  supported  at  both 
ends? 

The  modolns  of  fragility 

B  s=  14,8  inch-pounds 
(see  S  211),  and  the  volnme  of  the  plate  is 

Fi  =  &  A  Z  =  12  .  3  .  86  =  1296  cubic  inches, 
and,  since  a  cubic  inch  of  cast  iron  weighs  y  =  0,259  pounds,  its  weight  is 

G^  =  1296  .  0,259  =  885,7  pounds ; 
the  required  height  is 

14,8 .  885,7  (200  -f  tf  .  856,4) 
*== 9  .  0,275  .  40000 =  lSf  inches. 

§  350.  Mechanical  Effect  of  the  Strength  of  Torsion.— 

We  can  alfio  inveetigate  the  action  of  impact  in  ttvisting  sliafts. 
According  to  §  262  the  mechanical  effect  which  is  required  to  pro- 
duce a  torsion  a  in  a  shaft,  whose  length  is  I  and  the  measure  of 
whose  moment  of  flexure  is  TT,  is 

J  _  Pag  _a^  .WG  _  P*  a^ 

2      "•       2  1       "ZWC 
we  can  also  put 

■£  =  ^ -J^  (see  §  264), 

e  denoting  the  distance  of  the  most  remote  fibre  from  the  neutral 

axis  and  8  the  strain  in  that  fibre. 

If  we  substitute  for  S  the  modulus  of  proof  strength  T,  and  for 

T       o  T 

=  -^-  the  modulus  of  resilience  A,  we  obtain  the  work  to  be 


20        2 

performed  in  stretching  the  remotest  fibre  to  the  limit  of  elasticity 

and  the  mechanical  effect  necessary  to  rupture  the  shaft  by  wrench- 
ing, when  we  substitute  for  the  modulus  of  resilience  A  the  modu- 
lus of  fragility  £;  its  value  is 

e 
For  a  cylindrical  shaft  W  =  -^r-  and  e  =  r,  hence 

when  V  =  n  r^  I  denotes  the  volume  of  this  shaft. 

For  a  shaft  with  a  sqtuire  crosS'Seciionj  the  length  of  whose  side 
is  h^  we  have 
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TF  =  y  and  e  =  J  4^, 
aad  consequently 

If  a  reyolying  wheel  and  axle,  whose  mass  reduced  to  the  point 

G  G 

of  impact  is  if  =  — ,  impinges  upon  a  mass  J/i  =  — ,  which  is  at 

y  y 

rest,  with  the  yelociiy  c^  both  will  move  on  after  the  impact  with 
the  velocity 

consequently  the  mechanical  effect 

which  is  expended  in  twisting  the  axle  and  bending  the  arms  of  the 
wheel,  is  lost  (see  §  335). 

But  L  is  also  the  sum  of  the  mechanical  effects  expended  in 
producing  the  torsion  of  the  axle  and  in  bending  the  arms  of  the 
wheel,  etc,  I.E., 

L=:  A  .  -^  +  A,  -^, 

when  A I  denotes  the  modulus  of  resilience,  Wi  the  measure  of  mo- 
ment of  flexure  and  e^  the  distance  of  the  exterior  fibre  from  the 
Qeutral  axis  (see  §  235) ;  we  can  therefore  put 

AWl  ^AxW^l,  _    G  G,      c' 


6'  3  6i'     ''  G+  G,  %s 

W I       V 
If  the  shaft  is  cylindrical,  we  have  — j-  =  -^,  and  if  it  is  four- 

Wl       V 
sided^  we  have  —y-  ?=  -^,  when  F denotes  its  volume;  and  for  the 

W  It       V 
four-sided  arm  we  have  -—-i  =  -^y  where  Vi  denotes  the  volume 

o  6i        y 

of  the  arm. 

Hence  for  a  cylindrical  Bhaft  we  have 

ri  XT  -^  ^^  F  -    ^  ^i    ± 
2"^9*"6?  +  6',  2/ 

and,  on  the  contrary,  for  tik  four-sided  shaft 
3        ^   9    ^'^  G-^G,  %g 
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The  Yolames  Fand  Vi  have  a  certain  relation  to  each  other, 

which  can  be  expressed  as  follows.    The  moment  of  flexure  of  the 

arms  is  equal  to  the  moment  of  torsion  of  the  shaft 

Hence 

WT      WiT, 

= ,  or 

e  $1 

^^     16    ^  "  3  4/2  ~        6      ' 

jTand  7^i  denoting  the  moduli  of  proof  strength  for  torsion  and 
bending  and  d  the  diameter  of  a  round,  and  h  the  length  of  the 
sides  of  a  four-sided  shafts  while  hx  is  the  thickness  and  bi  the  sum 
of  the  widths  of  all  the  arms  of  the  wheel 

But  we  have  also  V  =  ~t—  1=^1  and  Vi  =  J,  A,  ^  and 


therefore 


H t;. =  -Fi — 7T  ^ —  and 


8         ■  9  G  +  0,%g 

Now  if  the  ratio  v  ±z  ~  oi  the  dimensions  is  given,  we  can  cal- 

culate  the  thickness  (7  or  A  of  the  shaft  or  the  thickness  Ai  and  the 
width  bi  of  the  arms  by  means  of  equations  (1)  and  (2).  We  must 
introduce  into  this  calculation 

1)  for  cast  iron 

J.  =  3,16  and  ^  ^  Jc= WT^mm  =  ^'«^  ^«''-^^«-' 

2)  for  wrought  iron 

^.  =  6,23  and  ^  =  ^  =  ^-^o^^OOO  =  ^'««^  ^*'^-^^' 
S)  and  for  wood,  the  mean  value 

T*  395* 

A,  =  2,17  and  J  =.  ^  =  ^^90000  =  ^'^^^  ^'"^'^^ 

£zAjmiE.~Let  tbe  mass  of  the  wheel,  etc.,  of  a  tilt-hammer,  reduced  to 
the  point  of  application  of  the  cam,  bo  ifa pounds,  and  the  mass  of 

25000 
the  hammer  reduced  to  the  same  polmtbe  M  «a  — pounds,  and  let  the 
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distance  from  the  wheel  to  the  ring,  in  which  the  cams  are  set,  be  2  =  15 
feet  =  225  inches,  and  the  length  of  the  arms  of  the  wheel  be  ^i  =  10  feet  = 
120  inches.  Now  if  the  hammer,  every  time  it  is  litled,  is  struck  with  a 
Telocity  of  2  feet,  how  thick  mast  the  shaft  and  the  arms  of  the  wheel  be 
made  in  order  to  sustain  this  impact  without  being  damaged  f  If  the  shaft 
and  arms  are  of  wood,  we  have 

895  ^jj  =  1000  ^^ 

and  if  the  number  of  arms  is  ti  =  16,  we  can  put 

Jj  =  i; .  n  Aj  =  0,707  .  16  Aj  =  11,8  .  A^, 
whence  we  obtain 


But 


,       X    ;/ 16000.  11,8  _^^    , 
^=^^r    6.395  ..  =^>^'^i' 


IT     .    . ff 


^u4  Z  =  0,182  .  225  5  =  11,66, 

o  o 

\A^l^=^\,  2,17  .  120  =  28,9, 

and  also 

OGT^        ^        ^  ,     200000.25000  5000000 

G+Q^'  2g       ^'''  "'"•''  •  *  •  200000  +  26000       "»'** "      225 
=  16588  inch-pounds ; 

hence  we  have  the  equation  of  condition 

(2,9)« .  11,66  A,«  +  11,8  .  28,9  Aj*  =  16588,  ut, 
98,1  Ai«  +  826,6  A^'  =  16538, 
hence  the  required  thickness  of  the  arm 

./16588        ^«.    .    , 
^t=V  42477  =  ^M  inches 

the  width  of  the  arm 

b^  =  0,707  Ai  =  4,41  inches, 
and  the  thickness  of  the  shaft 

d  =  2,9  Aj  =    18,1    iiichea. 
For  the  sake  of  security  we  make  the  dimensions  considerably  larger. 

Remark. — It  is  only  of  late  years  that  much  attention  has  been  paid  to 
the  strength  of  impact.  We  find  something  in  regard  to  it  in  Tredgold's 
work  on  the  strength  of  cast  iron,  in  Poncelet's  '^Introduction  4  la 
Mdcanique  Industrielle,^'  and  in  Rublmann^s  **  Grundzuge  der  Mechanik 
und  G^statik.^'  The  discussion  in  the  latter  work  is  based  principally 
upon  Hodgkinson^s  experiments  on  the  resistance  of  prismatic  bodies  to 
impact,  upon  which  subject  an  article  by  Bomemann  is  to  be  found  in  the 
**  Zieitschrift  f^dasgesanuntelngenieurwesen*'  (the  Ingenieur). 

The  experiments  of  Hodgkinson  agree  essentially  with  the  foregoing 
theory  of  the  strength  of  impact;  they  apply  particularly  to  relatiye 
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strength,  and  were  made  in  the  following  manner :  large  weights  swinging 

like  pendulums  were  caused  to  strike  against  rods  supported  at  both 

CPh 
ends.    The  formula  L  =  ^ — T7y~^  which  we  found  by  assuming  that  the 

impact  was  perfectly  inelastic,  was  verified  completely ;  the  mechanical 
effect  L  was  found  not  to  depend  upon  the  nature  of  the  colliding  bodies. 
Equally  heavy  bodies  of  different  materials  (cast  iron,  cast  steel,  bell  metal, 
lead)  produced,  when  they  fell  from  the  same  height,  equal  deflections  of 
the  same  rod  (of  cast  iron  or  cast  steel) ;  the  deflections  were  almost  ex- 
actly the  same  as  those  given  by  the  theory  for  a  perfectly  elastic  rod. 

Final  Remabk. — ^For  the  study  of  the  Mechanics  of  rigid  bodies,  be- 
sides the  older  works  of  Euler,  Poisson,  Poinsot,  Poncelet,  Navier  and 
Coriolis,  and  those  of  Whewell,  Mosely,  Eytelwein  and  Ger8tner,the  follow- 
ing are  recommended : 

Duhamel,  Cours  de  M^canique,  Paris,  chez  Mallet-Bachelier,  1854; 
Sohnke,  Analytische  Theorie  der  Statik  und  Dynamik,  Halle,  1854 ;  Broch^s 
Lehrbuch  der  Mechanik,  Berlin,  1854 ;  Morin,  Lemons  de  M^canique  pra- 
tique, Delaunay,  Traits  de  M^caniqne  rationelle,  Paris,  1856 ;  Rankine,  A 
Manual  of  Applied  Mechanics,  second  edition,  London,  1861 — a  valuable 
work,  too  little  prized  in  England.  A  translation  of  a  new  Monograph 
upon  impact,  by  Poinsot,  has  lately  appeared  in  the  third  year  of  Schlo- 
mich^s  Zdtschrift  fiir  Mathematik  und  JPhysik. 


SIXTH   SECTION. 


STATICS    OF    FLUIDS 


CHAPTER    I. 


OF  THE  EQUIUBBIUli  AND  PRB88UBB  OF  WATER  TN  VESSELS. 

§  351.  Fluids. — We  consider /f^ufo  to  be  bodies  composed  of 
material  points,  whose  coherence  is  so  slight  that  the  smallest  force 
sufiSces  to  separate  them  from^each  other  (§  62).  Many  bodies 
which  are  met  with  in  nature,  snch  as  air,  water,  etc.,  possess 
this  distinguishing  property  of  flaids  in  an  eminent  degree,  while 
others,  on  the  contrary,  snch  as  oil,  tallow,  softened  clay,  etc.,  pos- 
sess a  less  degree  of  fluidity.  The  former  are  called  perfectly,  and 
the  latter  imperfectly  fluid,  or  viscous  bodies.  Certain  bodies,  as, 
E.G.,  dough,  lie  midway  between  the  solids  and  the  fluids. 

Perfectly  fluid  bodies,  of  which  only  we  will  treat  in  the  discus- 
sion which  is  to  follow,  are  at  the  same  time  perfectly  elastic,  lb. 
they  can  be  compressed  by  extraneous  forces,  and  when  these  forces 
are  remoyed,  they  reassume  the  primitiYe  volume.  But  the  amount 
of  change  of  volume  corresponding  to  a  certain  pressure  is  very  dif- 
ferent for  different  fluids ;  while  in  liquids  this  change  is  quite  un- 
important, in  gaseous  or  aeriform  fluids  it  is  very  great,  and  they 
are  therefore  called  elastic  or  compressible  fluids.  On  account  of 
the  slight  degree  of  compressibility  of  liquids,  they  are  treated  in 
most  of  the  researches  in  hydrostatics  (§  66)  as  incompressible  or 
inelastic  fluids.  As  water  is  the  most  generally  diffused  of  all 
liquids  and  is  the  most  generally  employed  in  practical  life,  we 
r^ard  it  as  the  representative  of  all  these  fluids,  and  in  the  re- 
searches in  the  medianics  of  liquids  we  speak  only  of  water,  with 
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the  tacit  understandiDg  tliat  the  mechauical  relations  of  other 
liqnidA  are  the  same. 

For  the  same  ivaBoQ,  in  the  mechanici  of  elastic  fluids  we  speak 
only  of  common  atmoepherio  air. 

Rem ABK.~-A  coluinn  of  water,  whose  croes-aection  is  one  square  inch, 
is  compressed  b;  &  neigbt  of  14,7  pounds,  corresponding  to  the  weight  of 
the  atmosphere,  about  0,00005  or  one  fifty  millionth  of  its  Tolnme,  while  a 
colnoiD  of  ur  ooder  the  same  pressure  occQpIes  bat  one-half  of  its  primi- 
tire  Tolaoie.  See  Aime  "  Ueber  die  Zusammendruckniig  der  Fliiatdgkeitea" 
in  Poggendorff's  Annalen,  ErgtinEiingsbaiid  (to  Vol.  72),  1848.    According 

to  the  fnnnnla  P  =  j^  F  E  (H  S04),  we  have,  when  P  =  14,7  poimda,  F  = 

1  MDore  inch  and  p  =  ^T^tr^^^^  =  ^r^r^-^r^,  the  modulosofelasticitv  of  water 

.  J  =  ^  =  14,7  .  20000  =  294000  pounda. 

%  352.  Prino^o  of  Eqiial  PresanrQ. — The  characteriatic 
property  of  fluids,  by  which  they  are  principally  distingnished  fVom 
solid  bodies  and  which  forms  the  basis  of  the  theory  of  the  equili- 
brinm  of  fluids,  is  Ike  capacity  of  iranemitiing  the  pressure  exerted 
upon  a  portion  of  their  surface  unchanged  in  all  directions.  In  solid 
bodies  the  pressure  is  transmitted  only  in  its  own  direction  (§  86) ; 
if,  on  the  contrary,  water  is  subjected  to  pressure  on  one  side,  the 
same  pressure  is  exerted  throughout  all  the  mass  of  fluid  and  can 
consequently  be  observed  at  all  parts  of  the  surface.  In  order  to 
conyince  ourselTea  of  the  correctness  of  this  law,  we  caa  employ 
an  apparatus  filled  with  water,  like 
p  the  one  whose  horizonjal  cross-sec- 

tion is  represented  in  Pig.  STi  The 
tobes  A  E,  B  F,  etc.,  which  are  of 
the  same  size  and  at  the  same  dis- 
tance above  the  buse,  are  closed  by 
pistons,  which  are  easily  movable 
and  which  fit  the  tubes  ])erfcctly ; 
the  water  will  then  press  upon  each 
of  tbem,  by  vtrtue  of  its  weight,  ex- 
actly as  much  aa  upon  the  othera. 
Let  QB  for  the  present  disregard 
this  presanre  and  regard  the  water  aa  imponderable.  If  we  exert 
againet  one  of  the  pistoiu  A  a  certain  pressore  P,  the  water  will 
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transmit  the  same  pressnre  to  the  other  pistoDB  £,  C,  D,  and  to 
pi-eaerve  the  equilibriam  or  to  prevent  these  pistons  from  moving 
backwards, au  equal  opposite  pressnre  P  (Fig.  575)  must  be  exerted 
against  each  uf  the  otiier  pistons.  We  are  therefore  anthorized  to 
assume  that  the  pressure  P  exerted  upon  a  portion  A  of  the  surface 
produces  a  strain  which  is  propagated  not  only  in  the  straight 
line  A  C,  but  also  in  every  other  direction  B  F,  D  H,  etc,  upon  any 
equally  large  portiooB  C,  B,  D  of  the  surface. 

Via.  57S.  Fia.  676. 


If  the  axes  of  the  pipes  B  F,  C  O,  etc.,  Rg.  576,  are  parallel  to 
each  other,  the  forces  acting  on  the  pistons  can  be  combined  so  as 
to  give  a  single  resultant ;  if  n  is  the  number  of  the  equally  large 
pistons,  the  total  pressure  upon  them  wiU  be 

Py==nP; 
in  the  esse  represented  in  the  figure 

P,  =  8  P. 
Now  the  aggregate  area  Fi  of  the  surfaces  B,  C,  D,  upon  which 
the  pressures  are  exerted,  is  also  =  n  times  the  area  F  of  one 

of  the  pistons;   n  is  therefore  not  only  =  ^,  but  also  -^,  ot  in 
general 


Now  if  we  cause  the  tubes  B,  C,  Dto  approach  each  other, 
until  they  form,  as  in  Fig.  577,  a  single  one,  and  if  we  close  the 
latter  by  a  single  piston,  F,  becomes  a  single  surface  and  P,  is  the 
pressure  exerted  npon  it;  hence  we  have  the  general  law:  th« 
presawres  exerted  by  afiuxd  upon  the  differerU  parts  of  the  teaib  of 
the  vessel  ara  proportionai  to  the  areas  of  those  parts. 
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FIB.S77. 


This  lav  corresponds  also  to  the  principle  of  virtual  velod- 

tie».    IfthepifltoD^  D  =  .F,  Fig.  578,  mores  a  distance  AA,  =  t 

inwards,  it  preEses 

the  prism  of  water 

Fa  out  of  its  tube, 

and  the  piston  B  E 

Ff   moves   ont- 

warda  the  distance 

BBi  =  »,  nnd  leaves 

behind  it  the  pris- 

matical  space  F^  e„ 

'  Now  as    we    liave 

assnmcd  that  water  can  be  neither  expanded  nor  compressed,  its 

volnme  must  remain  the  same  alter  the  pistons  have  been  moved, 

or  the  increase  F  b  must  be  equal  to  the  decrease  F,  s,.    But  the 

equation  F^Si  —  Ft  gives 

-fi         8 


and  by  combining  this  proportion  with  the  proportion  - 
we  obtain  P\        s 


hence  the  mechanical  effect  P,at  =  Ps  (see  g  83). 

Etahflb.— If  the  diameter  of  the  piston  A  I>ul^  incbra  and  that  of 
the  pistOD  B  EieiO  incbea,  and  if  the  pressare  exerted  bf  the  former  apon 
the  water  is  8ft  ponnda,  that  exerted  upoD  the  latter  piston  b 
F.  10"  400 

P,  =  -^  J*  =  j-g,  .  86  =  —  .  86  =  1600  ponade. 

If  the  fint  piston  moves  6  inches,  the  second  moves  bat 
F  9  i 

■■  -  jr  <  =  Too  =  *  =  »■""  »*"■ 
RsiuiiE. — In  the  fotlowing  pages  we  will  meet  with  manj  apptications 
of  this  law,  B.a.,  to  the  hrdrauUc  press,  water  pressure  en^es,  pumps,  etc 
§  353.  Praunre  In  the  Water.— The  ] 


FiQ.  S70. 


exerted  by 
the  particles  of  water  against  each  other 
most  be  estimated  in  exactly  the  sapie 
manner  as  the  pressure  of  the  water  against 
the  wall  of  the  vessel  The  presanrea  upon 
both  sides  of  any  surface  E  0  Q,  which  di- 
vides the  water  in  a  vessel  BOH,  Fig.  579, 
into  two  parts,  when  equilibrinm  exists, 
are  eqnaL    Now  as  a  rigid  body  counter- 
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acts  all  forces  whose  directions  are  at  right  angles  to  its  Burface, 
tlie  conditions  of  equilibrinm  will  not  he  disturbed,  when  one-lialf 
E  6  H  oi  the  liquid  hecomea  rigid,  or  if  its  limiting  snrface 
becomes  a  wall  of  the  vesseL    If  the  Snid 
FiG.680.  half  £"5  ff  in  one  portion  CD  =  F,  of 

the  imaginary  earface  of  separation  ECO 
exerts  a  prpBsnre  P,  upon  the  rigid  half 
EG  H,  the  latter  oounteracts  this  pres- 
sure completely  and  will  react  with  on  equal 
:  opposite  pressure  {—Pi)  upon  C  D  =  Fy. 
Since  the  conditions  of  equilibrium  will 
not  be  changed,  when  this  mass  of  water 
E  0  H  becomes  fiuid  again,  the  latter  will  react  with  an  equal 
pressure  (—  P)  upon  the  mass  of  water  E  B  O;  hence  the  pres- 
sure of  the  water  upon  both  sides  of  a  surface  CD  =  Fib  also  de- 
termined by  the  proportion 

P_F\ 

P  ~  F'  

whim  all  the  water  is  pressed  in  a  surface  A  B  =^  Fby  a  force  P, 
Hence  the  pressure  upon  any  given  sur&ce  F,  in  any  arbitrary 
position  is 


The  law  of  the  transmission  of  pressure  in  water,  expressed  by 
the  last  proportion,  is  only  applicable  when  we  consider  water  as 
an  imponderable  fluid,  and  it  must  therefore  be  modified,  when  it 
is  required  to  determine  in  addition  the  pressure  ariGing  from  the 
weight  of  the  water.  If  we  imagine  a  part  of  the  water  in  a  resBel 
CD  E,  Fig.  581,  t«  become  rigid  and  to  have  the  form  of  an  infi- 
nitely thin  horizontal  prism  A  B, 
^''-  **'•  it  is  easy  to  see,  that  the  pressurca 

f,  D  <^^  ^^  water,  that  remains  fluid, 

4B[^^9pB^^^r  npon  the  sides  of  the  rigid  part 
'^^^^^^^^T^JMr  ^  balances  the  weight  Q  of  the  prism 
•  \f^^SM^'~'"r^  ""^"^  *****  ^^  horizontal  pressures 

ij^^^^^5('?|  upon  the  vertioal  bases  A  and  B 

pnf^^  'S=»4  of  this  part  connteract  each  other. 

MM^rfirKii'iiiM  These  pressures  (P  and  —  P)  must 

therefore  be  equal  and  opposite  to 
each  other.  Since  the  state  of  equilibrium  is  not  changed,  when 
A  B  again  becomes  fluid,  it  follows  that  the  prassures  of  the 
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water  against  the  vertical  elements  A  and  B  of  tlie  surface,  which 
are  situated  in  one  and  th^  same  horizontal  plane,  must  be  equal 
to  each  other,  and  since  the  pressure  upon  an  element  does  not 
change,  when  its  incUnation  or  direction  changes,  it  follows  that 
the  water  in  a  horizontal  layer,  as,  B.O.,  G  Hy  K  L,  etc.,  exerts  the 
same  pressure  m  all  directions  and  in  all  positions. 

If  we  imagine  a  vertical  prism  A  By  whose  cross-section  is  infi- 
nitely small,  to  become  rigid  in  the  mass  of  water  C  H  K,  Fig.  582, 

we  can  conclude  from  the  conditions  of  its  equi- 
librium with  the  remaining  liquid  that  the 
pressures  exerted  by  the  latter  upon  the  vertical 
sides  of  the  prism  balance  each  other  and  that 
the  weight  0  of  the  latter  body  is  in  equilibrium 
with  the  excess  P,  —  P  of  the  pressure  Pi  ujion 
lower  base  B  above  the  pressure  P  upon  the 
upper  base  A.  Hence  Pi  —  P  =  Gy  lb.  the 
pressure  P,  of  the  water  upon  any  elementary 
surface  B  ia  equal  to  its  pressure  P  upon  an  ele- 
ment Ay  of  equal  size  aud  situated  above  it,  plus 
the  weight  6*  of  a  column  of  water  A  B,  whose 
base  is  one  or  other  elementary  surface  and 
whose  height  is  the  vertical  distance  between  the 
two  elements.  According  to  what  precedes  this 
rule  is  not  only  applicable  to  two  elements, 
situated  vertically  above  one  another,  but  can  also  be  employed 
for  determining  the  pressure  upon  the  walls  of  the  vessel ;  for  the 
two  pressures  P  and  P,  are  transmitted  unchanged  in  the  hori- 
zontal planes  G  H  and  K  L,  Hence  the  pressure  i?  upon  an  ele- 
mentary surface  By  Kov  L  of  the  horizontal  plane  K  Li&  equal  to 
the  pressure  P  upon  an  equally  great  element  Ay  G  or  //  in  a 
higher  horizontal  plane  plus  the  weight  of  the  column  of  water, 
whose  base  is  this  element  F  and  whose  height  is  the  distance 
-4  P  =  A  of  the  horizontal  planes  G  H  and  K  L  from  one  another. 
If  y  is  the  heaviness  of  water,  this  weight  is 

G  =  Fhy,  and  therefore  P^  =  P  +  G  =  P  +  Fhy. 
If  the  areas  of  the  elements  of  surface  are  unequal ;  if,  E.Q.,  the 
area  of  the  upper  one  (in  G  H)  is  F  and  that  of  the  lower  one 
(in  K  L)  is  P„  the  pressure  upon  the  latter  is 


F, 


F, 


P,  =  ^{P  +  Fhy):=^^P  -h  Fihy. 


F 


F 


By  means  of  the  same  formula  the  pressure  P  upon  an  element 
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.?  in  the  horizontal  plane  G  ifean  be  determined,  whea  the  exterior 
pressure  P,  upon  an  element  of  the  suriace  C  D  =  F„  which  is  at 
a  dietaacd  A  above  or  below  ff  //,  is  k:iown.     It  is 


Since  the  presanres  npon  equal  elements  in  a  horizontal  plane 

are  eqnal  to  each  other,  it  follows  that  the  foregoing  formula  is 

applicable  to  horizontal  surfaces  of  finite  dimension,  as,  E.O.,  where 

the  water  serveB  to  transmit  the  force  P, 

Fio.  588.  which   acta  upon  a  horizontal  piston  P, 

Fig.  fiS3,  to  another  horizontal  piston  /',- 

This  formula 


;F  +  F,hY  = 


'.(J-*^) 


gives  directly  the  presaore  i*i  npon  this 
surface,  when  h  denotes  the  verti(»l  height 
Ci)  between  the  surfaces  of  the  two  pistons. 

upon  the  nnits  of  surface  by  p  aadpu  we 
have  more  simply 

Pi  =  p  +  h  y. 

Example.— If  the  diameters  of  the  twopiBbinsP  andi'i  of  a  hydrosta- 
tic press  A  C  B,  Fig.  {iB3,  are  J  =  3^  inchea  and  d,  =  S  inches,  and  if  they 
are  situated  at  the  distance  0  D  =  A  =  60  incliea  above  one  another,  and 
if  the  larger  pistnn  ib  to  eiett  a  presanre  1\  =  1600  pounds,  we  have  the 
force  which  must  be  applied  to  the  smaller  piston 

-  j .  V .  --j-!^'-  =  ia8,4«  -  10,68  =  lia,8 pounds. 


'©■■" 


§  354.  Sar&c«  of  Water. — In  couBequeuce  of  the  action  of 
gravity  upon  water,  all  the  elements  of  it  tend  to  descend,  and 
really  do  so  when  they  are  not  prevented.  In  order  to  keep  a  quan- 
tity of  water  together,  it  is  necessary  to  confine  it  in  a  vessel  The 
water  in  a  Teasel  ABC,  Fig.  584,  can  only  be  in  equilibrium  when 
the  free  snr&ce  HR  is  at  right  angles  to  the  direction  of  gravity,  or 
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horizonlal ;  for  so  long  as  this  sntfoce  is  carved  or  inclined  to  the 
horizon  there  Till  be  elementa  of  the  water,  such  as  E,  which,  be- 
ing dtnated  above  the  others,  will,  in  conseojaeBce  of  their  great 
mobility  and  their  weight,  slide  down  those 
Fig.  B8t  below  them  aa  upon  an  inclined  plane.    Since, 

when  the  distances  are  very  great,  the  direc- 
tions of  gravity  cannot  be  considered  as  paral- 
lel lines,  the  free  surface  or  the  surface  of  the 
water  in  a  very  large  vessel,  kg.  in  a  large  sea, 
will  not,  under  these  circamstances,  form  a 
plane  surface,  but  a  portion  of  the  surface  of  a 
sphere.    If  another  force  acts,  in  addition  to  gravity,  upon  the  ele- 
mentB  of  the  water,  then,  when  equilibrium  exists,  the  free  surface 
of  the  water  is  at  right  angles  to  the  resultant  of  this  force  and  that 
of  gravi^. 

If  a  vessel  ABC,  Fig.  585,  is  moved  forward  with  the  constant 
acceleration  p,  the  free  sur&ce  of  the  water  forms  an  inclined  plane 
D  F;  for  in  this  case  every  element  E 
^^-  ^^-  of  this  aurface  is  drawn  vertically  down- 

wards by  iU  weight  Q  and  in  a  horizon- 
tal direction  by  its  inertia  P  =  "  G,  the 

9 

two  forces  giving  rise  to  a  resultant  R, 

whose  direction   forms,  with   that  of 

gravity,  a  constant  angle  R  E  O  =  a. 

This  angle  is  at  the  some  time  the  angle  D  F  H  formed  by  the 

Bur&ce  of  the  water  (which  ig  at  right  angles  to  the  resultant)  with 

the  horizon.    It  is  determined  hy  the  equation 


If,  on  the  contrary,  a  vessel  ABC,  Fig.  586,  is  caused  to  re- 
volve unifOTwiy  about  its  vertical  axis  X  X, 
ViQ.  586.  tjjg  garface  of  the  revolving  water  forma  a 

hollow  A  0  C,  whose  eroas-sectioD  through 
the  axis  is  a  parabola.  If  u  is  the  angular 
Telocity  of  the  vessel  and  of  the  water  in  it^ 
6  the  weight  of  an  element  B  of  the  water, 
and  y  its  distance  M  E  from  the  vertical  axis, 
we  have  the  centrifugal  force  of  this  ele- 
ment 
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and  therefore  for  the  angle  BEO  =  TEM  =  <p,  formed  by  the 
resnltant  with  the  vertical  or  by  the  tfuigent  E  Tto  the  profile  of 

the  water  with  the  horizontal  line  ME, 

F       w'tf 
tang.<f  =  ^  =  -^ 

From  this  formula  we  see  that  the  tangent  of  the  angle,  formed 
by  the  tangent  line  with  the  ordinate,  ia  proportional  to  the  ordi- 
nate. Since  this  is  one  of  the  propertieB  of  the  common  parabola 
(see  §  157),  the  rertical  crosa-Beotion  A  0  Coi  the  snr&ce  of  the 
water  is  a  parabola,  whoee  axis  ooinoidea  with  the  axia  of  rotatioa 
XX. 

If  the  velocity  of  rotation  of  the  water  in  the  vessel  A  B  D,  Fig. 

688,  were  constant  and  =  c,  we  would  hflve  F  = ,  and  tbere- 

Fn.  507. 

FTa.OSB. 


fbre  tang.  0  =  — ;  hence  the  snbtangent  of  the  curve,  formed  by 

the  cross-section  A  EBofihe  water,  M  T  =  m  =  —  or  constBUt. 

9 
According  to  Article  30  of  tlie  lutrodaction  to  the  Calculiu,  the 
equation  of  such  a  curve  is 
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t/  =■  r  e"  =  re"'"', 
r  denoting  the  ordinate  of  the  beginning  A. 

If  ve  cause  a  vessel  A  B  H,  Fig.  GSO,  to  moTe  nniformly  in  a 
Tertical  circle  around  a  horizontal  ajcis  C,  the  sui&ce  of  the  frater 
TriU  assume  a  cylindrical  form,  with  a  circular  cross-section  D  EH. 
If  we  prolong  the  direction  of  the  resultant  R  of  the  weight  0  and 
of  thi!  centrifugal  force  /"  of  an  element  E  until  it  cuts  the  vertical 
line  C  K,  passing  through  the  centre  of  rotation,  we  obtain  the  two 
dmilar  triangles  ECO  and  E  F  It,  for  which  wo  have 
CO__F_R_  _  ff  . 
EC~  E  F  ~  F' 
"but  if  we  put  the  radios  of  gyration  E  C  =  y  and  retain  the  last 

notations,  we  have  F  = --,  whence  it  follows  that  the  line 


«  denoting  the  Dumber  of  revolutions  per  minute.  Since  this  value 
of  C  0  is  the  same  for  all  the  elements  of  the  water,  it  follows  that 
the  resultants  of  aU  the  elements  of  the  wattir  forming  the  cross- 
section  D  E  JI  ars  directed  towm^  0,  and  that  the  cross-section, 
which  is  at  right-angles  to  all  these  directions,  is  the  arc  of  a  circle 
deacribt-d  from  0.  Hence  the  suriaces  of  the  water  in  the  buckets 
of  an  overshot  water-wheel  are  always  cylindrical  ones,  described 
&om  the  same  horizontal  axis. 

§  355.   Fresaare   upon  the    Bottsan. — The  prcssnre  in  a 
veeael  A  B  C  D,  Fig.  590,  is  a  minimum  immediately  below  the 
surface,  increases  with  the  depth,  and  is- 
Fro.  090.  n  maximum  at  the   bottom.    This,  al- 

thotigh  a  consequence  of  §  353,  can  also 
be  proved  as  follows.     Lot  us  suppose 
that  the  area  of  the  surface  If,  R,  of  the 
water  is  F,  and  that  a  pressure  P,  is  ex- 
erted uniformly  upon  it,  e.g.  by  the  at^ 
Biosphere  lying  above  it  or  by  a  piston, 
and  let  us  imagine  the  entire  mass  of 
water  to  be  divided  by  very  many  hori- 
sontsl  planes,  such  aa  7?!  R^  II,  Rt,  etc.,  into  equally  thick  layers. 
If  F,  is  the  area  of  the  first  layer  IT,  R„  A  its  thickness,  and  y  the 
heaviness  of  water,  we  have  the  weight  of  the  first  layer  ff,  =  F,^y, 
and  that  portion  of  the  pressure  in  ifj  B,  produced  by  the  pressure 
46 
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P,  upoa  the  surface  of  the  water  Jf,  R^  accordiog  to  the  principles 
enonciated  in  §  352,  is 

_P,F, 
~    K' 
Adding  both  these  presauree,  we  obtain  the  preseore  in  the  horizon- 
tal Bection  S,  It, 

P,=  ^  +  F,Xy. 
DiTiding  by  F^,  we  obtain  the  eqnatioQ 
•f.      A  ,    , 

?;  =  ?;+*'■■ 

P  P, 

or,  since  ^  and  -p-  denote  the  preasores  p,  and  ^i  in  ^  R,  and 
^1  ^1  referred  to  the  unit  of  enriace,  we  have 
Pi  =  P.  +  A  ■)-. 
The  pressure  in  the  following  horizontal  layer  IT,  R,  is  deter- 
mioed  exactly  in  the  same  manner  as  the  pressure  in  the  layer 
II,  R„  but  we  must  not  forget  that  the  initial  pressure  upon  an 
element  of  the  snrfoce  is  in  this  case  p,  =  p.  +  ^  y,  while  in  the 
first  case  it  was  pv  Hence  the  pressare  in  the  horizontal  layer 
.ff,  ^  ia 

p,=p,  +  A.y=p,  +  i.r  +  i.Y  =  P,  +  3Ay, 
^o.  691.  in  like  manner  the  pressure  in  the  third 

layer  Ht  R,  is 

=  p,  +  3Ky, 
in  the  fourth 

=  P,  +  i^y, 
and  in  the  nth 

=  p,  +  nXy. 
But  n  A  is  the  depth  0  A'  =  A  of  Uiia 
nth  layer  below  the  surface  of  the  water ; 
'we  can  therefore  put  the  pressure  upon  each  unit  of  Bur&ce  in 
-the  nth  horizontal  layer 

p  =  p,  +  hy  {compare  g  353). 
We  call  the  depth  h  of  one  element  of  surface  below  the  level 
■of  the  water  its  keatl  or  height  of  water  (Fr.  charge  d'eau;  Gfer. 
Dnickhohe),  and  we  find  the  pressure  of  the  water  upon  any  unit 
of  surface  by  adding  to  the  pressure  applied  ftwrn  withont  the 
weight  of  a  column  of  wal^r,  whose  base  ie  unity  and  whose  height 
is  the  head  of  water.  When  a  surface  is  horizontal,  as  e.o.  the 
"bottom  C  D  (Fig.  591),  the  head  of  water  A  is  the  same  for  all 
positions,  and  if  its  area  is  =  F,  the  pressure  of  the  water  upon  it  is 
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P=  (p,  +  hy)  F=  Fp,  +  Fhy  =  P,  +  Fh  y, 
or,  if  we  neglect  the  external  pressure,  P  =  Fh  y.     The  pressure 
of  the  water  upon  a  horizontal  surface  is  therefore  equal  to  the  weight 
of  tlte  column  of  water  Fh  above  it. 

Thia  pressHre  of  the  water  upon  a  horizontal  surface,  e.g.  upon 
the  horizontal  bottom  or  upon  a  horizontal  portion  of  the  wall  of  a 
Teasel,  ia  entirely  independent  of  the  form  of  the  Teasel ;  whether 
the  yessel  A  C,  Fig.  593,  ia  prismatic  as  m  ii,  or  wider  above  than 
Ijelow  as  in  &,  or  wider  below  than  above  as  in  c,  or  inclined  as  in 
d,  or  with  spherical  walls  as  in  e,  etc.,  the  pressure  upon  the  bottom 
is  always  equal  to  the  weight  of  a  column  of  water,  whose  liase  is 
the  bottom  of  the  vessel  and  whose  height  is  its  depth  below  the 
level'of  the  water.  Since  the  pressure  of  water  is  transmitted  in 
all  directions,  this  law  ia  also  applicable  when  the  surface,  as  kg. 
£  C,  in  Fig,  593,  is  pressed  from  below  upwards.  Each  unit  of 
Bnrface  of  the  layer  of  water  £  K,  touching  B  C,  is  subjected  to  the 
pressure  of  a  column  of  water,  whose  height  la  H  B  =  R  K  =  h, 
and  the  pressure  against  the  sur&ce  C  Bii  —  Fhy,  F  denoting 
the  u«a  of  that  sur&ce. 

FiQ.  693.  Fia.  B93. 


Hence  it  follows  that  the  water  in  the  communicating  tubes 
ABC  and  DBF,  Fig.  594,  will  stand  at  the  same  height,  when 
in  equilibrium,  or  that  the  surfaces  A  B  and  E  F  will  be  in  the 
same  horizontal  plane.  In  order  to  preserve  the  equilibrium  it  is 
necessary  that  the  layer  of  water  U  R  shall  he  pressed  downwards 
by  the  column  of  water  E  R  above  it  as  mnch  as  it  is  pressed  up- 
wards, bv  the  mass  .of  water  below  it      Since  in  both  cases  the 
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surface  pressed  upon  is  tbe  same,  the  head  of  water  must  be  the 
same,  and  the  level  of  the  water  &iA  B  maat  be  at  the  eame  height 
above  ^  .B  as  that  at  £■  J". 

§356.  Lateral  FresBora. — The  formula  just  found  for  the 
pressure  of  water  against  a  horizontal  surface,  is  not  directly  appli- 
cable to  a  plane  surface  inclined  to  the  horizon;  for  in  this  case  the 
head  of  water  is  different  at  different  points. 

The  pressure  p  —  ky  upon  every  unit  of  surface  within  the 
horizontal  layer  at  the  depth  h  below  the  surface  of  the  water  acta 
in  all  directions  (§  352),  and,  consequently,  at  right  angles  to  the 
walls  of  the  vessel,  by  which  (g  138)  it  is  entirely  counteracted. 
Now  if  F,  is  the  area  of  an  element  of  the  side  ABC,  Fig,  595, 
and  A,  its  head  of  water  F,  M„  we  have  the  pressure  perpendicular 
to  it 

P,  =  F,.k,y; 
^^-  "85.  if  /Tj  ia  the  surface  of  a  second  ele- 

ment and  h,  its  head  of  wat«r,  we  have 
the  normal  pressure  upon  it 

P,  =  F,h,y; 
and  in  like  manner  for  a  third  ele- 
ment 

P,  =  F,  A,  y,  etc. 
These  normal   pressures  form  a 
system  of  parallel  forces,  whose  result- 
ant  P  ia  the  sum  of  these  pressures, 
LS., 

P  =  (F,h,  +  F,h,  +  ...)y. 
But  /*,  Ai  +  Z*,  Aj  +  . . .  ia  the  sum  of  the  statical  moments  of 
F„  Ft,  etc.,  in  referenoe  to  the  sur&ce  ^  0  ^  of  the  water  and 
=  Fh,  when  F  denotes  the  area  of  the  whole  surface  and  h  the 
depth  5*  0  of  its  centre  of  gravity  S  below  the  surface  of  the  water ; 
hence  the  entire  normal  pressure  against  the  plane  surface  is 
P  =  Fky. 
If  we  understand  by  the  hsad  of  water  of  a  surface  the  depth  of 
its  centre  of  gravity  below  the  surfiice  of  the  water,  the  following 
rule  will  be  generally  applicable,  viz. :  tfte  pressure  of  water  agaitiai 
a  plane  surface  is  eqital  to  the  weight  of  a  column  of  miler,  whose 
base  is  the  surface  and  whose  height  is  its  Iteofl  of  water. 

We  must  here  observe  that  this  pressure  does  not  depend  upcm 
the  ([uantity  of  water  above  or  in  front  of  the  snrface  pressed,  thus. 
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B.Q.,  if  the  other  circumatances  are  the  same,  a  wall  A  BCD,  Fig. 
596,  has  to  rcaiat  the  sume  pressure  whether  it  dama  up  the  wat«r  of  a 
BiiLill  troagh^  C  EFoi  that  of  a  large  dam  ^  C  Q  H  or  that  of  a 
lake.  From  the  width  A  B  =  C'i>  =  S  and  the  height  A  D  = 
B  C  —  aoi  the  rectangular  wall  we  obtain  the  surface  of  thti  eame 
F  =  ab  and  the  head  of 
Fia.  6M.  ^ 

water  8  0=-^,  and,  there- 
fore, the  pressure  of  the  wa- 
"  t«r  against  it  is 

The  pressure  increases 
therefore  with  the  width  and  witli  the  square,  of  the  height  of  the 
surface  pressed  upon. 

ExA]n>LE.^If  the  water  ia  tnmt  at  a  slnice  gate,  made  of  oak,  4  feet 
wide,  S  feet  high  and  2}  inches  thick,  Btanda  3j  feet  high,  how  great  a  force 
is  reqnirefl  to  lift  it  T 

The  Tolume  of  this  gate 

4  .  e  .  ^  =  J^  cubic  feet. 
AsBumii^  the  hesTiness  of  oak,  eaturated  with  water,  to  be  according  to 
I  ei,  ea,5  .  1,1I  =  69,3T6  pounds,  tfae  weight  of  this  gate  is 
0  =  1^.  60,375  =  35  .  ll,5GaS  =  280.06  pounds. 
The  pressore  of  the  water  agunst  the  gate  and  the  presanre  of  the  lat- 
ter against  its  guides  ia 

P  =  i  (j;'  .  4  .  63,5  =  49  .  31,26  =  1531,35  pounds ; 
putting  the  coefficient  of  friction  for  wet  wood  (§  174)  9  =  0,68,  we  have 
the  friction  of  the  gale  upon  its  guidea 

F='}P  =  0,68  .  1531,25  =  1041,25. 
Adding  to  the  latter  the  weight  of  the  gate,  we  have  the  force  necessary  to 
draw  it  up 

=  1041,25  +  280,06  =  1880,81  pounds. 

357.  Centre  of  Fressura  of  Water.— The  resultant  P  = 
J"  A  y  of  all  the  elementary  pressures  /",  A,  y,  F,  h,  y,  etc.,  haa,  like 
the  resultant  of  any  other  system  of  parallel  forces,  a  definite  point 
of  application,  which  is  called  the  centre  of  pressure.  By  retain- 
ing or  supporting  this  point  the  whole  pressure  of  the  water 
upon  a  snrlhcG  will  be  held  in  equilibrium.  The  statical  moments 
of  the  elementary  pressures  F,  h,  y,  F,  k,  y,  etc,  in  reference  to  the 
plane  of  the  surfitce  of  the  wttt«r  ABO,  Fig.  595,  are 

F,h,y.  h,  =  F,  A,"  y,  F,k,y  .h,  =  F,  S,'  y,  etc, 
uid  the  statical  moment  of  the  entire  pressure  of  the  water  in 
reference  to  this  plane  is 
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(/",  A,'  +  /;  A,'  +  . .  .)  y. 
Denoting  the  distance  K  M  ot  the  centre  M  of  this  pressure  from 
the  surface  of  the  water  by  2,  we  have  the  moment  of  the  pressure 
of  the  water 

Pz={F,h,  +  F,h,  +  ..)ty, 
and  by  putting  these  moments  equal  to  each  other  we  obtain  the 
distance  of  this  centre  M  below  the  surface  of  the  water 

1     -  -^1  ''^1'  +  -^t  A,'  +  . .  ■       _  F,  A,'  +  .F.  4.'  +  ■ .  ■ 
'  ''~    F,  A,  +f,  A, +  ...*""  Fh 

when,  as  above,  F  denotes  the  area  of  the  entire  surface  and  A  t^e 
deptli  of  the  centre  of  gravity  below  the  snrface  of  the  water. 

In  order  to  determine  completely  this  point  of  pressure,  we 

must  find  its  distance  from  another  line  or  plane.     If  we  put  the 

distances  F,  0„  F,  G^  etc.,  of  the  elements  F^,  F„  etc.,  of  the  sur- 

iace  from  the  line  A  C,  which  determines  tlie  angle  of  inclination 

of  the  plane,  =  y,,  y„  etc.,  we  have  the 

'      '  moments  of  the  elementary  pressuroa 

in  reference  to  this  line 

=  -^1  A,  y,  y,  F,  h,  y,  y,  etc, 
and  the  moment  of  the  entire  snriace 

=  (-^"1  A,  y,  +  F,h,y,  +  ...)y; 
denoting  the  distance  M  N  oi  this 
centre  M  from  that  line  by  v,  we 
have  also  this  moment 

=  {F,  h,  +  F,ht  +  ...)v  y. 
Equating   these    two    momenta,  we 
obtain  the  secjnd  ordinate 
F,  Ai  y,  +  j;  A,  y,  -t-  . .  ■      _  Ft  h,y,  +  F,h,y,  +  .  . . 
''      F,k,  +  F,h,  +  ...      ^'■~  Fk 

If  a  denote  the  angle  of  inclination  of  the  plane  A  B  Cto  the 
horizon,  3:1,  x„  etc.,  the  distances  E,  F„  E,  /"„  etc.,  of  the  elements 
Fu  Fj,  etc.,  and  u  is  the  distance  L  Mot  the  centre  of  pressure  M 
from  the  line  of  intersection  A  B  oi  the  plane  with  the  surface  of 
the  water,  we  have  A,  =  z,  sin.  a,A,  =  x,  stn.  a,  etc,  and  also  z  =  u 
sin.  a ;  Bnbstitutlug  these  rallies  of  z  and  v  in  the  expressioD,  we 
obtain 

_  F,x'  +  F,x,*  +  . . .  _  Moment  of  inertia 
F,  X,  +  F,Xt  +  ...""    Statical  moment 
—  -f  1  ^1  gi  +  -^i  a^  fft  +  •  ■  ■  _  Moment  of  the  centrifngal  force 
~      FiX,  +  F,3;,  +  . ..      ~  Statical  moment 


%)  v  = 
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We  find  then  the  diatancea  «  and  v  of  the  centre  of  preesnre 
from  the  horizontal  axis  A  J*  and  from  the  axis  A  X,  formed  by 
the  hne  of  dip,  when  we  divide  by  the  statical  moment  of  the  sur- 
face with  refurence  to  the  first  axia,  in  the  first  place,  the  moment  of 
inertin  in  reference  to  the  same  axis,  and,  in  the  second,  the  mo- 
ment of  the  a^ntrifugal  force  of  the  same  in  refcriince  to  both  axes. 
The  first  distance  is  also  that  of  the  cerUre  of  oscillation  from  the 
line  of  intersection  with  the  anrface  of  the  water.  Besides  it  is 
easy  to  perceive  that  the  centre  of  pressure  of  water  coincides  per- 
fectly with  the  centre  of  percussion,  determined  in  g  313,  when  the 
line  of  iuters'jction  A  V  ot  the  surface  with  the  surface  of  the 
water  is  regarded  aa  the  axis  of  rotation. 

§  358.  ProBsnrs  of  Water  against  RectangloB  and  Tri- 
angles.—If  the  surface  pressed  upon  is  a  rectangle  A  C,  Fig.  598, 
with  a  horizontal  base,  line  C  J3,  the  centre  M  of  pressure  is  found 
in  the  line  of  dip  K  L,  which  bisecta  the  base  line,  and  it  is  at  a 
distance  equal  to  two-thirds  of  this  hne  from  the  side  A  B,  which 
lies  in  tlie  surface  of  water.  If  the  rectangle,  as  in  Fig.  599,  does 
Via.  598.  Fia  699  Fio.  600. 


not  reach  the  surface  of  the  water,  then,  if  the  distance  K  L  oi  the 
lower  line  C  D  from  the  surface  of  the  water  =  2,  and  that  K  0 
ot  the  upper  one  A  B,  =  l^  we  have  the  distance  K  M  of  the  cen- 
tre of  pressure  from  the  surface  of  the  water 
,    h'-W 

The  distance  K  M  ot  the  centre  of  pressure  M  ot  a  right-angle 
triangle  ABC,  Fig.  600,  whose  base  A  B  lies  in  the  surface  of  Uie 
water,  from  A  B  (Example  §  313)  is 

""]/■./  ~  -  ' 
when  I  denotes  the  altitude  B  C  ot  the  triangle. 

The  distance  of  this  pomt  M  from  the  other  side  B  C  is,  since 
this  point  Ues  in  the  line  C  O,  which  bisects  the  triangle  and 
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mns  from  the  spex  C  to  the  middle  of  the  base,  N  M  =v~\h, 
i  deDoting  the  base  A  B. 

If  the  apex  C  \i  Bitiiated  at  the  sorface  of  the  vater,  as  in  Fig. 
601,  and  if  the  base  A  Bia  below  the  apex,  we  have 

NM=v  =  i.^=lb. 

If  the  whole  triangle  ABC,  Fig.  G03,  ia  immersed  in  the  water, 

F,«.  60..  P».  «a.  ""I  "»  b.*!  f  *  ;•  >'  «  ^ 

tance  A  H  =  1,  and  the  apex 
C  at  the  distance  C  H  =  I, 
from  snrface  /T  .fl,  we  deter^ 
mine  the  distance  M  Kot  the 
centre  of  pressure  M  below  the 
sar&ce  of  the  water  H  Rhj 
means  of  the  formula 


^1 

8  4  +  ?i)'  . 


A'  +  8 1,  ^  +  3  V 


1(2/,  +  /,)  2(i, +  2/,)     • 

The  centre  of  pressure  of  other  plane  figures  can  be  determined 
in  the  same  manner. 

ExAHPLE.— What  foree  Pmnst  we  employ  to  raiae  a.  circnlar  clsck- 
TtUve  A  B,  Fig.  608,  which  is  movable 
Fia.  608.  mboat  k  horizontal   axis  i>  ?      Let  the 

length  of  this  thItb  be  =  1)  feet,  it*  di- 
kmeter^/l  fi  be  =  1^  feet,  and  the  distutoa 
of  ito  centre  of  gravity  8  from  the  azia  D 
bo  J)  8  =  0,75  feet,  and  its  weifirht  be 
O  =  Sa  pouodB;  further,  let  the  distance 
J>  ff  of  the  axis  of  rotation  D  from  the 
surfiice  of  the  water,  meaeared  in  the 
plane  of  the  vatye,  be  =  1  foot  and  the 
angle  of  iuclinatioD  of  this  plane  to  tfab 
horizon  be  a  =  66°. 

The  Borface  npon  which  the  picwora 
ia  exerted  is 


0,T864  .  j^  =  1,3873  aquare  feet, 
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and  the  head  of  water  or  depth  of  its  centre  G  below  the  water  level  is 
O  (7=  h  =  H  G.sin.a=:{nD  +  DC)sin.a:=  (HD  +  DB  -{■  B  C)dn.a 

=  (1  +  0,25  +  0,625)  «/i.  68**  =  1,875  .  0,9272  =  1,7885  feet, 
and,  therefore,  the  pressure  of  the  water  upon  the  surface  A  B  =:  FSb 
Q=zFhy  =  1,2272  .  1,7885  .  62,5  =  188,84 ; 

the  arm  h  of  this  force  with  reference  to  the  axis  of  rotation  1)  is  the  dis- 
tance D  if  of  the  centre  of  pressure  if  from  it,  hence 

b  =  EM"  ED. 

But  we  have 

^if=^C7  +  j^=  1,875  +  ^-i^^.  ( 

whence  b  =  1,9271  -  1,0000  =  0,9271  feet, 

and  the  I'equired  statical  moment  of  the  pressure  is 

C  &  =  133,84  .  0,9271  =  128,62  foot-pounds. 

The  arm  of  the  weight  of  the  valve  id 

DK=z  D~8  cos,  a  =  0,75  .  eo$.  68°  =  0,75  .  0,8746  =  0,2810  feet, 

and  therefore  its  statical  moment  is 

=  35  .  0,2810  =  9,84  foot-pounds. 

By  adding  these  moments,  we  obtain  the  entire  moment  necessary  to 

open  the  valve 

P  a  =  128,62  +  9,84  =  138,46  foot-pounda 

Now  if  the  arm  of  the  force,  which  opens  the  valve,  is  2>  JIT  =  a  =  0,75 
feet,  the  intensity  of  that  force  must  be 

133,46 
^  =    0,75"  =  ^'^'^'^  pounds. 

§  359.  Pressure  upon  Both  Sides  of  a  Sxatace.— It  ti  plane 
surface  A  B,  Fig.  604,  is  subjected  upon  bot?i  sides  to  the  pressure 

of  water,  the  two  resultants  of  the  pres- 
jBures  on  the  two  sides  give  rise  to  a 
new  resultant,  which,  as  tliey  act  in 
opposite  directions,  is  obtained  by  sub- 
tracting one  from  the  other. 
^-3=3  If  ^  is  the  ai-ea  of  the  portion  A  B 

subjected  to  pressure  on  one  side  of  the 
surface,  and  h  the  depth  A  S  of  its 
centre  of  gravity  below  the  surface  of 
the  water,  and  if  F^  is  the  area  of  the  portion  .^,  ^,  on  the  other 
side,  which  is  subjected  to  the  pressure  of  the  water,  and  Ai  the 
depth  Ax  Si  of  its  centre  of  gravity  below  the  corresponding  surface 
of  the  water,  the  required  resultant  will  be 

P  =  Fhy  -  FihtY^  (Fh  -  F,  h,)  y. 
If  the  moment  of  inertia  of  the  first  portion  of  the  surface  with 
reference  to  the  line,  in  which  the  plane  of  the  surfiEtce  cuts  the  first 
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surface  of  the  waLer,  =  J**',  we  hare  the  etatical  moment  of  the 
pressure  of  the  water  upon  one  side 

=  FJc'y, 
and  if  the  moment  of  inertia  of  the  second  portion  of  the  snrfkce, 
with  reference  to  its  line  of  intersection  with  the  other  surface  of 
the  water,  =  ^i  k,^,  we  will  have  in  like  manner  the  statical  mo- 
ment of  the  pressure  of  the  water  on  the  other  side,  with  reference 
to  the  axis  in  the  second  surface  of  the  water, 
=  F,  k,'  y. 
Putting  the  difference  of  level  A  A,  of  the  two  surfaces  of  the 
water  —  a,  we  have  the  increase  of  the  latter  moment,  when  we  pass 
from  the  asis  A,  to  the  axis  A, 

=  F,h,a  y, 
and  consequently  tlie  statical  moment  of  the  pressure  F,  hi  y,  in 
refei-cnce  to  the  axis  A  in  the  first  snr&ce  of  water,  is 

~  Fikx^y  +  F,?t,.a.y  =  iFi  V  +  F,a  h,)  y. 
Hence  it  follows  that  the  statical  moment  of  the  difTerence  of 
the  two  resultants  is 

=  {Fk'  -  F,  k,'  -  a  F,  h,)  y, 
and  the  arm  of  this  difference  or  the  distance  of  the  centre  of 
jiTL'ssure  from  the  axis  in  the  first  sur&ce  of  wat£r  is 
_  Pk*  -  F,k:-aFJi, 
"  ~  Fh-  F,h, 

If  the  portions  of  surface  which  are  subjected  to  pressure  are 
equal,  as  is  represented  in  Fig.  605,  where  the  whole  surface  A  B 
=  F\6  submerged,  we  have  more  simply 
F'"™^-  P  =  F{h-h,)y, 

and  since  if  =  j;,'  +  2  a  A,  +  a'  (see  §224) 
and  h  —  h,  —  a,v%  have 

if  —  ft,'  —  a  A,      «  A,  +  a' 

"  =  — A^A^ =  ^^— 

=  A,  +  a  =  A. 
In  the  latter  case  the  pressure  is  eqtntl  to 
the  weight  of  a  column  of  water,  whose  baae 
is  the  sui'&ce  pressed  upon  and  whose  height  is  the  difference  of 
level  R  Hi  of  the  water  on  the  two  sides  of  the  snriaces,  and  the  centre 
of  pressure  coincides  with  the  centre  of  gravity  S  of  the  surface. 
This  lawia  also  correct  when  the  two  surfaces  of  water  are  subjected  to 
equal  pressure,  E.O.  by  means  of  pistons  or  by  tlie  atmosphere ;  for  if 
the  pressure  npon  each  unit  of  surface  =  p  and  the  height  of  the 
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tute,  instead  of  k,h  +  I,  and  instead  of  hu  h,  +  I;  by  subtrtustion 
we  obtain  the  pressare 

P={h  +  l-[k,  +  [])Fy=    (A  -  A,)  Fy. 
For  this  reason  we  generuUj  ueglecL  the  pressure  of  the  air  in 
byilrostatical  experiments. 

Example.— The  depth  ^  fi  of  the  water  in  the  be&d-bay,  Fig.  006,  ia 

7  feet,  the  water  in  the  chamber  of  the  lock  rises  4  feet  upon  the  gale,  and 

the  width  of  the  canal  &nd  lock-chamber  is 

■  7,8  feet;  what  is  the  resulting  preaaure  upon 

the  gate  of  the  lock  ) 

Here 

F  =  1 . 1,6  =  63,5  square  feet, 
Fi=  4.7^  =  80,0  sqnarB  feet, 


besce  the  reqaired  resultant  is 

P  =  (Fh-  F,  &,)  r  =  (58,6  .  ^  -  80 .  aV  «B,5 
=  133,75 .  «8,5  =  7784,4  pounds, 
and  the  depth  of  the  point  of  application  below  the  surface  of  the  water  ia 

53,5.^-80.^-8.80       „     ^ 

u  =  '—^ =  i'S;^  =  4,183  feel 

53,5  .  g  -  60 
§360.  FnBsan  in  a  Oiveu  Direction.— In  many  cases  we 
wish  to  know  bnt  one  part  of  the  pressure,  viz. :  that  exerted  in  a 
certain  direction.    In  order  to  find  such  a  component,  we  decom- 
pose the  normal  preeanre  if  P  =  P  on  the  surface  A  Ji  =  F,  Fig. 
607,  into  two  componentB,  one  in  the  ^ven  direction  M  X  and  one 
at  right  angles  to  it,  viz. : 
^-  *"■  MP,  =  P,  and  3/  P,  =  P- 

Now  if  a  is  the  angle  P  M  X 
formed  by  the  direction  of  the  normal 
pressure  with  the  given  direction  M  X 
of  the  component,  the   components 
will  be 
P,  =  P  COS.  a  and  P,  =  P  sin.  a. 
If  we  project  the  surface  A  B  upon 
a  plane  perpendicular  to  the  given  di- 
rection M  X,  we  have  the  area  of  the  projection  B  C 
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F,  =  F.C08.A  B  C, 
or,  since  the  angle  of  inclination  A  B  C  ol  the  snr&ce  to  ita  pro- 
jection is  eqtial  to  the  angle  P  M  X  =  a,  formed  by  the  direction 
of  the  normal  presEure  and  that  of  its  component  Pj, 
Fi  =  F  COS.  a,  and  inversely 

_F,_ 
co&a-  ^i 

the  required  component  is  therefore 
F. 
r.  -  -r  .  ^. 

Now,  since  flie  value  of  the  normal  preBanre  jb  P  =  FA  y,  ire 
have  P,  =  ^'i  h  y, 

I.E.,  tM  pressure  exerted  by  water  in  any  direction  upon  a  eurfaee  i» 
equal  to  the  loeight  of  a  column  of  water,  whose  base  is  the  projection 
of  the  surface  at  right  angles  to  the  given  direction  and  whose  height 
is  the  depth  of  the  centre  of  gravity  of  the  surface  below  the  surface 
of  the  wafer. 

In  most  caeca  in  practice  we  are  only  required  to  determine 
the  vertical  or  a  horizontal  component  of  the  presGure  of  the 
water  againet  the  Buiface.    Since  the  projection  at  right  angles  to 
the  vertical  direction  ia  the  horizontal  projection  and  that  at  right 
angles  to  a  horizontal  direction  is  a  vertical  one,  we  find  the  rer- 
tical  pressure  of  the  water  againet  a  surface  by  treating  its  hori- 
zontal prof  ection  as  the  surface  subjected  to  preesure,  and,  on  the 
contrary,  the  horizontal  pressure  of  the  water  in  any  direction  by 
treating  the  vertical  projection,  or  elevation,  of  the  sur&ce  at  right 
angles  to  the  given  direction  as  the  Buriace  pressed  upon,  and  in 
both  cases  we  must  regard  the  depth  0  8  o{  the  centre  of  gravity 
S  of  the  Burfocfl  below  the  sur&ce  of  the  water  as  the  head  of  water. 
Hence,  if  we  wish  to  determine  in  the  caee  of  a  prismaticai  «ii- 
hankment  or  dam  A  B  D  M,  Fig.  608,  the  horizontal  pressure  of 
the  water,  we  must  con- 
sider   the    longitudinal 
elevation  A  C,    and  if 
the  vertical  pressure  ia 
to  be  determined,  the  ho- 
rizontal projection  B  C 
of  the  surface  A  B  must 
be  considered  as  the  sur- 
face pressed  upon.    Put- 
ting  the  length  of  the 
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dam  =  Z,  its  height  AC  =  h  and  horizontal  projection  of  the  slope 
£  C  =  OyWe  have  the  horizontal  pressure  of  the  water 

and  its  vertical  pressure 

V=:al.^y  =  ^alhy. 

Now  if  the  width  of  the  top  of  this  dam  ia  A  JS  =  b,  the  hori- 
zontal projection  of  the  other  slope  D  F  =  ai  and  the  heaviness  of 
the  material  of  the  dam  =  y^,  tlie  weight  of  the  dam  is 

G  =  (b  +  ^-^jUy:, 

and  the  entire  vertical  pressure  of  the  dam  upon  its  horizontal  base  is 

Putting  the  coeflScient  of  friction  =  <py  we  have  the  friction  or 
force  necessary  to  push  the  dam  forward 

When  the  horizontal  pressure  pushes  the  embankment  forward^ 
we  must  have 

U'^r  =  [1  ya-h(b  +  ?L±?i)y,].  0  A  z, 

or  more  simply 

A  =  ^  U  +  (2  J  +  a  +  a,)  — ). 
If  we  wish  to  prevent  the  dam  from  being  moved,  we  must  make 

A  <  *  (a  +  (2  J  +  a  +  a,)  ^  j,  or 

For  the  sake  of  greater  security  we  assume  that  the  water  has 
penetrated  below  the  base  of  the  dam  to  a  great  extent,  and  for 
this  reason,  in  the  worst  case,  we  must  consider  that  an  opposite 
pressure  =  (ft  4-  a  +  ai)  Z  A  y  is  acting  from  below  upwards ; 
hence  we  must  put 

A  <  0  [(2  J  +  «  +  «0  (^  -  1)  -  a,]. 

Example. — If  the  density  of  the  clay  composing  the  dam  is  nearly 
double  that  of  water,  or 

^  =  2  and  ^  -  1  =  1, 

7  y 
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we  can  write  simply 

h  <  ^(2h  +  a). 
It  has  been  found  by  experiment  that  a  dam  resists  sufficiently,  when 
its  height,  top  and  the  horizontal  projections  of  its  slopes  are  equal  to 
each  other.    Hence,  if  we  substitute  in  the  last  formula 

A  =  ft  =  a,  we  obtain  ^  =  |^, 
for  which  reason  in  other  cases  we  must  put 


*  =  i[(2»  +  «  +  «i)  (y  -  *)-«»]. 


and  for  clay  dams  in  particular 

h  =  ^  (2h  +  a\oT  inversely 
^       8A-a 
^=— 2— • 
Kthe  height  of  the  dam  is  20  feet  and  the  angle  of  inclination  of  the 
slope  is  a  =  SG**,  the  horizontal  projection  is 

a  =  h  eotg.  a  =  20  .  eotg,  SO'*  =  20  .  1,8764  =  27,58  feet, 
and  therefore  the  width  of  the  top  of  the  dam  must  be 

6  =  ?^::^»  =  16.24  feet 

So 

§  361.  Pressure  upon  Curved  Snr&ces. — ^The  law  of  the 
pressure  of  water  in  a  given  direction,  deduced  in  the  foregoing 
paragraph,  is  applicable  only  to  plane  surfaces  or  to  a  single  ele- 
ment of  a  curved  sur&ce,  but  not  to  curved  sur&ces  in  generaL 
The  normal  pressures  upon  the  diflFerent  elements  of  curved  sur- 
faces can  be  decomposed  into  components  parallel  to  a  given  direc- 
tion and  into  others  perpendicular  to  the  first,  The  first  set  of 
parallel  components  forms  a  system  of  parallel  forces,  whose  result- 
ant gives  the  pressure  in  the  given  direction,  and  the  other  set  of 
components  can  also  be  combined  so  as  to  form  a  single  resultant, 
but  the  two  resultants  are  not  capable  of  further  combination, 
unless  their  directions  intersect  each  other  (§  97).  Hence  we  are 
generally  unable  to  combine  all  the  pressures  upon  the  elements 
of  curved  surfaces  so  as  to  form  a  single  resultant ;  there  are,  how- 
ever, cases  where  it  is  possible. 

If  (r„  Gf,  Ozy  etc.,  are  the  projections  and  A„  A„  As>  etc.,  the 
heads  of  water  of  the  elements  -P,,  F,,  F^,  etc.,  of  a  curved  surface, 
the  pressure  of  the  water  in  the  direction  perpendicular  to  the 
plane  of  projection  is 

P  =  ((?,  A,  -f  0,  A,  +  (?,  A,  +  . . .)  y, 
and  its  moment  in  reference  to  the  plane  of  the  surface  of  the  water  is 

Pu={G,  Jh*  +  Gihi*  +  Os  Ag'  +  . . .)  y. 

If  we  can  decompose  the  curved  surfece  subjected  to  the  pressure 
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into  elements,  which  have  a  constant  ratio  to  their  projections, 
!.&,  if  we  can  put 

-=r  =:  -=f  =z  --  etc.  =  «,  we  will  nave 
Ft       Ft      Ft  ^ 

F  F 

Ox  =  — ,  G,  =  — ,  etc.,  and  therefore 

F  denoting  the  area  and  h  the  depth  of  the  centre  of  gravity  of  the 
entire  surface  below  the  level  of  the  water.    But  we  have 
F=z  Fi'\-Ft+...  =  nOx  +  n(7,  +...  =  w(ff,  +  ff,  +  ...)  =  « 6, 
O  denoting  the  area  of  the  projection  of  the  entire  surface ;  hence 

u 
as  in  the  case  of  a  plane  snrface,  or  the  pressure  of  water  in  one 
direction  is  equal  to  the  ioeight  of  a  prism  of  water,  whose  hose  is 
the  projection  of  the  curved  surface  upon  a  plane  perpendicular  to 
the  given  direction  and  whose  height  is  the  depth  of  the  centre  of 
gravity  of  the  curved  surface  below  the  surface  of  the  water. 

Thus,  E.G.,  the  vertical  pressure  against  the  side  of  a  conical 
Tessel  A  C  Bf  Fig.  609,  which  is  filled  with  water,  is  equal  to  the 

weight  of  a  column  of  water,  whose  base  is  the 
base  of  the  cone  and  whose  height  is  two-thirds 
the  length  of  the  axis  CM;  for  the  horiaontal 
projections  of  the  surface  of  a  right  cone,  as 
well  as  the  surface  itself,  can  be  decomposed 
into  elementary  triangles,  and  the  centre  of 
gravity  8  of  the  surface  of  the  cone  is  at  a  dis^ 
tance  from  the  apex  of  the  cone  equal  to  two- 
thirds  of  its  height  h  (§  116).  If  r  is  the  radius 
of  the  base  and  h  the  height  of  the  cone,  we 
have  the  pressure  upon  the  base  =  tt  r'  A  y  and 
the  vertical  pressure  upon  the  sides  =  |  tt  r'  A  y ;  now  as  the  base 
and  the  side  are  united  together  and  the  pressures  are  in  opposite 
directions,  it  follows  that  the  force  with  which  the  entire  vessel  is 
pressed  downwards  is 

=  (1  —  f )  TT  r"  A  y  =  4  TT  r'  A  y 
=  the  weight  of  the  entire  mass  of  water.  If  we  cut  the  base  loose 
from  the  conical  portion  of  the  vessel  it  will  exert  a  pressure  upon 
its  support  =  TT  r'  A  y,  and  to  prevent  the  side  of  the  vessel  from 
being  raised  by  the  water  we  would  have  to  exert  a  pressure  upon 
it  =  I  TT  r»  A  y. 
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RBUfABK. — The  presBore  exerted  by  the  ateam  of  a  Bteam-engine  or  tiM 
water  of  a  v,-ater-pre3anre  eDgine  is  perfect!;  indepcDdeot  of  the  shape  of 
Fia.SlO.  the  piston.    No  tnattet  how  much  we  may  increase  the 

snrfiUie  pressed  upon  by  hollowing  out  or  rounding  the 
piHton,  the  force,  with  which  the  water  or  st«am  moves 
the  piston,  remains  the  same  and  is  equal  to  the  product 
of  the  cross-section  or  horizontal  projection  of  the  piston 
and  the  preasure  upon  the  unit  of  surface.  If  the  piston 
A  B,  Fig.  610,  ia  funnel-shaped  and  if  its  greater  radius 
ia  CA  =  C  B  ~  rand  its  smaller  O  D=G  E  =  r,,the 
pressnre  upon  the  base  it  =:  v  r*  p  and  the  reaction 
upon  the  conical  surface  is  =  tt  (r*  —  f ,'); ;  hence  the 
resulting  pressure  is 

P—  ffrfp  —  ff  (H— »',")p  =  irr,»p 
=  the  cross-section  of  the  cylinder  mulljplied  by  the  pressure  upon  the 
unit  of  snrfiice. 

g  362.  Hozisontal  and  Tertioal  PrauarQ. — Whatever  may 

be  the  form  of  a  curved  surface  A  B,  Fig.  611,  the  horizontal  prea- 

sure  of  the  water  agaiuBt  it  ia  always  equal  to  the  weight  of  a 

Fro.  cil.  column  of  water,  whose  hase  ig 

the  Tertical  projection  A,  B,  of 

the  snr&ce  at  right  angles  to  the 

given  direction  and  whose  height 

is  the  depth  0  S  ot  the  centre 

of  gravity  5  of  this  projection 

below  the  surface  of  the  water. 

The  correctneea  of  this  aeeump- 

tion  IB   shoim   directly  by  the 

fonnula 

P  =  (Oik,  +  6,k,  +  ...)7, 
when  we  remember  that  the  beads  of  water  h„  A»  etc,  of  the  ele- 
ments of  the  surface  are  also  the  heads  of  water  of  their  projections 
or  that  ffi  Si  -I-  ff,h,  +  ...is  the  statical  moment  of  the  entire 
projectioD,  I.E.,  the  product  G  hof  the  vertical  projection  0  multi- 
plied by  the  depth  h  of  ite  centre  of  gravity  below  the  surface  of 
the  water.    Hence  we  must  again  put 
P=  6hy 
and  remember  that  A  is  the  head  of  water  of  the  vertical  projection. 
The  vertical  section,  by  which  we  divide  a  vessel  and  the  water 
contained  in  it  into  two  equal  or  unequal  parts,  is  at  the  same  time 
the  vertical  projection  of  both  parts,  the  horizontal  pressure   upon 
one  part  of  the  vessel  is  proportional  to  its  vertical  projection 
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multiplied  by  the  depth  of  its  centre  of  gravity  below  the  surface 
of  the  water;  consequently  the  horizontal  pressure  upon  one  portion 
A  B  of  the  wall  of  the  vessel  is  exactly  as  great  as  the  horizontal 
pressure  upon  the  opposite  portion  A  i  Bi,  which  acts  in  the  opposite 
direction,  and  the  two  pressures  balance  each  other.  The  vessel 
will  therefore  be  subjected  to  equal  pressure  in  all  directions  by  the 
water  contained  in  it. 

The  vertical  pressure  P,  =  Oih^y  of  the  water  against  an  ele- 
ment jP„  Fig.  612,  of  the  wall  of  the  vessel  is,  since  the  horizontal 
projection  &,  of  the  element  can  be  regarded  as  the  cross-section. 
Fie.  612.  and  the  head  of  water  h^  as  the  height,  or  Oi  hi 

as  the  volume,  of  a  prism,  equal  to  the  weight 
of  a  column  of  water  J?"  F^y  extending  above 
the  element  to  the  plane  H  R  of  the  surfeu^e 
of  the  water.  Hence  the  elementary  surfiaces, 
which  form  a  finite  portion  A  B  of  the  bot- 
tom or  wall  of  the  vessel,  support  a  pressure 
which  is  equal  to  the  weight  of  the  columns 
of  water  above  them,  i.e.  to  the  weight  of  the 
column  of  water  above  the  entire  portion. 
Putting  its  volume  equal  to  Fi,  we  obtain 
the  vertical  pressure  of  the  water 

P  =  F,  y. 
The  vertical  pressure  upon  another  portion 
^1  ^1  of  the  wall  of  the  vessel,  which  lies 
Tertically  above  the  former  and  which  limits  the  volume  ^,  P,  J7  = 
F^is 

but  if  the  two  portions  are  rigidly  connected  together,  the  result- 
ant of  the  two  forces,  which  acts  vertically  downwards,  will  be 

R={P^  0  =  (F,  -  r,)y=  Vy 
=  to  the  tceif/ht  'of  Vie  column  of  water  contained  bettveen  the  two 
surfaces.    If  we  apply  this  rule  to  the  entire  vessel,  it  follows  that 
the  entire  vertical  pressure  of  the  water  against  the  vessel  is  equal  to 
the  weight  of  the  water  contained  in  it 

If  we  make  an  openmg  0  in  the  side  of  the  vessel  H  B  R^  Fig. 
613, 1  and  II,  that  portion  of  the  pressure,  which  corresponds  to 
the  cross-section  of  this  opening,  is  wanting  and  the  pressure  upon 
the  surface  F  opposite  to  it  remains  unbalanced.  If  the  opening 
(as  in  I)  is  closed  by  a  stopper  JT,  which  is  prevented  from  yielding 
by  a  resisting  object  L  on  the  outside,  an  equal  distribution  of  the 

47 
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horizontal  jwessure  upon  the  walls  of  the  reeeel  bo  longer  talus 
place,  but,  on  the  coDtrary,  the  vessel  ia  moved  forward  with  a 
force  P  =  Fh  y,  which  is  counteracted  on  the  opposite  ride  by 


the  stopper.  K  the  stopper  is  removed  and  the  water  allowed  to 
flow  through  the  opening  0,  as  in  n,  the  reaction  of  the  discharg- 
ing water  increBBes  this  pressure  P  ftom  F  ky  to  F,  =  %  F  h  y, 
as  will  be  shown  hereafter. 

ExAHFLB.— The  vertica]  preSBnre  P,  npoD  the  lower  hemispherical  anr- 
face^  D  B,  Fig.  S14,  is  equal  to  the  wiightof  a  column  of  water  bonoded 
above  bj  the  sarface  of  the  water  H  R  and  below 
Pro.  614  by  the  hemispherical  Burfcce.     If  r  is  the  radius  C  .1 

=  ODot  this  stir&ce  and  h  the  height  C  0 of  the 
surface  of  the  water  above  the  horizontal  plan«  A  B, 
wliich  limits  it,  the  volume  of  the  hemiaphere  A  BD 
will  be  F,  =  \it'r',  and  that  of  the  cylindef  above 
J  B,  F,  =  IT  r'  A ;  hence 

P,=  (F,  +  F,)r-f*Tr*  +  -rr'A)^  =  Cfl  +  *r).rf*7. 

The  pressore,  which  m  directed  vertically  upwards 

npon  the  upper  hemisphere  AEB,\^  on  the  conlni^, 

P,  =  (F,-F,}  I- (A- in -Tf-j-, 
and  therefore  the  entire  vertical  pressure 

P=P,  -P,  =  2  F,  =l7rr*j 
is  eqnal  to  the  weight  of  leater  ia  the  entire  sphere. 

The  horizontal  preware  upon  one  of  the  hemi- 
apberes  DAE  and  D  B  E,  which  join  each  other  in 
the  vertical  plane  D  C  E,\a  meaaured  bythe  weight  of  n  prigm,  whoM 
base  \9  D  C  E  =■  "1"  and  whose  height  is  (7  0  =  A ;  this  pressure  is 

B^'nt'hy. 

g  363.  ThicfcnssB  of  Pipes.— The  a^lication  of  the  theory 
of  the  preBSUi-e  of  water  to  the  determination  of  the  thickness  of 
pipes,  boilers,  etc.,  is  of  great  importance.  In  order  that  these 
vesselB  shall  sufficiently  resist  the  pressure  of  the  water  and  not  be 
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broken,  their  W.7Z&  mnst  be  made  of  1^  certain  thicknessy  which  de- 
pends upon  the  head  of  water  and  the  internal  diameter  of  the 
Tessel.  The  rupture  of  the  pipe  may  be  caused  either  by  a  trans- 
Terse  or  by  a  longitudinal  tearing.  The  latter  form  of  rupture  is 
most  likely  to  occur,  as  will  appear  from  the  following  discussion. 
If  the  head  of  the  water  in  a  pipe  =  A  or  the  pressure  upon  the 
unit  of  surface  of  the  pipe  is  p  =  hy,  the  width  of  the  pipe  M  JV 
=  2  (7  ilf  =  2  r,  Pig.  615,  and  the  cro8&-8ection  of  the  body  of 
water  in  it  ^  =  tt  r*,  the  pressure,  which  is  exerted  upon  the  sur^ 
face  of  the  end  of  the  pipe  and  which  must  be  sustained  by  the 
cross-section  of  the  tube,  is 

P  =.Fp  ^nr^hy  =  nr*p. 

Now  if  the  thicknesd  of  the  pipe  is  -4  Z>  =  J?  JF  =  e,  its  cross- 
aectionis 

=  w(r  +  a)'  — irf*  =  27rrtf  +  «'  =  2ffr«(l  +  ^\ 

and  if  we  denote  the  modulus  cf  proof  strength  of  the  material,  of 
which  the  pipe  is  composed,  by  T,  the  proof  strength  of  the  entire 
tube  in  the  direction  of  the  axis  is 

Tia. 615.  P-  (1  +  ^\2nre  T. 

—y^  Hence  we  can  put 

^^^        (l+^2^2'-rp(see§205); 

g^£^^2^^^i     the  resolution  of  this  equation  gives 
-^^^^^w       the  thadcnesff 

of  the  pipe,  for  which  we  can  generally  write  with  suflScient  accu- 
racy 

^ ""  Yt  "  2"  r' 

The  mean  pressure,  which  the  water  exerts  upon  a  portion  of 
the  wall  A  M  By  whose  length  is  I  and  whose  central  angle  is 
A  C  B  =  1t  a*,  is,  since  the  projection  of  this  portion  at  right 
angles  to  the  line  C  M  passing  through  the  centre  is  a  rectangle, 
whose  area  \%  A  B  A  '=^2rl  sin.  a, 

P  =  2rl  sin,  a  ,p  =  2  r  Z  A  sin,  a  .  y. 
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This  force  is  held  in  equilihrium  hy  the  forces  of  cohesion  R, 
R  in  the  cross-sections  A  D  .1  and  B  E  .1  =  eloi  HhQ  wall  of  the 
pipe;  it  is  therefore  equal  to  the  sum  2  §  of  the  componentB 
D  Q  =  Q  and  E  Q  =  Q  of  the  latter  forces,  which  are  p^alld  to 
the  line  C  M.    Now  if  we  put  R  =  el  Ty-we  obtain 

Q=^  R  sin.  A  R  Q  =  R sin.  A  C M=  el  Tsin.  a, 
and  therefore 

2  el  T  sin.  a  ^  %  rip  sin.  GyULe  T=  rp; 
hence  the  required  thickness  of  the  pipe  is 

_  r p  __  rhy 

which  is  entirely  independent  of  its  length. 

Since  the  first  calculation  gave  e  only  =  -n^»  it  foflows  that 

to  prevent  a  longitudinal  tear  we  must  make  the  wall  twice  aa 

thick  as  would  be  necessary  to  prevent  a  transverse  one. 

From  the  formula 

_  r jO  __  rhy 

just  found,  it  follows  that  the  thickness  of  similar  pipes  must  be 
proportional  to  the  width  and  to  the  head  of  water  or  pressure  upon 
the  unit  of  surface.  A  pipe,  which  is  three  times  as  wide  as 
another  and  which  has  to  bear  a  pressure  five  times  as  great  bs  the 
first,  must  be  fifteen  times  as  thick. 

We  must  give  to  hoUow  spheres  which  sustain  a  pressure  p  upon 
each  unit  of  sur&ce  the  thickness 

for  here  the  projection  of  the  surface  pressed  upon  is  the  great 
circle  ?r  r",  and  the  surface  of  separation  of  the  ring  is  2  tt  r  6 

(l  4-  ^V  or  approximatively,  when  the  thickness  is  small,  =  2  Trra. 

The  formulas  just  found,  give  for  jt?  =  0  also  e  =  0;  hence 
pipes,  which  have  no  internal  pressure  to  resist,  can  be  made  infi- 
nitely thin ;  but  since  every  pipe  in  consequence  of  its  own  weight 
must  sustain  a  certain  pressure  and  also  must  be  made  of  a  certain 
thickness  to  be  water-tight,  we  must  add  to  the  value  found  a 
certain  thickness  e  in  order  to  have  a  pipe,  which  under  all  circum- 
stances will  be  strong  enough.  Hence  for  a  cylindrical  tube  or 
boiler  we  have 
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Sheet  iron 
Cast  iron 
Copper  . 
Lead 
Zinc  .    . 
Wood     . 
Natural  stone 
Artificial  stone 
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it 


u 


a 


u 
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or  more  simply,  if  d  is  the  interior  width  of  the  tube,  p  the  pressure 
in  atmosphei-es,  each  corresponding  to  a  column  of  water  34  feet 
high,  and  fx  a  coefQcient  determined  by  experiment, 

5  =  «i  +  f*  /?  rf. 
It  hae  been  experimentally  determined  that  for  tubes  made  of 

.  e  =  0,00086  pd  ■¥  0,12  inches, 
.  e  =  0,00238  p  d  +  0,34 
.  e  =  0,00148/?  rf  +  0,16 
.  e  =  0,00507  pd  +  0,21 
.  e  =  0,002^2 pd  +  0,16, 
.  e  =  0,0323  pd  h  1,07 
.  e  =  0,0369  pd  +  1,18 
.    e  =  0,0538   pd  -h  1,58 

Example. — If  a  vertical  water-pressure  engine  has  an  inlet  cast-iron 
pipe  10  inches  wide  inside,  bow  thick  must  its  walls  be  for  a  depth  of  100, 
200  and  300  feet  ?  For  a  depth  of  100  feet  this  thickness  is  0,00288  . 
•W*  .  10  +  0  34  =  0,07  +  0,34  =  0,41  inches ;  for  a  depth  of  200  feet  = 
0.14  -f-  0,34  =  0,48  inches;  and  for  a  depth  of  300  feet  =  0,21  +  0,34  = 
0,55  inches.  Cast-iron  conduit  pipes  are  generally  tested  to  10  atmo- 
q>heres,  in  which  case  we  have 

e  =  0,0238  d  +  0,84  inches, 
and  for  pipes  of  10  inches  internal  diameter  we  must  make  the  thickness 

«  =  0,24  -I-  0,34  =  0,58  inches. 

Remabk — 1)  In  the  second  part  of  this  work  the  thickness  of  tubes  ex- 
posed not  only  to  hydrostatic  pressure,  but  also  to  hydraulic  impact,  will 
be  calculated. 

2)  In  the  second  part  the  thickness  of  the  walls  of  steam-boilers  will  be 
treated.  Upon  the  theory  of  the  thickness  of  pipes,  we  can  consult  the 
treatise  of  Qeh.  Rejperungsrath  Brix  in  the  proceedings  of  the  '^  Yercins 
zur  Beforderung  des  Qewerbefleisses,  in  Preussen,"  year  1884,  and  Wiebes 
"  Lehre  yon  den  einfaehen  Maschinentheilen,"  Vol.  I,  and  also  Rankine's 
"  Manual  of  Applied  Mechanics,''  page  289,  and  Scheffler's  '*  Monographien 
uber  die  Qitter-  und  Bogentrager,  und  uber  die  Festigkeit  der  Oefd$9wdnde." 
The  technical  relations  and  the  testing  of  pipes  are  treated  in  Hagen's 
*^  Handbach  der  Wasaerbankunst,"  Fart  1st,  and  also  in  Geniey's  '*  Essai 
sur  les  moyens  de  conduire,  eta,  les  eaux,"  and  in  the  ^*  Traite  theoretique 
et  pratique  de  la  conduite  et  de  la  distiibution  des  eauz,''  par  Dupuit, 
Faxi&1864. 
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CHAPTER    II. 

EQTJILIBBIUM  OP  WATEB  WITH  OTHER  BODIES. 

§  364.  Upward  Preasnre,  Buoyant  Effsrt — A  body  im- 
mersed in  water  is  subjected  to  pressure  upon  all  sides,  and  the 
question  arises,  what  is  the  magnitude,  direction,  and  point  of 
application  of  the  resultant  of  all  these  presaures  ?  Let  us  imagiDe 
tills  resultant  composed  of  a  vertical  and  two  horizontal  compo- 
nents, and  let  us  determine 'them  according  to  the  rules  of  g  3G2. 
The  Jiorizontaf  pressure  of  the  water  against  a  body  is  equal  to  the 
horizontal  prcBSure  against  its  vertical  projection ;  but  cverj-  eleva- 
tion A  C,  Fig.  616,  of  a  body  is  at  the  same  time  the  projection  of 
the  rear  part  ADC  and  of  the  fore  part  .4  5  C  of  its  surface,  and 
consequently  the  pressure  P  upon  the  hmd  part  of  the  surface  of  a 
body  is  equal  to  the  pressure  —  P  upon  t)ie  fore  part ;  and  oa  the 
directions  of  these  pressures  are  opposite,  their  resultant  is  =  0. 
Since  this  relation  exists  for  any  given  horizontal  direction  and  \ta 
corresponding  vertical  projection,  it  follows  that  the  resultant  of 
all  the  horizontal  pressures  is  equal  to  zero,  and  that  the  body  A  C, 
which  is  under  water,  is  tui^e^ed  to  equal  pressure  in  aU  hortxontal 
directions,  and  therefore  has  no  tendency  to  move  horizontally. 


In  order  to  find  the  v«rtical  pressure  of  the  water  opon  a  body 
A  B  D,  Fig.  617,  immersed  in  i^  let  as  imagine  it  to  be  decomposed 
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into  the  yertical  elementary  prnma  A  B,  CDy  etc.,  and  kt  qb  de^ 
termine  the  vertical  pressure  upon  their  bases  A  and  By  C  and  Z>, 
etc.  Let  the  lengths  of  these  columns  be  /„  4  etc.,  the  deptiis 
II  By  K  D  ol  their  upper  ends  By  D  below  the  sorfieMe  of  the  water 
0  Rh^hiy  hiy  etc,  and  their  horizontal  cross-sections  be  F^y  F^  etc^ 
then  we  have  the  vertical  pressures  which  act  from  above  down- 
wards upon  their  ends  B,  D,  etc., 

Qi9  Qi>  eta,  =  F^  i,  %  F,  h,  y,  etc., 
and,  on  the  conti-ary,  the  vertical  pt^ssures  which  act  from  below 
upwards  against  the  ends  A,  (7,  etc,  are 

P„  P«  etc,  =  F^  (A,  +  h)  r,  F,  (A,  +  i.)  y,  etc 
By  combining  these  parallel  forces  we  obtain  the  resultant 
/^  =  P,  +  P,  +  .  • .  -  (ft  +  C.  +  • . .) 

=  ^,  (A,  +  /,)  y  +  i;  (A,  +  4)  y  +  -  •  -  Pi  Ai  y  -  P,A,y-,., 

=  (^,A  +  P,?.+  ...)r  =Fy, 
in  which  V  denotes  the  volume  of  the  immersed  body  or  of  the 
water  displaced  by  it  Ifen^e  the  upward  pressure  or  buoyant  effort, 
mth  which  water  tends  to  raise  up  a  body  immersed  in  it,  is  equal  to 
the  weiglU  of  tlte  waier  displaced  or  of  a  quantity  of  water  which  has 
the  same  volume  as  the  sulnnerged  body* 

Finally,  in  order  to  determine  the  point  of  application  of  this 
resultant,  let  us  put  the  distances  E  Pi,  E  P„  etc,  of  the  elemen- 
tary columns  A  B,  0  Dy  etc,  from  a  vertical  plane  0  X  equal  to 
Oi,  a„  etc,  and  let  us  determine  their  moments  in  reference  to  this 
plane  If  S  is  the  point  of  application  of  the  upward  thrust,  which 
is  called  the  centre  of  buoyancy,  and  ^  jS^  =  ^  its  distance  from 

that  plane,  we  have 

Fya;  =  P,  /,y.a,  +  F^l^y  .a^  +  ..., 
and  therefore 

__  P,  Zi  a,  +  P,  /, ff J  4-  . . .  Fl  fli  +  Ffgg  -f  .>> 

^  ""      P,/,  -f  P,/, +  ...      ""      F,  +F. +  ...    ' 

F„  F„  etc.,  denoting  the  contents  of  the  elementary  columns.    Since 

(according  to  §  105)  the  centre  of  gravity  of  a  body  is  determined 

by  exactly  the  same  formula,  it  follows  that  the  point  of  application 

S  of  the  upxcard  thrust  c&incides  with  the  centre  of  gravity  of  the 

water  displaced.    The  direction  of  the  buoyant  eflFort  is  called  the 

line  of  support ;  when  it  passes  through  the  centre  of  gravity  of  the 

body,  it  is  called  the  line  of  rest. 

g  365.  Upward  Pressure,  or  Buoyant  iSflfort;  when  the 
Body  is  Partially  Surrounded  by  W*ater.*-If  a  body,  such  as 
A  B  Dy  Fig.  618,  is  not  entirely  surrounded  by  the  water  A  H  B, 
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and  the  surface  A  B,  whose  area  is  F,  is  united  to  the  wall  of  the 
Teasel,  or  if  the  body,  vhere  its  cross-section  \&  A  B  =  JF,  passes 
through  the  wall  of  the  vessel,  the  pressure  which  the  water  would 
have  exerted  upon  this  snrfiace  A  B,iS  the  body  was  &ee  or  in  con- 
tact with  the  water  alone,  is  absent 

If  we  denote  the  head  of  water  upon 
Fie.  eia  ^  s^  LE.  tiie  depth  of  its  centre  of  grav- 

ity below  the  surface  of  water  If  R,  by 
h,  the  pressure  of  the  water  upon  A  S 
win  he  P  =  F  hy;  and  if  Vi  denotes 
the  Tolome  of  water  displaced  by  A  BD, 
the  buoyant  effort  of  the  water,  or  the 
force,  with  which  the  body  would  tend 
to  rise  if  it  were  free,  is  P,  =  V,  y. 

However,  since  the  pressure   upon 
A  B  is  wanting,  the  entire  action  of  tlic. 
water  upon  the  body  is  the  resultant  R 
ot  Pt  =  V,  y  and  —  P  =  ~  F  k  y. 
In  order  to  determine  this  resultant,  we  prolong  the  vertical  line 
of  gravity  of  the  water  displaced  and  the  right  line  passing  through 
the  centre  M  of  the  pressure  perpendicular  to  A  B  until  they  meet 
at  the  point  C;  then,  aseuming  the  forces  P,  and  —  P  to  be  ap- 
plied at  this  point,  we  combine  them  by  means  of  the  parallelogram 
of  forces  and  obtain  the  resultant  C  R  =  R. 

If  the  inclination  of  the  surface  jJ  £  to  the  horizon  as  well  as 
the  deviation  of  the  force  P  from  the  vertical  =  o,  the  angle 
formed  by  the  directions  of  the  forces  P  and  —  P,  with  each  other 
will  he  =  M  C  B  =  180  —  a,  and  therefore  the  resultant,  which 
measures  the  whole  effect  of  the  pressure  of  the  water  upon  the 

body  ^  B  A  will  be  

B=   Vir  +  P"   -Z  P  P,cos.a 


=  yVV,'  +  (Fhy  -Z  V,Fhco8.a. 

According  to  the  principle  of  action  and  reaction,  the  body  wiU 
react  with  a  pressure  —  R  upon  the  water.  If  F,  is  the  volume 
of  the  water  in  the  vessel  or  V,  y  its  weight  0,  the  pressure,  which 
acts  vertically  downwards  upon  the  vessel,  is 

Q=  F.  y  +  P,  ^  (F,  +  F,)  •)■,  LE.  G  =  Vy, 
when  F  =  F„  +  Vi  denotes  the  Tolume  of  the  space  occupied  by 
the  water  and  the  tSady  A  B  D. 

Combining  this  with  the  pressure  P  =  /"  A  y,  we  have  the  entire 
pressure  sustained  by  the  vessel 
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li,  =  *'Q'  +  J^-iiQFa 


=  yV'y*  +  {Fhy-%  V Fhcos.a. 
If  the  Borfiice  A  B  -wera  horizontal  or  a  =  0*,  ve  would  have 

R=(V,-  Fh)yax>.^R,  =  {V-  Fh)  y. 
If  alBo  F,  =  0,  .R  would  be  =  -  /**  y  (see  g  365). 

g  366.  Equilibrium  of  Floating  Bddiea.— The  buoyant 
effort  I'  upon  11  body  flouting  or  immersed  in  water  is  accompanied 
by  the  woight  6  of  the  body,  which  acta  in  the  opposite  direction, 
and  the  resultant  of  the  two  forces  is 

J?=;  ff-i*  or  =  (e-  1)  Fr, 
in  which  e  denotes  the  specific  gravity  of  the  body. 

If  the  body  ia  homogeneous,  its  centre  of  gravity  and  that  of  the 
water  displaced  coincide,  and  this  point  is  consequently  the  point 
of  application  of  the  resultant  R  =  Q  —  P;  but  if  the  body  is 
heterogeneous,  the  two  centres  of  gravity  do  not  coincide  and  the 
pointof  application  of  the  resultant  does  not  coincide  with  either 
of  them.  Putting  the  horizontal  distance  8  H,  Fig.  610,  of  the  two 
centres  of  gravity  from  each  other  =  b 
F18.  619.  gQ^  the  horizontal  distance  S  A  of  the 

required  point  of  application  A  from  the 
centre  of  gravity  S  of  the  water  dis- 
placed, =:  a,  we  have  the  equation 

Qb  =  Ra, 
whence  we  obtain 

Ob  Ob 

"=-}}=  G-^rp- 

If  the  immersed  body  is  abandoned  to 
the  action  of  gravity,  one  of  three  cases 
may  occur.  Either  the  specific  gravity 
e  of  the  body  is  equal  to  that  of  the  water,  or  it  is  greater,  or  it  is 
less.  In  the  first  case  the  buoyant  effort  is  equal  to  tlie  weight,  in 
the  second  it  is  smaller,  and  in  the  third  it  is  greater.  While  in 
the  first  case  the  buoyant  effort  and  the  weight  ore  in  equilibrium, 
in  the  second  case  the  body  will  sink  with  the  force 

G  -  Vy=  {e  -  1)  Vy, 
and  in  the  third  case  it  will  rise  with  Uie  force 
Fy-  (?=  (1  -e)  Fy. 
The  body  will  continue  to  rise  until  the  volume  V,  of  the  water 
displaced  by  the  body  and  limited  by  the  plane  of  the  sur&ce  of  the 
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water  has  the  sama  weight  as  the  entire  bodj.    The  weight  G  = 
F  e  7  of  the  body  A  B,  Fig.  620,  and  the  buoyant  effort  P  = 
V,  y  form  a  couple,  by  which  the  body  is  turned 
Fis.  630.  until  the  dircotiona  of  these  forces  coincide  or 

until  the  ceatre  of  grarity  of  the  i>ody  and  the 
centre  of  buoyancy  come  into  the  same  vertical 
line,  or  until  the  line  of  support  becomes  a  Une 
of  rest.  From  the  equality  of  the  forces  F  ukI 
G  we  have  the  expression 

'~"  V,  =  ,V.or^  =  \. 

The  line  passing  through  the  centre  of  gravity  of  the  floating 
body  and  the  centre  of  buoyancy  is  called  the  axis  of  Qoatittiou  (Fr. 
axe  de  flottaisou ;  Gor.  Schwimmaxe),  and  the  section  of  the  Soat- 
ing  body  formed  by  the  plane  of  the  surface  of  tho  water  is  called 
the  pl^e  of  floatation  (Fr.  pl&n  de  flottaison;  Ger.  Schwimme- 
bene).  From  what  precedes  we  see  that  any  plane,  which  divides 
the  body  in  such  a  manner  that  the  centres  of  gravity  of  the  two 
portions  will  he  in  a  line  perpendicular  to  it,  and  that  one  portion 
of  the  body  will  be  to  the  whole  as  the  specific  gravity  of  the  body 
is  to  that  of  the  liquid,  will  be  a  plane  of  floatation  of  the  body. 

g  367.  Z>ept]i   of  Floatatioa— If  we  know  the  form  uid 

weight  of  a  floating  body,  we  can  calculate  beforehand  by  the  aid 

of  the  foregoing  rule  the  depth  of  iminersion.     If  0  is  the  weight 

of  the  body,  we  can  put  the  volume  of  the 

Fia621.  -water  disphiced 

I  y' 

if  we  combine  this  with  the  stereometric  formula 

for  this  volume  F, ,  we  obtain  the  required 

equation  of  condition. 

For  a  prism  ABC,  Fig.  C21.  whose  axis  ia 

vertioal,  we  have  V,  =  Fp,  when  F  denotes  the 

—        croBB-eection  and  y  the  depth  C  Dot  inuner- 

aion ;  hence  it  follows  that 

^  ^      A  &  Gh 

Fy=-mAy=-j^  =  ^, 

in  which  F  denotes  the  volume  and  A  the  length  of  the  floating 
For  a  pyramid  ABC,  Fig.  632,  floating  with  its  apex  below 
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the  sni&ce  of  the  water,  we  have,  since  the  contento  of  sinular 
pyramids  arc  pruportioual  to  the  cubes  of  tlieir  heights, 

V,       v" 

-p:  =  -.-J  and  consequently  the  depth  of  immersion,  is 

in  which  V  denoteg  the  Tolnme  and  A  tbe  height  of  the  pyramid. 
Fia.  eau.  Fie.  038. 

A      E     B 


For  a  pyramid,  ABC,  Pig.  623,  floating  with  its  base  under 
water,  we  obtain,  on  the  contrary,  the  distance  0  D  =  y,  from  the 
apex  to  the  surface  of  the  water  by  putting 

^  =  —^-,  'hence  y.  =  A  ^  1  -  y  =  i  4/ 1  -  -^. 
For  a  sphered  B,  Fig.  624,  whose  tadius  is  CA  =  r, 

,  we  have  therefore,  in  this  case,  to 

"*  ***■  Bolve  the  cubic  equation 

in  order  to  find  the  depth  of  the 
immersion  D  F  =  y  of  the 
sphere. 

If  a  cylinder  A  K,  Fig.  625, 

floats  witti  its  axis  horizontal  and 

its  radius  w  A  C  =  B  C  =  Tf-wa  have,  when  o*  denotes  the  central 

angle  A  C  B  oT  the  immersed  arc,  for  the  depth  pf  inunersion  D  E 

y  =  r(l  -  ws.  i  a); 
now  in  order  to  And  the  arc  a  we  must  pnt  the  volume  of  the  water 
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displaced  =  sector  (^j  minus  the  triangle  ( — g-^-j, multiplied 
by  the  length  B  K  =  lot  the  cylinder,  or 

■       »  i^       C 
Fro.  685.  (o  -  sin.  a)  -^  =  — , 

and  resolve  the  equation 
2  0 
try 
by  approximation  with  reference 
to  a. 

ExAUPLS — I)  If  A  vooden  sphere 
10  inches  in  diameter,  which  is  float- 
ing, is  immersed  4^  inches  in  the  water,  the  volome  of  the  water  displaced  is 

F,  =  T  (})'  (5  -  J)  =  -■•■  ^^  • '''  =  — —  =  822,68  cubic  inchea, 
while  the  volume  of  the  aphere  itself  is 

-g  -  =  -^ —  =  528,8  cubic  inches. 
Therefore  523,4  cubic  inches  of  the  material  of  the  sphere  weigh  as  much 
OB  232,6S  cubic  inches  of  water,  and  the  specific  gravity  of  the  former  is 
222.68 

•  =  -»r6- -»■■"»• 

3)  How  deep  will  a  wooden  cylinder  10  inches  in  diameter  nnk,  when 
floating,  if  its  Bpecifio  gravity  ia  e  =  0,420  )     Here 


2  ~       Ir'y       -  "  '  —  "■""  ■      -■'-•~"- 

Now  the  table  of  segments  in  the  "  bgenieur,"  page  154,  gives  for  the  area 

■—: =  1,32766  a  segment  of  a  circle,  whose  central  angle  is  a'  = 

166',  and  for     ~      '  "  =  1,84487  an  angle  a'  =  167*;  we  can,  therefore, 
put  the  angle  at  the  centre,  corresponding  to  the  sector  1,3392 

.        ,— .        1,88520-1,83766     „       ,„„,        764°        ,„.  „„ 
-■  =  ^"^^  +  M4437-:riHi276»  ■  1' =  1«8' +  Mi  =  !«•  «'• 
The  depth  of  immersion  is,  therefore, 
y  =  r  (1  -  OM.  J  n)  =  S  (1  -  aw.  88°  180  =  6  .  *.8819  =  4,41  inchea. 

g  368  The  most  important  application  of  the  above  principle 
is  to  the  determination  of  the  depth  of  immersion  of  ioatt  and 
shipa.  If  the  boats  have  a  regulw  form  this  depth  can  be  calcn- 
lated  by  geometrical  formulas ;  but  if  the  form  is  irregnlu-,  or  if  its 
equation  ia  unknown,  or  if  it  is  composed  Of  very  many  forms,  the 
depth  of  immersion  must  be  determined  by  experiment. 
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An  example  of  the  first  case  is  furnished  by  the  boat  AC  E  OH, 
represented  in  Fig.  626,  whose  sides  are  plane  surfaces.    It  con- 

FiG.  626. 


sists  of  a  parallelopipedon  A  C  F  and  two  four-sided  pyramids 
C  E  F  and  BOH,  which  form  the  bow  and  stem,  and  its  plane 
of  floatation  is  composed  of  a  parallelogram  K  L  0  P  and  of  two 
trapezoids  L  M  N  0  and  K  P  Q  R  which  limit  the  space,  from 
which  the  water  is  displaced  and  which  can  be  decomposed  into  a 
parallelopipedon  K  C  0  T,  into  two  triangular  prisms  JJ  V  M  N 
and  W  XRQ,  and  into  two  four-sided  pyramids  C  FJf  and  B  X  R. 
Let  us  put  the  length  A  D  =  B  C  of  the  central  portion  =  I,  its 
width  A  0  =  b  and  its  height  A  B  =  h,  the  length  of  each  of  the 
two  beaks  =  c  and  the  depth  of  immersion  under  water,  le.  B  K 
z=C  L  ^  y.    It  follows  that  the  immersed  portion  K  G  0  T  oi 

the  middle  piece  is  

=  B~C.'C^.'CL  =  Iby. 
Putting  the  width  C  U  of  the  base  of  the  pyramid  C  V  M,  ^  x 
and  the  height  of  this  pyramid  =  z^  we  hare 

|  =  |  =  |,whenoe 

a;  =  ^yand«  =  jy; 

hence  the  volume  of  this  pyramid  is 

_lcy^ 
TV ' 
and  those  of  the  two  pyramids  ((7  F  if  and  B  X  R)  together  are 

The  cross-section  of  the  triangular  pyramid  U  V  N  \b 


=  l^y^^" 


—  1 


c  t/" 
=  i  y  z  =  ^r  and  the  side  M  N  =V  0 
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hence  the  contents  of  the  two  prisms  V  U  NtaiA  JTWQ  together 
are 

Finally,  by  adding  the  Tolumes  first  found,  we  obtain  that  of 
the  water  displaced 

Now  if  the  gross  weight  of  the  boat  =  0,  we  mnst  put 

a        o  1    ^         3//i"  SVG        ^ 

^  ^  c      ^       bey 

By  resolving  this  cubic  equation  we  obtain  &om  the  gross 
weight  G  of  the  boat  its  depth  y  of  floatation. 

Example — 1)  If  the  length  of  the  middle  portion  of  a  boat  is  2  =  50 
feet,  the  length  of  each  terminal  pyramid  is  c  =  15  feet,  the  width  5  =:  12 
feet  and  the  depth  A  =  4  feet,  the  total  load  for  an  immersion  of  2  feet  is 

(?  =  [50  +  15.}- J. 15. (f)']. 10. 2. 62,5 
=  [50  +  7,5  -  1,25]  24 .  62,5  =  84875  pounds. 

2)  if  the  gross  weight  of  the  above  boat  was  50000  pounds,  we  would 
have  for  the  deptJi  of  immernim 

y«  -  iay«  -  leOy  +  213,S8  =  0. 
From  this  we  obtain 

213,33  4-  v'  —  12  y' 
y  =        '       Y^Q ^  =  1,883  +  0,00685  y>  -  0,076  y», 

approximatively,  y  =  1,388  +  0,00625  (1,883)*  —  0,075  (1,333)« 
=  1,333  +  0,0148  —  0,1338  =  1,215,  and  more  exactly 
y  =  1,333  +  0,00625  (1,215)«  -  0,075  (1,215)«  =  1,2888  feet 

Rbmabk. — In  order  to  find  the  weight  of  the  cargo,  vessels  are  provided 
on  both  sides  with  a  scale.  The  divisions  of  the  scale  are  generally  deter- 
mined empirically  by  finding  the  immersion  for  given  loads.  This  subject 
will  be  treated  more  at  length  in  the  third  volume. 


§  369.  Stability  of  Floating  Bodies.— A  body  floats  either 
in  an  upright  or  inclined  position,  and  with  or  toithout  stability. 
A  body,  B.G.  a  ship,  floats  in  an  upright  position,  when  at  least  one 
of  the  planes  passing  through  the  axis  of  floatation  is  a  plane 
of  symmetry  of  the  body,  and  in  an  inclined  position,  when  the 
body  cannot  be  divided  into  two  symmetrical  parts  by  any  plane 
passing  through  the  axis  of  floatation.   A  floating  body  is  in  stable 
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e(|ailibrium,  when  it  tends  to  mamtiuD  its  position  of  equilibrium 
(compare  g  141),  i.e.  if  work  must  be  done  to  move  it  out  of  this 
position,  or  if  it  I'eturus  to  its  origioiU  position  of  equilibrium  after 
having  been  moved  from  it  A  body  floats  la  unstable  equilibrium, 
Then  it  posses  into  a.  new  position  of  equilibrium  as  soon  as  it  has 
been  movtd  from  its  original  one  by  being  shaken,  bj  a  blow,  etc. 

If  a  body  ABC,  Fig.  G27,  which  was  floating  in  an  upright 
position,  is  brought  into  an  inclincsd  one,  the  centre  of  buoyancy  A' 
moves  from  the  plane  of  sjinmctry  and  assumes  a  position  S,  in 
the  half  of  the  body  most  immersed.  The  buoyant  effort  P  =  Vy, 
which  is  applied  at  S„  and  the  weight  of  the  ship  0=  —  P,  which 
is  applied  at  C,  form  a  couple  which  will  always  turn  the  body 
(see  §  93).  No  matter  around  what  point  this  rotation  takes  place, 
the  point  C,  yielding  to  the  weight  ff,  will  always  sink,  and  the 
point  Si  or  another  M,  situated  in  the  vert:ical  line  iS,  P,  yielding 
to  the  action  P,  will  rise,  and  the  axis  or  plane  of  symmetry  E  F 
■will  be  drawn  downwards  at  0  and  upwards  at  M,  and  therefore 
the  body  will  right  itself  when  3/",  as  in  Fig.  627,  is  above  C,  and, 

Fia.  697  Fio.  038. 


on  the  contrary,  it  will  incline  itself  more  and  more  when,  as  is 
represented  in  Fig.  638,  M  is  situated  below  C.  Hunoe  the  stability 
of  a  floating  body,  such  as  a  ship,  depends  upon  the  point  M,  where 
the  vertical  line,  which  passes  through  the  centre  of  buoyancy  S,, 
cuts  the  pliAe  of  symmetry.  This  point  is  called  the  metacentre 
(Ft.  metaccntre ;  Ger.  Metaoentmm).  A  ship  or  any  other  body 
floats  with  stability  when  its  metaoentre  lies  above  its  centre  of 
gravity,  and  without  stability  when  it  lies  below  it;  it  is  in  indif- 
ferent equilibrium  when  these  two  points  coincide. 

The  horizontal  distance  0  D  at  the  metacentre  M  from  the 
centre  of  gravity  C  of  the  ship  is  the  arm  of  the  couple  formed  by 
P  and  &  =  —  P,  and  its  moment,  which  is  the  measure  of  the' 
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stability,  \b  =  P  .  C  D.  If  we  denote  the  distance  C  Mhy  c,  and 
the  angle  S  M  S^,  through  which  the  ship  rolla  or  through  which 
its  axis  is  turned,  by  0,  we  have  for  the  measure  of  the  stability  of 
the  ship 

S  =  P  e  sin.  0 ; 
it  increases,  therefore,  with  the  weight,  with  the  distance  of  the 
metacentre  from  the  centre  of  gravity  of  the  ship  and  with  the 
angle  of  inclination. 

§  370.  Determination  of  the  Moment  of  Stability.— In 

the  last  fonniila 

S  =  P  c  sin.  0, 
the  stability  of  the  ship  depends  principally  upon  the  distance  of 
the  metacentre  from  the  centre  of  gravity  of  the  ship,  and  it  is, 
therefore,  important  to  obtain  a  formula  for  the  determination  of 
this  distance.  While  the  ship  ABE,  Fig.  639,  paseeB  from  its 
nprigbt  to  its  inclined  position, 
^^-  ®9  the  centre  of  buoyancy  8  moves  to 

Si,  and  the  wedge-ahaped   space 
H  0  Hi  passes  out  of  the  water 
drawing  the  wedge-shaped  piece 
B  0  Ri  into  it,  and  the  buoyant 
effort  on  one  aide  is  diminished 
by  the  force  Q,  acting  at  the  cen- 
tre of   gravity  F  of   the    space 
ffOHx  and  upon  the  other  aide 
it  is  increased  by  an  equal  force  Q, 
acting  at  the  centre  of  gravity  0 
of  the  space  R  0  R,.    Therefore 
the  force  P  applied  at  i9,  replaces 
the  force  originally  applied  at  :£^and  the  couple  {Q,  —  Q),  or,  what 
amonnta  to  the  same  thing,  an  opposite  force  —  P,  acting  in  S,, 
balances  the  force  P  applied  at  S  together  with  the  couple  [Q,  —  Q), 
or  more  simply  a  couple  (/*,  —  P),  whose  points  of  application  are 
8 and  8^,  balances  the  conple  (Q,  —  Q).    Now  if  the  cross-section 
HE  R  =  H,  E  R,of  the  immersed  portion  of  the  ship  =  J^  and 
the  cross-section  ff  0  H,  =  R  0  R,o[  the  space,  which  is  drawn 
ont  the  water  on  one  side  and  immersed  on  the  other,  =  P„  if  the 
horizontal  distance  K Lot  the  centres  of  gravity  of  tliese  spaces 
firom  each  other  =  a  and  the  horizontal  distance  .V  T  of  the  centres 
of  gravity  i^and  .S*!  trom  each  other,  or  the  horizontal  projection 
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S  81  of  the  space  described  by  S^  daring  the  rolling,  =  Sy  we  have, 
since  the  couples  balance  each  other, 

Fs  =  FiOy  whence  8^-^  a  and 

MT  8  F,a 


8M  = 


sin.  <t>      sin.  <f>      F  sin.  if>' 

The  line  C  M  =  c,  which  enters  as  a  fisictor  into  the  me&snre 
of  the  stability,  i»=2GS+SM;  denoting,  therefore,  the  dista&ce 
C  Sof  the  centre  of  gravity  G  of  the  ship  from  the  centre  of  buoy- 
ancy S  by  6,  we  obtain  the  measure  of  the  stability 

S  =  P  c  sin.  <tt  -=•  P  \-jr  +  ^  ^in.  0 j. 

If  the  angle  through  which  the  ship  rolls  is  small,  the  cross- 
sections  H  0  H^  and  R  0  Ri  can  be  treated  as  isosceles  triangleSi 
If  we  denote  the  width  H  R  =  Hi  Rio{  the  ship  at  the  surface  of 
the  water  by  b,  we  can  put 

as  well  as  sin.  ^  =  ^ ;  hence  the  measure  of  the  stability  of  the 
ship  is 

If  the  centre  of  gravity  Cot  the  ship  coincides  with  the  centre 
of  buoyancy  S,  we  have  «  =  0,  whence 

and  if  the  centre  of  graviiy  of  the  ship  lies  above  the  centre  of 
buoyancy,  e,  on  the  contrary,  is  negative  and 


^=(wF-')^'f'' 


It  also  follows  that  the  stability  of  a  ship  becomes  null,  when  e 

We  see  from  the  results  obtained  that  a  ship's  stability  is  greater 
the  wider  the  ship  is  and  the  lower  the  centre  of  gravity  is. 

Example. — ^The  measure  of  the  stability  of  a  parallelopipedon  A  2>, 
Tig,  680,  whose  width  A  B  =  d^  whose  height  A  E  =h  and  whose  depth 

of  immerrion  BJI=  y  is,  once  i^=  hyaxid  «  = ^, 

48 
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or  if  tbe  speciSc  gravity  of  tlie  m&terial  of  nhich  the  panUelopipedon  ia 
composed  be  put  =  c 


Fis.dSa 


=  P* 


(/r»-i<'-)) 


From  this  we  see  that  tbe  stability  o 
vben 

J»  =  6  A=  e  (1  -  e),  LK.,  when 


For  t  =  J  we  have 
I  =  VfT)  =  VJ  =  1,235. 

If  in  this  caae  the  width  is  not  at  least  1,295  times  the  hdgbt,  the  paral- 
lelopipedoD  floats  in  unstable  equilibrium. 

371.  Inclined  Floating. — The  formula 


:  P 


-^1  o    .  ^  \ 


for  the  stability  of  a  floating  body  can  also  be  employed  to  detennine 
the  various  positions  of  floating  bodies ;  for  if  we  pnt  S*  =  0,  we 
obtain  the  equation  of  condition  of  tbe  position  of  equilibrium,  and 
by  resolving  it  we  obtain  the  corresponding  angle  of  inclinatdon. 
We  have,  therefore,  to  resolve  the  equation 

-^  ±  ««■«.*  =  0 
in  reference  to  ^. 

In  tbe  case  of  a  parallelopipedon  A  B  D  E,  Fig.  631,  the  ctobb- 
section  F  '■&  =  HRDE=EtRtDE=  b  y,b  denoting  the 
width  A  B  =  H  R  and  y  the  depth  of  immersion  E  H  =  D  R, 
and  the  cross-section 
^«-  ^^-  F,=^nOM,  =  ROR, 

is  a  right-angled  triangle,  whose  base 
is        Off=0R  =  ib, 
and  whose  altitude  is 

HH,  =  RR,  =  ^btang.^ 
whence 

J**,  =  ^  6'  tang.  <t>. 
Now  since  the  centre  of  gravity  Jf 
is  at  a  distance 

FV=iffBr=:^itang.tf> 
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from  the  base  H  R  and  at  a  distance  0  I7=|  0  H  =  \l  from 
the  centre  0,  it  follows  that  the  horizontal  distance  of  the  centre 
of  gravity  F  from  the  centre  0 

=  0  K  =:  0  N  +  N  K  ^  0  UCOB.P  +  FUsin.<l> 

=  j  i  COS.  <l>  -h  ib  tang.  <t>  sin.  <t>y 
and  the  arm  of  the  lever  is 

a  =  EL  =  2  OK  =  |  J  co«.  0  +  4  ft  -^. 

Hence  the  equation  of  condition  of  the  inclined  position  of 
equilibrium  is 

^  ft*  tang.  ^  {%h  cos}  ^  -\-  \h  sin.*  <t>) 

by  COS.  (p  ^ 

or,  substituting £  =  tang.  <t>, 

sin.  <l>  [(yV  +  ,V  ^«»V-*  *)  ^*  -  «  y]  =  0, 
which  equation  is  satisfied  by 

sin.  0  =  0  and  by 

tariff.  <!,=  V2  i/^  -  1.      . 

The  angle  0  =  0,  determined  by  the  first  equation,  is  applicable 
to  the  body  when  in  an  upright  position,  and  that,  given  by  the 
second  equation,  to  the  body  when  floating  in  an  inclined  position. 

If  the  latter  case  is  possible,  -—  must  be  >  j\.     Now  if  A  is  the 

height  and  e  the  specific  gravity  of  the  parallelopipedon,  we  have 

y  =  e  A  and  6  =  -^  =  (1  -  e)  -, 
whence  it  follows  that 


and  the  equation  of  condition  for  inclined  fioating  is 


^>/: 


ft  '     '^   6  c  (1  -  €)• 

Example  1)  If  the  floating  parallelopipedon  is  as  high  as  wide,  and  if 
its  specific  gravity  is  e  =  |,  we  have 

tang,  ^  =  V2  W.J—  1  =  Vs  —  0  =  1,  whence^  =  45**. 

2)  If  the  height  h  =  0,9  of  the  width  ft  and  the  specific  gravity  is  again 
I,  we  have 

tang,  ^  =  V8 . 0,81  -  3  =  Vo,48  =  0,6557,  whence  ^  =  88°  15'. 


e,  =  -^  ej  and  Ci  =  -77  Cj. 
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§  372.  Specific  Gravity.— The  law  of  the  buoyant  effort  or 
upward  thrust  of  water  can  be  made  use  of  to  determine  the  heayi- 
ness  or  specific  gravity  of  bodies.  According  to  §  364  the  buoyant 
effort  of  the  water  is  equal  to  the  weight  of  liquid  displaced ;  hence, 
if  we  denote  by  V  the  volume  of  the  body  and  by  71  the  heayiness 
of  the  liquid,  we  have  the  buoyant  effort  P  =  F  y,.  Now  if  79  is 
the  heaviness  of  the  material  of  the  body,  we  have  its  weight 
ff  =  F  y„  whence  the  ratio  of  the  heavinesses  is 

y,_^ 

r,  "P* 

I.E.,  the  heaviness  of  the  immersed  body  is  to  the  heamness  of  the 

fluid  as  ths  absolute  weight  of  the  body  is  to  the  buoyant  effort  or 

loss  of  weight  during  immersiom 

G  P 

Hence  y,  =  —  y,  and  y,  =  ^5"  y»  or  if  y  denotes  the  heaviness 

of  water,  Si  the  specific  gravity  of  the  fluid,  aad  e»  that  of  th«  body, 
we  have,  putting  y,  =  e,  y  and  y^  =  e,  y, 

-^  ej  and  «i  =  ^ 

If  we  know  the  weight  of  a  body  and  its  loss  of  weight  when 
immersed  in  a  liquid,  we  can  find  from  the  heaviness  or  specific 
gravity  of  the  liquid  the  heaviness  and  specific  gravity  of  the  ma- 
terial of  which  the  body  is  composed,  and,  inversely,  from  the 
heaviness  or  specific  gravity  of  the  latter,  the  heaviness  and  specific 
gravity  of  the  former. 

If  the  liquid  in  which  we  weigh  solid  bodies  is  water,  we  have 
e,  =  1  and  y,  =  y  =3  1000  kilograms  =  62,425  pounds ;  the  former 
when  we  employ  the  cubic  meter  and  the  latter  when  we  employ 
the  cubic  foot  as  unit  of  volume ;  therefore  in  this  case  the  heavi- 
ness of  the  body  is 

O          absolute  weight       Ti.  t  j  v   xi.   i.      •  c      j. 

y,  =  p-  y  =  -= ^ .  ^,    multiplied  by  the  heavmess  of  water, 

and  its  specific  gravity  is 

_  ^  _  absolute  weight 
*  "~  P  ""   loss  of  weight 

In  order  to  find  the  buoyant  effort  or  loss  of  weight,  we  employ, 
as  we  do  when  determining  the  weight  G,  an  ordinary  balance.  To 
the  under  side  of  one  of  its  scale-pans  is  attached  a  small  hook,  from 
which  the  body  is  suspended  by  means  of  a  hair,  wire  or  fine  thread 
before  it  is  immersed  in  the  water,  which  is  contained  in  a  vessel 
placed  under  the  dish  of  the  scale.    A  scale  thus  arranged  for 
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weighing  under  water  is  generally  called  a  hydrostatic  balance  (Fr. 
balance  bydrostatique;  6er.  hydrostatische  Wage). 

If  the  body  whose  specific  gravity  is  to  be  determined  is  less 
dense  than  water,  we  can  combine  it  mechanically  with  some  other 
heavy  body,  so  that  the  compound  mass  will  tend  to  sink  in  the 
water.  If  the  heavy  body  loses  in  the  water  a  weight  P,  and  the 
compound  mass  Piy  the  loss  of  weight  of  the  lighter  body  is 

P  =  P,  ~  P^ 
Now  if  G  denotes  the  weight  of  the  lighter  body,  we  have  its  spe- 
cific gravity  _  ^  _       O 

^«  -  p  "  pT^^; 

If  we  know  the  specific  gravity  e  of  a  mechanical  combination 
of  two  bodies,  and  also  the  specific  gravities  t^  and  e,  of  the  compo- 
nents, we  con  calculate  from  the  weight  0  of  the  whole  mass,  by 
means  of  the  well-known  principle  of  Archimedes^  the  weights  ff, 
and  Gi  of  the  components. 

We  have  ff,  +  (?,  =  ff,  and  also 

volume h  volume  — -  =  volume  — ^.or 

c,y  fi,y  ey 

G,       G,_G 

~-  ^        — .  — , 

Combining  the  two  equations,  we  obtain 

*  ~       \e        «,  /    \  c,         e,  /' 

Example — 1)  If  apiece  of  limestone  weighing  810  grams  becomes  121,5 
gnuns  lighter  in  water,  the  specific  gravity  of  this  body  is 

810 

'  =  ISM  =  ^'^^ 

9)  In  order  to  find  the  specific  gravity  of  a  piece  of  oak,  a  piece  of  lead 

wire,  which  lost  10,5  grams  hi  weight  when  weighed  in  water,  was  wrapped 

around  the  piece  of  wood,  which  weighed  426,5  grams.    The  compound 

mass  was  484,5  grains  lighter  in  the  water  than  in  the  air ;  hence  the  spe- 

dflc  gravity  of  the  wood  is 

426,5  426,5 

'  ■*  484,5  -  10,5  "^  474    "*  "'^• 
8)  An  iron  vessel  completely  filled  with  mercury  weighed  500  pounds, 
and  lost,  when  weighed  in  water,  40  pounds.    If  the  specific  gravity  of  the 
cast  iron  is  =  7,2  and  that  of  the  mercury  is  =  18,6,  the  weight  of  the 
enpty  vooolis 
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»       »„-„-        500.0,00647       8285 
(0,1888  -  0.0785)  =  —0^53-  = -^  =  «•«  P*"^^ 

and  the  weight  of  the  mercury  contained  in  it  is 

500  .  0,0588      2040 
0^  =  500 .  (0,08  -^  0,1888)  :  (0,07853  -  0,1388)  =  — pg^  =  ^ 

=  450,2  pounds. 

Rehabx — 1)  We  can  determine  the  specific  gravity  of  fluids,  loose 
granular  masses,  etc.,  by  simply  weighing  them  in  the  air ;  for  by  enclosing 
them  in  vessels,  we  can  obtain  any  desired  volume  of  them.  K  the  weight 
of  an  empty  bottle  is  =  (7,  and  when  filled  with  water  it  is  =  G^^,  and  if, 
when  filled  with  some  other  liquid,  its  weight  is  O^^  the  specific  gravity 
of  the  latter  liquid  is 

'-  G^-G' 

In  order,  E.a.,  to  obtain  the  specific  gravity  of  rye  (in  bulk),  we  filled  a 
bottle  with  grains  of  rye,  and,  after  shaking  it  well,  weighed  it  After 
subtracting  the  weight  of  the  bottle,  that  of  the  rye  was  found  to  be 
=  120,75  grams,  and  the  weight  of  an  equal  quantity  of  water  was  155,65 ; 
hence  the  specific  gravity  of  the  rye  in  bulk  is 

-  155:65  -  ^'^^^' 
and  a  cubic  foot  of  this  grain  weighs 

0,776  .  62,5  =  48,5  pounds. 

2)  The  problem,  first  solved  by  Archimedes,  of  determining  from  the 
specific  gravity  of  a  composition,  and  those  of  its  components,  the  propor- 
tion of  each  of  the  components,  is  of  but  very  limited  application  to  chem- 
ical combinations,  alloys  of  metals,  etc. ;  for  in  such  cases  a  contraction 
generally,  and  an  expansion  sometimes,  takes  place,  so  that  the  volume 
of  the  composition  is  no  longer  equal  to  the  sum  of  the  volumes  of  the 
components. 

§  373.  Hydrometers,  Areometers. — We  generally  employ 
for  the  determination  of  the  density  of  fluids  areofiieters  or  hydrom^ 
eters  (Fr.  areometres ;  Ger.  Araometer,  Senkwageri).  These  instru- 
ments are  hollow,  symmetrical  about  an  axis,  have  their  centre  of 
gravity  very  low  down,  and  give,  when  we  float  them  in  any  liquid, 
its  specific  gravity.  They  are  made  of  glass,  sheet  brass,  etc,  and, 
according  to  the  uses  they  are  applied  to,  are  called  hydrometers, 
lactometers,  salinometers,  alcoholmeters,  etc  There  are  two  kinds 
of  areometers,  viz. :  those  with  weights  (Fr.  &  volume  constant;  Oer. 
Oewichtsar&ometer),  and  the  gradtutted  areometers  (Fr.  &  poids 
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constant ;  Ger.  Scalenar&ometer).    The  first  are  often  nsed  b)  de* 
termine  the  weight  or  specific  gravity  of  solid  bodies. 

1)  If  F  is  the  Tolnme  of  the  part  of  an  areometer  ABC,  Fig. 
633,  which  is  under  water,  when  the  latt«r  fioats  vertically  im- 
meraed  to  a  point  0,  Q  the  weight  of  the  whole  apparatus,  P  that 
of  the  weight*  phiced  npon  the  diah  A,  when  the  apparatus  floats 
in  water,  vhose  heavinesB  =  y,  anQ  Pi  their  weight  when  the  ap- 
poiatns  floats  in  another  liqnid  whose  density  is  y„  we  will  have 
Fy  =  P  +  ff, 
Pia.  682.        •    Pio.  634.  y  y         p    +  ff. 

Hence  the  ratio  of  the  heavinesses  or 
specific  gravities  of  these  liquids  is 

y  ~  P  +  ff 

2)  Let  P  be  the  weighty  which  nrnet 
be  placed  npon  the  dish  in  order  to  im- 
merse the  areometer  ABC,  Fig.  633, 
to  a  point  0,  and  let  P,  be  the  weight, 
which  mnst  be  placed  npon  the  dish  A 
vrith  the  body  to  be  weighed  in  order 

^^-  '^  to  produce  the  same  immersion,  then 

"*  we  have  simply 

G,  =  P  -  P,. 
But  if  we  must  increase  Pi  by  P,  when 
the  body  to  be  weighed  ia  placed  in  the 
lower  dish  C,  which  is  under  water,  in 
order  to  preserve  the  same  depth  of  im- 
mersion, the  npward  thrust  is  =  P|  and 
the  specific  gravity  of  the  body  is 
ff,       P  -  Pi 

The  hydrometer  with  the  dish  sus- 
pended below  is  employea  for  the  de- 
termination of  the  specific  gravity  of 
solid  bodies,  snch  as  minerals,  etc.,  and 
is  called  NichoUon's  hydrometer, 

3)  If  we  put  the  weight  of  an  areom- 
eter B  C  with  a  graduated  scale  A  B, 
Fig.  634,  =  6,  and  the  immersed  vol- 
ume, when  it  floats  on  water,  =  V,  we  have  G  =  V  y.    If  the 
areometer  rises  a  distance  0  X  =  x,  when  immersed  in  another 
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liqaid,  we  haye,  whea  the  cross-section  of  the  shaft  is  denoted  by 
F^  the  volume  immersed 

=  F -  i^a;,  and  therefore  (7  =  ( F-  Fx)  y,. 
Dividing  the  two  formulas  by  each  other,  we  obtain  the  heaviness 
of  the  liquid 

y' =  F^-^ '=  ^=  (i  -  r '^)  =  r=W 

F 

in  which  ^  denotes  the  constant  quotient  =-. 

If  the  liquid  in  which  the  areometer  floats  is  lighter  than  water, 
it  will  sink  in  it  a  distance  Xy  and  we  will  have 

O  =  ( F  +  Fx)yi  and  therefore 
_      y 

F 

In  order  to  find  the  coefficient  /*=:=■,  we  increase  its  weight 

by  an  amount  P^  xlg.  by  pouring  mercury  in  the  areometer  at  the 
upper  end,  so  that  it  passes  to  the  bottom  of  it,  rendering  the  ap- 
paratus so  much  heavier  that,  when  floating  in  water,  a  consid- 
erable portion  of  the  length  of  the  stem,  to  which  the  scale  is 
applied,  is  immersed.  Putting  P  ^  Fljyl  denoting  the  immer- 
sion produced  by  P,  we  obtain 

-  ^-  _P_  _    P 
^^  V^  Vly^  QT 

EzA3CPLB~l)  If  an  areometer,  weighing  65  grams,  most  have  18,5 

grams  removed  from  the  dish  in  order  to  float  at  the  same  depth  in  alcohol 

as  it  had  done  in  water,  the  specific  gravity  of  alcohol  is 

65  —  13,6 
=        ^         =  1  -  0,208  =  0,792. 

3)  The  normal  weight  of  a  Nicholson  hydrometer  is  100  grams ;  that 
is,  we  must  place  100  grams  upon  the  dish  in  order  to  sink  the  instnunent 
to  0,  but  we  must  take  away  66,5  grams  after  haying  laid  a  piece  of  brass 
which  we  wish  to  weigh  upon  the  upper  dish,  and  7,85  grams  had  to  be 
added  when  the  brass  was  removed  to  the  lower  dish.  The  absolute  weight 
of  the  brass  is  then  66,5  grams  and  its  specific  gravity  is 

7,85  ^  ^'*^- 
8)  A  graduated  areometer,  weighing  75  grams,  rises,  after  81  grams  of 
the  substance,  with  which  it  was  filled,  has  been  removed,  a  distance  {  s?  6 
inches  =s  72  lines ;  the  coefiicient  /i  is  therefore 

81 
=  WTW  =  0,00574 
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It  W86  then  refilled  trntil  its  weight  became  again  76  grams,  when  it  was 
placed  in  a  solution  of  salt ;  it  then  rose  a  distance  of  99  lines ;  the  specific 
gravity  of  the  liquid  is  therefore 

=  1  :  (1  -  0,00674 .  29)  =  1  :  0,888  =  1,2. 

Remark. — ^A  more  extended  treatment  of  this  subject  bdongi  to  the 
pioyince  of  chemistry,  physics  and  technology, 

§  374.  Iiiqaids  of  Different  Densities.— If  seyeral  liquids 
of  different  densities  exist  in  a  vessel  at  the  same  time  without 
ezertdng  any  chemical  action  upon  one  another,  they  will  place 
themselvesy  in  consequence  of  the  ease  with  which  their  particles 
are  displaced,  above  each  other  in  the  order  of  their  specific  gravi- 
ties, viz :  the  most  dense  at  the  bottom,  the  less 
dense  above  it  and  the  least  dense  on  top.  When 
in  equilibrium  the  limiting  surfaces  are  hori- 
zontal ;  for  60  long  as  the  limiting  surface  H  F 
between  the  masses  if  and  Ny  Fig.  635,  is  inclined 
so  long  will  there  be  colunms  of  liquid,  such  as 
0  Ky  Oi  JTi,  etc.,  of  different  weights  above  the 
horizontal  layer  H  R ;  hence  the  pressure  upon 
this  layer  cannot  be  the  same  everywhere  and 
consequently  equilibrium  cannot  exist 

The  liquids  arrange  themselves  also  in  the  communicating  tubes 
A  B  and  C  2),  Pig.  636,  according  to  their  specific  gravities  above 
one  another,  but  their  surfkces  A  0  and  D  O  do  not  lie  in  one 
and  the  same  horizontal  plane. 

Fia.  687. 


If  i^  is  the  area  of  the  cross-section  H  Sof  $l  piston,  Fig.  6379 

m  one  leg  ^  ^  of  two  communicating  tubes  and  h  the  head  of 

water  or  the  height  E  Hot  the  surface  of  the  water  in  the  second 

tube  CD  above  HR,  we  have  the  pressure  upon  the  surface  of  the 

piston 

P  rz  Fhy. 
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K  we  replace  the  force,  exerted  by  the  piston,  by  a  column  of 
liquid  H  A  0  Ry  Pig.  636,  whose  height  is  A,  and  whose  heaviness 
is  7i,  we  have 

equating  the  two  expressions  we  obtain 

*i  Ti  =  A  y, 
or  the  proportion 

Ai  _  7^^ 

A        y,' 

Therefore  the  heads  or  tlie  heights  of  the  columns  of  liquid^ 

measured  from  the  commxm  plane  of  contact  of  two  different  liquids, 

which  are  in  equilibrium  %n  two  communicating  tubeSy  are  to  each 

other  inversely  as  the  Jieavinesses  or  specific  gravities  of  these  liquids. 

Since  mercury  is  about  13,6  times  as  heavy  as  water,  a  column 

of  mercury  in  communicating  tubes  will  hold  in  equilibrium  a 

column  of  water  13,6  times  as  long. 


CHAPTER    III. 

OP  THE  MOLECULAB  ACTION  OF  WATER. 

§  375.  Molecular  Forces. — ^Although  the  cohesion  of  water 
is  very  slight,  it  is  not  null.  The  molecules  (Pr.  molecules ;  (Jer, 
Theile  or  Molekule)  not  only  cohere  together,  but  also  adhere  to 
other  bodies,  e.q.,  to  the  sides  of  a  vessel,  so  that  a  certain  force  is 
necessary  to  destroy  this  union,  which  we  call  the  adhesion  (Fr.  ad- 
herence ;  Ger.  Adhasion)  of  the  water.  A  drop  of  water,  which 
hangs  from  a  solid  body,  demonstrates  the  existence  of  the  cohe- 
sion and  of  the  adhesion  of  the  water.  Without  cohesion  the 
water  could  not  form  a  drop  and  without  adhesion  it  could  not 
remain  hanging  from  the  solid  body ;  gravity  is  here  overcome  not 
only  by  the  cohesion,  but  also  by  the  adhesion.  The  actions,  arising 
from  the  combination  of  the  forces  of  cohesion  and  adhesion,  are 
called,  to  distinguish  them  from  the  actions  of  inertia,  of  gravity, 
etc.,  the  molecular  actions.  Capillarity  or  the  raising  or  depressing 
of  the  surface  of  water  or  mercury  in  narrow  tubes  or  between  plates, 
placed  close  together,  is  an  important  instance  of  molecular  action. 

§  376.  Adhesion  Plates. — The  cohesion  and  adhesion  of 
water  have  been  determined  by  means  of  adhesion  plates.    To 


§377.]  THE  MOLECULAR  ACTION  OF  WATER.  763 

accomplish  this  object,  such  a  plate  is  suspended  (instead  of  the 
scale  pan)  at  one  end  of  the  beam  of  a  balance,  which  is  brought 
into  equilibrium  by  means  of  weights ;  the  yessel  containing  the 
liquid  to  be  examined  is  then  caused  to  approach  gradually,  until 
the  surface  of  the  liquid  comes  in  contact  with  the  plate.  Weights 
are  now  gradually  placed  upon  the  dish  at  the  other  end  of  the 
beam,  until  the  plate  is  torn  away  from  the  surface  of  the  water. 
The  results  of  such  experiments  depend  particularly  upon  the  fact 
whether  the  plate  is  moistened  by  the  water  or  not.  In  the  first 
case  after  the  contact  a  thin  sheet  of  water  remains  hanging  to  the 
plate ;  hence  in  tearing  the  latter  from  the  water,  we  overcome  not 
the  adhesion,  but  the  cohesion  of  the  water.  Hence  the  force 
necessary  to  tear  different  plates  from  the  surface  of  the  water 
does  not  depend  upon  the  nature  of  the  material,  of  which 
the  plates  are  composed.  Other  liquids,  on  the  contrary,  require 
different  forces  to  be  applied  to  the  adhesion  plates.  Du  Bttat 
found  that  the  adhesion  between  water  and  tin  plate  was  from  65 
to  70  grains  per  square  inch  (old  Prussian  measure).  This  gives  a 
force  of  about  5  kilograms  for  a  square  meter,  or  1,024  pounds  per 
square  foot.  Achard  found  values  differing  but  little  from  the 
above  for  lead,  iron,  copper,  brass,  tin  and  zinc.  Oay  Lussac  ob- 
tained the  same  results  with  a  glass  disc,  and  Buth  with  different 
kinds  of  wooden  plates. 

If,  on  the  contrary,  the  surface  of  the  disc  is  not  moistened  by 
the  surface  of  the  water,  the  results  obtained  are  totally  different ; 
for  in  this  case  it  is  not  the  cohesion,  but  the  adhesion  of  the  water 
which  is  overcome.  It  appears  that  the  duration  of  contact  has  a 
great  influence  upon  the  force  necessary  to  tear  the  disc  loose,  E.a., 
Qfkj  Lussac  found  that,  with  a  glass  plate  120  millimeters  in  diam- 
eter, a  force  varying  from  150  to  300  grams,  according  as  the  dura- 
tion of  contact  was  long  or  short,  was  necessary  to  tear  it  loose  from 
a  surface  of  mercury. 

Remabk. — In  Fronkenheim's  "  Lehre  der  Cohasion''  the  phenomena  of 
cohesion,  as,  E.O.,  those  presented  when  moistened  plates  are  torn  from  the 
snrface  of  water,  are  called  "  Bynaph^J'*  and,  on  the  contrary,  the  phenomena 
of  adhesion,  as,  E.O.,  those  occurring  daring  the  separation  of  unmoistened 
plates  from  the  surface  of  a  liquid,  "  ProwphyP 

%  377.  Adhesion  to  the  Sides  of  a  Vessel — If  a  drop 
of  water  spreads  itself  out  upon  the  surface  of  another  body  and 
moistens  it,  the  adhesion  is  in  this  case  predominant;  but  if,  on 
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the  contrary,  the  drop  retains  its  spherical  form  upon  the  surfiice 
of  a  solid  or  fluid  body,  the  cohesion  is  the  strongest  The  com- 
bined action  of  these  two  forces  upon  the  surface  of  a  liquid  near 
the  walls  of  the  vessel  is  particularly  remarkable ;  the  water  rises 
up  and  forms  a  concave  surface  when  the  cohesion  is  less  powerful 
than  the  adhesion,  and  the  wall  becomes  moistened  in  consequence ; 
the  surface  of  the  water,  on  the  contrary,  is  curved  downwards  in 
the  neighborhood  of  the  walls  of  the  vessel  and  forms  a  convex 
surface  when  the  side  of  the  vessel  is  not  moistened  or  when  the 
cohesion  is  predommaut 

These  phenomena  can  be  easily  explained  as  follows. 

A  molecule  E  in  the  surface  H  B  ot  the  water  (Pig.  638)  is 
drawn  downwards  in  all  directions  by  the  surrounding  water,  and 
the  resultant  of  all  these  attractions  is  a  single  force  A  acting  ver- 
tically downwards ;  on  the  contrary,  a  molecule  E  at  the  vertical 
wall  B  Ey  Fig.  639,  of  the  vessel  is  acted  upon  by  Uie  wall  with  a 

Fio.  638.  Fig.  689. 


Fig.  640. 


horizontal  force  P  and  by  the  water  filling  the  quadrant  B  E  0 
with  a  force  A^  whose  direction  is  inclined  downwards  to  the  hori* 
zon ;  the  direction  of  the  resultant  R  of  these  two  forces  is  at 
right  angles  to  the  surface  of  the  water  (see  §  354).  According  as 
the  attractive  force  of  the  wall  of  the  vessel  is  greater  or  less  than 
the  horizontal  component  Ax  of  the  mean  force  of  cohesion  A  of 

the  water,  the  resultant  R  will  assume  a  di- 
rection either  from  without  inward  or  from 
within  outward.  In  the  first  case  (Fig.  639) 
the  sur&ce  of  the  water  at  E  rises  along 
the  wall,  and  in  the  second  case  it  descends 
along  the  wall  .0  J>  as  is  represented  in  Fig. 
640. 
These  relations  change,  when  the  water  reaches  to  the  brim  of 
the  vessel ;  for  the  direction  of  the  attractive  force  of  the  wall  of 
the  vessel  is  then  different  If,  E.O.,  the  surface  of  the  water  E  0, 
Fig.  641,  which  in  the  beginning  reached  to  the  brim  C  of  the  vessel 
B  C  Oy\A  caused  to  rise  gradually  by  adding  water,  the  inclination 
of  the  force  of  adhesion  to  the  horizon  will  gradually  increase,  and 
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Ha  horizontal  component  will,  in  couseqaenoe,  gradually  decrease, 
aadl  it  becomee  leas  than  the  horizontal  component  A^  of  the  force 
of  cohesion  A.    Consequently  the  form  of  the  surface  of  the  water 
Fio.  Ml.  ^*  ^  changes  continually,  until  its  con- 

cavity becomes  a  convexity  and  the  de- 
presdon  below  the  brim  of  the  vessel  be- 
comes an  elevation,  which  must  attain  a 
certain  height  before  the  water  will  flow 
over  the  side  of  the  vessel. 

g  378.  Tension  of  tbe  Stu&ce  of  ih»  Water. — Since  each 
molecule  in  the  snrfiice  H  R,  Fig.  638,  of  &  liquid  ia  attracted  down- 
words  by  the  mass  of  liquid  below  it  with  a  force  A,  wc  can  assume 
that  a  condensation  and  a  coherence  among  the  molecules  of  the 
liquid  upon  the  surface  will  be  the  result  and  that  a  certain  force 
will  therefore  be  necessary  to  overeone  this  coherence  or  to  tfear 
the  snr&ce  of  the  liquid.  This  coherence  of  the  surface  of  a  liqnid 
Aowa  itself  not  only  whenever  a  foreign  body  is  dipped  into  it, 
but  also  whenever  the  eurf^ice 
of  the  liquid  becomes  curved, 
as,  S.O.,  in  the  neighborhood 
of  the  wall  of  the  vessel.  If 
we  assume  with  Young  that 
the  tension  or  cohesion  of  the 
snr&ce  of  a  liquid  ia  the  same 
in  all  parts  of  it,  we  can  de- 
duce, as  Qeheimer  Oberhau- 
raih  Hagen  has  proved,  from 
that  hypothesis  all  the  laws 
o^  capillary  attraction  which 
coincide  best  with  the  results 
of  experiment. 

In  the  neighborhood  of  a 
plane  wall  D  G,  Figs.  643  and 
643,  the  surface  of  the  liquid 
forms  a  cylindrical  surface 
i)  J  .ff,  which  is  convex  either 
upwards  or  downwards.  If  P 
is  the  normal  force  upon  an 
element  A  E  B  =  o  of  this 
sur&ce,  8  the  tension  of  this 
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element  and  r  its  radine  of  cmratare  C  A  =  C  B,  ve  have,  in 
consequence  of  the  Bunilaritj  of  the  triangles  EPS  and  ABC, 
P  _A  B  _a 
Fio.644.  'S~C~I-? 

and,  therefore,  the  normal  or 
bending  force  is 

r 

Now  if  the  element  A  E  B 

8  of  the  snrface  is  at  the  vertical 

distance    0  R  =  y  above  or 

below  the  Burfiice  of  the  water 

which  is  free  from  the  influ- 

—     au.  ence  of  the  wall  D  G,  and  if  y 

denotes  the  heavinpss  of  the 

liquid,  we  have,  according  to 

(g  356)  the  well-known  law  of 

hydroBtaticfl,  the  pressnre  of 

the  water  upon  the  element 

jrB  =  c 

we  can  therefore  put 

ayy=  ~  S and 

S 

'  =  ry- 

Hence  the  depression  or  elevation  of  on  element  of  the  eur&ce 
of  a  liquid  in  reference  to  the  &ee  or  unaffected  part  of  this  surface 
is  inversely  proportional  to  the  radius  of  curvature. 

%  379.  In  the  vicinity  ol  a  curved  wall,  e.o,,  of  a  vertical  cylin- 
drical Boriace,  the  snriace  of  the  water  forma  a  Burfoce  of  donble 
curvature  and  the  column  of  water  below  the  rectangular  element 
F  Q  H  K,  Fig.  646,  of  the  snrface  is  solicited  by  two  forces  P,  and 
Pf,  one  of  which  is  the  reBultant  of  the  tensions  i^i,  St  in  the  nor- 
mal plane  ABE,  parallel  to  the  side  F  G  =  H  K;  the  other  is 
the  resultant  of  the  tensions  S„  S, in  the  normal  plane  CDS, 
parallel  to  the  side  G  E  =  F  K.  The  former  plane  corresponds 
to  the  greater  and  the  latter  to  the  least  radius  of  curvature ;  put- 
ting the  two  radii  =  r,  and  r,  and  the  length  of  the  sides  FG  =  o, 
and  G  H=  o,  and  denoting  the  tension  for  a  width  =  unity  by  6^ 
we  h^e  the  tensions  acting  in  the  two  planes 
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81  =  0^8  and  8i  =  ai  8 
and  the  nonnal  forces  resulting  from  them 

Pi  =  (7^  8  —  = and 

r,  r, 

P,  =  <T,  S'  —  =  — ^—^y  and  their  resultant  is 
r,  r, 

P  =  P,  +  P,  =  iS'cTj  (7,  (1  +  i-). 


FiQ.  646. 


If  here  also  y  denote  the 
height  of  the  element  F6  HK 
of  the  surface  (which  may  be 
regarded  as  a  rectangle^  whose 
area  is  <t,  ct,)  above  the  low- 
est or  general  surface  of  the 
water,  we  have  the  force,  with 
which  this  element  is  drawn 
K  normallj  upwards  or  down- 
wards by  the  water  above  or 
below  it, 

P  =  y<T,  a,  y; 
equating  the  two  values  for 
P,  we  obtain 


whence 


y  <Ti  <T,  y  =  /?  (Tj  (7,  ^—  +  —\ 

y  =  -{-^-)- 

When  the  wall  is  cylindrical  the  elevation  (depression)  of  the 
surface  of  the  water  above  (below)  the  general  water  level  is  at 
every  point  proportional  to  the  sum  of  the  reciprocals  of  the  maxi- 
mum and  minimum  radii  of  curvature.  This  formula  contains 
also  that  of  the  foregoing  paragraph ;  for  if  the  normal  section 
0  E  D\a%  right  line,  we  have 

r,  =  00 ,  whence 
—  =  0  and 

8    1 
^       y     r, 

(§380.)  Curve  of  the  Snrfiice  of  Water.— The  curve 
formed  by  the  vertical  cross-section  of  the  surface  of  the  water 
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near  a  plane  wall,  can  be  found,  according  to  Hagen,  in  the  follow- 
ing manner.     Let  .^  .^  Fig.  647,  be  the  surface  of  the  water 
attracted  by  the  vertical  wall  B  K, 
Pia.  647.  ff  ji  the  general  level  of  the  water, 

and  let  the  point  of  intersection  H  of 
tie  two  surfaces  be  the  origin  of  co- 
ordinates. Let  UB  pnt  the  co-ordinates 
ofapoiQtOoftheBnFface.<J  0 R,H i£ 
=  X  and  J/"  0  =  y,  the  arc  .(1  0  =  «, 
the  tangential  angle  0  T  M  =  a,  and 
g  the  elements  0  Q,  Q  P  mi  0  P  le- 

epectivelj  =  dx,dy  and  d  s. 

Since  y  =  — ,  and,  according  to 

^  Article  33  of  the  Introduction  to  the 

Galculns, 

r  =  —  J—  and  dtf  =  —  ds  am.  a,  we haye 

8d a       8 sin. a.  d a 

«  = =—  = ,   .  or 

"  yds  y  dy 

y  dy  =  —  stn.  a  .da, 

by  integrating  which  we  obtain 


yj 


sin.  a.da  =  Coti. c 


Since  for  the  point  R,  a  and  y  are  both  =  0,  we  have 

0  =  Con. COS.  0,  whence  Con.  =  —  and 

T  y 

f  =  —  {l~cos.a)  =  —  i '-  =  —  (««.  i  a)% 

henoe 

y  =  2y -;  sin-ia. 

For  o  =  90°,  we  have  sin.  j  «  =  sin.  45°  =  4^ ;  hence  the 
maximum  elevation  of  the  water  immediately  against  the  wall  is 

A  =  2  Y  —  ■  Vi  =  V—,  or  inveraely 

—  =  i  A'  and 

1)  y  =  bVi.sia.la. 
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Differentiatmg  this  expression^  we  obtain 

dy  =  h^^^  ^^*  ^  a  .  df  a  =  A  V^ cos.  ^a.da, 
and  since  (2 y  =  —  dx .  tang,  a,  it  follows  that 

df  a?  =  —  A  y  4  .  ^ — ^-- .  rf  a  =  —  A  V  A  . -. .  d  a 

*   tang,  a  *         9in,a 

=       A  /T    «>g'  j  «  [(c(».  j  o)*  -  {9in.  I  g)']  ^^ 
^  '  2  ^n.  ^  a  .  co«.  j  a 

^         2  «in.  il  a 

«=  —  A  f^ .  I-:-^-; «n.  ^a\da. 

But  now 

/  sin.  \a  .da  :=^  —  2  cos.  ^  a  and 

/-; — -—  =r  2  /  tewflr.  }  a 
stn.la  ^  * 

(see  Introdaction  to  the  Calcolns,  Art  29) ; 

henoe  we  hare 

x=  '-hV^(l  tang.  |  a  +  2  ^iM.  |  a)  +  Con. 

Now  since  fora?  =  0,  c°  =  90%  tang.  J  «  =  tang.  22^'  =  VS  —  1 
and  C09«  1  a  =  V\^  it  follows  that 

Om.  =  A  i^  p  (  V2  -  1)  +  2 1^],  and 

=  A[l  -  i^.c»«.ia- VJ^(4^2  +  l)to«sr.ia]. 
For  a  =  0  we  have 

cos.{az=zX  and  /  ton^.  j  a  =  —  oo, 

and  therefore 

a;  =  +  00  ; 
H R\&  consequently  the  asytoptote,  which  the  section  A  0  Rot 
the  snrfiace  of  the  water  continually  approaches. 

Rbmabk.— If  we  inrert  the  formnla  (1)  and  put 

we  can  calculate  for  every  value  of  y^  first  a  and  then  by  means  of  (3)  the 
coiresponding  value  of  2B. 

49 
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I^  as  3  mean  ralae 

—  =  0,9243  And  <?  =  0,01069  gramg. 

(Oompare  the  foregoing  paragraph.) 

§  382.  Capillary  Tubes. — We  can  easily  calculate  the  height 
to  which  the  eur&ce  of  water  will  rise  in  narrow  vertical  tnbes, 
called  capillary  lube»  (Fr.  tubes  capillaires ;  Oer.  Haarr&hrchen),  by 
starting  from  the  formnla 


y  = 


S  I 


^) 


of  g  379  as  a  basis  and  assaining  Uiat  Uie  enr< 
ria.e49.  j^^  (the    meniscufl)   forms  a  seini-fipherotd 

ABA,  Fig.  649,  who*  droular  base  A  A  coin- 
cides with  the  croB8-«ectioQ  of  the  tube.  If  v< 
retain  the  notations  of  the  foregoing  paragr^ih, 
LE.  if  we  put  the  radius  C  ^  of  the  tube  =  a 
and  minimam  and  maximum  heights  B  0 
uid  A  Fof  the  Water  in  the  tnbe  above  the 
general  level  of  the  water  S  S,  =  A,  and  A^ 
we  must  substitute  in 

-A.)- 


Had  la 
thus  we  obtain 


Subtracting  the  hist  equation  from  the  one  preceding  it,  we 
obtain 


'       y  \a 


'-  r  \a{k,-h,)  ^  (A.-A,)'        a'/' 
id  also 

(J +  -J-)  (*.-*.)■-;(*.- ».)*  =  « 
If  a  ie  BBuJI,  we  can  put 


%m.} 
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Ir  (*.  -  A.)' -  ^  (A.  -  A,)' =  «, 

whence  it  follows  that 

Ai  -  A,  =  a; 
aflsmning  At  ^  A,  =3  a  +  <!  and  pntting  (At  ^  Ai)'  s=  a^  +  3  a  d, 
and  also  (At  —  A,)'  =  a'  +  8  a*  <J,  we  obtain 


or 


l«'  +  (J  +  l)'»'»''-**»  =  ^ 


whence  it  follows  that 

*  "^  "  3yJ'  +  4/g^  ^^  approximatiyely,  d  =  -  J-J. 
Hence  we  have 


At  —  Aj  =  a  — 


yg' 


whence 

y       a"  \        4  67       ay       2 
At  = 


r 
r 


la  "^  /    _  l^y}       r  U       a' V    ■*■  4*5/ J 


y  La      a  \        2  8/ J      a      y       2 

The  mean  elevation  in  capillary  tubes  i$  inversely  proportionai 
te  the  width  of  the  tube. 

We  have  also  for  the  detennination  of  8  the  formula 


—  =  iaAi  + 


4' 


Observations  made  hj  Hagen  with  capillary  tnbes  in  spring 
water  gaye  the  following  resnlts : 


Width  of  tabe  a,  lines 

0,9M 

0,880 

0,418 

0,546 

0,647 

0,761 

0,765 

Elevation  A^,          *' 

10,08 

8,50 

6,87 

6,17 

4,28 

8,72 

8,60 

Measure  oi\  B 
tenmon       7' »"^« 

1,608 

1,465 

1,468 

1,478 

1,478 

1,612 

1,404 
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According  to  tihese  experiments  the  mean  values  are 

—  =  1,483  and  ^  =  0,0170  grams. 

The  variations  in  these  values  are  due  to  the  &ct  that  the  ten- 
sion  S  of  the  surface  of  the  vrater  diminishes  with  the  time,  and  la 
much  smaller  in  water  that  has  been  boiled,  than  in  fresh.  We 
can  now  assume  that  the  tension  of  the  water  in  every  strip  1  line 
wide  is  jS  =  0,0106  to  0,0170  grams. 

§  383.  The  foregoing  theory  is  also  applicable,  when  the  waU  is 

not  moistened  by  the  liquid;  here,  however,  it  is  not  an  elevation 
but  a  sinking  of  the  surface  which  takes  place,  and  the  latter  ia 
concave  instead  of  convex.  The  vertical  force  P,  which  is  due  to 
the  difference  of  level  B  G  and  acts  from  below  upwards,  is  balanced 
by  the  tensions  ^  and  S  of  the  surface  ABA,  Pig.  650,  of  the 
liquid  in  the  tube.  The  force  of  adheenon  of  the  solid  body  does 
not^  according  to  the  foregoing  theory,  come  into  play  in  tliia  caso. 


If  we  make  the  force,  witli  which  the  wall  of  the  tube  attracts 
to  iteelf  the  column  of  fluid  B  G,  Pig.  651,  proportjonal  to  the 
circumference  of  the  tube,  if,  E.O.,  for  a  cylindrical  tube  we  put  this 
force  P  =  M  8  "■ «,  in  which  ji  denotes  a  coefBcient,  we  have 

and,  therefore,  the  mean  elevation  of  the  water  in  the  tube  is 

j  =  iit.    ■ 

a 
For  two  paraliel  plates,  on  the  contrary,  we  have  P  =  Zfil  and 
P  =  Zahty,  I  denoting  the  undetermined  length  of  the  colnmn 
of  water,  and,  therefore, 

LE,  half  as  great  as  in  a  tube,  when  the  distance  2  a  of  the  plates 
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from  each  other  is  equal  to  the  diameter  of  the  tube.    This  agrees 
also  with  the  results  of  the  last  paragraph. 

According  to  Hagen^s  experiments  the  strength  or  tension  of 
the  surface  of  liquid  does  not  depend  upon  its  degree  of  fluidity, 
but  it  increases  in  intensity,  the  more  the  liquid  adheres  to  other 
bodies.  According  to  others,  particularly  Brunner  and  Franken- 
heim  (see  Poggendorf 's  Annalen,  Vols.  70  and  72),  the  height  A,  to 
which  water  rises  in  capillary  tubes,  increases  and  S  consequently 
diminishes,  when  the  temperature  of  the  liquid  is  augmented.  For 
alcohol  8  is  about  one-half  and  for  mercury  about  eight  times  the 
strength  of  the  surface  of  water. 

Remabk — 1)  Hagen  found  by  measuring  and  weighing  drops  of  liquid, 
which  tore  themselves  loose  from  the  base  of  small  cylinders,  about  the 
same  values  as  be  did  by  his  obseryations  upon  capillary  plates.  In  like 
manner  the  experiments  with  adhesion  plates  have  furnished  results,  which 
coincide  very  well  with  the  former,  when  we  assume  that  the  force  neces- 
sary to  tear  the  plate  loose  is  balanced  by  the  weight  of  the  cylinder  of 
liquid  raised  and  by  the  tension  upon  the  surface  of  this  cylinder. 

2)  The  number  of  treatises  upon  capillary  attraction  is  so  great  that  we 
cannot  cite  them  all  here.  The  greatest  mathematicians,  such  as  La  Place, 
Poisson,  Gauss,  etc.,  have  given  their  attention  to  it  A  complete  account 
of  the  older  literature  is  to  be  found  in  Frankenheim^s  "  Lehre  von  der  Co- 
hasion.''  The  treatise  which  was  specially  used  in  preparing  tiiis  chapter  is 
the  following:  "Ueber  die  Oberflache  der  Flusaigkeiten,"  by  Hagen,  a 
memoir  read  in  the  Royal  Academy  of  Science  in  Berlin,  in  1846.  A  new 
physical  theory  of  capillary  attraction,  by  J.  Mille,  is  contained  in  Vol.  45 
of  Poggendorff's  Annalen  (1888).  Here  also  belong  Boutigny^s  Studies 
of  Bodies  in  a  Spheroidal  Condition. 
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CHAPTER    IV. 

OF  THE  EQUIUBBIDU  AND  PBESStTBB  OF  THE  AIR. 

g  384.  Tensioii  of  Chues. — The  aimaspheric  air,  which  biit- 
ronndB  na,  as  well  ae  &U  other  gaseg  (Fr.  gaz ;  Qer.  gase)  possess,  in 
eoBseqnence  of  the  repulsion  between  their  molecules,  a  tendency 
to  expand  into  a  greater  space.    We  can  thererore  obtain  a  limited 
quantity  of  air  only  by  enclosing  it  in  a  perfectly  tight  vessel   The 
force  with  which  the  gases  seek  to  expand  is  called  their  tension 
(Ft.  tension ;  Ger.  Spannkraft,  Elaaticitat  or  Expansirkraft).    It 
ehows  itself  by  the  preasure  exerted  by  the  gas  upon  the  wallB  of 
the  vessel  enclosing  it,  and  differs  &om  the  elasticity  of  solids  or 
Bqnids  in  this :  it  is  in  action,  no  matter  what  the  density  of  the 
gas  may  be,  while  the  expansive  force  of  solids  and 
Plo.  6(B.      iiqnids  is  nnll,  when  they  are  extended  to  a  certain  de- 
gree.   The  pressore  or  tension  of  the  air  and  other 
gases  is  measured  by  barometers,  manometers  and  v^ves. 
The  barometer  (Fr,  barom^tre ;  Ger.  Barometer)  is  em- 
ployed priDcipally  to  measure  the  pressure  of  the  atmo- 
sphere.  The  most  common  kind  is  the  so-called  cittern 
barometer.  Fig.  653 ;  it  consiste  of  a  glass  tnbe,  closed 
at  one  end  A  and  open  at  the  other  B,  which,  after  be- 
ing filled  with  mercnry,  is  turned  over  and  placed  with 
its  open  end  under  the  mercnry  contained  in  the  vessel 
C  D.    Afl«r  Oie  instrument  has  been  inverted,  there 
remains  in  the  tube  a  colnmu  B  S  of  mercnry,  which 
(see  g  371)  is  balanced  by  the  pressure  of  the  air  npon 
the  surface  H  R.    Since  the  space  A  8  above  the  col- 
umn of  mercury  is  free  from  air,  the  column  has  no 
pressore  npon  it  from  above,  and  the  height  of  this 
column,  or  rather  that  of  the  mercnry  in  the  same, 
above  the  level  H  R  oi  the  mercury  in  the  vessel  can 
I  be  employed  as  a  measure  of  the  pressure  of  the  air. 

In  order  to  measure  easily  and  correctly  this  height, 
on  accnrately  graduated  scale  is  added,  which  can  be 
moved  along  the  tnbe  and  which  is  sometimes  provided  with  a 
movable  pointer  8. 
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Rehabk. — It  iB  the  proyince  oi  physics  to  give  moie  detailed  descrip- 
tions of  different  barometers,  to  explain  their  use,  etc  (See  Mulier's  Lehr- 
buch  der  Physik  and  Meteorologie,  Vol  L) 

§  385.  Pressure  of  the  Atmosphere. — By  means  of  the 
barometer  it  has  been  found  that  in  places  situated  near  the  level 
of  the  sea,  when  the  atmosphere  is  in  its  average  condition,  the 
pressure  of  the  air  is  balanced  by  a  colanm  of  mercnry  at  a  tem- 
perature of  32°  Fahr.,  76  centimetres  long  or  about  28  Paris  inches 
=  29  Prussian  inches  =  29,92  English  inches.  Since  the  specific 
gravity  of  mercury  at  32^  temperature  is  13,6,  it  follows  that  the 
pressure  of  the  air  is  equal  to  the  weight  of  a  column  of  water 
0,76  .  13,6  =  10,336  metres  =  31,73  Paris  feet  =  32,84  Prussian 
feet  =  33,91  English  feet.  We  often  measure  the  tension  of  the 
air  by  the  pressure  upon  the  unit  of  surface.  Since  a  cubic  centi- 
metre of  mercury  weighs  0,0136  kilograms,  the  atmospheric  pres- 
sure or  the  weight  of  a  colunm  of  mercury  76  centimetres  high,  the 
base  of  which  is  1  square  centimetre,  is 

p  =  0,0136  .  76  =  1,0336  kilograms. 

But  a  square  inch  is  6,451  square  centimetres,  and  therefore  the 
mean  pressure  of  the  air  is  also  measured  by  1,0336  .  6,451  =  6,678 
kilograms  =  14,701  pounds  upon  a  square  inch  =  2116,9  pounds 
upon  a  square  foot  Assuming  the  exact  height  of  the  barometer 
to  be  28  Paris  inches  =  29  Prussian  inches,  we  obtain  for  the 
pressure  of  the  air  upon  one  square  inch  14,103  Prussian  pounds 
and  upon  the  square  foot  2030  Prussian  pounds. 

The  standard  usually  adopted,  where  the  English  system  of 
measure  is  used,  is  14,7  pounds  upon  the  square  inch,  which  cor- 
responds to  a  column  of  mercury  about  30  (exactly  29,922)  inches 
and  to  a  colunm  of  water  about  34  (exactly  33,9)  feet  high.  It  is 
Tery  common  in  mechanics  to  take  the  pressure  of  the  atmosphere 
as  ^e  unit  and  to  refer  other  tensions  to  it;  they  are  then  given  in 
pressures  of  the  atmosphere,  or  simply  in  atmospheres.  Thus  a 
column  of  mercury  30  .  n  inches  high,  or  a  weight  of  14,7 .  n  Eng- 
lish pounds,  corresponds  to  the  pressure  of  n  atmospheres,  and,  in- 

yersely,  a  column  of  mercury  k  inches  high  to  a  tension  ^  = 

0,03333  h  atmospheres  and  the  tension  j~=  =  0,06803  p  atmoi- 

spheres  to  a  pressure  ofp  pounds  upon  a  square  inch.    Besides  the 

lb  a 

equation  55-550  =  1^  P^es  the  formulas  for  reduction 

nodyjAA        14,7 

h  s=  2,0355  p  inches  and  p  =  0,4913  h  pounds^ 
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For  a  tendon  of  h  inches  =  p  ponndB  the  presaore  npon  a  Bar- 
face  of  F  square  inches  is 

P  =  Fp  =  0,4913  Fh  ponnda 
=  Fhy  =  2,0355  Fp  inches. 
ExAHFLB — 1)  If  tbe  level  of  the  water  is  2S0  feet  above  tbe  piston  of  & 
wat«r-preBaure  engine,  the  pressure  apon  the  piston  is 

/  =  — J-  =  7,4  atmospheres. 

2)  If  the  air  m  a  blowing- cylinder  has  a  tension  of  1,3  atmospheres,  the 
pressure  npon  every  sqnare  inch  uf  the  some  is 

=  l,a  .  14,7  =  17,64  pounds, 
and  upon  the  piston,  whose  diameter  is  SO  inches, 

=  ^^T—  .  17,64  =  84886  ponnda. 

Since  the  atmosphere  exerts  an  oppoate  pressure  —^ — .  14,7  =  28868 

lbs.,  the  force  of  the  piston  is 

P  =  84686  -  28868  =  8778  pounds. 

§  386.  Manometer. — In  order  to  determine  the  tensioQ  of 
gases  or  yapors  which  are  enclosed  in  vessels,  we  employ  instm- 
ments,  which  resemble  barometers  and  are  called  tho- 
^^■^^-  nometers  (Fr.  manomfitrcs ;  Get.  Manometer).  These 
instrnmenta  are  filled  with  mercury  or  wafer  and  are 
either  open  or  closed ;  in  the  latter  case  the  upper  part 
may  be  free  from  air  or  filled  with  it  The  manome- 
ter iciih  a  vacuum  above  the  column  of  mercury,  as  is 
represented  in  Fig.  653,  is  like  the  common  barometer. 
In  order  to  be  able  to  measnre  with  it  the  tension  of 
the  air  ia  a  gasholder,  a  tnhe  C  E  hB  added  to  it,  one 
end  of  vhich  C  opens  into  the  gasholder  and  the  other 
end  E  enters  above  the  level  of  the  mercury  H  R  into 
the  case -ffi)  i?  of  the  instrument  The  space  fi^.fi'-K 
above  the  mercury  is  thus  put  in  communication  with 
the  gasholder ;  the  air  existing  in  this  space  assumes 
the  tensioD  of  the  air  or  gas  in  the  ^ebolder  and 
presses  a  column  of  mercury  B  S  into  the  tabe,  which 
balances  the  tension  of  the  air  that  is  to  be  meas- 
ured. 

The  syphon  manometer  ABC,  Fig.  654,  which  is 

„  open  at  the  end  .i,  gives  the  excess  of  the  tension  of  the 

gas  in  a  vessel  above  the  pressure  of  the  atmosphere; 

for  that  tension  is  balanced  by  the  combination  of  the  pressure  of 

the  atmosphere  upon  S  and  of  the  column  of  mercury  R  S.    If  & 
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IB  the  height  of  the  barometer  and  A  that  of  the  manometer,  or  the 
distance  R  S  between  the  sur&ces  ^and  6^  of  the  qnickeilver  in 
the  two  legs  of  the  manometer,  the  presanre  of  the  air  which  is  in 
oommonication  with  the  short  leg  will  be  expressed  by  the  height 
of  the  column  of  mercuiy 

b,  =  b  +  h, 
or  bj  the  pressure  npon  a  square  inch 

p  =  0,4913  (*  +  A)  poundB, 
or,  if  ft  is  the  mean  height  of  the  barometer, 

p  =  14,7  +  0,4fll3  A  ponnds. 

The  cistern  manometer  A  B  C  D,  Fig,  665,  is  more  common 
than  the  syphon  manometer.  Since  in  the  former  the  air  acts 
npon  tlie  column  of  liquid  through  the  medium  of  a  large  mass 
of  mercury  or  water,  the  Tibiations  of  the  air  are  not  so  quickly 

Fio.  6M.  Fio.  600.  Fia.  656. 


i 


communicated  to  the  column  of  hquid,  and  consequently  the  meas- 
urement of  the  column,  which  is  less  agitated,  can  be  made  more 
easily  and  more  accurately.  In  order  to  fecilitate  the  reading  of 
the  instroment,  a  float,  which  communicates  by  means  of  a  string, 
passing  over  a  pulley,  with  a  pointer,  which  is  movable  along  the 
scale,  is  often  placed  on  top  of  the  mercury  in  the  tube. 

Manometers  can  also  be  nsed  for  the  purpose  of  measuring  the 
pressure  of  water  and  other  liquids ;  in  this  case  they  are  called 
pieamtetera  {Fr.  piezometres ;  Ger.  Piezometer). 

By  the  aid  of  a  valve  D  E,  Fig.  656,  the  tension  of  the  gas  or 
steam,  contained  in  a  vessel  M  N,  can  be  detenuiQed,  although  not 
with  the  same  accuracy,  by  placing  the  sliding  weight  G  in  such  a  po- 
sition that  it  balances  the  pressure  of  the  steam,  li  G  S  =  8'\B  the 
distance  of  the  centre  of  gravity  of  the  lever  from  the  axis  of  rota- 
tion C,  C  .^  =  o  the  arm  of  the  lever  of  the  shding  weight  and  Q 
the  combined  weight  of  the  valve  and  lever,  we  have  the  statical 
moment^  with  which  the  valve  is-preesed  downwards  by  the  weights, 
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=  (7a  +  Qs; 
now  if  the  pressure  of  the  gas  or  steam  upwards  =  P,  the  pressure 
of  the  atmosphere  downwards  =  Pi  and  the  arm  of  the  lever  0  B 
of  the  yalve  =  i,  we  bave  the  statical  moment  with  which  the 
valve  tends  to  open 

=  (p  -  p.)  h, 

equating  the  two  moments,  we  obtain 

P  h  —  Pxb  ^  0  a  -\'  Q  8,  and  consequently, 

^  -  ^^  ■*"         b        • 
If  r  denote  the  radius  of  the  valve  Z>  ^,  j9  the  interior  and  pi 
the  exterior  tension,  measured  by  the  pressure  upon  a  square  indi^ 
we  have  P  =z  n  r^p  and  Pi  =  ir  r^pu  whence 

Ga  +  Q9 

Example — 1)  If  the  height  of  the  mercniy  in  an  open  iQanometer  ia 

8,6  inches  and  that  of  the  barometer  80  inches,  the  corresponding  tension  is 

A  =  ft  +  A^  ss  80  +  8,5  =  88,6  inches,  or 

p  =  0,4018  .  h  =  0,4918  .  88,5  =  16,46  ponndi, 

2)  If  the  height  of  a  water  manometer  is  91  inches  and  thai  of  the 

barometer  is  29  inches,  the  corresponding  tension  is 

21 
A  =  29  +  -jg^  =  80,54  inches  =  15,0  poiyids. 

8)  If  the  statical  moment  of  a  safety  valve,  when  not  loaded,  is  10  inch- 
pounds,  if  the  arm  of  the  lever  of  the  valve,  measured  from  the  valve  to 
the  axis  of  rotation,  is  &  c=  4  inches  and  its  radius  is  r  =  1,5  inches,  the 
difference  of  the  pressures  upon  the  valve  is 

150  +  10        160       ,  ^^  ^ 

^  -  ^*  =  ;r(WT4  =  9^  =  ^'^«  P^'^^^ 
If  the  pressure  of  the  atmosphere  were  p^  =  14,6  pounds,  the  tensiflii 
of  the  air  under  the  valve  would  be 
p  =  20,26  pounds. 

§  387.  Mairiotte'9  Law. — The  tension  of  a  gas  increases  with 
the  condensation ;  the  more  we  compress  a  certain  c|uantity  of  air, 
the  greater  the  tension  becomes,  and  the  more  we  expand  or  attenu- 
ate it,  the  less  the  tension  becomes.  The  relation  between  the 
tension  and  the  density  or  volume  of  gases  is  expressed  by  the  law 
discovered  by  Mariotte  (or  Boyle)  and  named  after  him.  It  asserts, 
thcU  the  density  of  one  and  the  same  quantity  of  air  is  proportional  to 
its  tension,  or,  since  the  spaces  occupied  by  one  and  the  same  mass 
are  inversely  proportional  to  their  densities,  that  the  volumes  of  one 
and  the  same  mass  of  air  are  inversely  proportional  to  their  tensions. 


§887.]         EQtJILIBKroM  AND  PRESSURE  OF  THE  AIR. 


781 


Fi6.  e67. 


If  a  certain  qn^tity  of  air  ia  compressed  into  half  its  original 
Tolnme,  that  is  if  its  density  doubled^  its  tension  becomes  twice  as 
great  as  it  was  in  the  beginnings  and  if,  on  the  contrary,  a  certain 
quantity  of  air  is  expanded  to  three  times  its  original  yolume,  its 
density  is  dimifaished  to  one-third  of  what  it  was,  and  its  original 
tension  is  also  diminished  in  the  same  proportion.  If  the  space 
below  the  piston  B  F  ol  ek  cylinder  A  C,  Fig.  657,  is  filled  with 

ordinary  atmospheric  air,  which  in  the  beginning 
fects  with  a  pressure  of  14,7  potinds  upon  each 
Square  inch,  it  will  act  with  a  pressure  of  29,4 
pounds,  when  we  move  the  piston  to  Ei  Fi  and 
thus  compress  the  inclosed  air  into  one-half  its 
initial  rolume ;  the  pressure  will  become  3  .  14,7 
—  44,1  pounds,  when  the  piston  in  passing  to 
-&,  F^  describes  two-thirdjs  of  the  entire  height 
If  the  area  of  the  surface  of  the  piston  is  one 
square  foot,  the  pressure  of  the  atmosphere  against  it  is  =  144 .  14,7 
=  2116,8  pounds ;  hence,  if  we  wish  to  depress  the  piston  one-half 
fhe  height  of  the  cylinder,  we  must  place  upon  it  a  gradually 
increasing  weight  of  2116,8  pounds,  and  if  we  wish  to  depress  it 
two-thirds  of  the  height  of  the  cylinder,  2 .  2116,8  =  4233,6  pounds 
must  gradually  be  added,  eta 

We  can  also  prove  Mariott^s  Law  by  pouring  mercury  into  the 
tube  ff,  H,  which  communicates  with  the  cylindrical  air  yessel 
A  Cy  Pig.  658.    If  we  begin  by  cutting  off  a  certain  volume  A  O 

of  air,  of  the  same  tension  as  the  exterior  air,  by 
means  of  a  quantity  D  E  F  H  oi  mercury,  and 
if  we  then  compress  it  by  pouring  in  quicksilver, 
until  it  occupies  one-half,  one-quarter,  etc.,  of  its 
original  volume,  we  will  find  that  heights  Oi  -ST,, 
Gt  Hf,  etc.,  of  the  surface  of  the  mercury  in  the 
tube  are  equal  to  the  height  of  the  barometer  b 
multiplied  by  one,  three,  etc.  Consequently,  if 
We  add  the  height  corresponding  to  the  pressure 
of  the  atmosphere,  we  find  that  the  tension  is 
double,  quadruple,  eta,  that  of  the  original 
volume. 

The  correctness  of  the  law  of  Mariotte  in  regard  to  expansion 
can  easily  be  proved  by  dipping  a  cylindrical  tube  (of  regular  cali- 
bre) A  B,  Pig.  659,  vertically  into  mercury  (water)  and,  after 
properly  closing  the  upper'  end  Ay  expanding  the  enclosed  volume 


Fig.  658. 
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of  air  .il  ^  (I)  by  carefully  drawing  up  tiie  tabe  so  that  the  air 
shall  occupy  a  volume  A,  B,  (II).    The  densitiea  of  the  air  in 
the  spaces  A  E  and  Ax  Et  are  in* 
"■  Tersely  proportional  to  the  heights 

A  C  and  A,  £7„  and  its  tensions  are 
directly  proportional  to  the  diffeN 
ences  between  the  height  b  of  the 
baronieter  and  the  heigbte  C  D  and 
C,  Dy  of  the  columns  D  E  and  i),  E, 
of  mercury  standing  above  the  level 
H  Rot  the  mercury ;  hence,  accord- 
ing to  Mariotte's  law, 

AC  _  ft  -  C.  -D. 
A,G,  ~  b-CD' 
which  can  be  verified  hj  observing  any  given  immersion  of  the 
tube  .4  B. 

If  h  and  Ai  or  p  and  p,  are  the  tensjons,  y  and  y,  the  corre- 
sponding densities  or  heavinesses,  and  Fand  F,  the  corresponding 
volumes  of  the  same  quantity  of  air,  we  have,  according  to  the 
above  law, 

y        V,        h        p 

"  =  -,r  =  T  =  — I  or  F  y  =  F.  -y,  and  ^yVy  =  V  p,  whence 

y,         F        Ai       Pi 

,.  =  |!r  =  fr»dr,=  *r  =  £.r. 

By  means  of  these  formulas  we  can  reduce  the  density  and  alao 
the  volume  of  the  air  of  one  t«n3ion  to  those  of  another. 

Rbharx. — It  is  odI  J  when  the  preasnreB  are  vei;  great  that  voriationi 
frnm  t^e  law  of  Hariotte  are  observed.  According  to  Regnault,  when  the 
volume  Fof  atmospheric  air  at  oae  meter  preesore  becomes  the  VDlDme 
Fi,  the  pressure  is 

p  =  ^  [l  -  0,0011064  /^  _  1  W  0,000019881  (^  -  *  )'  ]  meten. 


BO  that  for  ....  -p^  =     5 
we  have p  =  4,07M4 

10 
9,91622 

14,82484 

20 
18.71988  metere. 

ExAKPLAi  1)  If  the  manometer  of  a  blowing  machine  marks  8  indiea, 
•nd  the  barometer  stands  at  ao  inches,  the  density  of  the  blast  is  — gQ~  = 

sjT  =  1.1  times  BB  great  as  tbat  of  the  exterior  ur. 

3)  If  a  cubic  foot  of  air,  when  the  barometer  stands  at  80,0fi  inches, 
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62,425 
weighs  —nf^  pounds,  what  is  its  weight  when  the  barometer  stands  at  84 

inches  ?    Its  weight  is 

??d?5  .  _J1  =  ih^  =  0,09178  pounds. 
770    •  80,05      462,77         '  f^uuus. 

8)  How  deep  can  a  diving-bell  (Fr.  cloche  sL  plongeur;  Ger.  Taucher- 
glocke)  AB  ODy  Fig.  660,  be  immersed  in  water,  when  the  water  is  not  to 

rise  in  it  above  a  certain  height  OH  =  y.  In  the 
beginning  the  bell  with  its  opening  C  D  stands 
above  the  level  of  the  water  H  E,so  that  the 
whole  space  V  is  filled  with  air  at  a  pressure 
equal  to  that  of  a  column  of  water,  whose  height 
is  =  5.  If  afterwards  the  bell  sinks  to  a 
depth  0  C  =  X  and  a  volume  W  of  water  is 
thus  introduced  into  it,  the  volume  of  the  in- 
closed air,  when  none  is  pressed  back  through 
the  hose,  becomes  V  —  TTand  the  height  of  the 
water  barometer  becomes  h  +  x  —  y;  hence 

whence  we  obtain 

F5  Wb 


K--^ 


~id-LiU  J  j4 


jFr   ^ 


H 


^DJ 


x^y  -^b  Jr 


V—W 


=  y  + 


F-  W 


If  the  mean  cross-section  of  the  lower  part  of  the  bell  =  F^  we  can  put 
W  =  Fy  and  therefore 

If  the  height  of  barometer  =  84  feet  of  water,  the  volume  of  the  bell  F= 
100  cubic  feet,  the  mean  cross-section  of  the  lower  half  i^  =  20  square 
feet,  and  the  height,  to  which  the  water  is  to  be  admitted,  is  y  =  8  feet,  the 
volume  of  this  water  is  1^=  jP'y  =  20  .  8  =60  cubic  feet;  hence  that  of 

the  confined  air  is  F  —  TT  =  40  cubic  feet,  and  its  density  is  =  -j^  =  21- 
times  that  of  the  exterior  air,  and  the  corresponding  depth  of  immermon  is 

«  =  8  +  5?;i^  =  8  +  51  =  54  feet 

§  388.  Work  Done  by  Compressed  Air.— 7^  energy  stored 
by  a  given  qtiantity  of  air  when  if  is  compressed  to  a  certain  degree^ 
as  well  as  that  restored  by  it  when  it  expands  again,  can  not  be  de- 
termined at  once ;  fo^  the  tension  varies  at  every  moment  of  the 
expansion  or  compression.  We  must  therefore  seek  ont  a  particular 
formula  for  the  calculation  of  this  quantity.  Let  ns  imagine  a 
certain  quantity  of  air  -4  i^  to  be  shut  off  in  a  cylinder  A  C,  Fig. 
66I9  by  a  piston  E  Fy  and  let  us  calculate  what  mechanical  effect  is 
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necessaiy  to  move  the  piston  a  certain  distance  B  B,  =  F  Fr  If 
the  initial  tension  =  p  and  the  initial  height  of  the  space  in  ths 
cylinder  A  E  =  g,  and  if,  on  the  contrary,  the  tension  after  the 
space  E  E,  has  been  described  —  p,  and  the  height 
Fia.  661.  ^^  ^  of  thg  remaining  volume  of  air  =  «i,  -we  have 
"  C     the  proportion 

'■'  p,ip  =  s:s„  whence p,=  —  p. 

While  the  piston  describeB  a  very  small  portion 
P  EiEt  =  aot  the  space,  the  tension  p,  can  be  re- 
tj     garded  aaconstant,sndtheTorkdoneis  =  Fpt<f  = 

J  B      -^ — ,  J"  denoting  the  area  of  the  piston. 

According  to  the  theory  of  logarithnui,*  a  very  small  quantity 
x  =  l{l  +  x)  =  2,302«  loff.  (I  +  x), 
I  denoting  the  Naperian  and  log.  the  oommon  logarithm ;  oonae- 
qnently  we  can  put 

=  2,3026  J-jufejil  +  — ). 
But  now 

hence  the  elementary  work  done  is 

Fp  s  —  =  Fp  9  [I  (fi  +  a)  -  I  a,]. 

Let  OS  imagine  the  whole  space  f  ^,  to  be  composed  of  n  parts, 
anch  as  a,  lb.,  let  ns  pnt  E  E,  =  no,ve  will  then  find  the  work 
oorreepondiug  to  all  diese  parts  by  sabstitnting  in  the  last  formnla 
snccesBiTely,  instead  of  Si,  the  valneg  t,  +  «,  Si  +  2  o,  s,  +  3  (t,  . . . 
op  to  «,  +  (n  —  1)  a,  and  instead  of  *i  +  o,  the  values  a,  +  io, 
t,  +  3  a,  etc.,  np  to  «,  +  n  cr  or  0,  and  if  we  add  the  Talneg  de- 
dnced,  we  wiQ  obtain  the  whole  work  done  while  the  ^oce  s  —  s, 
is  described 

•According  to  the  Mries***  1  +*  +  j — ^  +  j—g-j +  ...(««$  IM 
and  alao  the  Introdnction  to  the  CalcalaB,  Art  IB)  for  a  veij  small  t^  w« 
have  ^  =  1  +  z,  and  therefore 
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A  =  Fps 


?  («i  4-  <t)  —  ?  8i 

l{8i  +2o)  --l  (Si  +  if) 

i  («i  +  3  a)  -  i  («,  +  2  o) 


l{8i  +  no)  ^  I [si  +  (»  —  !)  o] 
=  Fp  8[l  {Si  4-  »  a)  —  /  8i} 

^Fp8(l8^l8,)  =  Fp8l  (— ); 

for  the  first  term  in  each  line  is  cancelled  by  the  second  tenn  in 
the  next 

Since  —  =  -^^  =  ^,  we  can  pnt  the  work  done 
8i        h        p'  ^ 

If  we  make  the  space  described  by  the  piston  8  ^  8i  =  z,we 
find  for  the  mean  yalne  of  the  pressure  on  the  piston^  when  the  air 
is  compressed  in  the  ratio 

h'^  p' 

X  *   X    \p  / 

Putting  F=i  1  (square  ft)ot)  and  «  =  1  (foot),  we  obtain  the 
following  formula  for  the  work  done 

^^Pi(j)=-^y90Z6plog.(^). 

This  formula  giyes  the  mechanical  effect  necessary  to  transform 
a  unit  of  volume  (1  cubic  foot)  of  air  from  a  lower  pressure  or  ten- 
sion 1^  to  a  higher  one  piy  and  in  so  doing  to  compress  the  air  into 

ayolume  of  (~)  cubic  feet.    On  the  contrary, 

A=p,l(^)^2,3026p,log.(^) 

expresses  the  work  done  by  the  unit  of  volume  of  a  gas  which  passes 
from  a  greater  tension  j^i  to  a  lesser  one  p. 

In  order  to  compress  a  quantity  of  air,  whose  volume  is  Fand 

Y 
whose  tension  isp,  into  a  volume  Vi  of  the  tension  jC7i  =z  —  p,  the 

ri 

work  to  be  done  is  Vp  I  i-^r  j,  and  if,  on  the  contrary,  the  volume 

50 
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Fi  of  the  tension  pi  becomes  a  volnme  F,  whose  tension  is  |>  = 
-=i  p„  the  energy  restored  is 

Rbmabk.— The  mechanical  effect  necessary  to  produce  moderate  dif- 
ferences of  tension  (p^  —  p),  or  small  changes  of  volume  (Fj  —  F)  can  be 
expressed  more  simply  by  the  formula 

or  more  accurately  by  the  aid  of  Simpson's  rule,  when  e  denotes  the  press- 
ure at  the  middle  of  the  path  --^^  of  the  piston,  by  the  formula 


-^(-,^)(^^> 


But  now 

0  «  2«  2  2^1 


P       i  (»  +  'i)      •  +  h      1  +  JP.     P-^Pi 

Pi 
whence  it  follows  that 

Example— 1)  If  a  blowing  machine  changes  per  second  10  cuHc  feet 
of  air,  at  a  pressure  of  28  inches,  into  a  blast  at  a  pressure  of  80  inches, 
the  work  to  be  done  in  every  second  is 

A  =  17280  .  0,4913  •  28  .  Z  (^)  =  287711 .  (2  15  -  MO) 

=  237711  .  (2,708050  -  2,639057)  =  287711  .  0,068998 
=  16400,4  inch-pounds  =  1866,7  foot-pounds. 
•  The  approximate  formula,  given  in  the  remark,  gives  for  this  work 

A  =  i.  237711  (g  +  y  -  I)  =  8W18.6  .  0.41887 

=  16396,9  inch-pounds  =  1866,4  foot-pounds. 
!  2)  If  under  the  piston  of  a  steam-engine,  whose  area  is  JP'  =  ir .  8*  = 

'f  .  201  square  inches,  there  is  a  quantity  of  steam  15  inches  high  aud  at  a  ten- 

f  sion  of  8  atmospheres,  and  if  this  steam,  in  expanding,  moves  the  piston 

!  forward  25  inches,  the  energy  restored  and  transmitted  to  the  piston  is,  if 

I  we  assume  Mariotte^s  law  to  be  true  for  the  expansion  of  steam, 

|j  ^  =  201  .  3  .  14,70  .  15  I  P  ^  ^^\  =  182961,5  I  f 

I  =  132961,5 .  0,98083  =  13041 3  inch -lbs.  =  10866  foot-1h&, 

[  and  the  mean  force  upon  the  piston  is,  when  we  neglect  the  friction  and 

',  the  opposing  pressure, 
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P  =  — - —  =  5217  pounds. 

§  389.  Pressnre  in  the  Different  Layers  of  Air.— The  air 
enclosed  in  a  vessel  has  a  different  density  and  tension  at  different 
depths;  for  the  upper  layers  compress  those  below  them,  upon 
which  they  rest ;  the  density  and  tension  are  the  same  in  the  same 
horizontal  layer  only,  and  both  increase  with  the  depth.  In  order 
to  find  the  law  of  this  increase  of  the  density  from  above  down- 
wards, or  of  the  decrease  from  below  upwards,  we  make  use  of  a 
method  similar  to  that  employed  in  the  foregoing  paragraph. 

Let  us  imagine  a  veiiical  column  A  Ey  Fig.  662,  whose  cross- 
section  -4  jB  =  1  and  whose  height  A  F  ^  s.  Putting  the  heavi- 
ness of  the  lowest  layer  =  y  and  its  tension  =  j»,  and 

Fig.  wa.      ^jjg  heaviness  of  the  upper  layer  E  F^=^  y^  and  its 

tension  =;.„wehave^  =  A 

If  a  denotes  the  height  E  E^  of  the  layer  E,  F,  its 
weight,  which  is  the  decrease  of  the  tension  corre- 
sponding to  (T,  is 

t  <^yp\ 

hence  by  inversion  we  obtain 

p     V 

r    Pi 
or,  as  in  the  foregoing  paragraph, 

If  we  substitute  in  it  for  /?,  successively  j!?i  +  v,  j9,  +  2  v,  p,  4-  3  v, 
etc.,  up  to  jp  =  jPj  +  («  —  1)  V  and  add  the  corresponding  heights 
of  the  layers  of  air  or  values  of  <7,  we  obtain,  exactly  as  in  the  fore- 
going paragraph,  the  height  of  the  entire  column  of  air 

or  also 

•=f'(K)=^>-(i)- 

when  h  and  hi  denote  the  tensions  and  p  and  je^i  the  corresponding 
heights  of  the  barometer  in  A  and  F. 

Inversely,  if  the  height  8  is  given,  the  corresponding  tension 
and  density  of  the  air  can  be  calculated.    We  have 

V        y         P  P 

^  =  -^  =  a    ,orri  =r  6      , 

P\     y\ 
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in  which  e  =  2,71828  denotes  the  baae  of  the  Naperian  syatein  of 
logarithms. 

Remark. — This  formnla  is  employed  for  the  meuDremeiit  of  beif^ts 
h;  means  of  the  b&mmeter,  a  subject  which  is  treated  in  the  "  Ingenieur," 
page  2TS.    If  we  oeglect  the  temperature,  etc,  we  can  write  aa  a  mean  nh» 
•  =  6084«Ioff.  (^)feet 

EzAitpLB  1)  If  we  have  fotmd  the  height  of  the  barometer  at  the  foot 
of  a  mountain  to  be  88&  and  at  the  top  815  lines,  the  height  of  the  monn- 
tun  given  t>7  these  obserrations  ia 

(  =  60846  log.  (ffl)  =  6084S  .  0,081889  =  lOU  feet. 

i)  For  the  density  of  the  air  at  the  top  of  a  mountain  10000  feet  high, 

Id?.  -^  =  WHf  =  0,166711,  wh«iee  -^  =  1,485  and  -^  =  ^^  =  0,«88; 

its  densi  t;  is  therefore  68}  per  cent  of  that  of  tfae  ai/  at  tie  foot. 

g  390.  Steraometer  and  Tolnmeter.— Uariotte'e  law  finds 

a  practical  application  in  the  determination  of  the  Tolames  of  pnl- 

verent  and  fibrouB  bodies,  etc.,  by  means  of  the  so-called  stereometer 

and  volumeter. 

1)  Say's  Stereometer.— U  the  gloss  tnbe  CD,  which  is  immereed 

ia  mercnry  SDR  and  at  the  same  time  is  in  commimicfttion  with 
the  closed-  vessel  A  B,  Fig.  663,  I,  is 
^^-  ^^-  raised  up  without  being  drawn  entirelj 

'  ^  out  of  the  mercury  (11),  then,  in  oonsfr- 

qnenoe  of  the  expansion  of  the  enclosed 
air,  a  colnmn  C  £  of  air  enters  into  the 
tube  and  a  colnmn  of  mercury  D  ^wilt 
remain  behind  in  the  tube,  by  th«  aid 
of  which  the  diminished  tension  of  the 
enclosed  air  balances  the  pressure  of  the 
atmosphere. 

Now  if  F,  is  the  volnme  of  the  space 
A  B  C,Vi  the  required  volnme  of  the 
body  K,  which  is  placed  in  it,  T  the 

I  volume  of  tlie  column  of  air  C  E,b  the 

'  height  of  the  barometer  and  k  that  of 

the  column  of  mercury  D  E,  ve  have, 

according  to  Mariotte'e  law,  since  the  same  qnantity  of  air  occupies 

the  volume  V,  —  F„  when  the  tension  is  },  and  the  Toltune  V,  — 

f^i  +  K  when  the  tension  ia  J  —  A, 
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v,-v, 


b-h 


r,-v^+r 


Fio.  664. 


hence  the  rec[aiied  volume  of  the  hody  is 

^■  =  ^--(^)'^- 

If  we  know  the  yolume  F^,  and  if,  when  making  the  experi- 
menty  we  draw  the  tahe  so  far  out  of  the  water  that  the  length  and 
cjonfiequently  the  yolume  V  of  the  column  of  air  in  the  tube  C  D 
becomes  a  certain  definite  one,  and  if  we  observe  also  the  height  h 
of  the  barometer  and  that  h  of  the  column  of  mercury  D  E,  we  can 
calculate  by  means  of  this  formula  the  yolume  Fi  of  the  body  K. 

2)  Regnaulfs  Volumeter. — If  the  space  A  B  (7  A  Fig.  664,  which 
is  filled  with  atmospheric  air  and  which  contains  also  the  body  Ky 

whose  volume  Fi  is  to  be  determined,  is  shut  off 
by  the  cock  C  from  the  exterior  air,  and  if,  by 
opening  the  cock  E^  we  let  out  so  much  mercury 
from  the  tube  D  E  that  its  level  descends  from 
J^  to  JV",  we  can  again  employ  (according  to 
Mariotte's  law)  the  above  formula 

V,-  F,  _  h^h 
V,-V,'\-V~'  h  ' 
in  which  .we  denote  the  volume  of  the  space 
A  B  CDhj  Fo,  that  of  the  mercury  drawn  off 
by  F and  the  height  M Not  the  same  by  h.  It 
follows,  exactly  as  in  the  above  case,  that  the 
volume  of  the  body  in  ul  is 

In  order  to  fill  the  tube  D  E  with  mercury 
again  for  the  purpose  of  making  a  new  measure- 
ment, we  put  that  tube  D  E  in  communication 
with  the  reservoir  of  mercury  G  IThj  turning 
the  cock  E. 

3)  Kopfs  Volumeter, — ^The  pressure  of  the 
air  enclosed  in  the  space  A  B  C  D,  Fig.  665,  ia 
the  same  as  that  of  the  exterior  air,  when  the 
surface  of  the  mercury  D  G  touches  the  lower 
opening  D  of  the  manometer  D  E.  If  by  means 
of  a  piston  P  we  press  the  mercury  into  D  G, 
mtil  it  nsea  to  a  oertain  height  and  its  surface  reaches  the  point 


') 


V. 
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S,  the  enclosed  air  vili  be  compressed  and  the  mercary  will  rise  a 
certain  distiincc  h  in  the  manometer,  which  distance  can  be  read  off 
npon  the  scale.  If  again  V,  is  the  volume  A  B  C  Dot  the  air, 
V,  the  required  Tolume  of  the  body  placed  in  it  and  Fthe  Tolume 
of  the  mei-cary,  which  haa  been  pressed  into  the  air-vessel,  we  have 
in  this  case 

r.-r,      _b  +  A 
t^,  -  t^,  -  T^  ■"      b    ' 
and,  therefore,  the  required  vohime  of  the  body 

F,  =  r.-(*i*)r. 

The  constant  volumes  V,  and  V,  are  determined  for  each  par- 
ticular instrument  by  filling  theln  with  mercury  and  weighing  the 
quantity  which  they  hold. 

§  391.  Air  Pomp. — (Fr.  machine  pneumatique ;  Ger.  Lnft- 
pnmpe.)  If  we  raise  the  piston  S,  Fig.  6C6,  of  an  air  pump  when 
the  stop-cock  is  in  the  position  (I)  and 
push  it  down  when  the  stop-cock  is  in 
position  (II),  it  acts  as  an  exJiaustijtg  or 
rarefying  pump  ;  if,  on  the  contrary,  we 
raise  the  piston  when  the  stop-cock  is  ia 
position  (II)  and  depress  it  when  it  is  in 
position  (I),  it  acts  as  a  compressing  or 
condensing  pump.  In  the  first  case  the 
air  in  the  receiver  A  is  more  and  more 
rarefied  by  the  reciprocating  motion  of  the 
piston  E  in  the  cylinder  C  D,  and  in  the  _ 
latter  case  it  is  rendered  more  and  more 
dense. 

1)  Th»  Exhaust  Pump.— If  V  is  the 
volume  of  the  receiver,  measured  to  the 
cock  ff,  Vi  the  clearance  between  ff  and 
the  lowest  positioa  of  tbe  piston,  and  C  the  volume  described  by 
the  piston  E,  which  is  also  measured  by  the  product  Jf  s  of  the 
surface  Fof  tbe  piston  and  the  space  s  described  by  it,  the  pressure 
S  of  the  air  originally  contained  in  the  receiver  becomes,  according 
to  Mariotte's  law,  at  the  end  of  a  single  stroke  of  the  piston 

Since  upon  tbe  return  of  the  piston  the  clearanoe  remains  filled 
with  fur  at  the  pressure  of  the  exterior  air  i,  if  the  prewure  of  the 
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air  in  the  receiyer  at  the  end  of  the  second  stroke  is  denoted  by  b^ 
we  will  have 

v,b       .-    rv,b      ,„^    , 

h    -  I  ^  W  4.  ^^»»  J.  T^.» 

In  like  manner  for  the  tension  bt  at  the  end  of  the  third  stroke 

we  find 

{V-{-Vi  +  C)bt=  FA,  +  F,  h,  and  therefore 

^~\V+  F,  +  C7  ""^  (V-^V,  +  cy'^  {V  +  F,  +  C7)' 

■•"  r+V,+  G  "^  \V  +  V,  +  CJ  *  "^  1-(f+  F,+  C7/ 

+  _J^_  +  i1__Zl5_ 
+  r+F,+(7^  ^  Jr  +  F,+c» 

and  from  the  foregoing  we  see  that  the  pressure  h„  9lS\et  n  strokecf, 
will  be 

F  F 

If  we  denote  y  .  ir   .  />  by  p  and  j^  .  J     ^byg^,vewill  naye 

6,  =p-6  4-  (1  +i?  +J!?'  +  ...  +ir-»)fl'6, 

or,  since  the  snm  of  the  geometrical  series  in  the  parenthesis  is 

»*  —  1       1  —  »" 
=  ^  _      =  ^  _^    (see  Ingenieur,  page  82),  the  required  final 

tension  is  simply 

For  n  =  00 ,  j9*  becomes  =  0,  and  consequently  the  smaUeat  po8»i» 
lie  tenaion  is 

"~  1-i?""  (7-f  f; 

2)  77<«  Condensing  Pump.  If  we  adopt  the  same  notations  as 
for  the  exhaast  pnmp,  we  have  here  foi^  the  tension  of  the  air  at 
the  end  of  the  first  single  stroke  ^ 

(F  +  F,)  Ji  =  (F  +  F,  +  (7)  J,  whence  J,  =  (^y^'y^)  *; 
and  for  that  bt  at  the  end  of  the  second  stroke 
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{V+  r,)  J,  =  F  J,  +  (F,  +  C)  b,  whence 

.      (r+v,  +  c)Vb,  Vt  +  c  ^ 

-  (-rrr.)  *  +  (ftt;  +  V  FTiT*' 

In  like  manner  the  tencdon  at  the  end  of  the  third  stroke  is 
found  to  he 

{V+  Fi)  4»  =  FJ,  +  ( F;  +  (7)  ft,  and  therefore 

*«  =  (vTv)  *  +  [(f+t;)  +  FT^  ■*■  ^] -ft-f;*' 

or  putting 

In  general^  we  have  for  the  teiision  at  the  end  of  the  nth  stroke 
of  the  piston 

*•  =  [p*  +  (1  +  />i  + 1?/  +  •  •  •  +  Pi^^)  ?i]  **  or,  since 

For  «  =  00,  j»,"  =5  0  and 

This  is  of  course  the  greatest  tension  that  can  be  produced  by 
this  condensing  pump. 

If  the  clearance  Vi  were  =  0,  we  would  have  for  the  exhaust 
pomp  q  ^  0,  whence 

and,  on  the  contrary,  for  the  condensing  pump  jc^i  =  1  and  := — — 
:=s  n,  and  consequently 

ExAJCPLB. — If  the  Yolume  of  the  receiver  of  an  air  pump  is  F  =  1000 
cobic  inches  and  the  clearance  is  10  cubic  inches,  while  the  Tolume  of  the 
cylinder  is  800  cubic  inches^  the  tension  (^  the  air  after  20  strokes  is 

1)  when  rarifying,  eince 

P  =  jgjg  =»  0,76«M  and 
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h.  =  5,,  =  (o,7«836-  +  1:^^!  .  0,007«88e)  ft 

=  (0,0045148  +  0,08211d6)  h  =  0,076269  b; 
on  the  contrary, 

2)  when  condensing,  in  which  case 

1000      ^^^^.A     J 

^»  "==  ioio  =  ^'^^^^  ^^ 

810 
^»  =  ioio  =  ^'^^^^' 

(1  —  0,9901»*  \ 

<''^^"  +    1  -  0,9901  •  ••«»«•»)  * 

g  392.  Qay-Lnasac's  Li'vr. — The  heai  or  temperature  of 
gases  has  an  important  inflnence  upon  their  density  and  tension. 
The  more  the  air  enclosed  in  a  vessel  is  wanned,  the  greater  its 
tension  becomes^  and  the  more  the  temperature  of  a  gas,  contained 
in  a  Tessel  closed  by  a  piston,  is  raised,  the  more  it  will  expand  and 
drive  the  piston  before  it  Oay-Lussac^e  experiments,  repeated 
more  recently  by  Bndberg,  Magnns  and  Begnault,  have  shown  that 
for  the  same  density  the  tensionsi  and  for  the  same  tensions  the 
volnme,  of  one  and  the  same  quantity  of  air  increases  with  the 
temperature.  We  can  place  this  law  by  the  side  of  that  of  Mariotte 
and  call  it  Gay-Lusscufs  Law.  According  to  the  latest  researches 
the  increase  of^he  tension  of  a  given  volume  of  air,  when  heated 
from  the  freezing  to  ohe  boiling  point  of  water,  is  0,367  times  the 
original  tension,  or  if  its  temperature  is  raised  that  much,  the  vol- 
ume of  a  given  quantity  of  air  is  increased  36,7  per  cent,  when  the 
tension  remains  constant  If  the  temperature  is  given  by  the  cen- 
tigrade thermometer,  in  which  the  distance  between  the  freezing 
and  boiling  points  of  water  is  divided  into  100  degrees,  the  expan- 
sion for  each  degree  is  =  0,00367,  and  for  the  temperature  T  it  ia 
=  0,00367  t%  or  if,  on  the  contrary,  we  use  Reaumur's  division  of 
the  same  space  into  80  degrees,  we  have  the  expansion  for  each  de- 
gree =  0,00459,  or  for  a  temperature  of  t%  =  0,00469  t. 

In  England  and  America  the  Fahrenheit  thermometer  is  gene- 
rally used,  in  which  the  boiling  point  is  212^  and  the  freezing 
point  is  32"* ;  hence  the  increase  for  each  degree  is  =  0,00204,  and 
for  /•  it  is  0,00204  (t  -  32). 

This  ratio  or  coefficient  of  expansion  cJ  =  0,00367  or  =  0,00204 
is  strictly  correct  for  atmospheric  air  alone;  its  value  for  other 
gases  is  generally  smaller,  aod  it  varies  slightly  with  the  tempera- 
ture for  atmospheric  air. 
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If  a  mass  of  air,  originally  of  the  yolnme  F„  is  warmed  from 
the  freezing  point  to  t  degrees  without  changing  its  tension,  its 
volume  becomes 

F  =  (1  +  0,00367  t)  F,  =  [1  +  0,00204  (t  -  32")]  F^ 
and  if  it  reaches  the  temperature  ti^  the  yolume  becomes 

Fi  =  (1  4-  0,00367  d)  Fo  =  [1  +  0,00204  {t,  -  32-)]  F,; 
hence  the  ratio  of  the  Tolumes  is 

V  _  (1  +  0,00367  t)  _  1  +  0,00204  {t  -  32") , 
F;  ~  (1  +  0,00367  ^,)  "■  1  +  0,00204  [t,  -  32")  * 
on  the  contrary,  the  ratio  of  the  densities  or  heavinesses  is 

X  -  J^  =  1  +  0,00367 1,  _  1  -h  0,00204  {t,  -  32") 
7,  ~    F  "  1  +  0,00367  ^  ""  1  4-  0,00204  \t  -  32")' 
or  generally 

Z  -  Zl  =  l  +  ^^i  _  1  +  <5  {t,  -  32') 

71  ""F       1  +  dt       \  +  6{t  -  327 
When  a  change  in  the  tension  also  occurs,  iHp^  is  the  tension  at 
the  freezing  point,  p  that  at  the  temperature  t  and  pi  that  at  ^i,  we 
have 

F=  (1  +  0,00367  0  —  y^ 

F;  =  (1  +  0,00367  t,)  I?  Fo, 

F  __  1  +  0,00367  t     pi       , 
Fi  ""  1  +  0,00367  ti'  p' 
y       1  +  0,00367  ^,    p 
7,  ""  1  +  0,00367 1  •  i>i' 
y  _  1  +  0,00367 1,     b  „ 

"^  ~  1  +  0,00367 1  --jj^^s^^^^a^ 

^  _  ^  _  1  +  0,00367  t     7 

^1  ""  fti  ""  1  +  0,00367  t, '  7; 
When  t  is  given  in  degrees  of  Fahrenheit's  thermometer,  we  must 
substitute  in  the  latter  formulas  for  0,00367  t,  0,00204  {t  -  32"). 

Example. — If  jBOO  cubic  feet  of  air,  at  a  tension  of  15  pounds  and 
at  a  temperature  of  50°  Fahrenheit,  are  brought,  by  means  of  the  blow- 
ing engine  and  warming  apparatus  of  an  iron  furnace,  to  a  temperaturB 
of  892**  and  to  a  tension  of  19  lbs,  its  volume  will  be 
„      1+0,00204.(892-82)    ,.    ^^^       1,784     12000      ^^^^      ^.     .   , 
^^=r+0,00204.(50-82r«-^^^=i;586r-ir=^^^^  ^'^^^^^  ^"^ 

Remabe. — ^The  formula 

y        Ft  _  1  +  J<^       1  +  <>(g^  —  82) 
Y^"  V  "  l  +  6t  "  1  +  (5(t— 82) 
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can  be  employed  for  solids  and  for  some  liquids ;  but  for  every  solid  we 
must  substitute  a  different  coefficient  of  expansion,  s.o., 

Centigrade  Fahrenheit 

for  cast  iron,  6  =  0,0000386  =  0,0000187, 
for  glass,  6  =  0,0000258  =  0,0000148, 
for  mercury,  d  =  0,0001802  =  0,0001001. 

§  393.  Heaviness  of  the  Air.— By  the  aid  of  the  formula 
at  the  end  of  the  last  paragraph,  we  can  calculate  the  heaviness  y 
of  the  air  for  a  given  temperature  and  tension.  Eegnault,  by  his 
recent  weighings  and  measurements,  found  the  weight  of  a  cubic 
meter  of  atmospheric  air,  at  the  temperature  0**  of  the  centigrade 
thermometer  and  at  a  tension  corresponding  to  height  of  0,76 
meters  of  the  barometer,  to  be  =  1,2935  kilograms.  Since  a  cubic 
foot  (English)  =  0,02832  cubic  meters  and  1  kilogram  =  2,20460 
pounds  English,  the  heaviness  of  air  under  the  given  conditions  is 

=  2,20460  .  0,02832  . 1,2935  =  0,08076  pounds  English. 
If  the  temperature  is  =  ^°  centigrade,  we  have  for  the  French 
measure  1,2935 


r  = 


0;0036r^  kilogram^ 


1  + 

and  for  the  English  system  of  measures  and  Fahrenheit's  ther« 
mometer  _  0,08076 

'^  ""  1  +  0,00204  (t  -  32*)' 
K  the  tension  differs  from  the  mean  tension,  or  if  the  height  of  the 
barometer  is  not  0,76  meters,  but  I,  we  have 

_        1,2935  b     _      1,702 .  b      ,  . 

'^  ""  1  +  0,00367  t '  0,76  ""  1  +  0,00367  t  ^^^S^^^^ 
or,  since  in  England  and  America  the  height  of  the  barometer  is 
generally  given  in  inches,  and  since  0,76  meters  =  29,92  English 

inches, 

_  0,08076  b     ^ 0,002699  b ,, 

'^  ~  1  +  0,00204  {t  -  32")  •  29,92  ""  1  +  0,00204  {t  -  32^^) 

Very  often  we  express  the  tension  by  the  pressure  p  upon  the 

square  centimeter  or  inch,  and  then  we  must  introduce  the  factor 

TO^  or  j^,  by  doing  which  we  obtain 

_        1,2935  p       _      1,2514  p     , ., 

^  ""  1  +  0,00367  t '  1,0336  ""  1  +  0,00367  t  ^^^8^™^  ^^ 

_  0,08076  p    _         0,005494  p         . 

'^  ^  1  +  0,00204  {t  -  32)  •  14,7  "  1  +  0,00204  {t  ~  32) 
For  the  same  temperature  and  tension,  the  density  of  steam  is 
about  f  of  that  of  atmospheric  air ;  hence  for  steam  we  have 
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■  0,00367 1 '  1,0 


=  rToi6o36r/'^''8™^**^ 


0,050475 p_  _        0,003434 /> 

^  ~  1  +  0;00ii64"{i  -  •Si)  ■  14,7  ~  1+0,00304  (i-82j  ^^'^ 
Example — 1)  What  is  the  weight  of  (he  air  contained  in  a  cylindrical 
regulator  40  feet  long  aod  6  feet  wide,  when  it  is  at  a  temperature  of  SO" 
and  its  teaaioD  ia  18  pounds  ?    The  heaviness  of  this  ur  is 
0,0054H .  IB      0,098892 
^  =  — ;o367—  =  -ifim  =  *'"'«3*'  P*""*^ 
and  the  capadt;  of  the  reaervoiT  is 

F  =  IT .  S* .  40  =  1181  cnbic  feet; 
hence  the  eii  enclosed  in  it  weighs 

Vr  =  0,09580  .  IISI  =  107,9  poand& 
8)  A  eteam-engine  uses  per  minnte  SOO  cabic  feet  of  steam  at  a  temper^ 
atnre  of  334,6°  F.  and  at  a,  tension  of  39  inches  =  0,4913  .  89  =  19,161 
poDnda ;  bow  much  water  ia  needed  to  produce  thia  steam  t    The  heavi- 
ness of  the  steam  is 

0,003434 .  19.161        0,06580       „„,„„, 
=  1  +  O.0QBO4  ■  193.6  =  T;8e8-  =  "'**'=^  P"""^' 
beoce  the  weight  of  500  cubic  feet  of  ataani  is 
Fy  =  500  .  0,04734  =  38,63  pounds, 
g  394.  Air  Manometer, — From  the  resalte  obtained  in  the 
Pjq  jfff      laat  paragntpbe,  the  theory  of  the  air  or  cloaed  manom- 
eter can  be  deduced.    It  is  compoaed  of  a  baxom^er 
tube  A  B,  Fig.  667,  of  regular  calibre,  the  upper  part 
of  which  is  filled  with  air  and  the  lower  part  witb 
mercury,  and  of  a  cistern  0  E  R,  which  fdBo  contaiuB 
mercury  and  is  put  in  communication  with  the  gas  or 
vapor.    From  the  heighte  of  the  columns  of  air  and 
mercury  mAB,  the  tendoD  can  be  calculated  in  the 
following  manner.    The  instrument  is  genemlly  so 
arranged  that  the  mercury  in  the  tube  and  in  the 
cistern  are  upon  the  same  level,  when  the  tempert»> 
tore  of  the  enclosed  air  is  i  =  10°  Cent  =  50°  Fahr. 
and  the  tension  in  the  space  ^  if  is  equal  to  the 
mean  height  of  the  barometer  b  =  0,76  meter  =  39,92 
inches. 

If,  when  the  height  of  the  barometer  is  J,  a  column 
of  quiekrilTer  riBea  from  the  cistern  E  R  into  the 
tube  to  a  height  ft,,  and  if  the  length  A  S  ot  the  re- 
maining column  of  air  is  =  A^  the  teosion  of  ths 
0  latter  is 
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Z 


=(H^)^ 


and,  theieforey  tiie  height  of  the  barometer  of  the  air  in  i?  iZ 

6,  =  A,  +  z  =  A,  +  (^^•)  h. 

Now  if  a  change  of  temperature  takes  place,  le.,  if  the  tem- 
perature at  the  time  when  Ai  and  A«  were  obBerred,  was  not  as  in 
the  beginning  =  /,  but  =  tiy  we  have  for  the  tension  of  the  column 

of  air  ^  iS^ 

_  1  +  0,00204  {t,  -  32)    (h,  +  AA  , 

*  "  1  -f-  0,00204  (^  -  32) '  V     A,    /  ' 
and,  therefore,  the  required  heignt  of  barometer  is 

-    _  .     ,   1  +0,00204(^,-32)    Ai+A, . 

^'  -  '^^  ■*■  1  +  0,00204  (^-32) '"AT" 

For  5  =:  29,92  iaohes  and  ^  =t  50""  Fahr. 

61  =  A,  +  28,86  [1  +  0,00204  (^1  -  32)]  A 

A  =  Ai  +  Ai  denoting  the  total  length  of  the  tube,  measured  firom 
its  nipper  end  ul  1x>  the  sur&oe  iT  £  of  the  mercury.  From  the 
height  of  the  barometer  h  inches  we  obtain  the  pressure  upon  each 
square  inch  (English) 

=  0,4913  A,  +  14,179  [1  +  0,00204  (;,  -  32)]  ^  lbs. 

^**^«  l+d(/-  32)  =  '*'  ^^  ^'"'' 
{hi  —  Ai)  {h  —  hy)  —  \th  b,  and  therefore 

A.  =  *L+i  +  |/(^^)V  (,  5  -  6.) /L 

By  the  aid  of  this  formula  we  can  calculate  the  yalues  of  the 
divisions  of  a  scale,  upon  which  the  pressure  b  can  be  read  off  from 
the  height  of  the  manometer. 

Example. — If  a  closed  manometer  25  inches  long,  at  a  temperature  of 
69,8°  Fahr.,  shows  a  column  of  air  12  inches  long,  the  corresponding  height 
of  barometer  is 
&i  =  25  -  13  +  28,86  (1  +  0,00204  .  87,8)  ff  =  18  +  28,86  .  1,07707 .  H 

=  18  +  64,76  =  77,76  inches,  and  the  pressure  on  a  square  inch  is 
p^  =  0,4918  .  77,76  =  88,20  pounds. 

§  395.  Buoyant  Effort  or  Upward  Thrust  of  the  Air. — 

The  law  of  the  btioyarU  effort  of  water  against  a  body  immersed  in 


798  GENERAL  PRINCIPLES  OP  MECHANICS.  [§395. 

it>  discussed  in  §  364,  can  of  course  be  applied  to  bodies  in  the  air. 
If  7  is  the  volume  of  the  body  and  y  the  heaviness  of  the  air,  in 
which  it  is  placed,  the  buoyant  effort,  according  to  this  law,  is 
P  =  7  y ;  if  the  body  has  the  apparent  weight  O  (in  the  air),  its 
true  weight  {in  vacuo)  is 

G^=  G  +  Vy. 

If,  ifurther,  yi  is  the  heaviness  of  this  body,  we  have  also 

Oi  =  V  y„  and  therefore 

V  =  — ,  so  that  we  can  put 


\yi  -  yf  ' 


G. 

yx  -  y^ 

If  the  body  is  weighed  upon  a  scale  by  a  weight  Gf,  whose 
heaviness  is  y^,  the  following  equation 

Vy*  -  y/ 

holds  good ;  if  we  divide  the  last  two  equations  by  each  other,  we 
obtain  the  ratio  of  the  weights  • 

^1  _  Ti  ya-  y y. 

ft      yt  *  yi  -  7      ^  _  y^ 

yi 

or,  approximatively,  and  generally  accurately  enough. 


or  also 


ft  yi     y»  V  yi     yJ 

ft  \ei        e»/ 


By  €i,  and  Cg  denoting  the  specific  gravities  of  the  air,  of  the  body 
weighed,  and  of  the  weight  itself 

In  many  cases  —  and  —  are  such  small  fractions  that  they  can 

be  neglected  and  the  true  weight  can  be  put  equal  to  the  ap- 
parent one. 

Remark. — The  law  of  the  buoyancy  of  the  air  cod  be  employed  to  de- 
termine the  force,  with  wbicb,  and  the  height,  to  which  an  air^Mllocn 
(Ft.  aerostat ;  Ger.  Luftballon)  A  B,  Pig.  668,  will  rise.  If  Fis  the  vol- 
ume of  the  balloon,  G  its  total  apparent  weight,  including  the  car,  etc.,  y^ 
the  heaviness  of  the  external  and  y^  that  of  the  enclosed  air,  we  have  the 

buoyant  effect 

P  =  Fyj  =  Vy^  +  (?,  and  therefore 
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the  necesttr;  volnme  of  tUe  balloon  u 

and  the  bearinees  of  the  eiUrnal  air,  wben 
the  balloon  attains  the  greatest  height,  is 


From  this  heavioeBB,  b;  means  of  the 
fbimula 


=^(y-f'(i> 


fomid  in  }  889,  we  cud  determiiie  the  great- 
est height  «,  to  which  the  balloon  will  rise, 
b;  luhetitnting  for  7  th^  hesTiuess  of  the 
air  at  the  point  of  beginning,  which  must 
be  calculate  according  to  J  898. 

EzAUPLB  1.— What  ia  the  ratio  of  the 

~  true  weight  of  dr;  hard  wood  to  its  appa- 

nnt  weight,  when  it  is  weighed  bj  means  of  brass  weights  at  a  tempera- 

tore  of  83°  and  when  the  height  of  the  barometer  is  29  inches.    The  den- 

■it;  of  the  air  is,  according  to  {  898, 

y  =  0,009699  .  39  =  0,07837  ponnds,  that  of  the  wood 
r,  =  0.403  .  63,430,  and  that  of  brass 
r,  =  8,55  .  63,425  (see  }  61), 
conseqnentl;  the  ratio  required  is 

i;  = '  +  vS-  ■  (oi™  -  Pa)  = '  +  "■"""  ■  *■""  =  '■""""• 

Thas  we  see  that  one  thousand  pounds  of  wood  lose  about  3|  pounds 
in  consequence  of  the  buoyancy  of  the  air. 

Example  3.— If  the  diameter  of  a  spherical  balloon  is  80  feet  and  the 
heaTinesB  of  the  matter  with  which  it  is  filled  is  7,  =  0,017  pounds,  and 
if  the  weight  of  the  balloon  with  the  car  and  load  is  6  =  600  pounds,  the 
beaviness  of  the  air  at  the  place,  where  the  balloon  ceases  to  rise,  is 

)->  =  n  +  y  =  r,  +  ^  =  0,0"  +  ;J^  =  mi  +  0.08587 
=  0.05387  pounds. 
Now  if  the  density  of  the  eiUrior  air  at  the  starting-point  is  0,0800 

\Y,f  \5387/ 

andif  we  assume  the  ratio  of  the  pressure  per  square  foot  to  the  hesTineas  of 

the^,i.E.,-  =  26310,  weobtain  the  maximum  hdght  to  wliichtheballoon 
WiU  rise  ,  _  €  I  /X\  =  S6810  .  0,4«8  =  18B60  feet 
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CHAPTER    I. 

THE  GENERAL  THEORY  OF  THE  EFFLUX  OF  WATER  FBOU 

VESSBLa 

§  396.  EfElirs.— The  theoij  of  the  efflwc  (Fr.  teonlement ; 
Oer.  Ansfluss)  of  fluids  from  yesflels  forms  the  first  grand  division 
of  hydrodynamics.  We  distinguish,  in  the  first  place,  the  ef9ux  of 
wcUer  and  the  efflux  of  air,  and,  in  the  second  place,  efflux  under 
constant  and  under  variable  pressure.  We  will  begin  with  the 
efflux  of  water  under  constant  pressure.  We  can  regard  the  pres- 
sure of  water  as  constant,  when  the  same  quantity  of  water  enters 
the  vessel  as  is  discharged  from  it,  or  when  the  quantity  of  water 
discharged  is  very  small,  compared  with  the  capacity  of  the  vessel 
The  principal  problem  to  be  solved  is  to  determine  the  quantiiy  of 
water  or  the  discharge  (Pr.  dgpense ;  Ger.  Wassermenge),  which 
passes  through  a  given  aperture  or  erifice  (Fr.  orifice ;  (Jer.  Oeff- 
nung)  under  a  given  pressure  and  in  a  given  time. 

If  the  discharge  per  second  =  Q,  we  have  the  discharge  in 
t  seconds,  when  the  pressure  is  constant, 

V^Qt. 

But  if  we  wish  to  find  the  discharge  per  second^  we  must  know 
the  size  of  the  orifice  and  the  velocity  of  the  effluent  molecules  of 
the  water.  To  simplify  our  researches,  we  assume  that  the  mole- 
cules fiow  in  parallel  straight  lines,  and,  consequently,  form  a  pris- 
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matio  stream,  vein  or  jet  of  water  (Fr.  yeine^  conrant  de  flnide ; 

6er.  Wasserstrahl).    If  j^  is  the  cross^sedion  of  the  stream  and  v 

the  velocity  of  the  water,  or  that  of  erery  one  of  its  moleeuleSy  the 

discharge  Q  per  second  forms  a  prism^  whose  base  is  F  and  whose 

height  is  v,  and,  therefore,  we  hare 

Q  —  Fv  units  of  volume 
and 

G  =  Fvy  units  of  weight, 

y  denoting  the  heaviness  of  the  effluent  water  or  liquid. 

Example — 1)  If  water  flows  through  a  sluice  gate,  the  cross-eectioQ  of 

which  is  1,7  square  feet,  with  a  vekxdtj  of  14  feet,  the  dischaige  per 

seccmd  is 

1^  Q  =:  14  . 1,7  =  28,8  cubic  feet, 

and  the  hourly  discharge  is 

=  28,8  .  8600  =  85680  cubic  feet 

2)  If  264  cubic  feet  of  water  are  discharged  in  3  minutes  and  10 

seconds  through  an  orifice,  the  area  of  w!dc£i  is  5  square  inches,  the  mean 

velocity  of  the  liquid  is 

V  264  264 .  144 


«  = 


Ft 


144 


.190 


5.190 


=  40  feet 


Fie.  669. 


B 


$  997.  Veloottrf  of  Hffliot.— Let  us  imagine  a  vedsel  A  (7, 
Pig.  669,  which  is  full  of  water,  to  be  provided  with  an  orifice  F, 

which  is  rounded  upon  the  inside  and  is 
very  small,  compared  to  the  surface  H  R  oi 
the  water,  and  let  us  put  the  head  of  water 
F  0  (Fr.  charge  d*eau ;  (Jer.  DruckhShe), 
which  is  to  be  regarded  as  constant  during 
the  efflux,  =  A,  the  velocity  of  efflux  =  v, 
and  the  discharge  per  second  =±  Q,  or  ita 
weight  ^  Qy*  The  work,  which  this  quan- 
tity of  water  can  perform  while  sinking 
through  the  distance  &,  is  =  Q  A  y,  and  tha 
energy  stored  by  the  discharge,  whose  weight 
is  Q  7,  in  passing  from  a  state  of  rest  to  the 

velocity  r,  is  x—  ^  y  (§  74).    If  no  loss  of  mechanical  effect  takei 

place  during  the  passage  through  the  orifice,  the  quantities  of  work 

t^ 
are  equal  to  each  other,  orh  Qy=  ^-  Qjj'L 


61 


1-  '^ 
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and  inversely 

in  meters 

A  =  0,0510  «■  and  »  =  4,429  VS, 
and  in  feet  (English), 

A  =  0,0155  r'  and  w  =  8,025  t^. 
The  veheity  of  the  effluent  water  is  the  same  as  thai  of  a  body 
which  has  f  alien  freeltf  through  a  height  which  is  equal  to  the  head  of 
water. 

The  correctneas  of  this  law  can  also  be  shown  by  the  following 
experiment    If  in  the  vessel  A  C  F,  Fig.  670,  we  make  an  orifice 
directed  tipwards,  the  jet  F  K  will  rise  verti- 
Fra.  670.  cally  and  will  nearly  reach  the  level  fl"  fl  of 

the  water  in  the  vessel,  and  we  can  assame 
that  it  wonld  actually  reach  it,  if  all  impedi* 
ments  (sach  as  the  resistance  of  the  air,  the 
friction  upon  the  sides  of  the  vessel,  the  dis- 
tnrbance  caused  by  the  foiling  back  of  the 
water  npon  itself,  etc.)  were  removed.  Since 
a  body  which  rises  verticaUy  to  the  height  A 
has  an  initial  velocity 

It  =  VajA, 
it  follows  that  the  velocity  of  efflux  mast  be 
V  =  V3^  A. 
For  another  head  of  water  h\  the  velodty 
of  efflux  is 

hence  we  have 

i>:r,  =  t^A:V%; 
/  the  veloeiHes  of  efflux  are,  therefore,  to  each  other  as  the  square  roots 
■  of  their  heads  of  water. 

ExAUFLE— I)  Tbe  discharge  per  second  through  an  orifice  whoee  «reft 
ia  10  square  inches,  ander  a  head  of  water  of  B  feet,  is 

C  =  f  B  =  10 .  12  V2yA=120 .  8,035  Vb  =  M8 .  9,386=8168  cnMc  indies. 
3)  In  order  that  SS3  cubic  inches  of  water  ehall  paaa  iu  cue  second 
.  throDgh  an  npeoing  of  6  square  inches,  the  bead  of  water  must  be 
.         b'        I    /eV     0,0166    /25a\'     0,0166    ,„,      „„„,    ^ 
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§  398  Velocities  of  Tnflwy  and  EfEltix.— If  the  water  flows 
in  with  a  certain  yelocity  Cy  we  mnst  add  to  the  mechanical  effect 

h  Qy  the  energy  5—  G  %  possessed  by  the  influent  water  and  cor- 

responding  to  the  height  A,  =  -^-^  due  to  the  velocity ;  hence 
must  put 

<A  +  A.)  ey  =  ^  Oy,  orA  +  A.  =  ^ 
and  the  yelocity  of  efflux 


we 


If  the  vessel  is  maini^ed  constantly  full,  the  quantity  of  the 
influent  water  is  equal  to  the  discharge  Qy  and  we  can  put  Q  c  ■= 
Fvyva  which  O  denotes  the  area  of  the  cross-section  H  R  (Pig. 

F 

669)  of  the  water  that  is  flowing  in-  Putting  c  =  y=- 1?,  we  obtain 


whence 


V  = — 


♦Mi)" 

According  to  this  formula,  the  velocity  increases  with  the  ratio 


p 

-^  of  the  cross-sections,  and  it  is  a  minimum  and  =  Vitg  h,  when 

the  cross-section  F  of  the  oriflce  of  dischai^e  is  very  small,  com- 
pared with  that  G  of  the  orifice  of  influx,  and  it  approaches  nearer 
and  nearer  to  infinity,  the  smaller  the  difference  between  the  two 

G 


orifices  becomes.    If  ^  =  O  or  -^  =  1,  we  have  v  =  — ~—  =  00, 

and  also  c  =(x>;  this  infinite  value  must  be  understood 

thus :  if  a  vessel  A  C,  Pig.  671,  is  without  a  bottom,  water 

must  flow  in  and  out  with  an  infinitely  great  velocity  or 

the  stream  of  Jiquid  G  F  will  not  fill  the  orifice  of  exit 

Gc 
0 Z>.    Putting  V  =  -=-,  we  obtain 

h  =  11^)  —  l]  K-^  and  therefore  F  =  — 


^ 
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which  eipreBsion  shows  that  the  cross-eection  F  of  the  diBchai^Dg 
stream  ia  always  stnaller  for  a  finite  velocity  of  mfliix  than  that  Q 
through  which  the  water  flows  in,  and  that  it  therefore  does  not  fill  Uie 
orifice  of  efflnx,  when  the  latter  is  lareer  than  — .■ 

RttMABg.— The  conectneSB  of  tlie  fhmrala 

_     VaTA 

which  WBB  first  est&blisbed  bj  Daniel  Bemonlli,  wm  afterwarda  mocb 
disputed.  I  have  endeaTored  to  prove  in  the  "  AUgemeinen  Hascbineo- 
encjclopadie,"  bj  HnlBse,  in  the  article  "  Efflux"  (AaafluesJ,  how  onfoiiKded 
were  the  represeatations,  which  were  mode. 

EXAKTLE. — If  water  flows  botn  a  vessel,  whose  ciose-sectioQ  is  60  square 
inches,  through  a  circular  orifice  in  the  bottom  S  inches  in  diameter  nnder 
a  head  of  water  of  ux  feet,  its  velocity  is 

8,025  Ve      _  8.085.8.449  _  lfl,«S8  ^  19.658  _ 

J~  0,»46 


1^-©' 


-  (0,837/ 


=  20,79  ft 


§  399.  Velocity  of  Effln^  PrasBnrs  and  HaavinesB.— The 

formnlaa,  which  we  have  found,  hold  good  so  long  only  as  the  pre»- 

sure  of  the  air  upon  the  surfikce  of  the  water  1b  the  same  as  that 

upon  the  orifice  of  efflux;  bntif  these  pressures  differ,  these  formulas 

must  have  an  addkion  made  to  them.     If  the  bui- 

Pio.  673.         j^  ^  j^  Pig  g^g^  ig  pressed  upon  by  a  piston  K 

with  a  force  P„  as  occurs,  to.,  in  fire  engines,  we 

can  imagine  this  foroe  to  be  replaced  by  the  pres- 
sure of  a  column  of  water.  If  i,  is  the  hei^t 
L  K  oi  this  column  and  y  the  heaviness  of  the 
liquid,  we  can  put 

P,  =  Gh,  y. 

Sabstitating  for  h  the  head  of  water  h  +  h,=:h  + 
p  ,  p 

■r= — ,  which  has  been  increased  byi,  =  -tt— ,weol^ 
G  Y  ^  Oy 

tain  for  the  velocity  of  eCBui 


,  =  ♦47(77^, 


upon  each  nait  of  the  Burbce  Ohjpt,  we  have  more  Bimpl^ 
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-^=P^ 


and  therefoie 


f  =  Va7(*  +  f> 


Finally,  if  we  denote  the  pressure  of  the  water  at  the  orifice  of 
efflux  \>jpt  we  can  put 


= ('  -  f )  y 


or 


A  +  —  =  -J  whence 

r     r 


v^\/ 


^  y 


Hence  the  vtHacUy  of  efflux  is  directly  proportional  to  the  square 
root  of  the  pressure  upon  the  unit  of  surface  and  inversely  to  the 
square  root  of  the  density  or  heaviness  of  the  liquid.  When  the 
pressure  is  the  same,  a  liquid  four  times  as  heavy  as  another  dis- 
charges one-half  as  &st  as  the  latter.  Since  air  is  770  times 
lighter  than  water,  it  would,  if  it  were  inelastic,  flow  out  under  the 

same  pressure  VWO  =  27|  times  faster  than  water. 

This  theory  is  also  applicable  to  the  case  where  the  effluent 

water  is  subjected  to  the  pressure  of  a  column  of  another  liquid. 

If  above  the  level  HRot  the  water  HER 
in  a  vessel  A  C  £>,  Fig.  673,  there  is  still 
a  column  of  liquid  H  B^  whose  height 
O  Gi  =  h  and  whose  heaviness  =  y„  while 
that  of  the  water  is  =  y,  we  can  replace 
the  latter  by  a  column  of  water  whose 

height  is  —  A,  without  changing  the  pres- 
sure upon  H  B  or  causing  the  velocity  v 
of  the  water,  which  is  passing  through  the 
opening  F,  to  vary.  Hence  if  h  is  the 
head  E  0  oi  water,  I.E.,  the  height  of  the 

surface  of  separation  H  R  above  the  orifice  Fy  we  have  the  height 

due  to  velocity 


^9 


=  A  +  ^Ai, 
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V  =  V^3(k  +  ^h,). 


Now  if  y,  <  y  or  i  +  —  Ai  <  A  +  At,  the  jet  F  K,  -which  -aana 

vertically,  will  not  reach  the  level  Hi  Ri  L,of  the  surface  of  the 

liquid. 

If  the  anrface  of  aeparation  H  R,  Fig.  674,  is  not  above,  bnt  a 
certuu  distance  E  F  =  h  below  the 
orifice  Fot  the  vessel  ADC,  while  the 
fiorface  ff,  E,  of  the  liquid  ff,DRia 
at  the  height  O  6,  =  h,  above  the  anr- 
face of  separation  ff  R,  we  have 

2g       y     '       " 
and  therefore  the  velocity  of  the  jet 

Thifl  supposes  —  Aj  >  A,or-j^>  -. 

From  this  it  ifl  easy  to  see  that  the  jet 
F  K,  which  is  projected  vertically  np- 
wards,can  rise  above  the  surface  /T,  R  of 

the  liquids;/)^.    Ifff-V=^A,  is 

the  head  of  the  liqnid,  rednced  to  that  of  water,  M  gives  the  level 
to  which  the  jet  will  nearly  r«acb. 

If  the  water  does  not  dischai^ge  freely,  but  wTwfor  wtUvr,  a  dimi- 
nution of  the  velocity  of  tfflux  takes  place  owing  to  the  opposite 
pressure.    If  the  orifice  F  of  the  vessel  A  C, 
Fig.  675,  is  at  a  distance  F  G  =  h  below  the 
per  level  H  Rot  the  water  and  at  a  dis- 
ce  /■  Gi  =  A,  below  the  lower  level  if,  R,, 
have  the  pressure  from  above  downwards 

p  =  ky, 
I  the  opposite  pressure  ftt>m  below  up- 
rda 

p\  =  *.y; 

ice  the  force,  which  produces  the  efSnz,  is 
-j.,  =  (A-A,)y 


Fio.  674. 

^ 

\ 

p 

^  - 

B 

iXi 

fl 

*■ 

1 

y 

Fia.ers. 
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and  the  velocity  of  efflnz  is 


When  water  discharges  under  water,  we  must  regard  the  differ^ 
ence  of  level  h  —  hi  between  the  surfeces  of  water  as  the  head  of 
water. 

If  the  water  at  the  orifice  of  efiSiax  is  pressed 
upon  with  a  force  p  and  at  the  surface  or  ori- 
fice of  influx  with  a  force  /?i,  we  have  in  general 


v=-y^[ 


h  + 


Pi  - 


4 


This  case  occurs  when  water  flows  from  one 
dosed  vessel  ABC  into  another  closed  one 
D  Ey  Pig.  676.  Here  h  is  the  height  F  0  of 
the  surface  of  the  water  H  R  above  the  orifice 
Fypi  the  pressure  of  the  air  in  A  H  B  and  p 
the  pressure  of  the  air  or  the  steam  in  D  E. 

Example — 1)  If  the  piston  of  a  fire  engine  is  12 
inches  in  diameter  and  it  is  pressed  down  in  the 
cylinder  with  a  force  of  8000  pounds,  and  if  there  are 
no  resistances  in  the  pipes  and  hose,  the  water  will 
pass  through  the  nozzle  of  the  hose  with  a  velocity 


V 


4  •  «%« 


^/■ 


8 


=  8,026  |/  64 .  -  =  62,74  feet ; 


if  the  stream  is  directed  vertically  upwards,  it  will  reach  a  height 

h  =  0,0165  .  «•  =  61,007  feet. 

2)  If  water  flows  into  a  space  in  which  the  air  has  been  rarified,  E.a., 
into  the  condenser  of  a  steam  engine,  while  its  upper  surface  is  pressed 
upon  by  the  atmosphere,  we  must  employ  the  last  formula  for  the  velocity 
of  efflux,  viz., 

«  =  |/2fir/i 

If  the  head  of  water  is  A  =  8  feet,  the  height  of  the  barometer  of  the  exte- 
rior air  29  inches  and  that  of  the  enclosed  air  4  inches,  we  have 

^^  ""^  =  29  —  4  =  26  inches  =  2,088  feet  of  mercury 
=  18,6  .  2,088  =  28,83  feet  of  water, 


A  + 


Px-P 


)• 
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hence  the  Telodtj  of  the  water  flowing  into  the  ipece,  which  ia  filled  with 

imrefied  air,  is  

0  =  8,03fl  Va  +  M,88  ■=  8,036  ^81,8*  =  44,82  feet 
8)  If  tbe  water  in  the  feed-pipe  of  a.  ateam  boiler  stands  13  feet  above 
tLe  level  of  the  water  in  the  boiler  and  If  the  presmre  of  the  eteom  in  the 
latter  is  30  ponnds  and  that  of  the  ext«rior  air  is  15  pounds,  the  vdodtj 
with  whicti  the  water  eutets  the  boiler  is 

'  03,0  '  B3,0 

=  8,035  Via  -  tifii  =.  B,80  feet 

g  400.  Hydraulic  or  Hjrdrodynamic  Head.— If  tbe  water 
in  a  vesael  is  in  motion,  it  presses  leas  against  the  sides  of  the  tb&- 
■el  than  when  it  ie  at  rest  We,  mnst,  therefore,  distingmsh  tha 
kydraviie  or  kydrodynamie  from  the  hydrostatic  head  of  vxUer. 
If  J7|  ie  the  presenre  upon  each  unit  of  the  surface  of  the  water 
B,B,=  0„  Pig.  677,  p  the  pressure  at  the  orifice  F  aod  A  the 
head  of  water  F  &„  we  have  the  velocity  of  efflux 

now  if  in  another  section  ff,  R^  ~  0„  which  is  at  a  distance 
F  O,  =  h,  above  the  orifice,  the  pressure  is 
Fio.  877.  —  p^  Tfg  imye  in  like  manner 

If  we  subtract  these  two  equations  from  each 
otlier,  we  obtain 

»-*-^-T^  =  [(J)'-©"]f; 

or,  if  we  denote  the  head  of  water  ffj  (?,  of  the 
layer  ff,  .ft,  =  (?,  by  A„  we  have  for  the  hydro- 
dynamic  head  at  S,  R^ 

But  -=-  is  the  velocity  »,  of  the  water  at  the  upper  snr&ce  ffj, 

,  therefore,  put 
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y  -  y  "^^      \2g       2gr 
The  hydraulic  head  —  at  any-  position  in  the  vessel  is  eqtuU  to 

the  hydrostatic  head  —  +  i«  diminished  by  the  difference  of  the 

heights  dve  to  the  velocities  of  the  water  at  this  point  and  at  the  inlet 
orifice,  K  the  free  surface  6^1  of  the  water  is  very  great,  we  can 
neglect  the  Telocity  of  influx  and  put 


^  =  ^  +  A.-^ 


hence  the  hydraulic  head  is  less  than  the  hydrostatic  head  by  an 
amount  equal  to  the  height  due  to  the  velocity  of  the  water.  The 
quicker  the  water  moves,  the  less  it  presses  upon  the  sides  of  the 
pipe.  For  this  reason  pipes  often  burst  or  leak  for  the  first  time, 
when  the  motion  of  the  water  is  checked,  when  the  pipes  clog,  etc. 
By  means  of  the  apparatus  A  B  CD,  represented  in  Fig.  678, 

the  difference  between  the  hydraulic  and 
the  hydrostatic  head  can  be  ocularly  dem- 
onstrated. If  from  the  cross-section  Gt 
we  carry  a  tube  E  R  upwards  the  latter 
will  fill  with  water,  which  will  rise  above 
the  level  HR  of  the  water,  when  O^  >  Gi  or 
Vt  <  t^i ;  for,  since  the  pressure  jt>,  upon 
tiie  surface  of  the  water  is  balanced  by  the 
pressure  of  the  air  upon  the  mouth  of  the 
tube,  we  can  put  the  height,  which  meas- 
ures the  pressure  in  G^, 

—  J^»  —  X       /  ^»*        ^»'\ 

"j-^-yi-g^rgh 


X 


V. 


V,* 


and  a:  is  >  A,  when  ^^  <  ir^.    If.  on  the  contrary,  the  cross-sec- 

2g      2g        '  "^ 

tion  Ot  <  ffi,  the  water  flows  more  rapidly  through  (?„  and  we 

have  for  the  height  of  column  of  water  in  the  tube  J^i,  inserted  at  (r„ 

which  is  less  than  ht,  so  that  the  water  does  not  rise  to  the  level 
H  Rot  &i,    K,  finally,  G4  is  very  small  and  the  corresponding  ve- 
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locity  veiy  great,  ; 


9      2ff 


can  be  >  Au  and  the  corresponding 


Fia.S7S. 


Fia.680. 


hydraulic  head  z  will  be  negative,  lb.  the 
pressure  .of  tbe  air  on  the  oat«ide  will  be 
I  greater  than  that  of  the  water  within. 
Hence,  if  a  tube  is  carried  downwards  and 
ite  end  placed  under  water,  a  column  of 
water  E,  K  will  rise  in  it,  which,  together 
with  the  pressure  of  the  water,  will  bal- 
ance the  atmospheric  pressure.  If  the 
tube  is  short,  the  water  in  tbe  vesBel  K, 
which,  in  this  experiment,  should  be  col- 
ored, will  rise  in  the  tube,  enter  tho  reser- 
Toir  A  B  C  D  and  flow,  with  the  other 
water,  out  at  F. 
Rbkake.— If  the  rewel  A  0  B,  Fig.  980,  conrists  of  a  Tcserroir  J  (7  and 
of  a  niUTow  TerticAi  tube  C  B,  the  hydrodjnaiiiic  be«d  U 
n^ative  in  all  parts  of  this  tube.  If  we  do  not  regard  the 
pressure  of  tlie  atmosphere  p,,  the  preeaore  of  the  water  at 
the  orifice  of  efflux  is  =  0 ;  for  here  the  entire  head  of  water 
is  expended  in  prodndog  the  Telocity  v  =  ■J%gh\  on  the 
contnu;,  for  a  podtion  D  E,  which  is  at  a  distance  G,  0  = 
Aj  under  the  water  level,  the  bjdraulic  head  ia 

=  A,  -A!a-(4-  »,), 

or  MgaUtt;  if,  then,  a  hole  were  bored  in  this  tube,  no  water 

would  escape,  bnt,  on  the  contrary,  air  wouUl  be  sucked  in 

and  discharged  at  F.    Thia  n^attve  pressure  Is  a  maximiun 

dh^ectly  under  the  reeervoir,  since  A,  ia  bere  a  minimum. 

g  401.  Ztectatigalar  Lateral  OziflcoB. — By  the  aid  of  the 

formula  

Q  =  Fv  =  FVigk, 
the  discharge  per  second  can  be  calculated  only  when  the  orifice  is 
horizontal,  since  in  that  case  the  Telodtj  is  uniform  in  the  whoU 
croBB-Bection  F;  but  if  the  crosB-section  is  inclined  to  the  horizon, 
if,  E.O.,  the  opening  is  in  the  side  of  the  vessel,  the  molecules  of 
water  at  different  depths  flow  out  with  different  velocities,  and  the 
discharge  can  no  longer  be  regarded  as  a  prism ;  hence  the  formula 
Q  =  Fv  =  F V2g  b  cannot  be  applied  directly.    The  general  foi^ 

mnlaia  

Q-F,  Vzjh,  +  Ft  VWgT,  +  -P.  l/¥ght  +  . . . 
=  V2^(/',  VTy  +  F,ini,  +  Ft  V\ +  ...), 
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io  wbicfa  Ft,  F„  Ft...  denote  the  areas  and  A^  )^  Ai . . .  the  heads 

of  water  of  the  varioas  portions  of  the  orifioe. 

The  Binipleet  case  is  that  of  efflux  through  a  notch  in  the  Bide, 

weir  or  overfall,  Fig.  681.    The  notch  D  E  0  H  ijitht  wall,  through 
vhich  the  efflux  takes  place,  is  rec- 
Fig.  881.  tangular ;  let  as  denote  its  width 

D  B  =-  (?  fi"  by  J  and  its  height 
i>  J?  =  J?  ff  by  A.  If  we  decom- 
pose this  surface  h  h,  by  horizontal 
lines,  into  a  great  number  n  of  hor- 
izontal strips  of  equal  width,  we  can 
consider  the  velocity  to  be  constant 
for  each  of  them.  Since,  if  we  pro- 
ceed fh>m  above  downwards,  the 
heads  of  water  of  these  strips  are 

h    %k  ZTi    ^ 
—,  ~~,  — ,  etc, 
n     n     n 

we  hare  for  the  corresponding  ve- 
locities 


and  since  the  area  of  each  of  these  strips  is  =  i  .  -  =  — ,  we 
the  corresponding  diacbarges 

—  V  2  ff  .-,  —  y  2  ff .  — ,  —  y  3  ff  .  — ,  etc.; 

hence  that  of  the  whole  section  is 


Since  (as  is  given  in  the  Ingenieur,  page  88) 

or 

11  +  2»  +  3*  +  . . .  +  „i  =  -^^  =  3  nl  =  3  «  4^7, 
it  follows  that  the  required  discharge  is 
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"  vn 
Tf  tee  understand  by  the  mean  velocity  v  that  velocity,  which  mud 
exist  at  aU  points  of  the  overfaU,  when  the  same  quantity  of  water 
passes  through  ths  whole  cross-section  with  a  uniform  velocity  as  does 
pass  through  with  the  variable  velocity,  we  can  put 
Q  =  bhv,  whence  it  foUowB  that 
v  =  i*'WJh, 
I.E.  the  mean  velocity  of  water  Jtoteitig  out  through  a  rectangular 
notch  xn  the  side  of  a  vessel  is  ^  the  velocity  at  the  sUl  or  lower  edge 
qf  the  nolcli. 

If  the  rectangular  orifice  K  O,  Fig.  682,  with  the  horizontal 
base  Q  H,  does  not  reach  to  the  leyel 
^"*'  "*■  of  the  water,  wo  find  the  discharge 

through  it  by  regarding  it  as  the  dif- 
ference between  two  notches  in  the 
AAf>DEG  naa^D  ELK.  IfA, 
is  the  depth  E  O  ot  the  lower  and 
kt=  E  L  that  of  the  upper  edge,  we 
have  for  the  diachai^B  Uirongh  then 
notches 

\bV%JhC, 
and  

hence  the  discharge  through  the  reo- 
tangular  opening  0  S  K  Lis 
Q  =  ib  Vzjh^'  -  %  b  4^7V  =  ib  V2^  (A,l  -  A,!), 
and  the  mean  velocity  of  efBuz  is 

If  A  ia  the  mean  head  of  water  E  M  =  -^ — ,  or  the  depth  of 

the  centre  of  the  orifice  below  the  level  of  the  water,  and  a  the 
height  E  H=  L  0  =  h,  —  k,o{  the  orifice,  we  can  pnt 

(*  +  !)'- (»-!)' 

tf  =  I  VTg . ,  or  t^proximatiTely 


=  [i-.'.©']^». 
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ExAKFLB. — If  a  rectangular  orifice  of  efflux  is  8  feet  wide  and  1^  feet 
high  and  the  lower  edge  ia  3f  feet  below  the  level  of  the  water,  the  dis- 
charge is 

Q  =  i.  8,025  .  3  (2  J5I  -  1,51 )  =  16,05  (4,560  -  1,887) 
=  16,05  .  2,723  =  43,7  cubic  feet 

According  to  the  approximate  formula 

•  =  [l  -  A  (2^)']  •  ®>025  V235  =  (1  ^  0,0086)  11,698 

=  11,698  -  0,042  =  11,656  feet, 
and  the  discharge  is,  therefore, 

e  =  8  .  f  .  11,656  =  48,710  cubic  feet 

Remabk. — ^If  the  notch  in  the  wall  is  inclined  to  the  horizon  at  an 

angle  S^  we  must  substitate  for  the  height  of  the  orifice  -^ — j^  instead  of 
&2  —  Aji  and  therefore  we  must  put 

If  the  cross-section  of  the  reservoir,  from  which  the  water  is  dis« 

charging,  is  not  much  larger  than  the  cross-section  of  the  orifice,  we  must 

F 
take  into  account  the  velocity  of  approach  v^  =  7^  ^  ^^  ^®  water  and  put 

«-i»^[(«-i^)'-{».-ft)'] 

§  402.  Triangolar  Lateral  Orifice. — Besides  rectangular  lat- 
eral orifices,  triarigular  and  circular  ones  also  occur  in  practice. 
We  will  next  discuss  the  discharge  through  a  triangular  orifice 
D  JE  Gy  Fig.  683,  with  a  horizontal  base  E  G  and  with  its  apex  D 

at  the  level  of  the  water  H  R.    If  we  put  the  base 
Fig.  683.        EG  =  b  and  the  height  DB^hmdifwe  divide 

the  latter  into  n  equal  parts  and  pass  through  these 

divisions  lines  parallel  to  the  base,  we  divide  the 
entire  surface  into  small  strips,  whose  areas  are 

b     h  2b     h  Sb     h     .  ,,        i^jr 

-  •  -,  —  .  -,  —  .  -,  etc.,  and  whose  heads  of 
n     n    n      n    n      n 

water  are  -,  — ,  — ,  etc.    The  discharges  through  ihem  are 


■1^  V  2  i' «' -Ti- V  2  ^  ^> -^r- r  *  5^  — -.  etc, 
nnnnn  n 

by  summing  these  we  obtain  the  discharge  of  the  whole  triangular 

orifice 
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=  *Ai^(lt  +  2l+3l  +  ...  +  nl), 

3  1=  I  fit. 

If  the  base  Z>  -fiT  of  tiie  orifice  D  G  K  lies  in  the  surface  of  the 
water  and  the  apex  G  is  at  the  depth  h  below  it^  we  have  the  cor- 
responding discharge,  since  that  through  the  rectangle  D  E  G  K 

The  discharge  through  a  trapezium  A  B  G  Dy  Fig.  684,  whose 
upper  base  A  B  =  bi  lies  in  the  surface  of  the  water,  whose  lower 
base  is  CD  =  hi  and  whose  height  is  D  B  =  A,  is  found  by  com- 
bining the  discharge  through  a  rectangle  with  those  through  two 
triangles,  and  it  is 

Q  =  I  b,hV2jh  +  j\  (b,  -  b,)hi^2jh 
=  /j5  (2  J,  +  3  b,)  h  /27a. 
Fig.  684.  Fia.  685. 

HA    E         F     BB  n^        O 


Further,  the  discharge  through  a  triangle  C  D  B,  Fig.  685, 
whose  base  ia  D  B  =  b^  whose  altitude  is  0  M  =  h^  and  whose 
apex  0  is  situated  at  a  depth  0  C  ==  h  below  the  level  H  Ro{  the 
water,  is  ^  =  discharge  through  ABC  minus  that  through  A  E 

=  -SbkVTfh  -  -.2^  (2  J  +  3  },)  A,  /27a; 

=  h  <^  [^  >  (A*  -  ^*i*)  -  3  }.  A,l]. 
Since  the  width  A  B  =  b  is  determined  by  the  proportion 
S  :  Ji : :  A  :  (A  —  A,),  it  follows  that 


Fig.  686. 


£ 


15  \       A  —  A|  / 

_  2/27-^  /2AI-5AA,^+3A^i\ 
"■         16         \  A -A,  /• 


Finally,  we  have  for  the  dischai^ge  through  a 
J   triangle  A  C  D,  Fig.  686,  whose  apex  lies  above 
its  base. 


§408.] 


THE  EFFLUX  OF  WATER  FROM  VESSELS. 


815 


«=|V27.i.(W-A.I)  -  ^♦^•3.^2AI-5M.^+3A.{j 


_  2V2g.b,  /3  A*  -  5 ^1  At  +  2 h,\y 


( 


15        V  A-Ai  )• 


ExAicPLB. — ^Whst  is  the  dischaige  through  the  square  orifice  ABO D^ 
Fig.  687,  whose  Tertical  diagonal  A  0^=^!  foot,  when  the  comer  A  reaches 
to  the  level  of  the  water  ?  The  dischaige  through  the  upper  half  of  the 
square  is 

Q=il  ^JTgT>  =  1 .  1 .  8,025  Vf  =  1,605  .  0,7071  =  1,185  cubic  feet, 
and  that  through  the  lower  half 

_  2ft  V2^  /2  At  -  5  A  A^t  +  8  \\ 
15      \  A  -  Aj 

^  2  .  8,025  /2  -  5  (|)t  -t-  8  (^)t  \ 
82,10 


Fk».  687. 
H        A         R 


«i  = 


) 


15 


1-i       7 

(2  -  1,7678  +  0,5808) 


FEa.688. 


=r  2,14  .  0,7625  =  1,682  cubic  feet, 
ooDsequently  the  total  discharge  is 

e  =  1,186  +  1,682  =  2,767  cubic  feet 

§  403.  Circular  Lateral  Orifices. — The  discharge  for  a  nV- 
cuXir  aperture  A  i?,  Fig.  G88,  can  only  be  determined  by  means 

of  approximate  formulas  obtained  in  the  follow- 
ing manner.  Let  us  decompose  the  circular  ori- 
\  fice  by  concentric  circles  into  small  rings  of 
eqnal  width  and  let  us  consider  each  ring  to  be 
composed  of  elements,  which  may  be  regarded  as 
parallelograms.  If  r  is  the  radius,  h  the  width 
and  n  the  number  of  elements  of  one  of  these 

27rr 
rings, is  the  length  of  one  of  these  elements 


n 

and  its  area  is 


27rr? 
n 


Now  if  A  is  the  depth  C  G  of  the  centre  (7  below  the  level  of  the 
water  H  R  and  0  the  angle  A  C  K^  which  measures  the  distance  of 
the  element  K  fro;n  the  highest  point  A  of  the  ring,  we  haye  for 
the  head  of  water  of  this  element 

KN^  CG  -  G  L^h-  rco8.^, 
and  therefore  the  discharge  tlirough  this  element 

2  Trr  6 


n 


V% g  {h  —  r  COB. <l>). 
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But 

¥  h  —  r  COS.  (p 

=  /l[l  -  i  ^  C08.<l>  -  i  ijj   COS*  0  +  . . .] 

=  V^  [l  -  i  ^  CO^.0  -  1^5  (^\    (1  +  C08.2<l>)   +  ..  .1 

and  therefore  the  discharge  through  this  element  is 

^  V2jh  [l  -  i  .^  CO5.0  -  -r'^  (0'  (1  +  C05.2  0)  +  ...} 

The  discharge  through  the  whole  ring  is  found  by  substituting 
in  the  parenthesis  instead  otl^n.!  =  n,  and  instead  of  cos.  ^  the 
sum  of  all  the  cosines  of  0  from  0  =  Oto0  =  2  7r,  and  instead  of 
COS.  2  0  the  sum  of  all  the  cosines  of  2  ^  from  20  =  Oto20  =  4?r. 
Since  the  sum  of  all  the  cosines  of  a  full  circle  is  equal  to  0,  these 
cosines  disappear,  and  we  haye  the  discharge  through  the  ring 

^'^'•*4^[n-,',(r)'.«_...] 


2  n  r  b 


n 


=  2  7rrft,V27A[l-T'.(f  )*-...} 


f  r   2  r  8  f 

If,  instead  oft,  we  substitute  — ,  and  instead  of  r,  — .  — .  —  to 

fn  .         m    m    fi^ 

— ,  we  obtain  the  discharge  through  each  of  the  rings,  which  form 

the  entire  circle,  and  finally  the  discharge  through  the  entire  drcu- 
lar  aperture  is 

e=27rryp^,(l+2+3+^+m)-x'5^(l"+2*+3*-h-.+«')) 

or  more  exactly 

C  =  TT  r"  V27a[i  -  ,^  (J)*  -  ,A,  (J)  -  . . .} 

If  the  circle  reaches  to  the  leyel  of  the  water,  WB  haye 
C==  AV?^^^27a=^0,964^V27A,    , 
when  JP  =  TT  r*  denotes  the  area  of  the  circle. 

MoreoTcr,  it  is  easy  to  understand  that  in  all  cases,  where  the 
head  of  water  at  the  centre  is  equal  to  or  greater  than  the  diameter 
of  the  orifice,  we  can  put  the  value  of  the  entire  series  =  1  and 

Q  =  FV2jh. 
This  rule  can  also  be  applied  to  other  orifices  and  also  to  all 
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cases,  where  the  depth  of  the  centre  of  gnmty  of  the  orifice  below 

the  level  of  the  water  is  as  great  as  the  height  of  the  aperture ;  we 

can  then  regard  the  depth  h  of  this  point  as  the  head  of  water  and 

put  Q  =F  V2jh. 

If  we  consider  that  the  mean  of  all  the  cosines  of  the  first 
2 
qnadrant  is  =  -  and  that  of  all  those  of  the  second  quadrant  is 

2 

= ^  or  that  the  mean  of  the  first  and  second  quadrant  =  0,  the 

discharge  for  the  upper  semicircle^  determined  in  the  manner 
shown  aboye,  is 

=  ^*^4i-A(r)-..(0'} 

and  that  through  the  lower  semicircle  is 

c.=^^4,^^{j)-,.,a)v...] 

in  which  F  denotes  the  area  of  the  aperture. 

The  formulas  for  Q,  Qy  and  Q^  hold  good  also  for  elliptical 
orifices  with  horizontal  axes ;  for  the  discharges,  when  the  other 
circumstances  are  the  same,  are  proportional  to  the  widths  of  the 
apertures  and  the  width  of  an  ellipse  is  proportional  to  the  width 
of  an  equally  high  circle  (see  Introduction  to  the  Galculas,  Art  12). 

EzAMFLS. — ^What  is  the  hourly  diacbarge  through  a  circular  orifice  1 
inch  in  diameter,  when  the  level  of  the  water  is  one  line  above  the  top  of  it  t 
Here  we  have 

J  =  f;  hence  (jy=H  «  0,785, 

and  1  -  A  (0*"=  ^  -  ^'^^  ==  ^'®''^''» 

ftnd  consequently  the  discbarge  per  second  is 

Q  =  ~^  .  13 . 8,025  y  j^ .  0,0977  =  j .  8,095 . 0,977  V7=16,29  c  inches, 
per  minute  =  977,4  cubic  inches,  and  per  hour  =  83,94  cubic  feet 

§  404.  EflElua:  from  a  Vessel  in  Motion. — The  velocity  of 
efflux  changes  when  a  vessel,  originally  at  rest  or  moving  uni- 
formly, is  set  in  motion,  or  when  a  change  in  its  condition  of 
motion  takes  place,  since  in  this  case  every  molecule  of  the  water 
acts  upon  those  surrounding  it  not  only  by  its  weight,  but  also 
by  its  inertia.  52 
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If  the  vessel  A  C,  Fig.  689,  is  moved  wtlh  ati  accelerated  tnolion 
wrtically  upwarda,  while  the  water  flows  through  an  opening  F  in 
the  bottom,  the  velocity  of  efflux  is 
ftugraented,  and  if  it  descends  with  aa 
accelerated  motion,  the  velocity  ia  dimin- 
ished. If  the  acceleration  is  p,  every 
molecule  M  of  the  water  presses  not 
only  with  ite  weight  M  g,  but  also  with 
its  inertia  M  p,  and  in  the  first  case  we 
must  pnt  the  force  of  each  molecule 
equal  to  (^  +  p)  M,  and  in  the  second 
case  equal  to  (g  ~  p)  M,  or  instead  of 
g,g  ±  p.    Hence  it  follows  ttiat 

and  that  the  velocity  of  efflux  is 

v=  V%  {g  ±  p)  k. 
If  the  vessel  rises  with  the  velocity  g,  we  have 
V  =  V¥T¥g~k  =  2  Vgh, 
and  the  velocity  of  efflux  is  1,414  times  as  great  as  it  would  be  if 
the  vessel  stood  still.      If  the  vessel  foils  by  its  own  weight  or 
with  the  acceleration  ^,  r  is  =  4'^  =  0  and  no  water  runs  out    If 
the  vessel  moves  uniformly  upwards  or  downwards,  v  remains  = 
V%g  h,  but  if  its  rise  is  retarded, « becomes  =  ^^{g  —  p)  A,  and  if 
its  fall  is  retarded,  v  \i  =  V'i  (g  +  p)  h. 

-^    gg.  If  the  vessel,  from  which  the  water  flows, 

is  moved  horizontally  or  at  an  acute  angle 
to  the  horizon,  the  surf'ace  (eee  §  354)  be- 
comes oblique  to  the  horizon  and  a  varia- 
tion of  the  velocity  of  efflux  is  the  resnlt. 

If  a  vessel  A  C,  Fig.  C90,  is  caused  ftp 
revolve  a^ut  its  vertical  axis  X  X,  its  Hur- 
&ce  will  assume,  according  to  g  354,  the 
shape  of  a  parabolic  funnel  A  0  B,  and  at 
the  centre  M  of  the  bottom  the  head  of 
water  ^  0  is  Bmaller  than  near  the  edge, 
and  the  water  will  flow  more  slowly  through 
an  orifice  at  the  centre  than  through  any 
_  A  other  equally  large  aperture  in  the  bottom.  . 

"iS  A  denotes  the  head  of  water  M  0  at  the  centre  M,  the  velocity 
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of  efBuz  throagh  an  apertare  at  that  point  will  be  =  VTgk  ;  bat 
if  y  denotes  the  distance  M  F  —  iV"  /•  of  un  aperture  F  from  the 
axis  JTX  and  "  the  angular  velocity,  we  have,  since  the  subtan- 
gent  TN  of  the  arc  0  /*  of  the  parabola  is  equal  to  twice  the  sbBcissa 
0  A',  the  corresponding  elevation  of  the  water  above  the  centre  0 

0N=  iTJf=  iP  N.tang.NP  T, 
consequently  if  we  flubatitute  ton^.  N  P  T  =  tang.  0  =  -  -2  (see 
g  354)  and  denote  the  angular  velocity  w  A  of  i^by  k-,  we  can  put 

Henoe  the  velocity  of  efflax  through  the  orifice  F  ia 


=  A 


Fra.601. 


This  formula  holds  good  for  a 


Teasel  of  any  shape,  even  when  it 
is  closed  on  top,  hke  A  C,  Fig.  691, 
in  such  a  manner  that  the  fun- 
nel DOC  cannot  be  completely 
formed.    Here  also  A  ie  the  depth 
MO  of  the  orifice  below  the  vertex 
0  of  the  funnel  and  v  the  velocity 
of  rotation  of  the  aperture.    It  will 
be  employed  repeatedly  in  the  dis- 
cnsaton  of  reaction  wheels  and  tor- 
biues  in  another  part  of  the  work. 
ExAifPLB— 1)  If  the  vessel  A  C,  Fig.  689.  which  when  filled  with  wafer 
weighs  300  pounds,  is  drawn  tipwatda  by  a  weight  0  of  4S0  poonds  by 
means  of  a  cord  pMtdng  over  a  pulley,  it  riaee  wit^  an  acceleration 
450-800  100 

''=450  +  850-^=800y  =  *^' 
and  the  velodty  of  efflux  is 

«  =  •/2(s  +  p)h  =  Va  .  fjrA  =  VjffA. 
Now  if  the  head  of  water  were  A  =  4  feet,  the  velocity  of  efflux  wanid  be 
t  =  VoTy  =  3  782,2  =  17,03  feet. 
3)  If  the  vessel  A  C,  Fig.  801,  which  is  Hied  with  water,  makes  100 
revolDtiona  per  minute  and  if  the  orifice  F  iei  feet  below  tlic  level  of  the 
water  at  the  centre  and  at  a  distance  from  the  axis  XX,  =  3  feet,  the 
velocity  of  efflux  is 

•  =  V3{fA  +  IB'  =  f' 64,4  .  9  +  (°    ■'Ift  ^- )'=  Vr2e,8  +  100.  ir*' 

=  VI 28,8  +  98T  =  Vlll5,e  =  88,4  feet.  . 

If  the  venel  stands  ttiU,  we  have  v  =  Vi36,8  =  11,SS  feet 
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CHAPTER    II. 

OF  THE  CONTRACTIOS'  OP  THE  VEIN  OR  JET  OP  WATER  WHEN 
IBUUmo  FROM  AN  OBIFICE  IN  A  THIN  PLATE. 

g  405.  Coefficient  of  Velocity. — The  laws  of  efflux,  deduced 
in  the  last  chapter,  coincide  oltnoBt  exactly  vith  the  regnlts  ob- 
tained in  practice,  so  long  as  the  bead  of  water  is  not  very  smaU, 
compared  to  the  width  of  the  aperture,  if  the  orifice  of  efflux  is 
gradually  vldened  inwards  and  joinB  bottom  or  sides  without 
forming  an  angle  or  edge.  The  experimente  made  with  polished 
metal  mouth-pieces  by  Miclielotii,  Eytelwein  and  others,  and  also 
by  the  author,  have  shown  that  the  real  effective  discharge  is  from 
S6  to  99  per  cent  of  the  theoretical  one.  The  mouth-piece  A  D, 
Pig.  693,  which  is  represented  in  ohe-half  its  natural  aize,  gave 
under  a  pressure  of  10  feet  98  per  cent, 
Fi8. 692.  under  a  pressure  of  5  feet  97  per  cent,  and 

under  a  pressure  of  1  foot  96  per  cent  of 
the  discharge  calculated  theoretically  (Ex- 
periments with   large  orifices,  see  Unter- 
snchungen  in  dem  Gebiete  der  MechanHc 
nnd  Hydraulik,  Zweite  Abthell).    If  the 
efflux  through  such  a  mouth-piece  is  to  be 
as  free  from  disturbance  as  possible,  the 
rounding  must  not  be  in  the  form  of  a 
circle,  but  in  that  of  a  curve  A  D  =  B  C, 
the  curvature  of  which  gradually  decreases  &'om  within  outwarcls 
(from  A  towards  D).    Since  in  this  case  the  stream  has  the  same 
cross-eection  F  as  the  orifice,  we  can  aasume  that  the  diminution 
of  the  discharge  is  caased  by  a  loss  of  velocity  arising  from  the 
friction  of  the  water  upon,  or  its  adhesion  to,  the  inner  snrface  of 
the  mouth-piece  and  from  the  viscosity  of  the  water.    Hereafter 
we  will  call  the  ratio  of  the  real  or  effective  velocity  to  the  theo- 
retical velocity  v  =  V2gh  the  coefficient  of  velocity  {Ft.  coefficient 
de  Vitesse ;  Qer.  Oeschwitidiglteitscoefflcient)  and  we  will  denote 
it  by  ^    Thus  the  effective  velocity  of  efflux  in  the  simplest  case  ia 
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aad  the  effective  discharge  is 


Substituting  for  0  its  mean  value  0,975,  we  obtain  (in  English 


feet) 


Q  =  0,975  .  FV¥gli  =  0,975  .  8,025  FVh  =  7,824  F  Vk. 

The  yis  viva  of  a  quantity  Q  of  water,  issuing  with  tlie  velocity 

Qy 
r„  is  -— ^  .  Vi\  by  virtue  of  which  it  can  perform  the  mechanical 

V* 

effect  Q  y .  q^.    But  since  the  weight  ^  y  in  descending  from  the 

height  h  =  ^  performs  the  work  Qy  ,h=^Q  y  ^--,  it  follows  that 
the  loss  of  mechanical  effect  of  the  water  during  the  efflux  is 

V* 

L  =  0,049  .  jr— ,  or  4,9  per  cent 
Ag 

The  water,  whidi  issues  from  the  vessel,  will  therefore  perform 
4^9  per  cent,  less  work  by  virtue  of  its  vis  viva  than  by  virtue  of  its 
weighty  when  falling  from  the  height  h. 

RKirAKTg. — ^The  ani^hor  has  tested  the  law  of  efflux,  expreased  by  the 

fonnala  «  =  V2  gh,  under  very  different  heads,  viz.,  from  the  veiy  great 
head  of  100  meters  to  the  very  small  one  of  0,02  meters.  A  well  rounded 
mouth-piece  1  centimeter  wide  gave  for  the  heads 


A  =  0,02  meters .  . . 

0,50  meters 

8,5  meters 

17  meters 

103  meters 

^  =  0,959 

0,967 

0,976 

0,994 

0,994 

Bee  Civilingenieur,  New  Series,  Vol.  5,  first  and  second  numbers. 

§  406.  Coefficient  of  ContractioiL — \i  the  water  issues  from 
921  orifice  in  a  thin  plate  (Fr.  orifice  en  jnince  paroi ;  Ger.  Muq- 
dung  in  der  dunnen  Wand),  fuid  if  tiie  other  circumstances  are  the 
same,  a  considerable  diminution  in  the  discharge  takes  place.  This 
diminution  is  due  to  the  fact  that  the  directions  of  the  molecules 
of  the  water,  which  are  passing  through  the  orifice,  converge  and 
produce  a  contracted  stream  or  vein  (Fr.  veine  contractee ;  Qtex, 
contrabirter  Wassearstrahl).   The  measurements  of  the  stream,  made 
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Fig.  698. 


by  several  experimenters  and  more  recently  by  the  aathor  himfiel^ 
have  shown  that  the  stream^  at  a  distance  from  the  orifice  equal  to 
half  its  width,  experiences  its  maximum  contraction,  and  that  its 
thickness  is  0,8  of  the  diameter  of  the  orifice.  K  Fi  is  the  cross- 
section  of  the  conti'acted  vein  and  F  that  of  the  orifice,  we  have 
therefore 

F  =  0,8»  F  =  0,64  F 

F 
The  ratio  -^  of  these  cross-sections  is  called  the  coefficient  of 

contraction  (Fr.  coefiicient  de  contraction ;  Ger.  Gontractionscoeffi- 
cient;,  and  is  denoted  by  a;  from  what  precedes  we  see  that  its 
mean  value  for  the  efflux  of  water  through  an  orifice  in  a  thin 
plate  is  a  =  0,64 

So  long  as  we  have  no  more  accurate  knowledge  of  the  law  of 
the  contraction  of  the  stream,  we  can  assume  that  the  stream  flow- 
ing through  a  circular  orifice  A  -4,  Pig.  693,  forms  a  solid  of  rota- 
tion A  E  E  Ay  whose  surface  is  generated  by  the  revolution  of  the 
arc  ^  ^  of  a  circle  about  the  axis  C  D  of  the  stream.    Putting  the 

diameter  A  A  of  the  orifice  =  d 
and  the  distance  C  D  of  the  con- 
tracted section  E  E  from  the  orifice 
=  ^  (2,  we  obtain  the  radius 

MA  =  ME^r 
of  the  generating  arc  -4  ^  by  means 
of  the  equation 

Jlr  •  =zEN{2ME-^EN) 
(f        d  (^  d\ 

from  which  we  obtain 
r  =  1,3  d. 
The  velocity  of  efflux  through  orifices  of  this  kind  is  about 

Vi  =  0,97  V. 

The  contraction  of  the  stream  of  water  owes  its  orighi  to  the 
fact  that  not  only  the  water  immediately  above  the  orifice  flows 
out,  but  also  that  the  water  all  around  flows  in  and  is  dischaiged 
with  it.  The  filaments  of  water  begin  to  converge  within  the 
vessel,  as  is  shown  in  the  figure,  and  the  contraction  of  the  stream 
is  caused  by  the  prolongation  of  this  convergence.  We  can  con- 
vince ourselves  of  this  fact  by  employing  a  glass  vessel  and  putting 
into  the  water  small  bodies,  such  as  saw-dust,  bits  of  sealing-wax, 
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eti^,  of  nearly  tlie  same  specific  gravity  aa  the  water,  and  allowing 
tbem  to  Sow  oat  with  it 

§  407.  Cootraeted  Vein  of  Water.— If  the  water  flows 
t^rongh  triangular,  quadrangular,  et&,  orificee  in  a  thin  plate,  the 
stream  assumes  particular  forms.  The  most  striking  phenomenon 
is  the  inversion  of  the  stream  or  the  change  in  position  of  its  cross- 
sectioD  in  reference  to  the  cross-section  of  the  orifice,  in  conse- 
quence of  which  a  comer  of  the  former  crosa-section  cornea  into 
the  some  position  as  the  middle  of  one  of  the  sides  of  the  orifice. 
Thus  the  cross-acetion  of  the  stream,  issuing  from  a  triangular  ori- 
fice ABO,  Fig.  694,  is,  at  a  certain  distance  from  the  latter,  a 
three-pointed  star  D  E  F;  that  from  a  square  orifice  A  B  0  D, 
Fig.  695,isafonr-pointedetar  .^  J'd  .ff;  that  from  a  pentagonal 

Fio.  6»4.  Fia.  6W.  Fio.  6H. 

^  -i^    .3f- 

orifice  A  B  CD  E,  Fig.  696,  is  a  five-pointed  atax E  €f  H K L,ete. 
The  croBB-Bections  are  very  difierent  at  different  distances  from  the 
orifice ;  tliey  decrease  for  a  certain  distance  and  then  increase  again, 
etc ;  the  stream  consiBta,  therefore,  of  ribs  of  variable  width  and 
forms,  as  can  be  best  observed  when  the  pressure  is  very  great, 
bulges  and  nodes  similar  in  form  to  the  cactus  plant  If  the  ori- 
fice A  B  CD,  Fig.  697,  is  rectangular,  the  cross-sectiou  at  a  small 
distance  from  the  aperture  forms  also 
^^-  ^^-  a  star  or  cross,  bat  at  a  greater  dis- 

tance tt  assumes  more  the  form  of  an 
inverted  rectangle  H  F. 

Bidone  observed  the    discharge 
from  various  kinds  of  orifices ;  Pon- 
,  celet  and  Leebros  have  made  the 

only  accurate  measurements  of  the 
stream  issuing  from  square  orifices 
(see  the  Allgemeine  Maschinenency 
klopftdie,  article  "Ausfloss").  The 
last  measurements  have  led  to  a  small 
coefficient    of    contractiott     0,563. 
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Measurements  of  the  water  dischai^ed  through  smaller  openings 
have  given  greater  coefficients  of  contraction ;  they  indicate  that 
the  coefficients  are  greater  for  oblong  rectangles  than  for  rectangles, 
which  approach  the  square  in  form. 

§  408.   Coefficient  of  EffluL — ^If  the  effectiye  Telocity  of 
water  issuing  from  an  opening  in  a  thin  plate  was  equal  to  the 

theoretical  v  =  V2g  A,  we  would  have  for  the  effective  discharge 

Q=z  aFv  =  aFV^gJy 
a  i^  denoting  the  cross-section  of  the  stream  at  the  point  of  maxi- 
mum contraction^  where  the  molecules  of  water  move  in  parallel 
lines ;  but  this  is  by  no  means  true.    It  appears,  from  experiment, 

that  Q  is  smaller  than  a  F  V2ff  h  and  that  we  must  multiply  the 

theoretical  discharge  FV2g  h  by  a  coefficient  smaller  than  the  co- 
efficient of  contraction,  in  order  to  obtain  the  real  discharge.  We 
must  therefore  assume  that,  when  water  issues  fit)m  an  orifice  in  a 
thin  plate,  a  certain  loss  of  velocity  takes  place,  and  consequently 
a  coefficient  of  velocity  ^  must  also  be  introduced;  hence  the  effec- 
tive velocity  of  efflux  is 

v,  =  0  v  =  0  V%g  h. 

The  effective  discharge  is 

Qi  =  Fi.Vi  =  aF.4>tf  =  afl>  Fv  =  a<p  F  V2gk 

Let  us  call  the  ratio  of  the  real  discharge  Qi  to  the  theoretical  or 
hypothetical  discharge  Q  the  coefficient  of  effiux  (Fr.  coefficient  de 
d6pense;  G^r.  Ausflusscoefficient)  and  let  us  denote  it  hereafter 
by  M ;  then  we  have 

Q^=:fiQz=fiFv  =  iiF  V2gJ, 
aad  therefore 

I.B.  the  coefficient  of  efflux  is  (he  product  of  the  coefficient  ofvdocUy 
and  the  coefficient  of  contraction 

Bepeated  observations,  and  particularly  the  measurements  of 
the  author,  have  led  to  the  conclurion  that  the  coefficient  of  efflux 
is  not  constant  for  all  orifices  in  a  thin  plate,  that  it  is  greater 
for  small  orifices  and  small  velocities  of  efflux  than  for  large 
orifices  and  great  velocities  and  that  it  is  much  greater  for  long, 
narrow  onfices  than  for  those  whose  forms  are  regular  or  circular. 

For  square  orifices,  whose  areas  are  from  1  to  9  square  inches, 
under  a  head  of  from  7  to  21  feet,  aocording  to  the  experiments  of 
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Bossnt  and  Micbelotti^  the  mean  coefficient  of  efflux  ia  fi  =  0,610 ; 
for  circular  oriQces  from  ^  to  6  inches  in  diameter  and  under  a  bead 
of  from  4  to  21  feet,  it  is  fi  =  0,615  or  about  j%.  The  values,  which 
were  obtained  by  Bossut  and  Michelotti  from  their  observations, 
differ  materially  from  each  other;  but  they  do  not  appear  to  de- 
pend upon  the  size  of  the  orifice  or  upon  the  head.  According  to 
the  experiments  of  the  author,  under  a  head  of  0,6  meters,  the  co- 
efficient of  efflux  is  for  a  circular  orifice 

1  centimeter  in  diameter /u  =  0,628 

2  centimeters         **  =0,621 

3  "  ''  =0,614 

4  «  «  .......       =0,607. 

On  the  contrary,  under  a  head  of  0,25  meters,  with  the  same  orifice, 

1  centimeter  in  diameter,  he  found .    .    .    .    /ti  =  0,637 

2  centimeters         "  "  ....       =0,629 

3  "  •*  «  ....       =0,622 

4  «  "  «  ....       =0,614 

We  see  from  these  results  of  experiment  that  the  coefficient  of 
efflux  increases  when  the  size  of  the  orifice  and  the  head  of  water 
diminish.  If  we  assume  as  mean  values  fjt  =  0,62  and  a  =  0,64, 
we  obtain  the  coefficient  of  velocity  for  efflux  through  an  orifice  in 

athin  plate  ^=T^  =  o,97, 

a 

or  about  the  same  as  for  efflux  through  mouth-pieces  rounded  in- 
ternally. 

RtHASK — 1)  Experimeats  made  hf  Buff  (see  Poggendorff 's  Annalen, 
Vol.  XLYI)  show  that  the  coefficients  of  velocity  for  small  orifices  and 
small  heads  or  velocities  are  considerably  greater  than  for  large  or  medium 
orifices  and  velocities.  An  orifice  of  2,084  lines  in  diameter  gave,  under  a 
head  of  1^  inches,  fi  =  0,692  and,  under  a  head  of  85  inches,  ^  =  0,644. 
On  the  contrary,  an  orifice  4,848  lines  wide,  under  a  head  of  4^  mches, 
gave  fi  =  0,682  and,  under  a  head  of  29  inches,  ft  =  0,658.  The  author 
also  obtained  similar  results. 

2)  For  efflux  under  water,  aeeerdifig  to  ihe  egporimogts  -of  the  author, 
the  coefficients  of  velocity  are  nearly  1^  per  cent,  smaller  than  for  efflux 
into  the  air. 

§  409.  Ezpeiiments. — ^The  coefficient  of  efflux  /^  correspond- 
ing to  a  certain  mouth-piece  can  be  determined,  when  we  know  the 
discharge  F,  which  passes  through  tlie  known  crosfr^wction  F  of 
the  orifiee  under  a  head  of  water  A  in  a  certain  time  i;  here  we 
have 
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and  invereely  _         V 

In  order  to  find  its  tvo  Actors,  viz. :  the  coefficient  of  contiso- 
tion  and  that  of  Telocity,  it  ia  neceasary  to  measure  either  the  cross- 
section  i^  =  o  J'  of  the  stream  or  to  determine  the  velocity  of 
efSnz  v,  =  <!>  V  =  tjt  V%gh  by  means  of  the  range  of  the  jet. 
Neither  measurement  can  be  made  with  sufQcient  accnracy  onlees 
the  stream  is  thin  aniT  the  cross-section  is  circolar. 

The  circular  cross-section  F,  of  a  jet  can  be  determined  very 
simply  by  means  of  the  apparatns  represented  in  Fig.  698.    It  is 
composed  of  a  ring  and  four  sharp-pointed  set- 
Pio.  698.  screws  A,  B,  C,  D,  which  screw  in  towards  each 

other.  The  screws  are  directed  towards  the 
centre  of  the  cross-section  of  the  stream  and  are 
turned  nntil  their  points  touch  its  Eur£tce ;  the 
ring  is  then  removed  &om  the  stream  and  the 
distance  between  the  opposite  points  of  the 
screws  is  measured ;  the  mean  di  of  these  two 
distances  is  assumed  to  be  the  diameter  of  the 
stream.  N'ow  if  d  is  the  diameter  of  the  cross-section  of  the  orifice, 
we  have  _  -^i  _  '/  <*'  V 

"  ~  F  ~  It/  ' 

and  therefore  u 

*  ~  o' 
If  we  measure  the  range  ^  C  =  5  of  a  jet  .^  5,  Pig.  699,  which 
issues  horizontally  from  the  mouth-piece  S  A,  which  is  at  a  certain 
height  A  C  =  a  aboTO  the  ground,  we  have,  according  to  §  36,  the 
velocity  of  effiux 

Fia.68Q. 
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and  since  v,  =  ^  v  =  0  V%g  A,  we  obtain 

I 


^  =  i^  =  /JL  = 


whence  '  ^        2 /oA 

The  determination  of  v  is  more  certain  when,  instead  of  a  and 
J,  we  measure  the  horizontal  and  vertical  co-ordinates  of  three 
points  of  the  parabolic  axis  of  the  stream;  for  the  axis  of  the 
mouth-piece  may  have  an  unknown  inclination  to  the  horizon. 
The  most  simple  method  of  proceeding  is  to  stretch  a  horizontal 
thread  D  F  abore  the  stream  and  to  hang  three  plumb-lines  from 
three  points  Dy  Ey  and  Fy  which  are  at  equal  distances  from  each 
other;  we  then  measure  the  distances  D  OyEHy  and  F K oi  the 
axis  of  the  stream  from  D  F*  If  D  F  =  x  ia  the  horizontal  dis- 
tance of  the  extreme  points  from  each  other,  if  the  vertical  dis- 
tances D  OyE Hy  and  FK  =  z,  «„  and  «„  and  if  we  take  G  as  the 
origin  of  co-ordinates,  we  have  the  co-ordinates  for  the  point  ff 

Xi=zOL  =  DE==iDF=^ejidyi=LH=EH--DG  =  Zi-Zy 

and  for  the  point  K 

a?,=  GM=DF=zxBiiifft  =  ME:=^  FK-DG^z^  —  z, 
According  to  §  39,  if  a  denotes  the  angle  of  inclination  of  the 

axis  of  the  stream  at  Gy 

^  ^  2  V,'  CO*."  <i 

a  x} 
y,  =  a?,  tang,  a  4-  s — ? r->  or 

€f  X  ^ 

y,  -  X,  tang,  a  =  ^-^^  md 

y,-x.tang.a=^J^', 
whence,  by  division,  we  obtain,  since  a:,  =  2  a;,, 

y^ZU^ng^  ^  ^  ^d  therefore  tang,  a  =  111^11?. 
j/i  —  x^  tang,  o       *  ^  x 

If  in  one  of  the  foregoing  formulas,  instead  of  — j— ,  we  put  1  + 

COS*  a 

tang}  a,  and  for  tang,  a  we  substitute  the  last  expression,  we  obtain 

the  required  formula  for  the  velocity  of  efflux 
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^*       '^  2  (y,  —  ic  tang.a)cos:  a     ^      2  (2y,  —  4y,) 

""^         4(y,^2yO       * 
Hence  the  coefficienfc  of  velocity  is 


th  =  ^=      ^'       =  . /g*  -h  (4  yi  -  y,)' 
^       v         i/2TA      ^    8A(y.-2y,)- 


V2^A 

Example  1)  The  following  measiireiDents  of  an  uncontracted  Btream, 
-which  iflsued  from  a  well-rounded  orifice  1  centimeter  wide,  were  made : 
X  =  2,480  meters, 

y^=2^—e  =  0,267  —  0,1186  =  0,1535  metera, 
yj  =  «g  -  a  =  0,669  -  0,1185  =  0,5655     " 
and  the  head  of  water  was  h  =  8,850  meters.    From  these  data  we  find 
the  coefficient  of  velocity  to  be 

_     /  2,4y  +  0,05y^  _     /         6,185 
^^y  S.  8,359  .  0,2485  ""  r   26,872  .  0,2486  -"^>''''**- 
Since  no  contraction  took  place,  a  s  1  and  therefore  /« =  ^.  The  resalta 
of  measurements  given  in  the  remark  to  {  406  agree  wdl  with  this  value. 

2)  The  measurements  of  a  perfectly  contracted  stream,  which  passed 
through  a  circular  orifice  in  a  thin  plate,  were,  for  a  head  of  water  h  = 
8,896  meters,  the  following : 
X  =  2,70  meters, 

y^  =  «j  —  «  =  0,2465  —  0,1116  =  0,1860  meters, 
y,  =  «,  -  0  =  0,6620  -  0,1115  =  0,6505      " 
whence  it  follows  that 

_     /    2,70' +  0,01'-  __     /        7:2901 
^  ":  r    8  .  3,396  .  0,2806  ""  r    27,168  .  0.2806  -"'•^'''• 
From  the  measurement  of  the  discharge  /u  was  calculated  to  be  =  0,617 ; 

hence  the  coefficient  of  contraction  was  a  =  -  =  0,681,  which  agreed  very 
well  with  the  measurement  of  the  cross-section  of  the  stream. 

§  410.  Rectangoiar  Lateral  Oxiflcea. — The  ynost  accurate 
experiments  upon  efflux  through  large  lateral  rectangular  orifices 
are  those  made  at  Metz  by  Ponoelet  and  Le«brofl.  The  width  of 
these  apertures  were  2  and  in  some  cases  6  decimeters  and  their 
heights  were  different,  varying  from  1  centimeter  to  2  decimeters. 
In  order  to  produce  a  perfect  contraction^  the  orifice  was  made  in  a 
brass  plate  4  millemeters  thick.  From  the  results  of  these  experi- 
ments, these  savants  have  calculated^  by  interpolation,  the  tables, 
which  are  given  at  the  end  of  this  paragraph,  and  which  can  be 
employed  for  the  measurement  or  calculation  of  discharges. 

If  *  is  the  width  of  the  orifice  X  X,  Kg.  700,  and  if  Aj  and  A, 
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Are  the  heights  E  0  and  E  Lot  the  level  of  the  water  above  the 
lower  and  upper  horin)ntal  edge  of  the  orifice,  we  have,  according 
to  §  401,  the  discharge 

If  we  IntrodDce  the  height  of  the  orifice  OL  =  a  =  ky— h^ 
and  the  mean  head  of  water  E  M=  A=    '      -',  we  have  approxi- 

and,  therefore,  the  effectiTe  discharge  is 

«■  =  "«=('- sir-) '"'*''^^ 

Fia.  7oa  If  we  pot 

.we  have  more  simplj 

Q,  =  fi,ai  Vfgh, 
and  aa  it  is  more  convenient  to  employ 
thie  simple  formula  for  the  discbarge, 
the  values  of  fi,  and  not  those  of  fi 
are  given. 

Since  the  water  in  the  neighborhood 

of  the  orifice  is  in  motion,  it  stands 

higher  immediatelj  in  front  of  the 

waJl,  in  which  the  aperture  is  made ; 

for  this  reason  two  tables  are  given, 

one  to  be  used,  when  the  heads  of  water  are  meaaured  at  a  distance 

&om  the  orifice,  and  the  other,  when  they  are  measured  directly  at 

the  wall  of  orifice.     We  see  from  both  these  tables  that,  with  some 

exceptions,  the  less  the  height  of  the  orifice  and  tho  head  of  water 

is,  the  greater  tlie  coefficient,  of  efflns  is. 

If  the  width  of  an  orifice  ia  different  from  those  given,  we 
mast  employ  these  coefficients  to  calculate  the  dischai^  as  we 
have  no  other  experiments  to  base  our  calculations  upon.  That 
we  are  not  liable  to  great  error  can  be  seen  by  comparing  the  co- 
efficients for  tlie  orifices,  whose  widths  are  0,6  meters,  with  those, 
whose  widths  are  0,2  meters,  for  the  same  head  of  water.  If 
the  apertnres  are  not  rectangular,  we  determine  their  mean  height 
and  width  and  substitute  in  the  calculation  the  coefficient  corre- 
sponding to  these  dimensions.  It  is  always  better  to  measure  tb« 
head  of  water  at  a  great  distance  from  the  orifice  and  to  employ 


830  GENERAL  PRINCIPLES  OF  M^ANICS.  [§410. 

the  first  table  than  to  measure  it  immediat^  at  the  orifice,  where 
the  surface  of  the  water  is  curved  and  less  tranquil  than  at  a  dis- 
tance from  it. 

Example — 1)  What  is  the  discharge  through  an  orifice  2  decimeters 
wide  and  1  decimeter  high,  when  the  surface  of  the  water  is  1^  meters 
above  the  upper  edge  ?    Here  we  have 

J>  =  0,3,  a  =  0,1,  h  =  -'-J^»  =  h^j^  ^  1  55  ^^jters, 

and,  therefore,  the  theoretical  discharge  is 

C  =  0,1  .  0,2  V2^  Vi,55  =  0,02  .  4,429  . 1,246  =  0,1103  cubic  meters. 
But  Table  I  gives  for  a  =  0,1  and  h^  =  1,5,  fi^  =  0,611,  hence  the 
real  discharge  is 

Q  =  0,611  .  0,1103  =  0,0674  cubic  meters. 
2)  What  is  the  discharge  through  a  rectangular  orifice  in  a  thin  plate, 
whose  height  is  8  inches  and  whose  width  2  inches,  under  a  head  of  water 
of  15  inches  above  the  upper  edge  9    The  theoretical  discharge  is 

0  =  I .  i  .  8,025  Vf  =  0,8917  .  1,1547  =  1,0296  cubic  feet. 
But  two  inches  is  about  0,05  meters  and  15  inches  about  0,4  meters, 
we  can  therefore  take  the  value  Mi  =  0,628,  correspondiug  to  a  =  0,05  and 
A,  =  0,4,  and  put  the  required  discharge 

Qi  =  0,628  .  1,0296  =  0,647  cubic  feet 
8)  If  the  width  is  0,25  meter,  the  height  0,15  and  the  head  of  water 
A,  =  0,045,  we  have 

Q  =  0,25  .  0,15  .  4,429  V042  =  0,166  .  0,8464  =  0,0575  cubic  meters ; 

the  height  0,15  corresponds,  for  A,  =  0,04,  to  the  mean  value 

0,582  +  0,608      ^  ^^„^ 
Mt  = 3-^ =  0,5925, 

and,  for  A,  =  0,05,  to 

0,585  +  0,605 
/i^  = ^ =  0,695. 

Now  since  h^  =  0,045  is  given,  we  subst^tate  the  new  mean 

,     0,5925  +  0,5950  _  q  g^. . 
2 
as  coefficient  of  efflux,  and  we  obtain  the  required  discharge 

Q^  =  0,594 .  0,0575  =  0,08415  cubic  meters. 
Remark. — The  coefficients  of  velocity  do  not  change  sensibly  for  a  rec- 
tangular orifice,  when  we  change  the  height  into  the  width  or  vice  reisa, 
as  is  demonstrated  by  the  following  experiments  of  Lesbros  (see  his  ''  Ex- 
periences Hydrauliques,  Paris,  1851"). 

An  orifice  0,60  meters  wide  and  0,02  meters  high,  under  a  head  of  water 
fix)m  h  =  0,80  to  1,50  meters,  gave 

fi^=:  fi=z  0,635  to  0,622, 
and,  on  the  contrary,  when  it  was  set  on  edge,  or  when  the  height  was  0,60 
meters  and  the  width  0,02  meters, 

fit  =  0,610  to  0,626  and 
fi   =  0,688  to  0,627. 
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TABLE  L 

The  coejgicients  of  efflux  of  water  issuing  from  rectangular  orifices  in  a  thin 
vertical  platey  aeoording  to  P&ncdet  and  LeAroe, 

(The  heads  of  water  are  measured  above  the  orifice  at  a  point  where  the 
water  can  be  considered  as  still.  The  values  below  the  asterisk  (*)  are  de- 
termined only  by  interpolation.) 


!ead  of  water  or  dis- 
tance of  the  level  of 
the  water  above  the 
upper  edge  of  the 
oriHce,  in  meters. 

HEIGHT  OF  THB  OKIFICK,   IK  MBTKRS. 

Width  of  the  orifice  =  o,a  metera. 

'"m  I  1   •/ 

Width  of  the  orifice 
=  o,6  meters. 

0,20 

0,10 

0,05 

r     ■  ,      ■ 

0,08 

'  0,02 

■  0,01 

• 

b,20 

*0,02 

0,000 

« 

,'V     "^ 

t  i  c  )^  •/ 

•  '  ,.' 

•    -:'* 

.  0  /  ^v 

« 

(( 

K 

(I 

<( 

« 

(( 

o/ry 

0,005 

(I 

(( 

i( 

It 

u 

0,705 

i( 

(( 

tO^O  ^ 

0,010 

It 

u 

0,607 

0,630 

0,660 

0,701 

(( 

0,644 

.^i^6  2. 

0,015 

K 

0,593 

0,612 

0,632 

0,660 

0,697 

<t 

0.644 

c6fi 

0,020 

0,572 

0,596 

0,615 

0,634 

0,659 

0,694 

it 

0.643 

0,030 

0,578 

0,600 

0,620 

0,688 

0,659 

0,688 

0,503 

o;e42 

0,040 

0,582 

0,603 

0,628 

0,640 

0,668 

0,683 

0,595 

0,642 

./4V0 

0,050 

0,585 

0,605 

0,625 

0,640 

0,658 

0,B79 

0,697 

0,€41 

m.     ^    'a.     A" 

0,060 

0,587 

0,607 

0,627 

0,640 

0,657 

0,676 

0,699 

0,641 

0,070 

0,588 

0,609 

0,628 

0,689 

0,656 

0.673 

0,600 

0,640 

.XbXi 

0,080 

0,589 

0,610 

0,629 

0,638 

0,666 

0,670 

0,601 

0,640 

.  aya'J 

0,090 

0,591 

0,610 

0,629 

0,637 

0,655 

0.668 

0,601 

0,689 

•aaw 

0,100 

0,592 

0,611 

0,680 

0,637 

0,654 

0,666 

0,602 

0,689 

m 

0,120 

0,593 

0,612 

0,680 

0,636 

0,653 

0.663 

0,603 

0,688 

0,140  • 

0,595 

0,618 

0,630 

0,635 

0,651 

0,660 

0,608 

0,687 

.S7,Hf 

0,160 

0,596 

0,614 

0,681 

0,634 

0,660 

0,668 

0,604 

0,687 

0,180 

0,597 

0,615 

0,680 

0,634 

0,649 

0,667 

0,605 

0,686 

0,200 

0.598 

0,615 

0,680 

0,633 

0,648 

0,655 

0.606 

0,685 

.^%ot. 

0,250 

0,599 

0,616 

0,630 

0,632 

0,646 

0.668 

C,Cf6 

0,634 

.9r&3 

0,300 

0,600 

0,616 

0,629 

0.632 

0,644 

0;660 

0  607 

0,688 

/^S/2f 

0,400 

0,602 

0,617 

0,628 

0,631 

0,642 

0,647 

0,607 

0,681 

/,  ^9^^" 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,644 

C,607 

0,680 

/.9(^^f, 

0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,642 

0,607 

0.629 

^.^^( 

0,700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

0,607 

0,628 

Z.^ti7 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,687 

0,606 

0,628 

a.^5"^t 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,636 

0,606 

0,627 

sS^of 

1,000 

0,605 

0,615 

0,626 

0,628 

0,638 

0,682 

oeo5 

0.626 

^,^t\r^ 

1,100 

0,604 

0,614 

0,626 

0,627 

0,631 

0,629 

0,604 

0,626 

3.<fZ7^ 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,026 

0,604 

0,625 

£/.%^^i 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

0,603 

0,624 

V.rf33 

1,400 

0,608 

0,612 

0,621 

0,622 

0,622 

0,618 

0,603 

0,624 

1,500 

0,6Q2 

0,611 

0,620 

0,620* 

0,619* 

0,616* 

0.602 

0,623 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,613 

0,602* 

0,623 

r*977ir 

1,700 

0,602* 

0,610* 

0,617 

0,616 

0,616 

0,612 

0,602 

0,622 

s.^^st. 

1,800 

0,601 

0,609 

0,615* 

0,615 

0,614 

0,612 

0,602 

0,621* 

6.xa36 

1,900 

0,601 

0,608 

0,614 

0.613 

0,612 

0,611 

0,602 

0,621 

6.ffr/r 

2,000 

0,601 

0,607 

0,618 

0;612 

0,612 

0,611 

0,602 

0,620 

»'**7 

8,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 

0,601 

0,616 

Similar  tables  for  the  Prussian  system  of  measures  are  to  be  found  in 
the  Ingenieur,  page  482. 
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TA^E  II. 

The  eoeffieients  of  ^tus  of  water  issuing  Avm  rectangular  or\fice»  in  a  (Mn 
wrtieal  plate,  aooording  to  Pancelet  and  Ia^jtos, 

(The  beads  of  water  were  measured  directly  at  the  orifice.    The  yalaes 
aboye  and  below  the  asterisks  (*)  are  determined  by  interpolation  only.) 


i 

ter  or  di»- 
le  surface 
er  above 
idgeofthe 
netera. 

HSICHT  OP  THB  OKIPICB,  IN  MBTBM. 

- 

Width  of  the 

s« 

Width  of  the  orifice  =  o,a  meters. 

orifice 

=  0,6  meters. 

•a  f  2| 

0,20 

0,10 

0,05 

0,08 

0,02 

0,01 

0,20 

0,000 

0,619 

0,667 

0,713 

0,776 

0,783 

0,795 

0,586 

.0)5'/ 

0,005 

0,597 

0,630* 

0,668* 

0,725* 

0,750* 

0,778* 

0,587 

.'^.J--- 

0,010 

0,595 

0,618 

0,642 

0,687 

0,720 

0,762 

0,589 

.CHU 

0,015 

0,594 

0,615 

0,639 ' 

.0,674 

0,707 

0,745 

0,590 

.Okii'. 

0,020 

0,594* 

0,614 

0,638 

0,668 

0,697 

0.729 

0,591 

•'     n 

0,030 

0,593 

0,613 

0,637 

0,659 

0,685 

0,708 

0,592 

./5IZ 

0,040 

0,598 

0,612 

0,636 

0,654 

0,678 

0,695 

0,594* 

.  \icHO 

0,050 

0,593 

0,612 

0,636 

0,651 

0,672 

0,686 

0,595 

•    '**          ■  1 

0,060 

0,594 

0.618 

0,635 

0,647 

0,668 

0,681 

0,596 

■# 

0,070 

0,594 

0,613 

0,635 

0,645 

0,665 

0,677 

0,597 

■                   -' 

0,080 

0,594 

0,613 

0,635 

0,643 

0,662 

0,676 

0,598 

0,090 

0,505 

0,614 

0,634 

0,641 

0,659 

0,672 

0,599 

.32S' 

0,100 

0,595 

0,614 

0,684 

0,640 

0,657 

0,669 

0,600 

.  0  \  ' 

0,120 

0,596 

0,614 

0.633 

0,687 

0,655 

0,665 

0,601 

0,140 

0,597 

0,614 

0,682 

0,686 

0,653 

0,661 

0,602 

^5'^-\i 

0,160 

0,597 

0,615 

0.681 

0,635 

0,651 

0,659 

0,602 

•5^    3 

0,180 

0,598 

0,615 

0,631 

0,684 

0,650 

0,657 

0,608 

•  ..  .'  i'^'^ 

0,200 

0,599 

0,615 

0,630 

0,633 

0,649 

0,656 

0,603 

■  CJl'O? 

0,250 

0,600 

0,616 

0,630 

0.632 

0,646 

0.658 

0,604 

« 

^ 

0,800 

0,001 

0,616 

0,629 

0,682 

0,644 

0.651 

0,605 

1    3  J2^'^ 

0,400 

0,602 

0,617 

0,629 

0,631 

0,642 

0,647 

0,606 

l.6^n-  t) 

0,500 

0,608 

0,617 

0,628 

0,680 

0,640 

0,645 

0,607 

1   •  \^ 

0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,648 

0,607 

r.i  ^'o ' 

0,700 

0,604 

0,616 

0,627 

0,629 

0,687 

0,640 

0,607 

4.   .    pw           w- 
,             J 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,687 

0,607 

0,900 

0,605 

6,615 

0,626 

0,628 

0,684 

0,635 

0,607 

3.:cS^9 

1,000 

0,605 

0,615 

0,626 

0,628 

0,683 

0,682 

0,606 

'5  V  ^  s9 

1,100 

0,604 

0,614 

0,625 

0,627 

0,681 

0,629 

0,606 

^  e"^":* 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

0,606 

1^00 

0,608 

0,613 

0,622 

0,624 

0,625 

0,622 

0,604 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

0,608 

1,500 

0,602 

0,611 

0,620 

0,620* 

0,61 9* 

0,615* 

0,603 

5.;  •*•' 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,618 

0,602 

V    ^  '' 

1,700 

0,602* 

0,610* 

0,617 

0,616 

0,615 

0,612 

0,602 

C         '^'^^ 

1,800 

0,601 

0,609 

0,615* 

0,615 

0,614 

0,612 

0,602 

^.'-COl'" 

1,900 

0,601 

0,608 

0,614 

0,613 

0,618 

0,611 

0,602 

1 

2,000 

0,601 

0,607 

0,614 

0,612 

0,612 

0,611 

0,602 

Q  .  <  •  f  -■ ' 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 

0,601 

g  411.]      CONTRACTION  OF  THE  VEIN  OR  JET  OP  WATER. 
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§  411.  Overfalls.— If  the  water  flows  through  an  overfall,  weir 
or  notch  (Fr.  deversoirs;  Ger.  XJeherfalle)  in  a  thin  wall,  as,  E.G.,  FB^ 

Fig.  701,  the  stream  is  contracted 
Fig.  701.  on  three  sides  and  a  diminution 

A^^^^^^^naB  ^^  the  discharge  is  produced.  The 

discharge  through  this  orifice  is 

g  =  f  /i  i  A  VWfk 
Here  the  head  of  water  E  H  ■=-  h 
is  to  be  measured,  not  at  the  edge, 
but  at  least  three  feet  from  the 
wall  in  which  the  notch  is  cut;  for  the  surflEhce  of  the  water  is  de- 
pressed immediately  behind  the  orifice,  and  the  depression  increases 
continually  towards  the  orifice,  and  in  the  plane  of  the  orifice  its 
value  G  Bis  from  0,1  to  0,25  of  the  head  of  water  F  R,bo  that  the 
thickness  F  0  ot  the  stream  is  but  0,9  to  0,75  of  the  head  of  water. 
Many  experiments  have  been  made  upon  efflux  of  water  thrtmgh 
notches  in  a  thinplate^  and  the  results,  although  very  multifarious, 
do  not  agree  as  well  as  could  be  desired.  The  following  tables  con- 
tain the  results  of  the  experiments  of  Poncelet  and  Lesbros. 

1.  TABLE  OF  COEFFICIENTS  OF  EFFLUX  FOR  OVERFALLS 
TWO  DECIMETERS  WIDE,  ACCORDINa  TO  PONCELET  AND 
LESBROS. 


Head  of  water  A 
in  meters. 

0,01 

0,02 

0,08 
0,412 

0,04 
0,407 

0,06 

0,08 
0,897 

0,10 

0,15 

0,20 

0,22 

Coefficient 
of  efflux 

A^i  =  f  A*- 

0,424 

0,417 

0,401 

0,895 

0,898 

0,890 

0,885 

«.  TABLE  OF  THE  COEFFICIENTS  OF  EFFLUX  FOR  OVERFALLS 

SIX  DECIMETERS  WIDE. 


Head  of  water  A 
in  meters. 

0,06 
0,412 

0,08 
0,409 

0,10 
0,406 

0,12 
0,408 

0,15 
0,400 

0,20 
0,895 

0,86 
0,891 

0,40 
0,891 

0,50 
0,891 

0,60 
0,890 

Coefficient 
of  efflux 

Hence  for  approximate  determinations  we  can  put  /ii  =  0,4. 
53 
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Eytelwein  found,  by  his  experiments  with  overfalls  of  great  width, 
the  mean  value  of  /tti  to  be  =  §  f*  =  0,42,  and  Bidone  f*i  =  f  0,6^ 
=  0,41,  etc.  The  most  extensive  experiments  were  made  by  d'Au- 
buisson  and  CasteL  From  these  d'Aubuisson  concludes  that  for 
overfalls,  whose  width  is  not  greater  than  j  that  of  the  canal  or  of 
the  wall  in  which  the  weir  is  placed,  we  can  put  /t*  =  0,60  or  f  /*  =i 
0,40 ;  that,  on  the  contrary,  when  the  overfiEkU  extends  across  the 
whole  wall  or  has  the  same  width  as  the  canal,  we  must  take  fi  = 
0,665  or  fii  =  0,444;  that,  finally,  when  the  relations  between  the 
width  of  the  notch  and  that  of  tixe  canal  differ  from  the  above,  the 
coefficient  of  efflux  is  very  varied,  the  extremes  being  0,58  and  0,66. 
The  experiments  made  in  1853  and  1854,  at  Hanswyk,  upon  over- 
falls 3  to  6  meters  wide  under  a  head  of  0,1  to  1,0  meters  gave 
/i  =  0,64  to  0,65  or  f  f*  =  0,427  to  0,433  (see  the  ''  Zeitschrift  des 
Archit-  und  Ingen-Vereins  fur  Hanover,  1857^).  The  researched 
made  by  the  author  upon  the  efflux  of  water  through  overfalls  re- 
fer the  variation  of  these  coefficients  of  efflux  to  Certain  laws,  which 
will  be  noticed  further  on  (§  417). 

Example — 1)  The  discharge  per  second  of  an  overfall,  0,25  meters 
wide  under  a  head  of  water  of  045  meters  is 


Q  =  0393  .  5  A  V2  ^  A  =  0,898  .  4,429  .  0,25  (0,15)J  =  0,435  .  0,0681 
=  0,02527  cubic  meters. 

2)  What  must  be  the  width  of  an  overfall,  which  under  a  head  of  water 
of  8  inches  will  dischaige  6  cubic  feet  of  water  ?    Here  we  have 

Ji i ? —   ? —    O  4.04.  feof 

~  fhy/2Th'  "  <>)^  •  S»<>^5  V(f)»  ""  8,210  .  0,5443  "  *'»*''*  ^^ 
If  according  to  Eytelwein  we  take  /<i  =  0,42,  we  have 

^  =  8,37  .  0,6448  ==  ^'^^^• 

§  412.  Maadmtim  and  Minimum  Contraction.^When  wa- 
ter flows  through  an  orifice  in  a  plane  surface^  the  axis  of  the  ori- 
fice is  at  right  angles  to  the  wall  of  the  vessel  and  we  have  a  me- 
dium contraction ;  if,  however,  the  axis  of  the  orifice  or  of  the 
stream  forms  an  acute  angle  with  the  portion  of  the  wall  of  the 
vessel  containing  the  aperture,  the  contraction  is  smaller,  and  if 
the  angle  between  this  axis  and  the  inner  surface  of  the  vessel  is 
obtuse,  the  contraction  is  greater.  The  first  case  is  represented  in 
Fig.  702  and  the  second  in  Fig.  703.  This  difference  of  contrac- 
tion is,  of  course,  due  to  the  fact  that  in  the  former  case  the 
molecules  of  the  water,  which  are  flowing  towards  the  orifices,  are 
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doYuted  loss,  and  in  the  latter  case  nunv,  fi-om  their  primitiTe  di- 
rectiou,  while  possiiig  through  this  aperture  and  forming  the  rein. 

The  contraction  ia  a  minimum,  i.e.,  null,  if,  by  gradnally  con- 
tracting the  wiUl  surrounding  the  orifice,  the  water  ig  prevented 
Horn  flowing  in  npon  the  side  and,  on  the  contrary,  a  maximum 
when  the  direction  of  the  wall  ia  opposite  to  tiat  of  the  stream,  bo 
that  certain  molecules  must  describe  an  angle  of  180  degrees  in 

Fig.  702.  Fig.  701  Fio.  704.  Fro.  706. 


order  to  reach  the  orifice.  Both  cases  are  represented  in  Figures 
704  and  705.  In  the  first  case  the  ooeflBcient  of  efflux  is  nearly  1, 
-viz. :  0,96  to  0,98,  and  in  the  second  case,  according  to  the  measure- 
ments of  Borda,  Bidone  and  of  the  author,  its  mean  value  is  =  0,53. 
In  practice,  rariations  of  the  coefficients  of  e£Buz,  produced  by 
cwnvergont  walls,  often  occur,  particularly  in  the  case  of  eluiceS, 
which  are  inclined  to  the  horizon,  as  is  shown  in  Fig.  706.  Pon- 
celet  found  for  such  an  orifice  the  coefBcient  of  efflux  /i  =  0,80, 
when  the  gate  was  inclined  at  an  angle  of  45°,  and,  on  the  contrary, 
fi  is  only  =  0,74,  when  the  inchnatioQ  is  63^  degrees,  Lx.,  for  a 
FiQ.  70a.  Pio.  707. 


slope  of  one-half  to  one.  For  the  overfiidl,  represented  in  Pig.  707, 
where,  as  in  Poncelet's  sltiice,  contraction  takes  place  upon  on4 
side  only,  the  author  found  n  =  0,70  or  ri|  =  |  ft  =  0,467  for  an 
inclination  of  45°,  and  /t  =  0,67  or  fi,  =  0,147  for  an  inclination 
of  63j  degrees. 

According  to  M.  Boilean  (see  his  Traite  de  la  mesure  des  eauz 
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coorantes)  we  can  put  for  an  o'verfall,  vhich  ia  incliucd  upwarda 
in  snch  a  vay  that  the  horizontal  projection  is  J  the  vertical,  or 
that  the  angle  of  inclinatloa  is  71^  degrees,  the  cocfiBcient  of  efflux 
=  0,973  times  the  coefficient  of  efflux  for  an  overfall  with  a  vertical 
wall.  We  also  find  from  the  eiperiments  of  Boileau  that,  for  ver- 
tical overfalls  placed  at  an  anf^Ie  to  the  direction  of  the  etream,  we 
mnet  put,  when  the  angle  is  4o°,  the  coefficient  of  efflux  =  0,948 
and,  when  the  angle  is  65°,  only  0,911  times  the  coefficient  of  efflux 
for  the  normal  overfall ;  the  whole  length  of  the  edge,  over  which 
the  water  Sows,  being  of  course  considered  as  the  length  of  the 
orifice. 

EzAUPLB. — If  s  sluice  gate,  which  is  inclined  at  m  angle  of  SO  degreei 
and  closes  a  trough  2}  feet  wide,  is  raised  )  foot  and  if  the  nuface  of  the 
water  then  stands  permanently  4  feet  above  the  bottom  of  the  trongh,  the 
height  of  the  orifice  is 

a  =  ^  nn.  50*  =  0,8880, 
the  head  of  water  ia 

A  =  4  -  i  .  0,8880  =  8,e08S  feet, 
and  the  coe£Scient  of  velocity  is  ^  =  0,78,  hence  the  discharge  is 
Q  =  0,78  .  2,36  .  0,8880  .  S,02C  /3,8085  =  10,62  cubic  feet. 

g  413.  Seals  of  Contraction.— 77m  more  the  direction  of  the 
water  which  flows  in  from  the  sides  differs  from  that  of  the  stream, 
the  greater  is  ike  contraction  of  the  vein. 

When  a  stream  flows  through  the  orifice  C,  Pig.  708,  in  a  plane 
thin  plate,  the  angle  d,  formed  by  its  axis  or  direction  of  motion 
FIO.70& 


with  that  of  the  molecules  of  water  which  flow  in  fh)m  the  sde,  ia 

a  right  angle  (  5  ) ;  when  the  orifice  A  is  formed  by  the  thin  edge 

of  a  tube,  this  angle  6  is  two  right  angles  (i?);  when  we  have 
a  conical  divergent  mouth-piece  B,  S  is  between  \  n  and  w; 
when  the  discharge  takes  place  through  a  conical  convergent 
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TT 


month-piece,  6  is  between  0  and  ^ ;  and  when  a  cylindrical  mouth- 

piece  E  well  rounded  off  internally  is  used,  it  is  =  0. 
^  In  order  to  discover  the  law,  according  to  which  the  contraction 
diminishes  with  the  angle  d,  the  author  made  a  series  of  experi- 
ments with  a  great  number  of  mouth-pieces  2  centimeters  wide  and 
nnder  different  pressures  (from  1  to  10  feet) ;  the  results  of  these 
experiments  are  given  in  the  following  table: 


6 

180«    167J» 

135° 

112J'> 

00« 

67J» 

45« 

22}o 

lljo    . 

6f» 

0» 

0,641 

0,646 

0,577    0,606 

0,682  0,684  0,768'o,882 

0,024 

0,9490,066 

This  table  gives,  it  is  true,  only  the  coefficients  of  efflux  /*  corre- 
sponding to  different  angles  of  deviation  6;  the  coefficients  of 
contraction  are  from  1  to  2  per  cent  greater,  since  a  small  loss  of 
velocity  always  takes  place  during  the  efflux.  In  order  to  prevent 
any  loss  of  vis  viva,  when  the  water  enters  the  mouth-pieces  D  and 
J^,  the  latter  are  rounded  off  at  the  entrance.  The  friction,  to  be 
overcome  by  the  water  in  passing  along  the  walls  of  the  mouth- 
piece, will  be  determined  in  the  following  chapter. 

Rbmabk. — According  to  the  calcalationB  of  Prof.  Zeuner  (see  Civilin- 

genieur,  Yol.  2d,  page  55)  of  the  results  of  the  above  experiments,  we  can 

put     '  • 

f^8  =  finO-  +  0,88214  {eo8.  S)*  +  0,16672  {««.  d)*) 

fi^  ^  denoting  the  coefficient  of  efflux  for  an  orifice  in  a  plane  thin  plate, 

for  which  the  maximum  deviation  of  the  elements  of  the  water  during  efflux 
is  =  1^  ^'=90'',  and  fi^ovL  the  contrary,  denoting  the  coefficient  of  efflux  for 

an  orifice  in  a  conical  thin  plate,  where  the  maximum  deviation  of  the 
elements  of  the  water  upon  entering  is  d, 

§  414.  Partial  or  Incomplete  Contraction. — We  have  as 
yet  studied  only  the  case,  where  the  water  flows  in  from  all  sides  of 
the  opening  and  forms  a  stream  contracted  upon  all  sides ;  we  must 
now  consider  the  case,  where  the  water  flows  in  from  but  one  or 
more  sides  to  the  orifice,  and  consequently  produces  a  stream  which 
is  incompletely  contracted.  In  order  to  distinguish  these  condi- 
tions of  contraction  from  each  other,  we  will  call  the  case,  where 
the  stream  is  contracted  on  all  sides,  complete  contraction^  and  the 
case,  where  the  stream  is  contracted  upon  a  part  only  of  its 
periphery,  partial  or  incomplete  contraction  (Fr.  contraction  incom- 
plete; Oer.  unvollsjiandige  orpartielle  Contraction).  Incomplete 
contraction  occurs  whenever  an  orifice  in  a  thin  plane  plate  is 
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surrounded  upon  one  or  more  Bides  by  a  plate  placed  in  tha 
direction  of  the  stream.  In  Fig.  709  there  are  represented  foor 
orificda  a,b,c,d  of  equal  magnitude  in  the  bottom  A  CofA  vessel. 
The  contraction  of  the  water  floving  throngh  the  orifloe  a  in  the 
middle  of  the  bottom  is  complete,  for  in  this  case  the  vater  can 
floT  in  ftvm  all  sides ;  the  contraction  of  the  stream  in  paseang 
through  b,coTd  is  incomplete,  for  the  wat«r  in  these  cases  can 
flow  in  from  only  three,  two  or  one  side.  In  like  manner, 
when  a  rectangular  lateral  orifice  extends  to  the  bottom  of  tha 
vessel,  the  contraction  is  incomplete ;  for  that  npon  the  side  of  tha 
base  is  wanting;  if  further  the  opening  extend  te  the  bottom  and 
sides  of  the  trongh,  there  will  be  contraction  npon  one  side  only. 

Incomplete  contraction  manifests  itself  in  two  ways.  First,  it 
gives  an  inclined  direction  to  the  stream ;  and  secondly,  it  causes  » 
greater  discbatge. 


If,  E.a.,  the  lateral  orifice  F,  Ilg.  710,  reaches  to  the  bottom 
C  A  BO  that  no  contraction  can  take  place  there,  the  axis  F  0  of 
the  stream  will  form  an  angle  JT  F  6  of  about  9  degrees  with  the 
normal  F  H  to  the  plane  of  the  orifices.  This  deviation  of  the 
stream  becomes  much  greater  when  two  adjoining  sides  are  con- 
fined. If  the  orifice  has  a  border  npon  two  opposite  sides,  the  con- 
traction  at  those  points  is  thereby  prevented,  and  this  deviation  of 
the  stream  does  not  teke  place,  bnt  at  a  certain  distance  from  the 
orifice  the  stream  becomes  wider  than  it  wonld  have  done,  if  it  had 
not  been  confined  npon  tlioBe  sides.  Althongh  a  greater  discharge 
is  obtained  when  the  contraction  is  incomplete,  yet  it  is  generally  to 
be  avoided,  since  it  is  always  accompanied  by  a  deviation  in  the 
direction  and  by  a  great  increase  in  the  width  of  the  stream. 
Bxperiments  npon  the  efflux  of  water,  when,  the  contraction  is 
incomplete,  have  been  made  by  Bidone  and  by  the  antbor. 
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Their  results  show  that  the  coefficient  of  effinx  increases  very 
nearly  with  the  ratio  of  the  length  of  the  border  to  the  entire  pen- 
phery  of  the  orifige ;  but  it  is  easy  to  perceiye  that  this  relation  i^ 
different^  when  the  periphery  is  nearly  or  entirely  surrounded  by  a 
border,  in  which  case  the  contraction  is  almost  or  totally  done  away 
with.  If  we  put  the  ratio  of  the  portion  with  a  rim  to  the  entire 
periphery  =  n  and  denote  by  «  an  empirical  quantity^  we  can  put, 
approximatiyely,  the  ratio  of  the  coefficient  /i,  of  efflux  for  incom-^ 
plete  contraction  to  the  coefficient  fi^  for  complete  contraction 

—  =  1  +  «  w,  and  consequently  fi^=  (1  +  Kn)  fi^. 

Bidone's  experiments  gaye  for  small  circular  orifices  k,  =  0,128, 
and  for  square  ones  c  =  0,153 ;  those  of  the  author  gave  for  small 
leetangular  orifices  « =0.134  and  for  larger  ones  (Poncelef  s  mouth- 
pieces) 0,2  meter  wide  and  0,1  meter  high  ic  =  0,157  (see  the  Magi^ 
zine  "der  Ingenieur,''  voL  2d).  In  practice  rectangular  orifices 
with  rims  are  almost  the  only  ones  employed ;  we  will  assume  for 
them,  as  a  m^an  value,  «  =  0,155,  and  consequently  put 

it*«  =  (1  +  0,155  n)  fi^ 

For  a  rectangular  lateral  orifice,  whose  height  is  a  and  whose 

width  is  5,  we  have  n  =  tti ttj  when  there  is  no  contraction 

2  (a  +  by 

upon  the  side  i,  if,  E.G.,  this  side  is  upon  the  bottom ;  n  =  j,  when 

one  side  a  and  one  side  }  are  provided  with  rims :  and  n  =  ^r—. rr, 

^  2  (a  -{-  by 

when  the  contraction  is  prevented  upon  the  side  b  and  upon  the 

two  sides  a,  the  latter  case  occurs,  when  the  orifice  occupies  the 

e^itire  width  of  the  reservoir  and  extends  to  the  bottom. 

Example. — What  is  the  discharge  through  a  vertical  sluice  8  feet  wide 
and  10  inches  high,  when  the  head  of  water  is  1|^  feet  above  the  upper 
edge  of  the  orifice  and  the  lower  edge  is  at  the  bottom  of  the  trough,  so 
that  there  is  no  contraction  upon  that  side  9    The  theoretical  discharge  is 

g  =  ^  .  3  .  8,026  Vl|5  +  tV  =  ♦  •  ^fi^  VMiee  =  27,77  cubic  feet. 

According  to  Poncelet's  table  for  perfect  contraction  fi  =  0,604,  but 

we  have 

_  __8 9 

**  -  2  (3  +  jl)  ""  18  +  5  "^  ^' 

hence  for  the  present  case  of  incomplete  contraction 

^  =  (1  +  0,155  .  A)  •  0,604  =  1,060  .  0,604  =  0,640 

and  the  effective  discharge  is 

Q  x=  0,640  Q  =  0,640  .  27,77  =  17,77  cubic  feet 
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g  415.  Imperfect  Contraction.— The  contraction  of  tbe  vein 
depends  also  upon  this  fact,  viz.:  whether  the  VHiter  is  aensiily  at 
rest  in  front  of  the  orifice  or  whether  it  arrives  there  with  a  certain 
velocity  ;  the  taster  the  water  approaches  the  orifice  of  efQns,  the 
lesB  the  stream  is  contracted,  and  conseqaently  the  greater  is  the 
discharge.  The  various  relationa  of  contraction  and  efflax,  given 
and  diacnssed  in  what  precedes,  are  applicable  only  where  the  ori- 
fice is  in  a  large  wall.  In  which  case  we  can  assume  that  the  water 
arrives  at  the  orifice  with  a  very  email  velocity;  we  must  now 
investigate  the  relationa  of  contraction  and  efflux,  when  the  cross- 
section  of  the  orifice  is  not  much  smaller  than  that  of  the  approach- 
ing water,  in  which  case  the  water  arrives  with  a  velocity,  which  is 
not  neghgable.  In  order  to  distingnish  these  two  cases  from  each 
O^er,  let  us  call  the  contraction  which  occnrs,  when  the  water 
above  the  orifice  is  at  rest,  perfect  contraction  and  that  which 
occurs,  when  the  water  is  in  motion,  imperfect  contraction  (Fr-  con- 
traction imparfaitc;  Ger.  unvollkonunene  Contraction).  The 
contraction  during  efflux  from  the  vessel  A  C,  Fig.  711,  is  imper- 
fect ;  for  the  cross-section  F  of  the  orifice  is  not 
Pig.  711.  much  smaller  than  that  Q  of  the  water  approach- 

ing it  or  the  area  of  the  wall  C  D,  In  which  this 
orifice  is  placed.  If  the  vessel  was  of  the  form 
A  £  C,  D,  and  the  area  of  the  base  Ci  D,  wag 
much  greater  than  that  of  the  orifice  F,  the 
efflux  would  take  place  with  perfect  contraction. 
The  imperfectly  contracted  stream  is  diatin- 
',  guisfaed  from  the  perfectly  contracted  one  not 
only  by  its  size,  but  also  by  the  lact  that  it  is  not 
BO  transpu^nt  and  crystalline  as  the  latter  is. 

If  we  denote  the  ratio  of  the  area  Fot  the  orifice  to  that  G  of 

perfect  contraction  by  ft,  and  that  for  imperfect  contraction  by  ft„ 
we  can  put  with  great  accuracy,  according  to  the  experiments  and 
calculations  of  the  author, 

1)  for  circular  orifices 

(I.  =  fi.  [1  +  0,04564  (14,821-  -  1)], 

2)  and  for  rectangular  orifices 

ft,  =  /I,  [1  +  0,0760  (9'  -  1)].* 
*  Experiments  apon  the  Imperfect  ccmtraction  of  water,  etc.,  Lelpdg,  1848. 
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In  order  to  facilitate  the  calculations  which  are  required  in 

practice^  the  corrections  -^ — ^  of  the  coefficient  of  efflux  in  con- 

sequence  of  the  imperfect  contraction  have  been  arranged  in  the 
following  tables : 

TABLE  L 
The  eorreetioM  of  ihe  eoeffieienti  qfeffkixfor  dretdar  of\fice%. 


n 

0,05 
0,007 

0,10 
0,014 

0,15 
0,028 

0,20 
0,084 

0,26 
0,045 

0,80 
0,059 

0,85 
0,075 

0,40 
0,092 

0,45 
0,112 

0,50 
0,184 

n 

0,55 
0,161 

0,60 
0,189 

0,65 
0,228 

0,70 
0,260 

0,75 
0,808 

0,80 
0,851 

0,85 
0,408 

0,90 
0,471 

0,95 
0,546 

1,00 
0,681 

Mm-  A«o 

TABLE  IL 
The  eorreetums  of  the  eoeffUiefnU  of  ^uxfor  rectangular  orifices. 


n 

0,05 
0,009 

0,10 
0,019 

0,15 
0,080 

0,20 
0,042 

0,25 
0,056 

0,80 
0,071 

0,85 
0,088 

0,40 
0,107 

0,45 
0,128 

0,50 
0,152 

«»  —  Mo 

^0 

n 

0,55 

0,178 

0,60 
0,208 

0,65 
0,241 

0,70 
0,278 

0,75 
0,819 

0,80 
0,865 

0,85 
0,416 

0,90 
0,478 

0,95 
0,587 

1,00 
0,608 

M«  —  Mo 

^0 

The  upper  lines  in  these  tables  contain  various  values  of  the 

F 
ratio  ^  of  the  cross-sections,  and  immediately  below  are  the  corre- 
sponding additions  to  be  made  to  the  coefficient  of  efflux  on  account 
of  the  imperfect  contraction,  E.G.,  for  the  ratio  n  =  0,35, 1.E.,  for 
t]ie  case,  where  the  area  of  the  orifice  is  35  hundredths  of  the  area 
of  the  entire  wall,  in  which  the  orifice  is  made,  we  have  for  a  cir- 


cular orifice 


^ — ^  =  0,076, 


and  for  a  rectangular  one  =  0,088 ;  the  coefficient  of  efflux  for 
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perfect  contraction  must  be  increased  in  the  first  case  75  thon- 
Bandtha  and  in  the  second  88  tbousaDdtha,  when  we  wish  to  obtain 
the  corresponding  coefScient  of  efSuz  for  imperfect  contraction. 
If  the  coefficient  of  effinx  were  =  0,615,  we  would  have  in  the 
first  case 

(*o„=  1,075.0,615  =  0,661 
and  in  the  second  case 

ftj.  =  1,088  .  0,615  =  0,669. 

ExAKFLB. — WliBt  ie  the  dischuge  tbroDgh  a  rectangular  latent  orifloa 

F,  which  IB  1}  feet  wide  and  ^  foot  high,  when  it  ia  cut  in  a  rectangular 

wall  CO,  Fig.  713,  2  feet  wide  and  1  foot  high,  aud  when  Uie  head  of 

water.£  S  =  A,  where  the  water  is  at 

^»-  713.  „at,  ia  S  foot-    The  theoretical  dia- 

A  B  chargeis 

C  =  1,25  .  0,6  .  8.085  V% 

=  6,0156 .  M14  =  7,093  cnbic  feet, 
and  the  coefiScient  of  efflax  for  pertect 
ctHttractioD  ia,  accoiding  to  Poncelet, 

fL,  =  0,810, 

bat  the  ratio  of  the  ci 

_  Z.  _  *.^  -  0.° 

"  ~  ff  ~     3,1'' 

and  for  n  =  0,818  we  have,  according  to  Table  O,  p^e  Ml 

"^  ~-'^-  =  0,071  +  H  (0,088  -  0.071)  =  0^071  +  0,004  =  0,076 ; 
hence  the  coefficient  of  efflux  for  the  present  caae  is 

ft^,  =  1.07S  ,  /I.  =  1,076  +  0,«10  =  0,6567, 
and  the  effectiTe  diacharge  ia 

C,  =  0,6557  .  Q  =  0,6557  .  7,099  =  4,65  cnftc  feet 

§  416.  BfDnx  of  Moving  Watar— We  have  heretofore 
assamed  that  the  fiead  of  water  was  measured  in  stiU  water;  we 
mnst  now  diacaas  the  case  where  the  head  of  water  can  be  meas- 
ured only  in  water,  which  ia  approaching  the  orifice  with  a  certmn 
velocity.  If  we  aasmne  the  orifice  to  be  rectangnlar  and  denote 
the  width  by  i,  the  head  of  water  in  reference  to  the  two  horizon- 
tal edges  by  h,  and  h^  and  the  height  dne  to  the  velocity  of  ap- 
proach c  of  the  wat«T  by  it,  we  have  the  theoretical  dischai^ 
Q  =  ^h\'Z-g  [{A,  +  i)l  -  (A,  +  i)I]. 

This  formula  canuot  be  directly  employed  for  the  det«rmmation 
of  the  discharge,  since  the  height  dne  to  the  velocity 

%g      %g\a) 


--  «,«!», 
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depends  also  upon  Q,  and,  if  we  tnuutfonn  it^  -we  obtain  a  eompU- 
cated  equation  of  a  high  degree ;  it  ia  mnoh  simpler,  therefore,  to 

pat  the  eSbotdve  discharge  

Q,  =  t^.ab  V%gh 
and  to  nnderstand  by  fi,  not  a  mmple  coefficient  of  efflux,  but  a  co- 
efficient depending  principall;  upon  the  ratio  of  the  cioss-sections. 
This  case  is  often  met  with  in  practice,  ao^  when  we  wish  to 
measure  the  quantity  of  water  which  passes  through  a  ditch  or 
canal ;  for  we  can  seldom  dam  up  the  water  by  means  of  a  trans- 
Terse  wall  B  C,  Fig.  713,  to  aaeh  a  height  that  the  area  F  of  the 
orifice,  through  which  the  water 
'^^  "*■  is  dischai^,  will  be  but  a  small 

fraction  of  the  cross-section  of  the 
stream  which  approaches  it,  and 
it  is  only  m  the  latter  case  that 
the  velocity  of  approach  is  very 
small  compared  to  the  mean  Te- 
locity of  efflux. 
In  the  experiments  made  by  the  author  with  Poncelet's  orifices 
the  head  of  water  was  measured  1  meter  back  IVom  the  plane  of  the 
orifice  i  they  gave 


■(^)  = 


0,641 . «', 


n  =  ~-  denoting  the  ratio  of  the  croas-aeotioni,  wbich  shonld  not 
be  much  greater  than  i,  n,  denoting  the  coefficient  of  efflux  for 
perfect  contraction,  taken  from  Poncelef  s  table,  and  ft,  the  coeffi- 
cient of  efflux  for  the  present  case.  Let  b  he  the  width  and  a  the 
height  of  the  orifice,  d,  the  width  and  a,  the  depth  of  the  stream 
of  water  and  h  the  depth  of  the  upper  edge  of  the  orifice  below  the 
level  of  the  water,  then  we  have  the  effective  discharge 


g,  =/i..aS[l+0,64l(^)']  V^2j7(a 


The  following  table  is  usefol  in  abridging  oalcnlatioos  in  practice. 


. 

0,M 

0,10 

0,18 

0,*) 

o,aii 

0,«0 

0,SS    0,40 

0,40 

0,SO 

0,003 

o,oo«[o,ou 

OOM 

0,040 

0,088 

0,076  0,108 

0.180 

0,180 

ExAKFLB, — In  order  to  flnd  the  unpimt  of  water  brought  by  a  ditch  8 
feet  wide,  a  transverse  wall,  CMitalDing  a  reotangnlar  orifice  2  feet  wide  and 
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1  foot  high  is  put  in  it,  and  the  water  is  tliiis  raised  so  that,  when  its  level 
becomes  constant,  it  is  at  a  distance  of  2^  aboye  the  bottom  and  1}  feet 
aboTe  the  lower  edge  of  the  orifice.  The  corresponding  theoretical  dis- 
charge is 

Q  =  ah  V2gh  =  1,3.  8,025  Vl^  =  16,05 . 1,118  =  17,94  cnbic  feet 
As  the  coefficient  of  efflux  for  perfect  contraction  is  0,602  and  the  ratio 
of  the  cross-sections  is 

we  hare  the  coefficient  of  efflux  in  the  present  case 

^  =  (1  +  0,641  .  0,306«)  fi,  =  1,056  .  0,602  =  0,6357, 
and  the  effectiTe  discharge 

Qi  =  17,04 .  0,6857  =  11,4  cubic  feet 

§  417.  The  contraction  is  also  imperfect  when  water  is  dis- 
charged through  oyer&Us  (like  that  m  Fig.  714),  if  the  cross- 

Pj^  ^^^  section  F  of  the  stream  pass- 

ing oyer  the  sill  (7  is  a  notable 
|B  fraction  of  the  cross-section  G 

^^^...--..     -^^5^!^  ^^^^^^PP^^'^^S^**^^'  The 

-HVjriilvJi:.^^^^^^^^.  oyerfall  may  extend  oyer  but 

Dl:i£:i?ji:t^"^^'^~^^S^  /m>v^^     a  portion  or  oyer  the  whole  of 

the  canal  or  ditch.  In  the 
latter  case,  as  there  is  no  contraction  upon  the  sides  of  the  orifice, 
the  discharge  is  greater  than  through  orifices  of  the  first  kind. 
The  author  has  made  experiments  upon  these  cases  of  efflux  and 
deduced  from  the  results  obtained  formulas,  by  means  of  which  the 
coefficient  of  efflux  can  be  calculated  with  sufficient  accuracy,  when 

•  JP 

-the  ratio  n  =  77  of  the  cross-sections  is  known. 

Let  h  be  the  head  of  water  F  H  aboye  the  sill  of  the  oyerfaD, 
0]  the  total  depth  of  water,  h  the  width  of  the  oyerfall,  and  hi  that 
of  the  approaching  water ;  we  haye  then 

F  hb  ;, 

1)  ior  PmceUPs  over  fan 

^^^  =  1,718  (jy=  1,718  n-; 

«on  the  contrary, 

2)  for  an  overfaU  occupying  the  whole  width  of  the  ditch  or  tr(mgh 

'!:jLZJf:i  =  0,041  +  0,3693  »•: 


g  417.]    CONTRACTION  OP  THE  VEIN  OR  JET  OP  WATER.       845 
hence  the  discharge  in  the  first  case  is 

C,  =  i  M. .  *  [l  +  1,718  (^y]  y^gh\ 
and  in  the  second  case, 

Ci  =  I  f*. .  *  [l,041  +  0,8693  (  Ay  j  4/271?, 

A  denoting  the  head  of  water  E  H  above  the  sill  F  of  the  oyerfiEdl, 
measured  at  a  point  about  one  meter  back  of  it 


In  the  following  tables  the  corrections 


yalnes  of  n  are  given. 


for  the  simplest 


TABLE  L 


Correctioni  of  the  ooeffUdenU  of  efflux  for  Ptmedsf's  overfalU. 


n 

0,05 
0,000 

0,10 
0,000 

0,15 
0,001 

0,20 
0,008 

0,25 
0,007 

0,80 
0,014 

0,85 
0,026 

0,40 
0,044 

0,45 
0,070 

0,50 
0,107 

/*•  —  fi^ 

TABLE  n. 

Cforrectioru  for  overfalU  extending  over  the  entire  toidthy  or  toithout  lateral 

eontracHon, 


n 

0,00 
0,041 

0,05 
0,042 

0,10 
0,045 

0,15 
0,049 

0,20 
0,056 

0,25 
0,064 

0,80 
0,074 

0,85 
0,086 

0,40 
0,100 

0,45 
0,116 

0,50 
0,188 

/«•  — M. 

Example. — In  order  to  determine  the  amount  of  water  carried  by  a 
canal  5  feet  wide,  we  place  in  it  a  transverse  partition  with  the  upper  edge 
beveled  outwards  and  we  allow  the  water  to  flow  over  this.  After  the 
upper  water  had  ceased  to  rise,  the  height  of  its  surface  above  the  bottom 
of  the  canal  was  8|^  feet  and  above  the  sill  1|^  feet ;  the  theoretical  dis- 
charge was  therefore 

e  =  f  .  5  .  8,025  (ly-  49,14 cubic  feet. 

X  4    IP 

The  coefficient  of  efllux  is  in  this  case,  since  —  =  ^  =  ^^  and  /*,  =  0,577, 


a, 


8,5 


ft^  =  [1,041  -h  0,8698  i^)^] .  0,677  =  1,110 .  0,577  =  0,64, 

and  therefore  the  effective  discharge  is 

Q^  =  0,64  .  Q  =  0,64  .  49,14  =  81,45  cubic  feet 
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§  418.  Lesbros's  Exparunants. — We  are  indebted  to  Mons* 
Lesbros  for  a  great  nnmber  of  experiments  upon  the  efflux  of  water 
through  rectangular  orifices  in  a  thin  plate;  the  orifices,  being 
provided  internally  and  extemallj  with  rims,  afforded  examples  of 
both  partial  and  incomplete  contraction  (see  his  "  Experiences  hy- 
drauliques  sur  les  lois  de  I'ecoulement  de  l*eau").  We  will  give 
here  only  the  principal  results  of  his  experiments  with  a  rectangu- 
lar orifice  2  decimeters  Wide.  The  orifices,  which  were  surrounded 
with  borders  of  different  kinds,  are  distinguished  firom  each  other 
in  Fig.  715  by  the  letters  Ay  B,  0,  eta 

Fi».715. 
A  B  C  D 


F 


A  denotes  the  ordinary  mouth-piece  without  any  rim  or  border 

(as  in  §  410) ; 
B  denotes  a  similar  mouth-piece  with  a  vertical  wall  upon  the 

inside  perpendicular  to  the  plane  of  the  orifice  and  at  a  distance 

of  2  centimeters  from  one  side  of  it ; 
C  denotes  the  first  mouth-piece  enclosed  on  the  inside  by  two 

such  walls; 
D  the  orifice  J,  provided  on  the  inside  with  two  vertical  walls, 

which  converge  towards  each  other  at  an  angle  of  90^  and  cut 

the  plane  of  the  orifice  at  an  angle  of  45°  and  at  a  distance  of 

2  centimeters  from  the  side  of  it ; 
J?  fche  orifice  A  with  a  horizontal  wall,  which  passes  across  the 

reservoir  and  reaches  exactly  to  the  lower  edge  of  the  orifice; 
F  the  orifice  B, 
0  the  orifice  C,  and 
H  the  orifice  D  with  a  horizontal  rim  or  wall,  as  in  ^,  which 

completely  prevents  the  contraction  at  the  lower  edge  of  the 

orifice. 
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TABLE  OF  THE  COEFFICIENTS  OF  EFFLUX  FOB  FBEB  EFFLUX 

THBOUQH  THE  ORIFICES  A,  B,  0,  ETC. 


fll 

IMP 

1 

1 

Coefficient  of  efflux  far  the  oriiioea^ 

1 

X 

A 

B 

0 

D 

E 

F 

0 

H 

Meter*. 

Meters. 

0,020 

'v                         r 

0,572 

0,587 

— 

0,589  0,599 

— 

0,050 

0,585 

0,5930,6310,5950,608 

0,622 

— 

0,636 

0,100 

0,592 

0,6000,631  0,601 

0,615 

0,628 

— 

0,639 

0,200 

0,598 

0,606  0,632  0,607 

0,621  o,633'o,7o8'o,643 

0,500 

*  0,200  ■ 

0,603 

0,6100,631  0,611 

0,623  0,636 

0,680  0,644 

1,000 

0,605 

0,611  0,6280,612 

0,624 

0,637 

0,676 

0,642 

1,500 

0,6020,611  0,627 

0,611 

0,624 

0,637:0,672 

0,641 

2,000 

0,601  0,6100,626  0,611 

0,619  o,636|o,668 

0,640 

3,000 

J                        L 

0,601 
0,616 

0,609 
0,627 

0,624 
0,647 

0,610 
0,631 

0,614 

0,634 

0,665 

0,638 
0,678 

0,020 

^                        f 

0,664 

0,663 

0,050 

0,6250,6300,64610,632 

o,667|o,669jo,69o[o,677 

0,100 

0,6300,633  0,645  0,633  o,669'o,674'o,688  0,677 

0,200 

0,631  0,635  0,642  o,633|0,67o  0,676  0,687  0,675 

0,500 

■  0,050  - 

0,628  0,634  0,637  0,632 

0,668  0,676  0,682*0,671 

1,000 

0,625 

0,628  0,635  0,62 7 jO,666  0,672  o,68o|o,67o 

1,500 

0,619 

0,622 

0,634 

0,621  0,665 '0,670  0,678 

0,670 

2,000 

0,613 

0,616 

0,634 

o,6i5!o,664  0,670  0,674 

0,669 

3j000 

J                        \ 

0,606 

0,609 

0,632 

0,608 

0,662 

0,669 

0,673 

0,668 
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11. 

TABLE  OF  THE  COEFFICIENTS   OF  EFFLUX  THROUGH  THE  ORI- 
FICES A,  J5,  C,  ETC^ 

With  external  sJioots  or  uncovered  canals  of  the  same  dimensions  as 
tJie  orifice  (Fr.  canaux  de  fuite ;  Ger.  anssere  Ansatzgermnen). 

The  shoots  fitted  the  orifice  exactly,  and  consequently  the  bey- 
eling  of  the  sides  and  bottom  of  the  month-piece  was  done  away 
with.  They  were  either  horizontal  and  3  meters  long  or  (in  the 
experiments  marked  with  *)  inclined  ^  of  tiieir  length,  which  was 
but  2,5  meters. 


Ill 

w  **  V  C 

X 


Meters. 
0,020 

0,050 

0,100 

0,200 

0,500 

1,000 

1,500 

2,000 

3,ooo| 


CoeflBdents  of  efBox  for  the  orifioeib 


'S 


S 


Meters 


A 


^  0,200  -< 


0,020 
0,050 
0,100 
0,200 
0,500 
1,000 
1,500 
2,000 
3,000 


>■  0,050  < 


0,480 

0,511 

0,542 

0,574 

0,599 
0,601 

0,601 

0,601 

0,601 


B 


C 


E 


0,489  0,496  0,480 
0,5170,5310,510 

o,5450,563Jo,538 
0,5760,59110,566 


0,602,0,621 


0,592 


0,527 
0,553 
0,574 
0,592 
0:607 

0,610 


F 


0,609 1 0,6  2  8  0,600 

0,6 10,0,62  710,602 '0,6 10 

0,610 

0,609 


0,4880,555 
0,577  0,600 


0,624 
0,631 
0,625 
0,624 


0,625 
0,630 


0,626  0,602  0,609 
0,624  0,601  0,608 


0,509 

0,534 
0,562 

0,591 
0,601 

0,604 

0,604 

0,602 


F^ 


0,546 
0,569 

0,589 
0,608 

0,615 


Q 


0,528 
0,560 

0,589 

0,591 
0,601 


(?♦ 


0,593 
0,617 

0,632 


H 


0,488 
0,520 

0,552 
0,582 

0,613 


0,6380,623 


0,617  0,604  0,641  0,624 
0,61710,604  0,642  0,624 


0,616 


0,602 


0,643,0,637 


0,557  0,487 10,58510,483  0,579 
0,603  0,57 1.0,6  i4'o,5  70  0,61 1 

0,628  0,605  0,632:0,609  0,628 

o,637[o,6i7  0,645  0,623 

0,635  o,626jO,652,o,63o[o,65o'o,647 
o,627io,63sio,628'o,65i  0,633  0,6510,649 
0,6190,622  0,634 0,62710,650  0,63210,65 1  0,647 
0,613  0,616,0,6340,623  o,65o'o,63i,'o,65i  0,644 


0,641  0,622 


0,512 
0,582 
0,62110,639  0,616 


0,494 
o,625|o,577 


0,649 
0,656 
0,656 


0,629 
0,636 
0,638 


0,606  0,609^0,632  0,618  0,649  0,628  0,651 0,639 


0,656  0,637 
0,6560,63s 
0,656:0,632 
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Example.— What  is  the  dischaige  tbrougb  an  orifice  2  decimeters 

"Wide  and  1  decimeter  high,  when  the  lower  edge  is  0,85  meters  below  the 

level  of  the  water  and  upon  a  level  with  the  bottom  of  the  vessel,  1)  for 

fiee  efflux,  and  2)  for  efflux  tbrougb  a  short  horizontal  shoot  ?    We  have 

in  this  case  the  orifice  E^  and  the  bead  of  water  above  the  upper  edge  is 

=  0,35  —  0,10  =0,25  meters.    Table  I  gives,  when  the  head  is  =  0,20  and 

the  height  of  orifice  =  0,  20,  the  coefficient  of  efflux  n  =  0,621,  and,  on 

the  contrary,  when  the  height  of  the  orifice  is  =  0,05  meters,  fi  =  0,670 ; 

haice  for  the  first  case  of  the  problem  we  can  put 

0,621  +  0,670 
II  = g =  0,645. 

Table  U  gives,  on  the  contrary,  by  interpolation,  for  a  head  of  water 

0,25  meters  above  the  upper  edge  of  the  orifice,  the  following  values  for  /i. 

0,566  +  A  (0,592  -  0,566)  =  0,570,  and 

0,617  -h  A  (0,626  -  0,617)  =  0,619  ; 

hence  in  the  second  case  we  can  put 

0,570  +  0,619       ^  .^ . 
II  =  -^ —^ —  =  0,594. 

The  cross-section  of  the  orifice  is 

F=zah  =  0,20  .  0,10  =  0,020  square  meters; 
the  mean  head  of  water  is 

h  =  0,860  —  0,050  =  0,300  meters; 
and,  consequently,  the  theoretical  discharge  is 

Q  =  F-JWgh  =  0,02  V2  .  9,81 .  0,8  =  0,02  VSiSsS 
=  0,02  .  2,425  =  0,0485  cubic  meters. 
The  effective  discharge  is  in  the  first  case 

Oi  =  /^i  C  =  0,645.0,0485=  0,0818  cifbic  metere, 
ond,  on  the  contrary,  in  the  second  case,  lb.,  when  a  shoot  is  added, 

C  =  At,  0  =  0,594  .  0,0485  =  0,0288  cubic  meters. 
According  to  the  formula  ;<«  =  (1  +  0,155  n)  n^  of  §  414,  we  can  put  for 
efflux  with  partial  contraction  //«  =  ^/^  =r  (1  +  0,52)  ii^  =  1,052  ;<„,  since 
f  =  {■  of  the  periphery  of  the  orifice  is  surrounded  by  a  border.  But  for 
80ch  an  orifice  with  complete  contraction  we  have,  according  to  Table  I, 
page  831,  ii^  =  0,616 ;  heace 

/  11^  =  1^052  .  0,616  =  0,648, 

and  the  discharge  is 

Gj  =  yxj  Q  =  0,648  .  0,0485  =s  0,0814  cubic  meters, 
,  a  litiie  greater  than  that  obtained  by  employing  Lesbros's  table. 


§  419.  M.  Lesbros  has  also  experimented  upon  efflux  throngh 
overfdUa^  emplojring  the  same  orifices  -4,  By  C,  etc.,  bnt  not  allow- 
ing the  water  to  rise  to  the  upper  edge  of  the  orifice.  The  principal 
results  of  these  experiments  are  to  be  found  in  the  following  tables. 
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Table  of  the  coefficients  of  efflux  Q  fi)  for  free  efflux  through 

overfalls  or  notches. 


Head  of  water 

Coefficients  of  efflux  for  the  orifices. 

above   the   silL 
measured  where 
the  water  is  still. 

A 

B 

c 

D 

F 

F 

G 

Meter 

0,015 

0,421 

0,450 

0,450 

0,441 

0,395 

0,371 

0,305 

0,020 

0,417 

0,446 

0,444 

0,437 

0,402 

0,379 

0,318 

0,030 

0,412 

0,437 

0,435 

0,430 

0,410 

0,388 

0437 

0,040 

0,407 

0,430 

0,429 

0,424 

0,411 

0,394 

0,352 

0,050 

0,404 

0,425 

0,426 

0,419 

0,411 

0,398 

0,362 

0,070 

0,398 

0,416 

0,422 

0,412 

0,409 

0,402 

0,375 

0,100 

0,395 

0,409 

0,420 

0,405 

0,408 

0,405 

0,382 

0,150 

Oj393 

0,406 

0,423 

0,403 

0,407 

0,407 

0,383 

0,200 

0,390 

0,402 

0,424 

0,403 

0,405 

0,408 

0,383 

0,250 

0,379 

0,396 

0,422 

0,401 

0,404 

0,407 

0,381 

0,300 

0,371 

0,390 

0,418 

0,398 

0,403 

0,406 

0,378 

TABLE  IL 

Table  of  the  coefficients  of  efflux  (§  ^)  for  efflux  through  weirs  with 

short  shoots  or  open  canals. 


Head  of  wa- 
ter above  the 
k\\  measur- 
ed where  ihe 
water  »  stilL 

Coeffiaents  of  efflux  for  the  orifices. 

A 

B 

C 

D 

E 

F 

0 

H 

Metei. 

0,015 

— 

0,375 

0,388 

0,400 

— 

— 

— 

— 

0,020 

0,196 

0,368 

0,383 

0,395 

0,208. 

0,201 

0,17s 

0,190 

0,030 

0,234 

0,358 

0,373 

0,385 

0,232 

0,228 

0,205 

0,222 

0,040 

0,263 

0,351 

0,365 

0,379 

0,251 

0,250 

0,234 

0,250 

0,050 

0,278 

0,346 

0,360 

0,375 

0,268 

0,267 

0,260 

0,272 

0,070 

0,292 

0,343 

^352 

0,371 

0,288 

0,289 

0,285 

0  296 

0,100 

0,304 

0,340 

0,345 

0,369 

0,302 

0,304 

0,299 

0,313 

0,150 

0,315 

0,335 

0,340 

0,367 

0,314 

0,316 

0,313 

0,327 

0,200 

0,319 

0,331 

0,338 

0,366 

0,323 

0,322 

0,322 

0,335 

0,250 

0,321 

0,328 

0,336 

0,364 

0,329 

0,326 

0,329 

0,341 

0,300 

0,324 

0,326 

0,334 

0,361 

0,332 

0,329 

0,332 

o,34S 

A  comparison  of  the  coefficients  in  Table  I  and  Table  11  shows 
that  the  discharge  through  orifices  proyided  with  shoots  is  smaller 
than  that  through  those  without  them,  and  that  the  difference  is 
greater,  the  smaller  the  head  of  water  is ;  we  also  see,  bj  comparing 
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the  columns  C  and  C*,  E  and  JS'*,  F  and  F*^  and  O  and  G*  in  the 
tables  of  the  last  paragrapli,  that  the  inclined  shoot  creates  less  dis- 
turbance in  the  efflux  than  the  horizontal  ona 

Remark  1.— A  different  theory  of  the  efflux  of  water  is  advanced  by  G. 
Boileau  in  his  "  Traito  sur  la  mesure  des  eaux  courantes.''  According  to 
it  the  velocity  of  the  effluent  water  is  the  same  at  all  parts  of  the  cross-sec- 
tion  and  depends  upon  the  depth  of  the  upper  limiting  line  of  the  vein  at 
the  plane  of  the  orifice  below  the  level  of  the  water  in  the  reservoir. 
Boileau  employs  the  same  formula  for  overfalls,  in  which  case  he  must 
know  of  course  the  height  of  the  stream  in  the  plane  of  the  orifice.  Later, 
in  the  12th  volume  of  the  6th  series  of  the  Annales  des  Mines,  1857,  M. 
Clarinval  has  given  another  formula  for  efflux  through  overfalls  in  which  no 
empirical  number  ai  appears,  but  instead  of  f  //  he  substitutes  the  factor 


/TT- 


in  which  A  denotes  the  head  of  water  and  a  the  thickness  of 


V2  (A«  -  a*)' 

the  stream  above  the  sill  of  the  over&ll.      See  the  *'  Civilingenieur,"  Vol. 

6th.    I  consider  the  hypothesis  upon  which  this  formula  is  baaed  to  be 

incorrect. 

Remark  2. — Mr.  J.  B.  Francis  gives  in  his  work  "  The  Lowell  Hydraulic 
Experiments,  Boston,  1866,'^  the  following  formula  for  efflux  through  a 
wide  oveHall  or  weir. 

Q  =  8,88  (Z  —  0,1  n  h)  h^  English  cubic  feet, 
in  which  h  denotes  the  head  of  water  above  the  sill  of  the  weir,  I  its  length, 
and  n  either  0  or  1  or  2,  according  as  the  contraction  of  the  vein  is  pre- 
vented upon  both,  one  or  none  of  the  aides.    Since  for  the  English  system 
of  measures 

V2^  =  8,026, 
we  have 

*''=S =••*''• 

The  experiments,  upon  which  this  formula  is  based,  were  made  with 
weirs  10  feet  wide  ahd  under  heads  of  water  from  0,6  to  1,0  feet.  The  edge 
of  the  weir  was  formed  of  an  iron  plate  beveled  down  stream,  the  reservoir 
was  13,96  feet  wide,  and  the  sill  was  4,6  feet  above  its  bottom.  See  the 
Civilingenieur,  Vol.  2,  1866. 

BakewelPs  experiments  upon  efflux  through  weirs  or  overfalls  ^ve 
results  differing  in  some  respects  from  the  above.  (See  Polytech.  Central 
Blatt,  18th  year,  1862.) 

Rkmabk  3. — At  the  sluice-gate  of  the  wheel  at  Remscheid,  Herr  Ront- 
chen  found  fi  =  0,90  to  0,98.     See  Dingler's  Journal,  Vol.  158. 

A  new  edition  of  Mr.  J.  B.  Francis'  work  has  been  recently  published  by 
D.  Van  Nostrand,  New  York.— [Tn.] 
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CHAPTER    III. 

OP  THE  FLOW  OF  WATEE  THBOUGH  PIPEa 

g  420.  Short  Tabes.— If  we  allov  the  water  to  discharge 
through  a  short  tube,  or  pipe,  called  also  an  ajatage,  (Fr.  tajau 
additionel ;  Ger.  kurze  AaBatzrohre),  the  condition  of  affairs  ia 
entirely  different  from  that  existing,  when  the  water  issuea  from 
an  orifice  in  a  thin  plate  or  from  an  orifice  in  thick  wall,  which  is 
rounded  off  on  the  outside.  If  the  short  tube  ie  prisinatic  and  S  j 
to  3  times  as  long  as  wide,  the  stream  is  nncontracted  and  non- 
transparent  and  its  range  and  consequently  its  Telocity  is  smaller 
than  when  it  issues,  under  the  same  circumstanceB,  from  an  orifice 
in  a  thin  plate.  If,  therefore,  the  tube  K  L  has  the  same  croa»- 
seotion  as  the  orifice  F,  Fig.  716,  and  if  l^e  head  of  water  ie  Uie 


same  for  both,  we  obtain  at  .S  Z^  a  troubled  and  nncontracted  or 

thicker  stream  and  at  F  Be,  clear  and  contracted  or  thinner  one ; 

we  can  also  see  that  the  range  E  R 

^•- '"-  is  smaller  than   the  range  D  U. 

This  condition  of  efBnt  exists  only 

when  the  length  of  the  tube  is  the 

given  one ;  if  the  tube  is  shorter, 

B.O.  as  long  as  wide,  the  vein  K  R, 

Fig.  717,  does  not  touch  the  aida 

of  the  tube,  the  latter  has  then  no 

infiaence  npon  the  efflux,  and  the 

stream  issnes  from  it  as  from  an 

orifice  in  a  thin  plate. 

Sometimes  it  happens,  when  the  lengUi  of  file  tube  is  greater, 
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that  the  stream  does  not  fill  it ;  this  occurs  when  the  water  has 
no  opportunity  of  coming  in  contact  with  the  sides  of  the  tube ; 
if  in  this  case  we  close  for  an  instant  the  outside  end  of  the  tube 
with  the  hand  or  with  a  boards  the  stream  will  fill  the  tube  and  we 
have  the  so-called  discharge  of  a  filled  tube  (Fr.  &  gueule  bee; 
Ger.  YoUer  Ausfluss).  The  vein  is  contracted  in  this  case  also,  but 
the  contracted  portion  is  within  the  tube.  We  can  satisfy  our- 
selves of  this  by  employing  glass  tubes  like  K  L^  Fig.  718,  and  by 

throwing  small  light  bodies 
into  the  water.  Upon  so  do- 
ings we  observe  that  near  the 
entrance  K  there  is  a  motion 
of  translation  in  the  middle  of 


the  cross-section  ^1,  but  that, 
on  the  contrary,  at  the  peri- 
phery of  the  same  the  water 
forms  an  eddy.  It  is,  however, 
the  capillarity  or  adhesion  of 
the  water  to  the  walls  of  the  tube,  which  causes  it  to  fill  the  end  F  L 
of  the  tube  completely.  The  pressure  of  the  water  discharging 
from  the  tube  is  that  of  the  atmosphere,  but  the  contracted  cross- 
section  Fi  is  only  a  times  as  great  as  that  F  of  the  tube ;  the 

velocity  Vi  at  that  point  is  therefore  -  times  as  great  as  the  velocity 

of  efflux  V  and  the  pressure  of  the  water  at  F^  is  smaller  than  that 
at  the  end  of  the  tube,  which  is  equal  to  the  pressure  of  the  atmo- 
sphere. If  we  bore  a  small  hole  in  the  pipe  near  F^  no  water  will 
ran  out,  but  air  will  be  sucked  in  and  the  discharge  with  a  filled 
tabe  ceases,  when  the  hole  is  enlarged  or  when  several  of  them  are 
made.  We  can  also  cause  the  water  in  the  tube  ^  ^  to  rise  and 
flow  through  the  tube  JT  Z  by  making  it  enter  the  latter  at  F^, 
The  discharge  with  a  filled  tube  ceases  for  cylindrical  tubes,  when 
the  head  of  water  attains  a  certain  magnitude  (see  §  439,  Chap.  lY ). 

§  421.  Shc^  Cylindrical  Tubea — Many  experiments  have 
been  made  upon  the  efflux  of  water  through  short  cylindricdl  tubes, 
but  the  results  obtained  differ  quite  sensibly  from  each  other.  It 
is  particularly  Bossuf  s  coefficients  of  efflux  which  differ  most  from 
those  of  others  by  their  smallness  (0,785).  The  results  of  the  ex- 
periments Michelotti  with  tubes  li  to  3  inches  in  diameter,  under 
a  head  of  water  varying  from  3  to  20  feet,  gave  as  a  mean  value 
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ft  =  0,813.  The  results  of  the  experimenta  of  Bidone,  Ejtelweia 
and  d'Aubuisson  differ  but  little  firom  those  of  the  latter.  But, 
according  to  the  eiiperiments  of  the  author,  we  can  adopt  for  ekm-t 
cylindrical  lubes  as  a  mean  value  fj.  =  0,815.  Since  we  found  this 
coefficient  for  an  orifice  in  a  thin  plate  =  0,615,  it  follows  that, 
when  the  other  circumatances  are  the  same,  gjf  =  1,325  times  aa 
much  water  is  discharged  through  a  short  pipe  as  through  an  ori- 
fice in  a  thin  plate.  These  coefficients  increase,  when  the  diameter 
of  the  tube  becomes  greater  and  decrease  a  little,  when  the  head 
of  water  or  the  velocity  of  efflux  inereaees.  According  to  some 
experiments  of  the  author's,  made  under  heads  varying  Sroxa  0,23 
to  0,6  meters,  we  have  for  tubes  3  times  as  long  as  wide 


When  the  width  is 

1 

a 

8 

" 

0,843 

0,832 

0,821 

0,610 

According  to  this  table  the  coefficients  of  effiui  decrease  sensi- 
bly as  the  width  of  the  tube  increases.  In  like  manner  Buff  found 
with  a  tube  2,?9  lines  wide  and  4,3  lines  long  that  the  coefficient 
of  efflux  increased  gradually  from  0,825  to  0,855,  when  the  head 
of  water  decreased  from  33  to  1^  inches. 

For  tlie  efflux  of  water  through  short  pan^hpipedicaX  iuhet 
the  author  found  the  coefficient  to  be  0,819. 

If  the  short  tube  K  L,  Fig.  719,  is  partiaily  surrounded  by  a 
border  or  rim  in  the  inside  of  the  vessel,  if,  B.O.,  one  of  ita  sides 
is  flush  with  the  bottom  CDoS  the  vessel  and  if  partial  contrac- 
tion is  thus  produced,  according  to  the  experiments  of  the  author, 
Uie  coefficient  of  efflux  is  not  sensibly  increased,  but  the  watar 


Fio.  719. 


Fu).  720. 
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moTes  with  different  velocities  in  different  parts  of  the  cross-sec- 
tion,  viz.^  upon  the  side  C  more  qnickly  than  upon  the  opposite  one. 
If  the  £ice  of  the  tube  is  not  in  the  surface  of  the  plate  but 
projects  into  the  vessel,  like  Ey  Fj  0,  Fig.  720^  it  is  then  called  an 
interior  short  tube.  If  the  face  of  the  tube  is  at  the  least  5  times  as 
wide  as  the  bore  of  the  tube,  as  at  E^  the  coefficient  of  efflux  remains 
the  same  as  if  the  face  were  in  the  plane  of  the  wall,  but  if  the 
face  of  the  tube  is  smaller,  as  at  i^  and  0^  the  coefficient  of  efflux 
is  smaller.  According  to  the  experiments  of  Bidone  and  of  the 
author,  if  the  face  is  very  small,  it  is  0,71,  when  the  stream  fills  the 
tube ;  on  the  contrary,  it  is  =  0,53  (compare  §  113),  when  it  does 
not  touch  the  internal  surface  of  the  tube.  In  the  first  case  IF) 
the  stream  is  troubled  and  divergent  like  a  broom,  but  in  the 
second  {G)  it  is  compact  and  crystalline. 

§  </22.  Coefficient  of  Resistance. — Since  the  stream  of  water 

•issues  from  a  short  prismatical  tube  without  being  contracted,  it 

follows  that  the  coefficient  of  contraction  of  this  mouth-piece  a  = 

unity  and  that  its  coefficient  of  velocity  0  =  its  coefficient  of  efflux  /i. 

The  vis  viva  of  a  quantity  of  water  Qy  which  issues  with  a  velocity 

Qy  v' 

V,  is  — -  v*,  and  its  energy  is  q—  §  y  (see  §  74).    But  the  theoreti- 

V 

cal  velocity  of  efflux  is  — ,  and  therefore  the  theoretical  energy  of 


v' 


the  water  discharged  is  -^  .  ^~  .  Q  y.  Hence  the  loss  of  energy 
of  the  quantity  Q  of  water  during  the  efflux  is 

For  efflux  through  orifices  in  a  thin  plate,  the  mean  value  of 
0  is  0,975 ;  hence  the  loss  of  energy  is 

for  efflux  through  a  short  cylindrical  pipe,  on  the  contrary,  0  = 
0,815,  and  the  corresponding  loss  of  energy  is 

=  [(-oils)  - 1]  6 « ^  = '''''  fg « y' 

I.E.,  nearly  10  times  as  much  as  for  efflux  through  an  orifice  in  a 
thin  plate.  Consequently  if  the  vis  viva  of  the  water  is  to  be  made 
use  of,  it  is  better  to  allow  it  to  flow  through  an  orifice  in  a  thin 
plate  than  through  a  short  prismatical  tube.    If,  however,  we 
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roosd  off  the  edge  of  the  tube,  where  it  ie  united  to  the  interior 
surface  of  the  Teasel,  so  as  to  produce  a  gradnal  passage  from  the 
Tessel  into  the  tube,  the  coefficient  of  efflnx  ie  increased  to  0,96 
and  at  the  same  time  the  lose  of  energy  is  reduced  to  8  J  per  cent 
For  short  tubes  or  ajatt^es,  vhich  are  rounded  off  or  shaped  inter- 
nally  like  the  contracted  vein,  we  have  ^  =  ^  =  0,975,  and  the 
loea  of  mechanical  effect  is  the  same  as  it  is  for  an  orifice  in  a  thin 
pl&te,  viz,  5  per  cent 

The  loBB of  mechauical  effect  / -j  —  l)  ?r"  G 7 corresponds  to  a 

head  of  water  ( — =  —  11  s— ;  we  can  therefore  consider  that  the  loss 

of  head  due  to  the  resistaDce  to  efflux  is  I—;  —  1)  :;—  and  we  can 

\i>  /  2  y 

assume  that,  when  this  loss  has  been  subtracted,  the  remaining  por- 
tion of  the  head  ia  employed  in  producing  the  Telocity. 

This  loss  z  =  l-j%  —  11  5--,  which  increases  with  the  square 
of  the  Telocity,  is  known  as  the  height  of  resistance  (Fr.  hautenr 
de  resistance ;  Ger.  Widerstandshfihe)  and  the  coefficient  -^  —  1, 
by  which  the  head  of  water  must  be  multiplied  in  order  to  obtain 
the  height  of  resistance,  ia  called  tits  cofffUient  of  resistance.  Here- 
after we  will  denote  this  coefficient  which  also  gires  the  ratio  of 
the  height  of  resistance  to  the  head  of  water,  by  f  or  the  height 

of^redetsnoe  itself  by  «  =  f .  ^. 


VI  +  ^ 

we  can  calculate  from  the  coefficient 
of  velocity  the  coefficient  of  resistaace, 
or  the  latter  li-om  the  former. 

If  the  Telocity  of  efflux  v  is  the 
same,  the  head  of  water  of  an  orifice 
K,  Fig.  731,  whose  coefflcieut  of  resist- 


of  water  of  the  orifice  L,  through  which 
the  water  fiows  with  this  theoretical 
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Telocity,  is  hi  =:  ^-^  consequently  the  first  orifice  must  lie  at  a  dis- 

^  —  1)^  =  ^5-^  below  the  second 

r  if  if 

one.  This  distance  z  is  called  the  height  of  resistance.  K  they 
have  the  same  cross-section  F  and  there  is  no  contraction  at  either 
orifice,  the  discbarge  Q  =  i^t;  is  the  same  for  both. 

ExAMFLS—l)  What  is  the  discharge  under  a  head  of  water  of  3  feet 
through  a  tube  2  inches  in  diameter,  whose  coefficient  of  resistance  is 
;  =  0,4.    Here 

^  =  —=  —  0,845 ;  hence 
Vl,4 

V  =  0,845  .  8,025  Vs  =  11,745  feet; 
F  =  (-^y  n  ==  0,02182  square  feet, 

and  consequently  the  required  discharge  is- 

Q  -  0,02182 .  11,745  =  0,256  cubic  feet 
2)  If  a  tube  2  inches  wide  discharges  under  a  head  of  2  feet  10  cubic 
fbet  of  water  in  a  minute,  the  coefficient  of  efflux  or  velocity  is 

^  = ^  = ^ rr  =  — ^  =  0,678, 

F^/2gh      60  .  0,02182  .  8,025  V  2      1,05  V  2 

the  coefficient  of  resistance  C  =  (  a  ^70  )  —  1  =  1.208, 
and  the  loss  of  bead,  caused  by  the  resistance  of  the  tube,  is 

'-  =  1,208 .  ~  =  1,208  .  0,0155  (|)*= 0,0187.  ^^^  =  1,092  feet 

§423.   Xnclined  Short  Tubas  or  Ajutages.— When  the 

tubes  are .  applied  to  the  vessel  in  an  inclined  position  or  when 

they  are  cut  off  obliquely  to  the  axis^  the  discharge  is  less  than 

Pr    732  when  they  are  inserted  into  the  vessel  at 

right  angles  or  cut  off  at  right  angles  to 

'B  their  axis;  for  in  this  case  the  direction  of 

the  water  is  changed.  The  author's  extended 

experiments  upon  this  subject  have  led  to 

^^^^2i  ^®  following  conclusiona    If  6  denotes  the 

angle  L  KNy  formed  by  the  axis  of  the  tube 
K  L,  Fig.  722,  with  the  normal  JT  JV  to  the  plane  A  B  oi  the 
orifice,  and  if  f  denotes  the  coeflBcient  of  resistance  for  tubes  cut 
off  at  right  angles,  we  have  for  the  coefficient  of  .resistance  of  in- 
clined tuhe9 

4\  =  f  +  0,303  fdn.  6  +  0,226  sin}  d. 

Assuming  for  f  the  mean  value  0,605,  we  obtain 
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for«»  = 

O 

10 

20 

30 

40 

50 

6odeg. 

the  coefficients  of 
resistance  ix  = 

the  coeflkient  of 
efflux  Ml  = 

0,505 
0,8x5 

0,565 

0,799 

0,635 
0,782 

0,713 
0,764 

0,794 
0,747 

0,870 
0,731 

0,937 
0,719 

Hence,  e.g.,  the  coeflScient  of  resistance  of  a  short  tube,  the 

angle  of  deviation  of  whose  axis  is  20%  is  <i  =  0>635  and  the  coeffi« 

cient  of  efflux  is 

1 

=  0,782, 


f*i  = 


Vl,635 


Fig.  728. 


and,  on  the  contrary,  when  the  deviation  is  35%  the  former  is 
=  0,753  and  the  latter  =  0,755. 

These  inclined  tubes  are  generally  longer  than  those  we  haye 
previously  considered,  and  they  must  be  longer  when  they  are  to 
be  completely  filled  with  water.  The  foregoing  formula  gives  only 
that  part  of  the  resistance  due  to  the  short  tube  at  the  inlet 
orifice,  that  is,  three  times  as  long  as  the  tube  is  wide.  The  resist- 
ance of  the  remaining  part  of  the  tube  Mrill  be  given  further  on. 

Example. — ^If  the  plane  of  the  orifice  A  Bof  the  disehaige-pipe  K  L, 
Fig.  723,  as  well  as  the  inside  slope  of  the  dam,  is  inclined  at  an  angle  of  40** 

to  the  horizon,  the  axis  of  the  tube 
will  form  an  angle  of  60^  with 
that  plane;  hence  the  coefficient 
of  resistance  for  efflnx  throogh 
the  entrance  of  this  pipe  is  C  = 
0,870,  and  if  the  coefficient  of  re- 
sistance for  the  remaining  longer 
portion  is  0,650,  we  have  the  coefficient  of  resistance  for  the  entire  tube 

f  =  0,870  +  0,650  =  1,520, 

and  therefore  the  coefficient  of  efflux  is 

1  1 

f"  =  V 1  +  1,520  "  V2;520  =  ^'^^' 

If  the  head  of  water  is  10  feet  and  the  width  of  the  pipe  1  foot,  the 
discharge  is 

Q  =  0,680 .  J  .  8,025  VlO  =  12,56  cnbic  feet 

§  424.  Imperfect  Contraction. — If  a  short  tube  K  L,  Fig. 
724,  is  inserted  in  a  plane  wall,  whose  area  O  is  but  little  larger 
than  the  crossHSiection  i^of  the  tube,  the  water  will  approach  the 
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mouth  of  the  short  tube  with  a  velocity,  which  we  cannot  neglect, 
and  the  stream  which  enters  it  is  imperfectly  contracted ;  hence 

the  velocity  of  efflux  is  greater  than 
when  the  water  can  be  considered  to 
be  at  rest  at  the  mouth  of  the  tube. 

Now  if  -^  =  » is  the  ratio  of  the  cross- 
section  of  the  tube  to  that  of  the  wall 
and  jEi,  the  coefficient  of  efflux  for  perfect 

contraction,  in  which  case  we  can  put  -=-  =  0,  we  have,  according 

to  the  experiments  of  the  author,  for  the  coefficient  of  efflux  with  im- 
perfect contraction,  when  we  put  the  ratio  of  the  cross-sections  =  n, 

» 

I^^LZh  =  0,102  n  +  0,067  «*  +  0,046  n\  or 

/*•  =  ^0  (1  +  0,102  n  +  0,067  w*  +  0,046  »"). 

If,  E.O.,  we  assume  the  cross-section  of  the  tube  to  be  one-sixth 
of  that  of  the  wall,  we  have 

^^  =  f*.  (1  +  0,102  .  J  +  0,067  .  5^5  +  0,046  .  ^U) 
=  /*.(!+  0,017  +  0,0019  +  0,0002)  =  1,019  ^^ 

or  putting  fi^  =  0,815 

fi^  =  0,816  . 1,019  =  0,830. 

The  values  — — —  of  the  correction  are  given  in  the  following 
tables,  which  are  more  convenient  for  use. 

TABLE  OF  THE  CORRECTIONS  OF  THE  COEFFICIENTS  OF 
EFFLUX,  ON  ACCOUNT  OF  IMPERFECT  CONTRACTION,  FOR 
EFFLUX  THROUGH  8H0RT  CTLINDBIOAL  TUBES. 


n 

0,06 
0,006 

0,10 
0,018 

0,15 
0,020 

0,20 
0,027 

0,25 
0,085 

0,80 
0,048 

0,86 
0,052 

0,40 
0,060 

0,45 
0,070 

0,60 
0,080 

n 

0,55 
0,090 

0,60 
0,102 

0,65 
0,114 

0,70 
0,12T 

0,75 
0,188 

0,80 
0,152 

0,85 
0,166 

0,90 
0,181 

0,95 
0,198 

1,00 
0,227 

8G0  GENERAL  PRINCIPLES  OF  MECHANICS.  [g424. 

When  the  vater  is  diecharged  through  short  paraUelopipedical 
tubes,  these  correctiona  are  about  the  same. 

The  principal  applications  of  theee  corrections  too  to  the  efflux 
of  water  through  compouod  tubes,  as,  E.a^  iu  the  case  represeat«d 
iu  Fig.  725,  where  the  short  tube  K  L 
is  inserted  into  another  short  tube 
Q  E,  and  tlie  latter  into  the  vessel 
A  C.    Here,  when  the  water  enters 
the  smaller  from  the  hirger  tube,  the 
Btream  is  imperfectly  contracted,  and 
the  coefficient  of  efflux  is  determined 
by  the  last  rule.    If  we  pat  the  coef- 
ficient of  resistance  corresponding  to  this  coefficient  of  efflns  =  Ck 
the  coefficient  of  resistance  for  its  entrance  into  the  larger  tube 
from  the  reservoir  =  C,  the  head  of  water  =£  k,  the  velocity  of 

F 
effini  =  V  and  tie  ratio  -^  of  the  cross-sections  of  the  tube  =  n, 

or  the  velocity  of  the  water  in  tiie  larger  tube  =  n  p,  we  have  the 
formula 


Vl  -h  rt'f  +  f, 

EzAMPLBL^What  is  the  discharge  from  Ihe  vessel  repmented  In  Fig. 
735,  when  the  head  of  water  is  &  =  4  feet,  the  width  of  the  narrow  tube  % 
inches  and  that  of  the  larger  one  8  inches  t    Here 

n  =  (I)'  =  ^,  whence  /*.  =  1,069  .  0,815  =  0,671 
and  the  corresponding  coefficient  of  resistance 

f,  =  (o^)'-  1  =  ®.818 ;  bit  we  have 

;=  0,505  and  n*  C  =  H  •  '^fi^^  =  0>OW, 
whence  it  follows  that 

1  +  n'  f  +  f,  =  1  +  0,099  +  0,818  =  1,417, 
and  the  velodty  ofefflnz 

Vl,417         VT7417  ' 

Finally,  since  the  croBs-section  of  the  tal>eisP=  jv2=0,02182BQnare&eti 
it  follotvs  that  the  dischari^  is 

q  -  18,46  .  0,oaiB3  =  0,394  cubic  feet 
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§  425.  Conical  Short  Tabee  or  Ajntages.— The  dischargee 
from  conical  nwuth-piecet  or  tkorl  amicai  tubes  are  different  from 
liioBc  obtained  from  cylindrical  or  prismatic  ones.    They  are  either 
conicaUif  eonvergetU  or  comcalii/  div»rgmt.    In  the  ftrat  case  the 
oatlet  orifice  is  smaller  than  the 
^'^-  ^^-  inlet,  and  in  the  second  ease  the 

A  B  uilct  is  smaller  than   the  outlet 

The  coetBcients  of  efflux  through 
the  former  tabes  are  greater  and 
those  of  efflux  through  the  latter 
smaller  than  for  cylindrical  tubes. 
The  same  conical  tube  discharges 
more  water  when  we  make    the 
wider  end  the  orifice  of  discharge,  as  in  K,  Fig.  726,  than  when 
we  put  it  in  the  wall  of  the  reservoir,  as  is  represented  at  L  in  the 
same  figure;  but  the  ratio  of  the  discharge  is  not  as  great  as  that 
of  the  openings.    When  authors  ench  as  B.  Ventnri  and  Eyt«lwein 
give  grater  coefficients  of  efflux  for  conically  divergent  than  for 
conicallj  convergent  tnbee,  it  must  be  remembered  that  the  smaller 
oroefi-section  is  always  considered  as  the  orifice.    The  influence  of 
the  conicalness  of  the  tubes  upon  the  discharge  is  shown  by  the 
following  experiments,  made   under  heads  of  from  0,25  to  3,3 
meters,  with  a  tube  A  D,  Fig.  727,  9  centimeters  long.    The  width 
of  this  tube  at  one  end  was  D  E  ^  2,468, 
""■  "^^  at  the  other  A  B  =  3,228  centimeters, 

and  the  angh  of  convergence,  i.e.  the  angle 
A  0  B,  formed  by  the  prolongation  of  the 
opposite  sides  A  E  and  B  D  of  &  section 
through  the  axis  of  the  tube,  was  =40°  50'. 
When  the  water  issued  from  the  narrow  opening,  tlie  coefficient  of 
efflux  was  —  0,920;  but  when  it  isaueil  from  the  wider  opening,  it 
was  =  0,553.  If  we  substitute  in  the  calculation  the  narrower 
orifice  as  cross-section,  we  find  It  =  0,946.  The  stream,  in  the  first 
case,  when  the  tube  was  conically  convergent,  was  but  little  con- 
tracted, dense  and  smooth ;  in  the  second  case,  where  the  mouth- 
piece was  conically  divei^nt,  the  stream  was  very  divergent  and 
torn  and  pulsated  violently.  Venturi  wid  Eytolwein  have  experi- 
mented upon  efflnx  through  conically  divergent  tubes.  Both  these 
experimenters  also  attached  to  these  conical  tubes  eyhndrical  and 
conical  month-pieces,  shaped  like  the  contracted  vein.  With  a 
compound  month-piece,  like  the  one  represented  in  Fig.  72S,  the 
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diverging  portion  K  Loi  which  was  12  lines  in  diameter  in  the 
narrowest  place  and  21^  lines  at  the  widest,  and  8}|  inches  long, 
and  whose  angle  of  convergence  was  5°  9',  Eytelwein  found  y>  = 
1,5526,  when  he  treated  the  narrow  end  as  the  orifice,  and,  on  the 
contrary,  ^  =  0,483  when,  as  was  proper,  he  treated  the  larger  end 

as  the  orifice.  However,  -7^-^=-  =  2,5  times  as  mnch 

0,0 15 

water  is  discharged  through  this  compound  mouth- 
piece as  through  a  simple  orifice  in  a  thin  plate,  and 

1  5526 

^Q^   =  1,9  times  as  much  as  through  a  short 

u,olo 

cylindrical  pipe.  When  the  velocities  and  the  angle  of  divergence 
are  great,  it  is  not  possible  to  produce  a  complete  efflux,  even  by  at 
first  closing  the  end  of  the  mouth-piece. 

The  author  found  with  a  shovt  conically  divergent  mouth- 
piece 4  centimeters  long,  whose  minimum  and  maximum  widths 
were  1  and  1,54  centimeters  and  whose  angle  of  divergence  was 
8*  4',  under  a  head  of  0,4  meters,  f*  =  0,738  when  the  internal  edge 
was  rounded  oflf,  and  ^  =  0,395  when  it  was  not. 

§  426.  The  most  extensive  experiments  upon  the  efflux  of 
water  through  conically  convergent  tubes  are  those  made  by  d'Au- 
buisson  and  Castel.  A  great  variety  of  tubes,  which  differed  in 
length,  width  and  in  the  angle  of  convergence,  were  employed. 
The  most  extensive  were  the  experiments  with  tubes  1,55  centi- 
meters wide  at  the  orifice  of  efflux  and  2,6  times  as  long,  i.e.,  4  cen- 
timeters long ;  for  this  reason  we  give  their  results  in  the  follow- 
ing table.  The  head  of  water  was  always  3  meters.  The  discharge 
was  measured  by  a  gauged  vessel,  but  in  order  to  determine  not 
only  the  coefficient  of  efflux,  but  also  the  coefficients  of  velocity 
and  contraction,  the  ranges  of  the  jet  corresponding  to  the  given 
heights  were  measured,  and  from  them  the  velocities  of  efflux  were 
calculated. 

The  ratio     ,         of  the  effective  velocity  v  to  the  theoretical 
V%fh  ^ 

one  V2gh  gave  the  coefficient  of  velocity  0,  the  ratio  ^   ^       of 

the  effective  discharge  Q  to  the  theoretical  discharge  F  V%gh  the 
coefficient  of  efflux  /i,  and,  finally,  the  ratio  of  the  two  coefBcienta^ 

I.E.,   -,  determined  the  coefficient  of  contraction  o. 
9 
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This  determination  is  not  accurate  enough,  when  the  velocities 
of  efflux  are  great ;  for  in  that  case  the  resistance  of  the  air  is  too 
great 

TABLE  OF  THE  COEFFICIENTS  OF  EFFLUX  AND  VELOCITY  FOR 
EFFLUX  THROUGH  CONICALLY  CONVERGENT  TUBES. 


Angle  of 

Coefficient  of 

1 

Coefficient  of  1 

Angle  of 

Coefficient  of 

Coefficient.of 

coDve::genoe. 

efflux. 

velocity. 

convergence. 

efflux. 

velocity. 

o°o' 

0,829 

0,829 

13°  V 

0,946 

0,963 

i'36' 

0,866 

0,867 

14°  28' 

0,941 

0,966 

3°  lo' 

0^95 

0,894 

16°  36' 

0,938 

0,971 

4°  lo' 

0,912 

0,910 

19°  28' 

0,924 

0,970 

5°  26' 

0,924 

0,919 

21°  0' 

0,919 

0,972 

7°  52' 

0,930 

0,932  ' 

23°  0' 

0,914 

0,974 

8^58' 

0,934 

0,942       1 

29°  58' 

0,89s 

0,975 

10°  20' 

0,938 

0,951 

40°  20' 

0,870 

0,980 

12"  4' 

0,942 

o,9SS 

48°  50' 

0,847 

0,984 

According  to  this  table,  the  coeflBcierit  of  efSux  attains  its  inaxi- 
mnm  valne  0,946  for  a  tube,  whose  sides  converge  at  an  angle  of  13^°, 
that,  on  the  contrary,  the  coefficients  of  velocity  increase  continu- 
ally with  the  angle  of  convergence.  How  the  foregoing  table  is  to 
be  employed  in  practice,  is  shown  by  the  following  example. 

Example. — What  is  the  discharge  through  a  short  conical  mouth-piece 
1^  inches  wide  at  the  orifice  of  efflux  and  converging  at  an  angle  of  10°,  when 
the  head  of  water  is  16  feet  ?  According  to  the  author's  experiments,  a 
cylindrical  tube  of  this  width  gives  fi  =  0,810,  d'Aubulsson  tube,  however, 
gave  fi  =  0,829,  or  0,829  —  0,810  =  0,019  more ;  now,  according  to  the 
table,  for  a  tube  converging  at  10°,  ^=  0,987  ;  it  is  therefore  better  to  put 
for  the  given  tube  fi  =  0,937  —  0,019  =  0,918 ;  whence  we  obtain  the 
discharge 

^      ^^^o       ^       /v««i.    /t:?       0,918 .  8,025  tt       ^«^^^      ,_.    *   . 
Q  =  0,918  .  J— gi  .  0,825  V16  = ^- =  0,8616  cubic  feet. 

§  427.  Resistance  of  FrictioiL — The  longer  prismatical  or 
cylindrical  pipes  are,  the  greater  is  the  diminution  of  the  discharge 
through  them ;  we  must  therefore  assume  that  the  walls  of  the 
pipes  by  friction,  adhesion  or  by  the  water's  sticking  to  them  resist 
the  motion  of  the  water.  As  we  might  suppose,  and  in  accordance 
with  many  observations  and  measurements,  we  can  assume  that 
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this  resistance  of  friction  is  entirely  independent  of  the  pressure, 
that  it  is  directly  proportional  to  the  length  I  and  inversely  to  the 

diameter  d  of  the  pipe^  i.E.^  it  is  proportional  to  the  ratio  -^.  It  has 

also  been  proved  that  this  resistance  is  greater  when  the  velocities 
are  gi'cat  and  less  when  they  are  small,  and  that  it  increases,  very 
nearly,  with  the  square  of  the  velociiy  v.  If  we  measure  this 
resistance  by  a  column  of  water,  which  mast  afterwards  be  sub- 
tracted from  the  total  head  h,  in  order  to  obtain  the  height  neces- 
sary to  produce  the  velocity,  we  can  put  this  height,  which  we  will 
hereafter  call  the  height  of  resistance  of  friction, 

f  denoting  here  an  empirical  number,  which  we  can  style  the  co- 
efficient  of  friction.  Hence  the  loss  of  head  or  of  pressure  in  conse- 
quence of  the  friction  of  the  water  in  the  pipe  is  greater,  the  greater 

the  ratio  -z  of  the  length  to  the  width  and  the  greater  the  height 
due  to  the  velocity  —  is.    From  the  discharge  Q  and  the  cross- 

if 

section  of  the  tube 


we  obtain  the  velocity 


/'=^ 


.  =  * « 


-^•3-f,(^.)*=^-^,.ey.^: 


and,  therefore,  the  height  of  resistance  of  friction 

l_ 
d  '  2  g  \n  dV  '^  "^  '  2  g 

K  we  wish  to  conduct  a  certain  quantity  Q  of  water  through  a 
pipe  with  as  little  loss  of  head  or  fall  as  possible,  we  must  make 
the  pipe  as  short  and  as  wide  as  we  can.  If  the  width  of  the  pipe 
is  double  that  of  another,  the  fiiction  in  the  former  is  (^)*  =  ^^ 
that  in  the  latter. 

K  the  cross-section  of  the  pipe  is  a  rectangle,  whose  height  is  a 
and  whose  width  is  i,  we  must  substitute 

1—1      ^^    _  1    periphery  _       2  {a  -h  b)  _a  +  b 
rf-^'irrrf-"'-      area      "  ^ '      ab       ^2ab' 
whence  we  have 

^^'     2ab     '2^' 
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By  the  aid  of  these  formiilas  for  the  lesistanoe  of  friction  i& 
idpesi  we  can  find  the  discharge  and  the  velocity  of  efflnx  of  the 
water  conveyed  by  a  pipe  of  a  given  length  and  width,  nnder  a* 
given  pressure.  It  is  also  of  no  consequence  whether  the  tube  KLy 
Fig.  729,  is  horizontal  or  inclined  upwards  or  downwards,  so  long 

aa  we  understand  by  the 
Fia  729.  head  of  water  the  depth 

Hlfil!Bff"0 J^       i?  Xr  of  the  centre  L  of 

the  mouth  of  the  pipe 
below  the  level  H  0  oi 
the  water  in  the  reser- 
voir. 

If  A  is  the  head  of  water,  hi  the  height  of  resistance  for  the  ori- 
fice of  influx,  and  h^  the  height  of  resistance  for  the  remaining  part 
of  the  tube,  we  have 

A-(Ai  +  A,)=^orA  =  ^  +  *i  +  A,. 

If  fo  denotes  the  coefficient  of  resistance  for  the  orifice  of  influx 
and  C  the  coefficient  of  resistance  of  friction  of  the  rest  of  the  tube^ 
we  can  put 


A  -  ^*  ^  ^     ^    a.  ^  ^      ^" 


or 


and 


l)A=(l  +  f.  +  4)^^ 


2)  v  = 


V27h 


j/l+f. +  f.^ 


From  the  latter  formula  we  obtain  the  discharge  Q  ^  Fv. 

For  very  long  tubes  1  +  f « is- very  6inall>  compared  with  f  -^ 
and  we  can  write  more  simply 

A  =  f  T .  g-,  or  inversely^ 

g  428.  The  coefficient  of  friction^  like  the  coefficient  of  efflux, 

is  not  perfectly  constant;  it  is  greater  for  low  velocities  than  for 

high  ones,  I.E.  the  resistance  of  friction  of  the  water  in  tubes  doea 

not  increase  exactly  with  the  square,  but  with  another  power  of  the 

55 
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Telocities.  Prony  and  Ejtelwein  have  assumed  that  the  head  lost 
by  the  resistance  of  friction  increases  with  the  simple  velocity  and 
with  the  square  of  the  same^  and  have  established  for  it  the  formula 

A  =  (a  v  +  j3  V*)  ^ 

in  which  a  and  j3  denote,  constants  determined  by  experiment  In 
order  to  determine  these  constants,  these  authors  availed  themselyes 
of  51  experiments  made  at  di£Eerent  times  by  Couplet,  Bossut,  and 
du  Bnat  upon  the  flow  of  water  through  long  tubes.  Prony  de- 
duced from  them 

h  =  (0,0000693  V  +  0,0013932  r*)  J, 

Eytelwein, 

h  =  (0,0000894  V  +  0,0011213  v*)  ^ 

d'Aubuisson  assumes 

h  =  (0,0000753  V  +  0,001370  v')  ^  meters. 

The  following  formula^  proposed  by  the  author,  coincides  better 
with  the  results  of  observation ;  it  is 

*  =  r  +  -^52^ 

and  is  founded  upon  the  assumption  that  the  resistance  of  friction 
increases  at  the  same  time  with  the  square  and  with  the  square 
root  of  the  cube  of  the  velocity.  We  have,  therefore,  for  the  coeffi- 
cient of  resistance 

Vv 
and  for  the  height  of  resistance  of  friction  simply 

*~^-52^- 

For  the  determination  of  the  coefficient  of  resistance  C  or  of  the 
auxiliary  constants  a  and  P  the  author  availed  himself  of  not  only 
the  51  experiments  of  Couplet,  Bossut,  and  du  Buat,  employed  by 
Prony  and  Ejrtelwein,  but  also  of  11  experiments  made  by  himself 
;and  one  by  a  M.  Gueymard,  of  Grenoble.  The  older  experiments 
were  made  with  velocities  of  from  0,043  to  1,930  meter8,,but  by  the 
experiments  of  the  author  this  limit  has  been  extended  to  4,648 
meters.  The  widths  of  the  pipes  in  the  older  experiments  were 
27,  36,  54,  135,  and  490  millimeters,  and  the  newer  experiments 
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were  made  with  pipes  33,  71,  and  275  millimeters  in  diameter.  By 
the  aid  of  the  method  of  least  squares,  the  author  found  from  the 
63  experiments 

f  =  0,01439  +  »!P1, 


V~v 


or 


,        /aai.qq  ^  0,0094711  W     ^       , 
A  =  (0,01439  + — )  -J .  ;r-  meters, 

or  for  the  English  system  of  measure 

A  =  (0,01439  +  MlZl^n  \ .  p.. 

Kemabx — 1)  If  we  take  into  consideration  some  other  experiments  made 
by  Professor  Zenner  with  a  zinc  tube  ^  centimeters  wide,  and  with  a  ve- 
locity of  from  0,1866  to  0,4287  meters,  we  obtain 

.      ^^<A^<^       0,010827 
r  =  0,014812  +    '     ^     , 

«  being  given  in  meters. 

2)  Newer  experiments  upon  the  flow  of  water  with  great  and  very  great 
yelocities  were  made  by  the  author  in  1866  and  1858  (see  the  "  Civilinge- 
nieur,"  Vol.  V,  Noe.  1  and  8,  as  well  as  Vol.  IX,  No.  1).  The  results  of 
these  experiments  are  contained  in  the  following  table : 


Nature  of  the  tubea. 


Narrow  glass  tubes 

Wider  glass  tubes 

Narrow  brass  tubes 

The  same  made  shorter 

The  same  under  veiy  great  pressure  . 

Wider  brass  tubes 

The  same  made  shorter 

The  same  under  very  great  pressure  . 
Wider  zinc  tubes  •.••••. 

The  same  shorter  • 

The  same  still  shorter 

The  same  still  shorter 


Width  of  the 
tubes  (d). 


1,08  ctm 

1,48 

1,04 

1,04 

1,04 

1,48 

1,48 

1,48 

2,47 

2,47 

2,47 

2,47 


Mean  velocity  of 
thewater  m  the 
tubes  («). 


8,51  meters. 
10,18      " 

8,64 
12,82 
20,99 

8,66 
12,40 
21,59 

8,19 

4,78 

6,24 

0,18 


tc 

tt 
u 
(( 
« 

t( 

(( 

(C 


Coefficient 
of  frictloD  (. 


0,01815 
0,01865 
0,01869 
0,01784 
0,01690 
0,01719 
0,01736 
0,01478 
0,01962 
0,01888 
0,01790 
0,01670 
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The  values  in  the  last  column  a^^ain  show  that  the  coefllcient  of  rensU 

ance  C  for  the  friction  of  water  in  tubes  decreases  not  only  as  the  velocitj- 

(«)  increases,  but  also,  although  more  slowly,  as  the  width  {d)  of  the  pipo 

becomes  greater.    However,  for  high  velocities,  the  formula 

.      ^^..o«       0,0094711 
f  =  0,01439  +     *    _ 

agrees  tolerably  well  with  the  numbers  found  by  experiment,  blo.,  fot 

9  =  9  meters 

C  =  0,01489  +  0,00816  =  0,01765 

and  for  «  =  16  meters 

C  =  0,01489  +  0,00287  =*:  0,0167ft. 

These  coincide  veiy  well  with  the  values  in  the  last  table,  which  com* 

gpond  most  nearly  to  them. 

Rbmabk  8.— M.  de  Saint -Yenant  found  that  the  well-known  formula 
for  the  resistance  of  water  in  tubes  agrees  better  with  theresultaof  ei^eri- 
meat,  when  we  assume  the  height  due  to  the  friction  to  incnsase  not.witli 

«*  or  2r-i  t>ut  with  «V.    (See  his  "  M^moire  sur  des  formules  nouvelles  pour 
2^'  ^ 

la  solution  des  probl^mes  relatifs  aux  eauz  courantes.'^    According  to  him 

we  must  put 

A  =  ^  .  0,00029557  «V  =  0,00118228  I .  «V  =  0,028197  tr-f .  ^  ^. 
d  '  d  '  d2g 

The  assumption  of  a  fictional  exponent  for  » ia  not  at  all  new ;  Woltmaim 

put  vl  instead  of  v*  and  Eytelwein  proposed  M  instead  of  «*  (see  the 

author^s  article  upon  Efflux  [AusflusaJ  ii)  the  "  allgemeane  Ma8chinQii0Dcy<- 

clopadie  "  of  Hillsse. 

Remabk  4. — New  and  vezy  extended  experiments  upon  the  motion  of 
wrater  in  pipes  have  been  made  by  Monsieur  H.  Darcy  (see  the  report  to 
the  Academy  of  Sciences  at  Paris  in  the  Comptes  rendus,  etc.,  Tom.  88, 
1854,  ^^sur  des  recherches  exp^rimentales  relatives  an  mouvement  dea 
eaux  dans  les  tuyaux  '^).  Mona.  Darcy  deduces  from  these  experimentSi 
^here  the  velocity  is  not  less  than  2  decimeters,  the  formula 

A/.,..A«,        0,00000647  \  I      , 

,000507  +  -^ 1  - .  «" 

r.         /  r 

//./..nnA       0,0006078\i   «•      ^ 

hence  the  ooeQlcient  of  resistance  should  be 

.      AA.^voA        0,0005078 
C  =  0,01989  +  -^—2 • 

This  formula,  however,  is  not  sufficiently  aopurate  for  amaU  velocities^ 

§  429*  To  £a.cilitate  calculation  the  following  table  of  the 
coeffioienta  of  resistance  has  been  arranged.  We  see  from  it  that  the 
variation  of  this  coefficient  is  not  insignificant,  since  for  a  velocity 


=  (o,( 
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of  0,1  meter  it  is  =  0,0443,  for  one  of  1  meter,  =  0,0239  and  for 
one  of  5  meters^  =  0,0186. 

TABLE  OF  THE  COEFFICIENTS  OF  FRICTION  OF  WATER. 


I 


0 
1 
2 
8 
4 


Dedmeten. 


00 

0,0289 
0,0211 


0,0448 
0,0284 
0,0209 


0,0199  0,0198 
0,0191 10,0191 


2 


0,0856 
0,0280 
0,0208 
0,0197 
0,0190 


8 


0,0817 
0,0227 
0,0206 


0,0294 
0,0224 
0,0206 


0,0196  0,0195 
0,0190  0,0189 


0,0278 
0,0221 


6 


0,0266 
0,0219 


0,0204  0,0208 
0,0195 


0,0189 


0,0267 
0,0217 
0,0202 


0,01940,0198 
0,01880,0188 


8 


0,0250 
0,0215 
0,0201 
0,0198 
0,0187 


9 


0,0244 
0,0218 
0,0200 
0,0192 
0,0187 


We  find  in  this  table  the  coefficients  of  resistance  correspond- 
ing to  a  certain  velocity  by  searching  for  the  whole  meters  in  the 
Tertical  columns  and  for  the  tenths  of  a  meter  in  the  horizontal 
column  and  then  moving  horizontally  from  the  first  number  and 
vertically  from  the  last,  until  we  arrive  at  the  point  where  the  two 
motions  meet  e.q.  for  v  =  1,3  meters,  f  =  0,0227 ;  for  v  =  2,8, 
f  -  0,0201. 

For  the  English  foot  we  can  put 


0,1 
0,068C 

0,2 

0,8 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

\  0,0627 

0,0457 

0,0415 

0,0887 

0,0865 

0,0849 

0,0886 

0,0825 

9 

1 

u 

H 

2 

8 

4 

6 

8 

12 

20 
0,0182 

0,0815  < 

),0297 

0,0284 

0,0266 

0,0248 

0,0230 

0,02 

14 

0,020 

)5 

0,019a 

Rbuark.— A  more  extensive  and  more  convenient  table  is  to  be  found 
in  the  Ingenieur,  pages  442  and  448. 

§  430.  Long  Pipes « — ^In  considering  the  motion  of  water  in 
long  pipes  or  combinations  of  pipes,  the  three  principal  questions 
to  be  solved  are  the  following. 

1)  The  length  /  and  the  width  d  of  the  pipe  and  the  quantity 
Q  of  water  to  be  conducted  may  be  given  and  we  may  be  required 
to  find  the  necessary  head.  In  this  case  we  must  first  calculate 
the  velocity 


V 


F 


—  — -j\  —  1,2732  •  j-r, 
trrf*         '  d^ 
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and  then  search  in  one  of  the  last  tables  for  the  valne  of  the  coef- 
ficient of  friction  C>  corresponding  to  this  yalue,  and  finally  we 
must  substitute  the  yalues  d,  I,  v,  ^  and  Co  (Co  denoting  the  coefli- 
cient  for  the  orifice  of  influx)  in  the  first  principal  formula 

» = (^ + V  4)  f,- 

2)  The  length  and  width  of  the  pipe  and  the  head  of  water 
may  be  given  and  the  discharge  may  be  required.  The  velocity 
must  be  found  by  means  of  the  formula 

{  /l  +  ?«  +  f.^   ^ 

Now  as  the  coefQcient  of  resistance  iis  not  perfectly  constant, 
but  varies  somewhat  with  v,  we  must  first  find  2;.approximatively 
in  order  to  be  able  to  calculate  ^  from  it 

From  V  we  determine 

C  =  ^  v  =  0,7854  d"  V. 

8)  The  discharge,  the  head  of  water  and  the  length  of  the  pipe 
may  be  given,  and  we  may  be  required  to  determine  the  necessary 
width  of  the  pipe. 

Since  v  =  — ^  or  i;*  =  (  -—  )  .  -=,  we  have 
2,A  =  (l  +  f.  +  4)(^/.i.or 

hence  the  width  of  the  pipe  is 

But  since  (  "  )  =  I96212  and  1  +  <;,  as  a  mean  =  1,505  and  for 
the  English  system  of  measures  -^  =  0,0155,  we  can  put 

d  =  0,4787  V  (1,505  .  rf  +  f  0  x  *®^*- 
This  formula  can  only  be  used  to  obtain  approximative  values  ; 
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for  not  only  the  unknown  quantity  d^  but  also  the  coe£Gicient  ^, 

4  Q 
which  depends  upon  the  yelociiy  v  =  —^  occurs  in  it 

Example  1)  What  must  the  head  of  water  be,  when  a  set  of  pipes  160 
feet  long  and  6  inches  in  diameter  is  required  to  deliver  25  cubic  feet  of 
water  per  minute  ?    Here  we  have 

«  =  1,2782  -gQ-gT  =  3,066  feet, 

and  therefore  we  can  make  C  =  0,0248 ;  hence  the  head  of  water  or  total 
ftll  of  the  pipes  must  be 

h  =  ^1,606  +  0,0248 .  ^^^^)  .  0,0155  .  8,066* 

=  (1,505  +  8,748)  0,0155 . 0,880  =  1,484  feet. 
2)  What  is  the  dischaige  through  a  set  of  pipes  48  feet  long  and  9 
inches  in  diameter,  under  a  head  of  6  feet  9    Here 

8,025  VS  17,045 

«  = 


/ 


1  KAK  _L  r   4®  •  1^       Vl,605  +  288  .  C 
1,000  +  c . 


2 

For  the  present,  assuming  C  =  0,020,  we  obtain 
17,045       17,945       ^^ 
sfl^  2,7  '   » 

but «  =r  6,6  gives  more  correctly  C  =  0,0211,  and  therefore  we  have 

17,945  17,945       « .« ^   * 

« =  *  =    _  ^        =  6,52  feet, 

Vl,606  +  288  .  0,0211       V7;682 

and  the  discbarge 

q  r=  0,7864  Q^  6,52  =  0,142  cubic  feet  =  245,4  cubic  inches. 

8)  What  must  be  the  diameter  of  a  set  of  pipes  100  feet  long,  which  are 
to  discharge  one  half  of  one  cubic  foot  of  water  per  second  under  a  head 
of  5  feet  ?    Here 

d  =  0,4787  V  (1,505  d  -h  100  C) .  i  .  (J)*  =  0,4787  Vo,076  (f  +  5  C 
>iiffnming  for  the  present  C  =  0,02,  we  obtain 

d  =  0,4787  V  0,075  d  +"0,100,  or  approximatively 

d  =  0,4787  VOjlOO  =  0,80.;  hence  we  have  more  accurately 

d  =  0,4787  Vb,0225  +  0,100  =  0,4787  V04226 
=  0,3146  feet  =  8,774  inches. 
This  diameter  corresponds  to  the  cross-section 
F^  0,7854  .  0,8145*  =  0,0777  square  feet; 
the  velocity  is  consequently 

•  =  >-  =  ^61  fi  =  «'*8«  fe«t. 

and  the  coefficient  of  resistance  C  =  0,212.     Substituting  the  latter  more 
correct  value,  we  obtain 

d  =  0,4787  V64285  =  0,818  feet  =  8,82  inches. 
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RmcASS  1. — Experiments  made  by  tbe  antbor  with  ordiimry  nciodea 
pipes  2^  and  4^  inches  in  diameter  gave  coefficients  of  renatance  1,7G  limes 
greater  than  tbooe  for  metal  pipea,  ^vea  in  the  tables  in  the  foragoing  ■par- 
agiaph.  Wtiile  we  have,  Then  the  Telocity  ia  3  feet,  for  metal  pipei  ^  =/• 
OflUS,  forwooden pipes  its  value  is  =  0,0248  . 1,75 . 0,012626 ;  in  example  1 
ve  found  for  a  metal  pipe  150  feet  long  the  head  to  be  1,484  feet,  but  for  s 
vooden  pipe  under  the  same  circumstances  it  would  be 
A=  (I,S05  +  0,043626 .  SAO)  0,«15S  .  0,830  =  16,81  .  0,1448  =  2,48  feet 

According  to  B'Arcj's  Experimeots,  the  coeffident  of  leeistaace  (  in- 
creases  very  considerably  with  the  roughness  of  the  walls  of  the  pipe,  and 
if  the  walla  are  very  rough  it  is  doubled  or  even  trebled.  The  author 
fomid  more  recently  the  same  result. 

RmiABK  2. — The  temperature  also  haa  an  important  influence  upon  the 
peoBtance  of  water  in  pipes.  Expecimenta  have  been  made  npon  tbia  anb- 
ject  by  Gerstner  (see  his  "  Handbncb  der  Mechanic,"  Vol.  II),  and  mors 
recently  by  Oefa.  Bath  Hagen  (see  his  "  Abhandlungen  iiber  dai  Einflnaa 
der  Tempemtnr  anf  die  Bewegong  des  Wassers  in  Rdhren,"  Berlin,  1854). 
The  experiments  of  the  latter,  made,  it  is  bue,  with  very  narruw  tnbea 
(d  =  0,1 08  to  0,227  inches),  have  shown  tiiat  nnder  the  same  circumstancea 
tile  velodty  of  the  water  in  pipes  does  not  decreaae  indefinitely  with  tbe 
temperatnre,  but  that  for  every  tube  there  ia  a  certain  temperHture  for 
which  this  velocity  ia  a  maximum.  For  the  experimenta  without  thia 
nwylnnim,  Hi^;en  flnds  tbe  following  formula : 
h  =:  ml r-'i* ,  •'•'•,  and 
m  =  0,000088041  -  0,0000017185  Vi, 
in  which  the  temperatnre  t  is  expressed  in  degrees  of  the  Beanmnr  ther- 
mometer, and  tbe  head  h,  the  length  I,  tbe  radim  of  the  tube  r  and  the 
velocity  v  in  inches  (Prussian). 

(g  431.)  Conical  P^MS. — The  r^atnQce  of  fHcUon  in  a  conical 

pipe  A  D,  Fig.  730,  can  be  found  in  the  following  manner.    Let  as 

denote  the  semi-angle  of  convergence  of  the  walla  of  the 

ViQ.'m.     yi^ACL  =  BCL  bj  «,  the  diameter  of  the  inlet 

orifice  by  ff,,  that  of  the  outlet  by  dt,  the  length  K  L 

of  the  pipe  by  I,  and  the  Telocity  of  efflux  at  i>  ^  by  v. 

At  adjstancef  Jf  =  xfiom.  the  outlet  of  the  tnbe 

the  diameter  of  the  tnbe  is 

N 0  =  y  =  D E -It  i K Mtan^.S  =  dt  +  ^xtang.d, 

hence  for  the  velocity  w  at  that  point,  eince 

w       ds 

—  =  -J,  we  can  put 


f     (i  +  ^tow.j)" 
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Eor  an  element  N  0  P  Rot  the  tube,  if hoae  length  is 

COS.  0      ca8,c' 
ihe  height  of  resistanee  of«the  friction  is 


,,        ^      dx       w*      ^  iix 

ah  ^  i . -= , ^-  =  f • 


lfcos.S-2ff     '\^,,(i^^^tang,,y^S 


_  d  X  v' 

—  s  • 


dt  COS.  ^  U  +  3~  ^^^'  ^/ 

hence  the  height  of  resistance  of  friction  for  the  whole  tube  is 

j^    /»' d_x 

^"^'^gd.Jo  /,  ^2z.         A'       A 


or 


But 
/•_ d^ 

1 1  +  -y-  ten^.  (>  I  co«.  o 

=  —  5 — ^—i  (1  +  -J-  tang,  cj)  ,  whence  we  obtain 
1 1  +  -^  tang,  oj  cos.  o 

8  sin.  6l         \  dj    J       8  sin.  <J  L         xdi'  J 

since  (f ,  +  2  2  ^an^.  (5  expresses  the  diameter  di  of  the  inlet  orifice. 
Consequently  the  required  height  of  resistance  is 

If  the  inlet  orifice  is  much  larger  than  the  outlet  orifice,  — 
put  (-^  )  =  0,  and  consequently 

^  sin.d   2  g      ^  2g^ 


we  can 
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the  reaiBtance  of  frictioQ  in  this  case  doee  not  depend  at  all  upon 

tiie  length  of  the  tnbe. 

EzAMFLB.— If  tbe  angle  of  convergence  of  the  outlet  portion  of  tbe 

nozzle  A  K,  Fig.  TBI,  of  &  fire-engine  Ib  2  ^  =  S°,  thai  of  the  inlet  portioB 

AB,2S^  —  18°,  the  width  of  tbe  outlet  i  j  =  7  lines,  and  the  width  of  the 

inlet  d,  =  1(  inches  =  16  lines,  and  if  its  whole  length  J.  f  =  I  =  6iDcheH 

=  7a  lines,  what  is  its  coefScient  of  leeiatance  I    Putting  the  length  of  the 

ontlet  portion  BK=l^  and  that  of  the  inlet  portion  AB  =  1^,  we  tuTO 

A.  —d. 
(  =  (,  +  (,  and  (,  tang,  d  +  i,  tang.  J,  =  -^—^ — -, 

or  in  figures 

I,  +  l,s=  73  and  I,  Umg.  2}°  +  I,  tanjf.  0°  =  V^  or 
0,04363  ;,  +  0,1S838  I,  =  S,S. 

Hence  I,  =  Sl,54  and  l,  =  30,46  lines  and  the  vidOi  at  B, 
Via.  781.     trbere  the  conical  sar&ces  meet  each  other,  is 

d,  =  d,  +  it,  10011.6  =  1  +  9.61,64.0,04869  =  11,53  Unea. 
Since  this  place  is  ronnded  ofi^  we  can  pnt  i,  =  18  linea; 
hence  for  the  outlet  piece 

b  -  ©*]  ■  ^ = t'  -  <A>i  ■  «^  **" 

=  0,&1S9  .  22,026  =  81,08, 
and  for  the  inlet  portion 


[•-©■]" 


^  =  [1 -(«)']■« 


=  0,7706  .  6,8SS  =  4,08. 
^eiefore  the  height  of  resistance  for  the  entire  noEzle  ia 

=  |[M,08  +  .,.8.(;'j)*]i^  =  a,5.|.,:^ 

e* 

if  we  rabetitute  5—  =  0,015S  and  aasnnie  f  =  0,03,  we  h«Te 
h  =  0,054  .  ^, 

LB.  aboitt-^  the  height  due  to  the  velocity,  which  result  coincides  very  well 
Trith  tbe  resnlts  of  experiments  with  soch  a  nozzle. 

g  432.  Conduit  Pipes.— The  outlet  at  the  end  of  a  system 
of  pipes  IB  either  under  water  or  in  the  air.  Both  cases  are  repre- 
eented  in  Figures  732  and  733.  In  the  first  case  we  must  regard 
BB  the  head  h  the  difference  of  level  R  C  of  the  two  surfaces  of 
water,  and  in  the  second  case  the  vertical  distance  ^  0  of  the  out- 
let orifice  0  belovr  the  level  H  of  the  water  in  the  reservoir.  If  tho 
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tube  is  everywhere  of  the  same  width  rf,  the  formulas  found  in 
§  430  can  be  applied  directly;  but  if  the  tube  is  enlarged  or  nar- 


FiG.TSa. 


Fig.  783. 


rowed  at  any  poini^  we  will  hare  seyeral  different  velocities  in  the 
pipe,  and  therefore  the  resistance  of  friction  for  each  portion  of 
the  pipe  must  be  calculated  separately.  Such  a  case  is  presented 
by  the  pipes  in  Pig.  733,  which  lead  to  a  fountain  or  jet  d'eau,  in 
which  case  the  mouth-piece  0  is  narrower  than  the  pipe  B  L  M^ 
which  conveys  the  water.  If  we  put,  as  we  generally  do,  the  ve- 
locity of  efB^uz  =  v,  the  width  of  the  orifice  0  of  efQux  ==  dy  the 
widtii  of  the  pipe  =  rfi,  we  have  the  velocity  of  the  water  in  the  pipe 

and  if  we  denote  by  I  the  length  of  the  pipe  B  L  M  and  by  <*,  the 
coefficient  of  friction,  we  have  for  the  corresponding  height  of 


friction 


^  =  f, 


IxV^ 


~^'  dAd,/'2g 


Now  if  f,  is  the  coefficient  of  friction  for  the  inlet  orifice  K  and 
<*  that  for  the  outlet  orifice  0,  it  follows  that  the  loss  of  head  caused 
by  the  first  is    x  _  >-  J^!  _  >.  /_^  V  J!! 

and,  on  the  contrary,  that  occasioned  by  passing  through  the 


second  is 


A.=  f 


_ 

^g' 


hence  we  have  the  entire  head 
and  inrersely  the  Telocity  of  efflux 


»  =  -/ 


%gh 


1  + 


(^  -  <■  I)  (I) 


+  f 


If  we  wish  the  jet  to  rise  to  the  greatest  height,  the  orifice  or 
mouthpiece  must  not  only  cause  as  little  resistance  as  possible,  but 
also  allow  the  water  to  issue  from  it  with  its  fibres  nearly  parallel, 
80  that  they  may  form,  while  rising,  a  stream  which  wiU  hold  to- 
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gether  aa  long  aa  possible,  and  couseqaentl;  be  less  disturbed  lyj 
the  air  than  a  stream  which  vas  more  or  less  torn  when  it  left  the 
orifice.  For  this  reason  we  prefer  a  short,  cylindrical  or  slightly 
conical  month-piece,  with  the  orifice  of  influx  ronnded  of^  to  an 
orifice  in  a  thin  plale  or  to  the  orifioes  of  the  form  of  the  con- 
tracted stream,  althongh  the  former  cause  a  greater  lose  of  Telocity 
than  the  latter.  The  nodes  and  bulges,  which  a  stream  which  has 
passed  throtigh  the  latt«r  orifices  forms  or  tends  to  form,  giTe  the 
air  a  much  better  chance  to  penetrate  it  than  a  cylindrical  stream. 

g  433.  Jets  of  Water. — So  long  as  die  stream  K  LN,  which 
flows  Tertically  downwards  through  a  horizontal  orifice  K,  Fig.  734, 
remains  oontinnoas  and  is  not  broken  ap 
Fm,  784  ijy  i^g  j^^  i^g  cross-section  L  decreases 

more  and  more  as  the  distance  K  L  ~  x 
from  the  orifice  increases.  If  c  is  the  ve- 
locity of  efBox  and  v  tlie  velocity  at  Z>  we 
have 

(I*  =  2  jf  a;  +  c' , 
denoting  by  .T  the  cross-section  of  the  ori- 
fice of  efflux  and  by  Y  that  of  the  stream 
at  X,  we  have  the  following  eqaation 

Fc~  rvor^c'=  r'v*, 

from  which  we  deduce  the  equation 

r'(c'  +  S^a;)  =  J'c',or 

.      Y*=      ^^ 
c'  ■¥%gx 

for  tlie  form  of  the  caiaract  of  Hewton  (aee 

Newton's  Principia  Philosophise  Vol  I^ 

Sect.  VII).    If  the  cross-section  of  the 

orifice  iT  is  a  circle,  whose  diameter  is  d^ 

&B  cross-section  at  L  forms  a  circle,  whose 

diameter  is  y  and  for  which  we  can  put 

d 


Experiments  upon  the  internal  consti- 
tntion  of  Mling  streams  of  water  hare 


§483.] 


THE  FLOW  OF  WATER  THROUGH  PIPES. 


877 


been  made  bj  Sayariz.    See  Poggendorff^a  Annalen  der  Physik^ 
Vol.  33. 

The  cross-section  0  of  a  stream  M  8^  which  rises  vertically 
from  a  horizontal  orifice  M^  increases  gradually  with  its  distance 
M  0  =^  X  from  the  orifice  if ;  for  here  the  Telocity  of  the  water' 
at  Ois 


r'  = 


'  ^  g  Xy  and  therefore. 


e-'itgx' 
hence  we  have  for  the  diameter  of  the  cross-section  at  0 


y*  = 


c^-2gx' 


?0Ty  =  -i 


Denoting  the  height  due  to  the  yelocity  ^  by  A,  we  hare  sim- 

ply  and  generally 

d 

yi  =  -i 


v^ 


X 

h 


This  formula  becomes  incorrect  at  its  limits ;  according  to  % 
E.O.  in  the  rising  stream  fbr  re  =  A  or  at  the  apex  /S>  the  diameter 
of  tiie  stream  would  be 

d  d 

This,  however,  is  not  the  case ;  for  the  yarious  fibres  of  water, 

of  which  the  stream  is  composed,  are  not  really  at  rest  at  the 

highest  point,  but  possess  a  small  velocity  radially  outwarda    If 

the    stream    of  water 
Fie.  785. 

7L 


AOCy  Fig.  735,  is  in- 
clined to  the  horizon, 

this  formula 

d 


V: 


'^1 

is  still  applicable,  when 
we  substitute  instead 
of  X  the  vertical  projec- 
tion NO  of  the  stream 
A  0.    If  the  jet  flows 
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oat  of  the  orifice  at  an  angle  v  to  the  horizon,  its  mftTimnm  height 
BCiB 

a  =  ^  ^'T'  ^^*  ~  A  {»in.  v)'  (see  §  39). 

Therefore  its  diameter  (at  the  vertex  C)  is 

d  d  d 


y  =  -4 


^  h 

In  the  descending  portion  CD  of  the  stream,  y  becomes  gradually 
smaller  and  smaller,  and  when  the  stream  reaches  the  horizontal 
plane  A  Dj  from  which  it  started,  y  becomes  again  =  df,  if  the  air 
has  produced  no  disturbance  in  the  motion  of  the  stream. 


§  434.  The  height «,  to  which  a  vertical  jet  of  water  will  rise, 

is  approximatively  equal  to  height  due  to  the  velocity  A  =  ^— ,  only 

when  the  velocity  of  efflux  {c)  is  smalL  Prom  the  experiments 
made  by  the  author  (see  the  experiments  upon  the  height  of  rise 
of  jets  of  water  with  diflFerent  mouth-pieces  in  the  5th  vol.  of  the 
Zeitschrift  des  Yereins  deutscher  Ingenieure),  the  following  facts 
concerning  jets  of  water  were  ascertained. 

1)  The  resistance  of  the  air  for  small  velocities  of  efflux,  viz., 
from  5  to  20  feet,  or  for  heights  of  rise  of  from  1  to  6  feet,  is  so 
small  that  the  height  of  rise  of  the  jet  may  in  this  case  without 

appreciable  error  be  put  equal  to  the  height  due  to  the  velocity  ^— . 

Ag 

2)  If  the  height  due  to  the  velocity  does  not  exceed  75  feet  or 
the  velocity  of  efflux  56  feet,  the  ratio  of  the  height  of  rise  to  the 
height  due  to  the  velocity  can  be  expressed  by  the  formula 

«  ^ 1 

A  ""  a  +  /3A  +  yA*' 

in  which  a,  j3  and  y  denote  empirical  coefficients  to  be  determined 
for  each  mouth-piece. 

3)  For  jets,  which  issue  from  orifices  in  a  thin  plate,  the  con- 
stant a  can  be  put  =  1 ;  hence  we  can  assume  that  the  resistance 
during  the  passage  through  the  orifice  is  almost  null,  when  the 
velocities  are  small,  and  that  it  is  measurable  only  when  the 
velocities  are  great  The  coefficient  of  resistance  for  these  orifioea 
is  therefore  not  constant,  but  increases  from  zero  gradually  with 
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the  velocity ;  the  value  f  =  0,97,  given  in  §  408,  can  only  be  con- 
sidered as  a  mean  one. 

4)  For  the  same  velocity  of  efflnx  the  height  of  rise  Increases 
with  the  thickness  of  the  stream,  or  with  the  width  of  the  orifice ; 
consequently  the  resistance  of  the  air  is  smaller  for  thick  than  for 
thin  streams.  The  height  of  rise  increases,  therefore,  not  only  with 
the  head,  but  also  with  the  thickness  of  the  stream. 

5)  Under  the  same  circumstance  a  stream,  issuing  from  a  circu- 
lar orifice,  rises  higher  than  one  discharged  from  an  aperture  of  a 
diflferent  shape  (square,  etc.) 

6)  If  the  velocities  of  efflux  and  the  widths  of  the  orifices  are 
the  same,  those  streams  which  are  not  contracted  rise  higher  than 
those  which  are,  not  only  because  the  former  are  thinner,  but  also 
because  the  latter,  in  consequence  of  their  contractions  and  expan* 
sions,  oppose  less  resistance  to  the  penetration  of  the  air. 

If  the  other  circumstances  and  relations  are  the  same  and  if  the 
velocities  of  efflux  are  not  very  small,  the  jets  issuing  from  short 
cone-shaped  and  longer  conical  tubes  or  ajutages  with  an  internal 
rounding  off  attain  the  greatest  height 

Mariotte  concluded  from  his  experiments  upon  the  height  of 
rise  of  jets  of  water  (see  Meining's  Translation  of  Mariotte's  Prin- 
ciples of  Hydrostatics  and  Hydraulics)  with  orifices  in  a  tJiin  plate 
4  to  6  lines  in  diameter  and  under  heads  of  from  5^  to  35  feet  that 
the  head  or  height  due  to  the  velocity,  necessary  to  produce  the  rise 
8,  must  be 

Paris  feet^ 


h 

= 

8 

+ 

8* 

300 

h 

8 

— 

1 

+ 

8 

300 

whence 

=  1  +  0,003333  8. 

The  very  extensive  and  varied  experiments  of  the  author,  made 
under  heads  of  from  3  to  70  feet,  give,  on  the  contrary,  for  circular 
orifice8  in  a  thin  plate,  when  their  diameter  was 

1)  1  centimeter 

-  =  1  +  0,0035305  h  +  0,00005406  V,  and  when  it  waa 

8 

2)  1,41  centimeters 

-  =  1  +  0,00237191  h  +  0,00005609  A", 

8 

h  being  given  in  English  feet 
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With  a  conical  montb-piece  ABC,  Fig.  736, 15  centimeters 

long  and  1  centimeter  wide  at  the  ooliefi 

Fio.  788.         Fig.  TO7.       C  and  3  centimetera  wide  at  the  inlet 

orifice  A,  which  was  well  rounded  off,  thfl 

following  resolt  was  obtained : 

°  8)  -  =  1,0453  +  0,0OOU37  A 

+  0,00007981  A', 
and,  on  the  contrary,  with  the  tmncatcd 
month-piece  A  B,  Fig.  737,  whose  width 
was  1,41  centimetera  at  the  outlet  B,  the. 
result  waa 

4)  -  =  l,0ai6  +  0,0007894  A 
+  0,00003036  A*. 

By  the  aid  of  these  foimolas  the  follow- 
ing  table  of  the  heights  of  jeta  has  bees 
calcolated. 


IId(bt  doe  Hi  TCkidir  a  = 


10       20 


40      SO      60      70 


18,8125,88  82,581 

18,60  36,75  88,77186.72 
18,58' 39, 77 1 38,a7 1 88,08 
).38,02j86,39|44,09 


43,ao'46,SO 
44,68j48,98 
41,?0l4e,47 
51,08.57,31 


EzAVPLS. — If  the  pipe  conducting  Uie  water  to  a  foDntain  ia  850  ftet 
long  and  3  inches  in  diameter,  and  if  the  conical  orifice  ia  }  inch  wide,  how 
high  wonld  the  jet  rise  onder  a  head  of  40  feet,  provided  all  the  leaiat- 
ancea,  except  the  fiiction,  are  small  enoogh  to  be  neglected  t 

Here  if  we  put 


f.= 


-Mi-) 


=  (i)*=^aadJi  =  5  =  «H». 


i,  " 


the  height  due  to  the  relocitj  of  efflux  ia 


and  therefore  Oie  height  to  which  the  jet  will  rise  in  BtOl  air  is 


«486J 


#  = 
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k  88,14 


8di 


1,0216  +  0,0007294  h  +  0,00003036  A'      1,0216  +  0,02417  +  0,03334 
88,14 


1,0791 


=  80,71  feet 


Fig.  78a 


§  435.  PieMmeter. — ^The  head,  lost  by  the  water  which  16 
passing  through  a  set  of  pipes  A  B  CD  JS,  Fig.  738,  in  conse* 

qnence  of  contractions  in 
the  conduit,  friction,  etc.| 
can  be  measured  by  means 
of  the  columns  of  water 
maintained  in  the  vertical 
tubes  B  Ky  CM,  D  0  which 
are  attached  to  the  pipe; 
when  they  serve  for  this 
purpose  only,  they  are  called 
piezometers  (see  §  386). 
If  r  is  the  velocity  of  the  water  a1/  the  point  B,  Fig.  738,  .where 
a  piezometer  \b  inserted,  I  the  length  and  d  the  width  of  the  por- 
tion A  B  of  the  pipe,  h  the  head  of  water  or  depth  of  the  point  B 
below  the  level  of  the  water,  ^^  the  coefficient  of  resistance  for  the 
entrance  of  the  water  from  the  reservoir  into  the  pipe  and  ^  the 
coefficient  of  friction,  we  have  the  height  of  the  piezometer,  which 
measures  the  pressure  in  B, 

/v-'=x +•('*«•*  4)  ,7     ■ 

On  the  contrary,  if  the  length  of  the  portion  B  Cot  the  pipe  i6 
li  and  the  fall  is  ^i,  we  have  the  height  of  the  piezometer  at  C 

Henoe  the  difference  of  the  heights  of  the  piezometer  is 

and,  inversely,  the  TieigM  of  reeitiance  of  the  portion  B  C  of  the 
pipe  is 

^^ .  ^  =  Ai  +  «  —  «i  =/aB  of  this  portion  of  the  pipe  plus 

the  difference  of  the  heights  of  the  piezometers. 
We  see  from  this  example  that  the  piezometer  can  be  employed 
to  measure  the  resistances,  which  the  water  has  to  overcome  in 
passing  through  the  pipes.  If  any  obstacle,  if,  E.a.,  a  small  body 
sticks  fast  in  the  pipe,  its  jHpesenoe  will  be  shown  immediately  by 
the  sinking  of  the  column  of  water  in  the  piezometer,  and  the  dis- 
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tance  it  sinks  wiU  indicate  the  amount  of  this  resistance.  The  re- 
sistances occasioned  by  regulating  apparatuses,  such  as  cocks,  valyea^ 
etc.  (a  subject  which  will  be  treated  in  the  following  chapter),  can 
also  be  expressed  by  the  height  of  the  piezometer.  Thus  the 
piezometer  at  D  is  lower  than  at  C  not  only  on  account  of  the  Mo- 
tion of  the  water  in  the  portion  C  D  ot  the  tube,  but  also  on  ac- 
count of  contraction  in  the  pipe  produced  by  the  valye  gate  8.  I^ 
when  the  valve-gate  is  completely  open,  the  difference  N Oof  the 
heights  of  the  piezometers  =  hi  and  if,  when  the*  gate  is  pushed  in 
a  certain  distance,  it  is  =  %«,  the  difference,  or  sinking,  Ai  —  Af, 
gives  the  height  of  resistance  due  to  the  passage  of  the  water 
through  the  valve  gate. 

Finally,  the  velocity  of  efQux  of  the  water  can  be  calculated 
from  the  height  of  the  piezometer.  If  the  height  of  the  piezometer 
P  Q  =z  Zf  the  length  of  the  last  portion  of  the  tube  D  E  ^  I  and 
the  width  of  the  same  =  dy  we  have 

I      ?»• 
«  =  f  -3 .  Q—  and  therefore  the  velocity  of  efflux  13 


V  = 


ExAMFLB. — ^If  the  height  of  the  piezometer  P  Q  =  e  upon  the  system 
of  pipes  in  Fig.  788  is  f  feet,  if  the  length  of  the  pipe  D  B,  measured  firom 
the  piezometer  to  the  outlet  orifice,  is  2  =  160  feet  and  if  the  diameter  of 
the  tube  is  8}  inches,  it  follows,  when  the  coefficient  of  resistance  (  =  0,025, 
that  the  velocity  of  efflux  is 


/; 


•  =  s-™  V  iS5T3 


and  the  discharge 


0,75 
0,025 


=  8,025 . 0,2415  =  1,04  feet, 


e  =  I  .  (^  .  1,04  =  0,129  cubic  feet 

RiBifABX. — ^The  motion  of  water  in  a  pipe  BOD,  Fig.  789,  can  eadly 

Fig.  789. 


be  disturbed  by  air,  which  may  be  given  off  horn  the  water  or  enter  the 
pipe  ftom  without    In  order  to  prevent  either  case  from  occurring,  we  must 
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take  care  that  the  pressure  at  every  point  shall  be  positiye,  or  rather  that 
it  shall  exceed  the  atmospheric  pressure,  or  that  there  shall  be  a  column 
of  water  0  Bin  eveiy  piezometer.    The  height  of  this  colunm  is 


=  A.-(l+f.  +  f^)f,. 


h^  denoting  the  head  C7  0  at  (7,2^  the  length  of  the  portion  P  (7  of  the  pipe 
and  V  the  velocity  of  the  water  in  the  tube.    It  is,  therefore,  necessary  that 


>.>{i  +  f.  +  f^^)|^^, 


that,  B.O.,  the  head  of  water  in  the  receiving  reservoir  shall  at  least  exceed 
the  height  due  to  the  velocity  of  the  water  in  the  pipe.  Otherwise  the 
pipe  may  suck  in  air  in  an  eddy. 

i  +  f.  +  f^ 

We  can  also  pnt^^  >  j-  A,  *  denoting  the  entire  fiiU  EK 

of  the  pipe  and  I  its  entire  length  BOD. 

If  we  wish  to  prevent  the  air  from  accumulating  in  the  pipe,  we  may 
lay  the  pipe  in  such  a  pontion  that  it  will  rise  slightly  in  the  direction  in 
which  the  water  is  moving.  The  air  will  then  be  carried  along  with  the 
water. 


CHAPTER    IV. 

BESISTANCE  TO  THE  MOTION  OF  WATER  WHEN  THE  CONDUIT 
IS  SUDDENLY  ENLARGED  OR  CX)NTRACTED 

§  436.  Sndden  Enlargement. — Changes  in  the  cross-section 
of  a  pipe  or  any  other  conduit  produce  a  change  of  velocity.  The 
velocity  is  inversely  proportional  to  the  cross-section  of  the  stream ; 
the  wider  the  vessel  is,  the  smaller  is  the  velocity,  and  the  narrower 
the  vessel  is,  the  greater  is  the  velocity  of  the  water  flowing  through 
it  If  the  cross-section  of  a  vessel  changes  suddenly,  as,  kg.,  that 
of  the  tube  A  C  By  Pig.  740,  does,  a  sudden  change  of  velocity, 
-     „^  accompanied  by  a  loss  of  vis  viva 

and  a  corresponding  diminution 
of  pressure,  takes  place.  This 
loss  is  calculated  in  exactly  the 
same  manner  aa  the  loss  of  me- 
^  Q         chanical  effect  occasioned  by  the 

impact  of  inelastic  bodies  (see  §  335).   Every  element  of  the  water. 


^r 
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which  passes  out  of  the  narrower  tube  B  D  into  the  wider  one  D  0, 
impinges  against  the  more  slowly  moving  current  in  this  pipe  and 
after  the  impact  moves  forward  with  it  Exactly  the  same  ph^ 
nomena  occur  when  solid  inelastic  bodies  collide ;  these  bodies 
also  move  forward  after  the  impact  with  a  common  velocity.  Now 
we  have  found  that  the  loss  of  mechanical  effect  occasioned  by 
the  impact  of  inelastic  bodies  is 

and  since  in  this  case  the  impinging  element  G\  Is  infinitely  small 
compared  to  the  mass  of  water  Gt  impinged  upon,  we  oon  put 

iff 

and  consequently  the  corresponding  I098  o/beadia 

^9 
HenoBy  by  the  sudd&n  chtrngB  ofveloeitff  a  bsa  of  head  ia  ca/used^ 

which  is  measured  by  the  height  due  to  this  ehemge  of  veloeity. 

Now  if  the  cross-section  of  the  one  pipe  A  Cy  =  Fi,  that  of  the 

other  pipe  C  B,  which  is  united  to  it,  =  i^,  the  velocity  of  the  water 

in  the  first  tube  =  Vi  and  that  in  the  other  =  v,  we  have 

Fv 


and  therefore  the  loss  of  head  in  passing  from  one  tube  to  the 
other  is 

and  the  corresponding  coefficient  of  resietance^  whicli  was  first 
found  by  Borda,  is 

The  head 

which  we  have  just  found,  cannot  of  course  be  lost  without  pro* 
ducing  any  effect;  we  must  rather  assume  that  the  mechanical 
effect  corresponding  to  it  is  employed  in  separating  and  communis 
eating  a  vibratory  motion  to  the  elements  of  the  water,  which  before 
formed  a  continuous  mass,  and  in  forming  the  eddies  Wy  W. 

The  experiments  made  by  the  author  confirm  this  theory.    If 
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{he  tube  J9  (?  is  to  be  nudntained  full  of  water  it  must  not  be  yery 

short  or  much  wider  than  the  tube 
A  C,  The  loss  is  done  away  with 
when,  as  in  Fig.  741,  the  edges  are 
rounded  off  so  as  to  eause  a  gradual 
passage  from  one  tube  into  the  other. 

Example. — ^If  the  diameter  of  one  of  the  portions  of  the  compoutid 

Xfl 

pipe,  Fig.  740,  k  twioe  that  of  the  other,  then  -^  =  (4)^3  4,  the  coefficient 
€li  resistance  C  ^  (4  -—  1)*  s  9  and  the  corresponding  height  of  resistance 
for  tlie  passage  from  the  narrower  to  the  wider  tubes  is  =  9  . 


^g' 


If  the 


Telocity  of  the  water  in  the  latter  pipe  is  =  10  feet,  it  follows  that  the 
height  of  resistance  is  =  9  .  0,0155  .  10'  =  18,95  feet 

§  437.  ContractioiL-^A  sudden  change  of  velocity  also  takes 

place,  when  the  water  passes  from  a  vessel  A  B,  Fig.  742,  into  a 

narrower  pipe  D  G,  particularly  if  at  the  place  of  inlet  CD  there 

is  a  diaphragm  with  an  opening,  whose  cross-section  is  smaller  than 

the  cross-section  of  the  pipe  D  0.  \f  the  area  of  this  orifice  =  Fi  and 

if  a  is  the  coefficient  of  contraction,  we  have  the  cross-section  of  the 

contracted  stream  F^  =z  a  Fi;  and  if,  on  the  contrary,  F  is  the 

cross-section  of  the  pipe  and  v  the  velocity  of  efflux,  we  find  the 

Telocity  of  the  water  at  the  contracted  cross-section  F^  by  means 

of  the  formula 

F 


aFi 


v: 


hence  the  loss  of  head  in  passing  &om  F^ix)  For  from  t;,  to  v  is 


h  = 


,  (v.  -  vy  _ 


29 


^  \a,F,       V    2^ 
and  the  corresponding  coefficient  of  resistance  is 


m^^m*- 


^^.——^g  ""^"iJE-  '^*^     ^'  •'  ^^^^QflMM^'^Sfi^"^ 


If  the  diaphragm  is  absent,  we  have  a  common  short  pipe.  Fig. 
743,  and  then  ^  =  ^i  and 
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or  inversely 


<=a->)". 


a  = 


1+  Vi 
Assuming  a  =  0^64,  we  obtaiii 


<=(^^)"=W=«^i«- 


C  is  increased  by  the  resistance  at  the  entrance  into  the  tube  and 
bj  the  friction  of  the  water  in  the  exterior  portion  of  the  tnbe  to 
0,505  (§  422). 

From  experiments  made  with  a  8Ju>rt  tube,  the  inlet  orifice  of 
wJiich  was  contracted  as  is  represented  in  Fig.  742,  the  author  has 
been  led  to  the  following  conclusion :  The  coefficient  of  resistance 
for  the  passage  of  the  water  through  the  diaphragm  and  into  the 
wider  tube  can  be  expressed  by  the  following  formula: 


but  we  must  put 


<<-^-^)': 


for  5  = 

0,1 
0,616 

0,3 
0,614 

0,8 
0,612 

0,4 
0,610 

0,5 
0,607 

0,6 
0,606 

0,7 
0,608 

0,8 
0,601 

0,0 
0,698 

1,0 
0,596 

a  = 

and  consequently 


C  = 


281,7 


50,99  19,78  9,612 


6,256 


3,077 


1,876 


1,169 


0,784  0,480 


If,  E.G.,  the  narrow  cross-section  is  half  that  of  the  pipe,  the  co- 
efficient of  resistance  is  ^  =  5,256,  i.e.  the  passage  through  this 
contracted  orifice  occasions  a  loss  of  head  5  j  times  as  great  as  the 
height  due  to  the  velocity. 

Example. — MTbat  is  the  discharge  throiigh  the  apparatus  represented 
in  Fig.  742,  when  the  head  is  1^  feet^  the  diameter  of  the  contracted  cizcu- 
lar  orifice  1}.  and  that  of  the  pipe  G  S,=  2  inches  ?    Here  we  have 

-^  =  l-i\   =  (1)8  =  A  =  ^j56  and  therefore  a  =  0,606,  and 

_  /  _16   _        y_  /16-M54y  _  /10,64e\«  _ 
^  "  \9  .  0>06        /  ■"  \     5,464     /  ""  V  5,454/  ~  *''*• 
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Now  if  we  put  A  =  (1  +  C)  2^  we  obtain  the  Telocity  of  efflux 


^/2gh      Bfi2(iy/Tfi       ^  ,^ 
vl  +  C        v4,74 
•ad  Goosequently  the  diachaige  is 

^  =  ^•  =  ^.4.12.  4,51  =  54,12  .  IT  =  170  cubic  inchea. 

§  438  Influence  of  Imperfect  Contraction.— In  the  case 
considered  in  the  last  paragraph,  where  the  water  comes  from  a 
large  yessel,  the  contraction  can  be  considered  as  perfect;  bat  if 
the  cross-section  of  the  yessel,  or  that  of  the  stream  which  arriyes 
at  the  narrow  orifice,  is  not  yery  great  compared  to  the  cross-sec- 
tion Fi,  Pig.  744,  of  that  orifice,  the  contraction  is  imperfect,  and 
the  coefficient  of  resistance  is  consequently  smaller  than  in  the  case 
just  considered.  If  the  notations  preyiously  employed  are  retained, 
we  haye  again  the  height  of  resistance  or  the  head  lost  in  passing 
through  Fi 

*  =  (iiT.  -  ^)  ^ 

but  we  must  substitute  yariable  yalues  for  a,  which  increase  with 

F 
the  ratio  ^  of  the  cross-section  of  the  narrow  orifice  to  that  of  the 

pipe,  which  conducts  the  water  to  it.    If  a  diaphragm  is  placed  in 


a  pipe  A  G,  Fig.  745,  of  constant  diameter,  the  same  reasoning 

F 

holds  good;  but  the  coefficient  a  depends  upon  -^ 

According  to  the  author's  experiments,  we  must  substitute  in 
the  formula  for  the  coefficient  of  resistance 


^=(A-)" 
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-;•= 

0.1 

0^ 

.,. 

«,* 

0,6 

0,6 

0,1 

0,8     0,0 

1,0 

... 

.,.» 

0,983  0.64B 

0,M9  0,681  8,713  0,750 

0,818  0,8»8jl,000 

vheDoe  it  follows  that 


23S,9  17,77  80,88  7.801  8,7S8 1,796  0,797  0,290  0,060  0,000 


_r 


Fwt.ia. 


If  by  rounding  ^  the  edge*  the  contraction  is  diminiebed  or 
pKTented,  tbe  loss  of  head  be- 
comes smaller,  and  it  can  be  done 
away  with,  almost  entirely,  by  in- 
trodRcing  int»  tbe  pipe  a  piece, 
vhicfa  videns  gradn^y  and  is 
Bbaped  like  M  N,  Fig.  746. 
SzAHTU.— What  head  k  naoeMaiy,  if  tbe  apparatus  repreeented  in  Fig. 
747  Ih  required  to  deliver  8  cubic  feet  of  water  per 
mtmitet  Let  the  width  of  the  diaphragm  ^,  be  ^ 
Ij-  incbes,  the  width  of  the  diecharge-pipe  2)  ff,  ^  2 
inchee,  and  the  width  of  the  vessel  A  0,  =  i  inches, 
then  we  have 


Fte.747. 


J,  whence  a  =  0,687 ;  now 


aad  the  coefficient  of  reristance 

f=/_^?__lV_/L0.S!67y 

*       ^».0,«S7      VlVSB^ 

Hence  it  fbllowa  that  the  velocil;  of  efflux  is 

4  Q  4.8  19.S 

1V_  _ ^o_  -  'M  =  e,ns  feet, 


=  S,M7. 


i,  therefore,  the  required  head  is 


A  =  (l  +  ()  ^  =  4,307  . 0,0186  .  6,113'  =  3,48  feet 

).  Balatioiui  of  Pressure  in  Cylindzieal  Pipea— By 

Yja  74fL  tbe  aid  of  Borda'e  fbnnnla  we 

oan  calonlate  tbe  vanooB  rela- 
tions of  tbe  preasnre  in  a  dis- 
,  the  diameter  of 
which  is  not  constant  Let  p^ 
be  the  pressure  and  Vi  the  ve- 
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locity  of  the  water  at  i^i,  and  jp  the  pttesuie  and  v  the  Telocity  of 
the  same  at  F,  then  we  have 

P  +  f  +  <?lf^  =  £■  + g,  and  therefore 

Pi  _P   ,  y'  -  Vi'  4-  (Vi  —  y)'      p       (r,  -  v) v 
—  —  —  -f- =  —  ^ or 

r     y  a^f  y         5' 


Bat  the  total  head  is 


henoe  we  hare  also 

y      y      »*  +  (»i  —  v)*  * 


=  2 - 


*S-^)*- 


When  a  stream  of  water,  whose  cross-section  is  P,  flows  into  the 
free  air,  -  is'=  to  the  height  b  of  the  water  barometer,  and  there- 
fine  the  height  of  the  piezometer  at  Fi  is 


S| 


=  Pl  =  ft- 


^S-) 


1  + 


(^^)- 


So  long  as  p  remains  positiye,  the  water  wOl  discharge  2A,  E  O 
with  the  cross-section  F  filled;  if,  on  the  contrary,  p  becomes 
negatire,  the  supposed  condition  of  efflux  ceases  to  exist  and  the 
water  flows  through  the  exterior  tube  (7  ^,  as  if  it  were  not  there, 

with  the  theoretical  velocity  r,  =  V^gh, 

In  order  to  have  a  fall  discharge  at  E  G,  it  is  neoessary  that 


1  + 


\< 


«-')• 
'^(^')' 

'd-') 


<  i,  or  that 


If,  then,  the  limits  of  the  head  A,  given  by  this  fbrmula,  are  sur- 
passed, the  discharge  with  a  fuU  crossHsection  ceases. 
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These  formulas  are  also  applicable  to  the  case  of  the  pipe  C  E^ 
Fig.  742,  with  a  diaphragm ;  bat  here  we  must  substitute  instead 
Fi^  ^1  F\  y  hence,  for  efQux  with  a  filled  tube,  we  must  haye 

(^  -  iV 


J.       1  + 


U  ^i     7 


If  we  remove  the  diaphragm,  we  have  a  simph  short  pipe  C  B, 
Pig.  743,  and  then  Fi  =  F;  hence  we  must  put 


(i-) 


If  we  substitute  o  =  0,64  or 1  =  0,5625,  we  obtain  the 

limit  of  discharge  with  filled  cross-section  through  these  pipes 

a  ^  1  4-  0,3164         A  ^  ^  _ 
J^    2.0,5625  >^^j<-^>i7. 

If  we  assume  &  =  34  feet,  it  follows  that  when  the  head  ia 
greater  than  1,17  •  34  =  39,8  feet,  the  efflux  with  a  full  cross- 
section  through  a  short  pipe  ceases. 

The  results  of  the  author's  experiments  coincide  perfectly  with 
the  above  conplusions  (see  the  article  upon  the  efflux  of  water  under 
great  pressure  in  the  9th  volume  of  the  "  CiviUngenieur"). 

This  limit  is  reached  more  quickly,  when  the  water  discharges 
into  rarefied  air ;  for  in  that  case  b  is  less  than  34  feet  If,  E.G.,  the 
height  of  the  water  barometer  in  this  space  was  three  feet,  the 
efflux  with  filled  cross-section  for  a  short  pipe  would  cease  whea 
the  head  became  h  =  1,17  . 3  =  3,51  feet 

If  the  water  flows  through  a  pipe  ACE,  Fig.  749,  which  is 
gradually  enlarged,  the  height  of  the  piezometer  at  the  inlet 
portion  ^  ^  is 

^=*-^^=f-[(i)*->]^,=f-[(i)-']*- 


7       7         2ff 


P  - 


consequently,  if  we  put  -  =  S, 

-t='-[(i)*-']«- 

"We  must  have,  therefore, 


(f- ' 
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when  tlie  efflux  takes  place  with  a  filled  cross-aection.    If  ve  put 

T  =  1)17  OT  r  =  0,8547,  ve  obtain  the  ratio  of  the  cross- section,  for 

vhicb,  ander  a  head  h  =^  39,8  feet,  the  efflnx  with  filled  cross- 
Bection  ceases,  viz.  * 

J  =  f  1  +  0,8M7  =  1,362. 

%  440.  Tha  Relatlona  of  Fraasare  In  Conical  Pipos.— The 
relstionB  of  efflux  and  pressure  in  a  ojlindrical  pipe  C  E,  with  or 
vithont  diaphragm,  undergo  the  following  modifications,  when  an- 
other  mouth-piece  or  another  tube  E  Q  H  K,  Fig.  760,  is  added  to 
the  former.      Let   F  denote   the 
Fio,  760.  croBS-section,  v  the  velocity  and  p 

the  pressure  of  the  water  at  the 
outlet  H  K,  f,  the  cross-section  of 
the  inlet,  a  F,  that  of  the  con- 
tracted stream  of  water,  v,  the  Te- 
locity and  p,  the  pressure  of  the 
B  water  in  the  latter ;    in  like  man- 

ner let  F,  be  the  cross-section  of  the  tube,  where  the  stream  of 
water  again  touches  the  wall,  Vt  the  Telocity  and  p,  the  pressure 
of  the  water  at  that  point     Then  we  haTe 

p,_p,       t>.  (f,  -  t>,)  _  p       1^-  v'  _  Vf  (n  -  ".) 


or,  mnce  we  can  put  a  F,Vi  =  F,  v,  =  Fv, 


Fv 

y  =  ^  +  [i  -  ijfTf  +  ( j;)  J  a7 

Now  the  head  neceeaary  to  produce  the  required  Telocity  of 


Innx  IB 


3tf        ^g 

tram  which  it  follows  that 


~-\}  ^  \aF,      fJ  Jasr" 
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-n. 

3 
<.FrF, 

1 

tx.ti- 

P       o  F,  F, 

1 

be  water  is  diecharged 

[  into  free  lar. 

tA» 


If  the  efflux  takes  place  with  foil  croae-eecta<to,  ire  most  have, 
according  to  what  precedes, 


1  + 


_lZi  ^  /-? M  *  -  /-i LV 

F'      -^  \aF,  F,      ~F;}  b      \aF,       Fj' 
By  the  aid  of  the  foregoing  formula  the  relations  of  the  efBox 
throngh  the  conical  ttibes  ABDE,  Figs.  75X  and  762,  can  be 


given  by  snbstitating  for  F,  the  croes-section  of  the  pipe,  where  the 
stream  touches  the  wall  If  S  denotes  the  semi-angle  of  diver* 
gence  A  0  B  of  one,  or  the  semi-angle  of  convergence  of  the  other 
tube,  and  if  we  assume  that  the  length  J*,  /*,  of  the  eddy  is  equal  to 
the  width  ^  5  =  d  of  the  orifice,  we  have  the  width  of  pipe,  where 
the  stream  reaches  its  wall, 

dt  =  d,±%di  tang,  rf  =  (1  ±  2  tang,  tf)  d^ 
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and  therefore  the  ratio  of  the  crossHsections 

■I  ==  (f)' =  <' =^ '  ^•*^'' 

in  which  the  positive  isign  is  to  be  employed  for  the  divergent  pipe 
in  Fig.  751  and  the  negative  sign  for  the  convergent  one  in  Fig. 
752,  E.Q.  for  (J  =  2  J  degrees,  2  tang,  6  =  0,0875  and 

~«  =  (1  ±  0,0875)*  either  =  1,1827  or  0,8327 ; 

hence  the  velocity  of  efflux  in  the  first  case  is 

and,  on  the  contrary,  in  the  second 

« _  I  /         ^g*  _  I  /ZZUEH 

The  corresponding  ooefficient  of  efflux 

1 

u  =  —    ■ 

VI  +  0,514  Q 

for  the  divergent  tuba  is,  of  conrse,  considerably  amaller  than  the 

coefficient  of  efflux 

1 
/li  =  —  - 

i/i + 0,1308  (~y 

of  the  convergent  tube. 

If,  E.G^  the  tubes  were  three  times  aa  long  aa  wide  at  the  inlet 
orifice,  we  would  have  in  the  first  case 

(y)'=  (1  +  6  tang,  d)*  =  1,2625*  =  2,5405  and 

u  = ==:=  =  0,659,  and,  on  the  contrary,  in  the  second  case 

/2,306 

(jy  =  (1-6  tang,  d)*  =  0,7375*  =  0,2958  and 

pt  =     , — :  =r  0,981  (compare  8  425). 

4^1,0387 

If  the  efflux  through  these  pipes  takes  place  with  filled  cross- 
section,  we  muAt  have 
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b^  2F  F 


I  F    _  F^ 

U/',       Fj 


or  in  the  first  case,  when 


F 


aFi 


1^5939       ^,^^      ^  F        1,6939       ^  ^.„„ 

"W  =  ""^^^^  ^^  /;  =  ■i;i827  =  ^^^^^ 


< 


1  4-  1,1429'      _  2,3062 


=  0,592, 


b  ^  6,7112  -  2,8163        3,8949 
and  the  head  A  must  be  less  than  34  .  0,592  =  20,1  feet. 

§  441.  Elbows.— A  particular  kind  of  impediment  is  opposed 
to  the  motion  of  water  in  pipes,  when  the  latter  are  bent  or  form 
elbows.  These  resistances  cannot  be  determined  with  safety  by 
theory  and  mnst,  therefore,  like  so  many  of  the  phenomena  of 
efflux,  be  studied  by  experiment.  If  a  pipe  ACB^  Pig.  753,  forms 
an  elbow,  the  stream  separates  itself  from  the  inner  surfistce  of  the 
second  branch  of  the  pipe  in  consequence  of  the  centrifugal  force  ; 
when  this  piece  is  short,  the  efflux  with  full  cross-section  ceaaeSy 
and  the  discharge  is,  therefore,  smaller  than  from  an  equally  long 
straight  pipe.    If  the  exterior  portion  C  B  oi  the  elbow  A  C  B, 

Fig.  768.  Fia.  754 


Pig.  754,  is  longer,  an  eddy  S  is  formed  beyond  C,  and,  when  the 
tube  is  again  filled,  the  velocity  of  efflux  v  is  smaller.  This  dimi- 
nution of  the  yelocity  of  efflux  must  be  treated  exactly  in  the 
same  manner  as  the  resistance  produced  by  a  contraction  in  the 
pipe.  K  JF"  is  the  cross-section  of  the  tube  and  F^  that  of  the  con- 
tracted yein,  we  hare  the  coefficient  of  contraction  of  the  latter 

F 

F,' 
and,  therefore,  the  corresponding  coefficient  of  resistance 


o  =  -^, 
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The  coefficient  of  cod  traction  a,  and  consequently  the  corre- 
gponding  coefficient  of  resistance  (j  depends  upon  the  semi-angle  of 
deviation  S  =  A  C  I)  =z  B  0  B  =  i  B  C  F,¥ig.  763,  and  accord- 
ing to  the  experiments  of  the  author,  made  with  a  tube  3  centi- 
meters in  diameter,  we  can  put 

f  =  0,9457  sin.'  6  +  2,047  sin.*  S. 

The  following  table  contains  a  series  of  coefficients  of  resistance, 
calculated  for  different  angles  of  deviation. 


10 

20 

80 
0,864 

40 

45 

50 

65 

60 

65 

70 

0,046 

0,189 

0,740 

0,984 

1,260 

1*656 

1,861 

2,158 

2,481 

We  see  from  this  table  that  the  yis  viva  of  water  in  pipes 
is  considerably  diminished  by  the  elbows.  K,  E.O.,  the  elbow 
makes  a  right  angle  or  d  =  45°,  we  have  the  loss  of  head  occa- 
sioned by  it 

A  =  ?.^  =  0,984.  ^ 

or  nearly  as  much  as  the  height  due  to  the  velocity. 

"When  the  pipes  are  narrower,  f  becomes  considerably  greater, 
E.O.,  for  an  elbow  1  centimeter  in  diameter  and  with  an  angle  of 
deviation  of  90°,  f  was  found  =  1,536.  See  the  author's  "  Experi- 
fMntalkydraulih.^ 

K  to  one  elbow  A  C  B^  Fig.  755,  another  elbow  is  joined,  as  is 
Bhown  in  Fig.  756,  and  Fig.  757,  a  peculiar,  but  at  the  same  time 


Fig.  755. 


Fio.  756. 


Fio.  757. 


easily  explicable,  phenomenon  of  efflux  is  observed.  The  second 
elbow  B  D  Ey  Fig.  756,  which  turns  the  stream  to  the  same  side 
as  the  first  one -4  C-B,  products  no  ftirther  contraction  of  the 
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Fig.  758. 


A   H 


stream,  and,  therefore,  for  efflux  with  full  cross-section  ^  is  no 
greater  than  for  a  simple  elbow  A  0  B.  But  if  the  elbow  B  D  E^ 
Fig.  757,  turns  the  stream  to  the  opposite  side,  the  contraction  is 
a  double  one,  and  the  coefBcient  of  resistance  is  consequentlj  twioB 
as  great  as  for  a  single  elbow.  If,  finally,  B  D  F  ia  bo  joined  to 
A  C  B  that  D  E  stands  at  right^angles  to  the  plane  A  B  D,i  then 
becomes  about  1^  times  as  great  as  for  the  single  elbow  A  C  B. 

Example.— If  a  system  of  pipes  KLN^  Fig.  758,  150  feet  long  and  5 

inches  in  diameter,  which  should 
discharge  25  cubic  feet  of  water,, 
contains  two  elbows,  the  required 
head  will  be 

h  =  (1,605  +  8,712  +  2  . 0,984)  ~ 

=  12,185  .  0,1448  =  1,76  feet 
(Compare  Example  in  {  480.) 

§  442.  Banda — Curved  pipesy  when  the  other  circumstanoes 
are  the  same,  cause  much  less  resistance  than  elbows.  They  also 
cause,  in  consequence  of  the  oentrifugal  force  of  the  water,  a  pac^ 
tial  contraction  of  the  stream  A  B  D,  Fig.  759,  so  that,  when  the 
bend  is  not  terminated  by  a  long  straight  pipe,  the  cross-section 
Fi  of  the  stream  at  its  outlet  is  smaller  than  that  F  of  the  pipe. 
But  if  the  bend  A  B  D^  Fig.  760,  is  terminated  by  a  long  strsigU 

Fio.  760. 
A 


pipe  i>  J?,  an  eddy  F  is  formed  and  an  efflux  with  filled  crosa-eec- 

tion  again  takes  place  at  the  expense  of  the  ris  viTa  of  water.    If 

F 
the  coefficient  of  contraction  -^  =  a.  we  have  for  the  coefficient 

Jr 

of  resistance  of  the  bend. 


^=(^')" 


The  coefficient  of  contraction  a  depends  upon  the  ratio  -  of  the 
radius  B  M  =  E  M  ^  Oj  Fig.  759,  of  the  pipe  to  its  radius  of  cur- 
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yatore  C  M  ^  r^  and  it  can  be  detennined  approximatiTely  in  the 

following  manner.    K  t;  is  the  Telocity  of  the  water  upon  entering 

the  bend  and  v^  that  of  the  contracted  yein,  we  have  Vi  F^  =^  v  Fy 

F 
whence  t?,  =  -=-  t;^  and,  therefore,  the  head  which  measures  the 

pressure  in  B  Eia 

This  height,  multiplied  by  1  and  y,  gives  the  pressure  of  the  stream 
of  water  in  all  directions  upon  the  unit  of  surface  at  E 

Since  the  centrifugal  force  of  the  water  acts  upon  the  convex 
side  in  opposition  to  the  pressure  p^  it  is  possible  that  it  may  bal- 
ance the  latter  completely.  But  in  this  case  the  exterior  air  would 
enter  and  separate  the  stream  entirely  from  the  convex  side,  as  is 
shown  in  Figs.  759  and  760.  The  centrifugal  force  of  a  prism  of 
water,  whose  length  \s  B  E  ^%a  and  whose  cross-section  is  1,  is» 
when  the  radius  of  curvature  is  C  M  ^  r^ 

^  =  —  .2  ay. 

Now  if  we  put  j7  =  g,  we  have  the  condition  of  separation  of  the 
stream  from  the  wall  of  the  pipe 

and  consequiButly  the  coefficient  of  cantractian 

^  r  '\'^a^ 
hence  the  coefficient  of  resistatice  for  efflux  with  a  ftall  pipe  is 

As  this  calculation  is  based  upon  a  mean  velocity  and  a  mean 
radius  of  curvature,  it  will,  of  course,  give  but  an  approximate 
value  of  a  and  C 

From  his  own  experiments  and  from  the  results  of  some  obser- 
vations made  by  Du  Buat,  the  author  has  deduced  the  following 
empirical  formulas  for  the  coefficients  of  resistance  of  water  in 
passing  through  bent  pipes : 

1)  for  bends  with  circular  cross-sections 

f  =  0,131  +  1,847  (?)S 

67 
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2)  for  bends  with  rectangular  cross^seciions 

f  =  0,124  +  3,104  Q* 

The  following  tables  are  calculated  according  to  these  formulas: 

TABLE  L 

Oo^fflderUs  of  the  reManee  du4 19  Uie  ewrvatmre  ofpipei  with  dretdar 

9(ocbion9, 


a  _ 

r  " 

0,1 
0,131 

0,2 

0,188 

• 

0,8     0,4 
0,158  0,206 

0,5 
0,294 

0,6 
0,440 

0,7 
0,661 

0,8 
0,977 

0,9 
1,408 

1,0 
1,978 

C  = 

TABLE  n. 

of  th§  r€9i$kmc$  due  to  the  eurvature  <(f  f^/pee  with  reetan^ular 

erom'^eeUone. 


a  ^ 

r  ~ 

0,1 
0,124 

0,2 
0,185 

0,8 
0,180 

0,4 
0,250 

0,5 
0,898 

0,6 
0,648 

0,7 
1,015 

0,8 
1,546 

0,9 
2,271 

1,0 

C  = 

8,888 

From  the  above  tables  we  see  that  for  a  circular  pipe,  whose 
radius  of  curvature  is  twice  the  radius  of  its  cross-section,  the  coef- 
ficient of  resistance  =  0,294,  and  that  for  a  pipe,  whose  radius  of 
curvature  is  at  least  10  times  the  radius  of  the  croa^Hsection,  the 
ooeflacient  =  0,131. 

In  order  to  check  the  contraction  of  the  stream  of  water  in  a 
bend  A  B  Dy  Pig.  761,  the  cross-section  of  the  pipe  must  be  grad- 
ually diminished  In  such  a  manner  that  the  ratio  of  the  cross-sec- 
tion J9  ^  =  F^  of  the  outletr  orifice  to  that  B  E  =  Fot  the  inlet 

1 


ahall  be  a  =?  - 


Fig.  768. 
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If  one  bend  B  D,  Fig.  762,  is  terminated  by  snother,  which 
tnmB  the  stream  further  in  the  same  direction,  i^  £.<>.,  the  axie  of 
ibe  pipe  forma  a  semicircle,  like  B  D  E,  Fig.  ?(t3,  the  contraction 
n  not  chuiged  and  a  and  C  have  the  same  values  as  for  the  pipe  in 
Fig.  ?63,  vhich  forma  hut  a  quadrant  I^  on  the  contrarj,  a  bend 
D  E,  Fig.  764,  which  tame  the  stream  in  the  opposite  direction,  is 
attached  to  the  first  one,  an  eddy  f  is  formed  between  the  two  and 
a  second  contraotioD  of  the  stream  takes  place,  by  which  the  resist- 
ance (0  is  nearly  doubled. 

FW.  701  Fio.  •m.  Fio.  760. 


The  resistance  to  water  flowing  throngh  bends  can  be  dimin- 
isJisd  by  enlarging  the  cross-section  of  the  pipe,  eem  B  D  E,  Fig. 
765,  or  by  inserting  in  it  a  thin  partition,  like  8  ia  B  D  E,  Fig. 
766 ;  for  in  the  first  case  the  Telocity  v,  and  in  the  eeoond  the  ratio 

-  is  smaller,  and  consequently  the  coefficient  of  resistance  C  is  ren- 
dered  less. 

ExAxpLB.— IT  tbe  ij«tem  of  pipes  BLM,  Fig.  787,  in  the  second  ex- 
ample of  {  480,  contains  0  bends 
Fis.  767.  each  of  00°,  and  if  the  ndiaa  of 

rarrature  of  each  ia  3  inches,  we 


=  J. 


and  according  to  tbe  Bret  of  tbe 
foregoing  tables,  the  correspond- 
ing coefficient  of  reaietance  (  = 
0,394;  coDReqttently  for  the  S 
=  1,47 ;  hence  the  velocity  of  the  water  iBSuing  ftom  the  pipe, 


17,94fl 


-.  =  e,e 


)  feet,  is 
_  17,P4g  _ 
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80  that  the  dlscbai^  per  second  is  now 

Q  =  0,7854  .  ^  .  5,964  =  0,1301  cubic  feet  =  2d4,81  cable  inches. 

g  443.  Valve-Gkites,  Cocks,  Valves. — In  order  to  regulate 
the  discharge  of  water  from  pipes  and  vessels,  we  employ  varioiu 
kinds  of  apparatus,  such  as  cocks,  valvB-gateSy  and  valves^  by  means 
of  which  we  produce  a  contraction  in  the  pipe,  which  occasions  a 
resistance  to  the  passage  of  the  water,  the  value  of  which  is  deter- 
mined in  the  same  manner  as  the  losses  of  head  in  the  foregoing 
paragraph.  As  the  stream  of  water  is  subjected  to  changes  of 
direction,  is  divided,  etc.,  the  coefficients  a  and  (  can  only  be 
determined  by  experiments  made  for  that  purpose.  Such  experi- 
ments have  been  made  by  the  author,*  the  principal  results  of 
which  are  given  in  the  following  tables: 

TABLE  L 

The  coefficients  of  resistance  for  the  passage  of  water  through  valve-gates 
or  slide  valves  (Fr.  tiroiis ;  Qer.  Scbieber  or  Schubventile)  in  paraUdo^ 
pipediccd  pipes. 


Ratio  of  the  cross 
sections -=p  = 

1,0 
0,00 

0,9 
0,09 

0,8 
0,89 

0,7 
0,96 

0,6 
2,08 

0,5 
4,02 

0,4 
8,12 

0,8 
17,8 

0,2 

0,1 
193 

Coefficient  of  re- 
sistance C  =? 

44,5 

TA 

RLE 

IL 

The  coefficients  of  resistance  for  the  passage  of  water  through  valve-gates 

or  slide-valves  in  t^Undriecd  pipet, 


Relative  height  of  opening 

9  = 

0 

1,000 
0,00 

i 

0,948 

0,07 

1 

0,856 
0,26 

1 

0,740 
0,81 

f 

0,609 
2,06 

{ 

0,466 
5,52 

t 

} 

Ratio  of  the  cross-sections = 

0,815 
17,0 

0,159 
97,8 

Coefficient  of  resistance  C  = 

*  Experiments  upon  the  efflux  of  water  through  valve-gates,  cocks,  rfai^lri^^ 
and  valves,  made  and  calculated  by  Julias  Weisbacb,  or  under  the  title  "  Un- 
tensuchnngen  hn  GeUete  der  Mechanik  und  Hydraulik,  etc./'  Ldpzig,  1842. 
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TABLE  m. 

The  ooeffidents  of  resistance  for  the  passage  of  water  through  a  cock  (Ft, 
robinet ;  Qer.  Hahn)  in  paraUelopipedioal  pipet. 


Angle  that  the  oock  is 
turned  d  = 

6* 
0.05 

10- 

„,.? 

0,81 

OJdO 
0,88 

80' 
0,«87 
1.84 

8,45 

80* 
0,520 
6,15 

350 
0,486 
11,2 

40- 
0,852 
90,7 

45- 
0,269 
41,0 

50- 
0,188 
95,8 

66* 
0,110 
2T6 

66| 
0 

00 

Ratio  of  the  cro8»*8ec- 
tions  =: 

Coefficient     of     rerist- 

TABLE  rV. 

The  coefficientB  of  remstance  for  the  passage  of  water  through  a  cock  in  a 

^Undrioal  pipe. 


Angle  that  the  cock  is  turned  6  = 

5^ 

0,926 
0,05 

10° 

0,850 
0,29 

15° 

0,772 
0,75 

20° 

0,692 
1,56 

25° 

0,613 
8,10 

60° 

0,137 
206 

80° 

0,535 
5,47 

35° 

0,458 
9,68 

Ratio  of  the  cross-sections        = 

Coefficient  of  resistance            = 

Angle  that  the  cock  is  turned  6  = 

• 

40° 

0,385 
17,8 

45° 

0,815 
81,2 

50° 

0,250 
52,6 

55° 

0,190 
106 

65° 

0,091 
486 

82i° 

0 

00 

Ratio  of  the  cross-sections        = 

Coefficient  of  resistance           = 

TABLE  V. 

The  coefficients  of  resistance  for  the  passage  of  water  through  t^i'vttle^cdloes 
(Fr.  yalyes;  Ger.  Drehklappen  or  Drosselventile)  in  pcuraUdopipedieal 
pipe%. 


Angle  that  the  yalye  is  turned  d  = 

5* 

0,918 
0,28 

10° 

0,826 
0,45 

15° 

0,741 

0,77 

20° 

0,658 
1,84 

25° 

0,577 
2,16 

80° 

0,500 
B,64 

35° 

0,426 
5,7 

Ratio  of  the  cross-sections        ^ 

Coefficients  of  resistance          — 
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Angle  that  the  valve  is 
turned  6  = 

40° 

0,857 
9,27 

45° 

0,298 
16,07 

50° 

0,284 
24,9 

65° 

0,181 
42,7 

60° 

0,184 

77,4 

65° 

0,094 
158 

70° 

0,060 
868 

90° 

0 

ao 

Ratio    of   the    cross-sec- 
tions = 

Coefficients  of  resistance  = 

TABLE  VI 

Coefficients  of  resistance  for  the  passage  of  water  through  t^rottHe-wMhei  in 

eylindrieal  pipei. 


m 

Angle  that  the  valve  is  turned  S= 

5° 

0,918 
0,24 

10° 

0,826 
0,52 

15° 

0,741 
0,90 

20° 

■ 

0,658 
1.54 

25°     80° 

0,677  0,500 
2,51    8,91 

85° 

0,426 
6,22 

• 

Ratio  of  the  cross-sections        = 

Coefficient  of  resistance            = 

Angle   that  the  valve  is 
turned  6  = 

40° 

0,857 
10,8 

45° 

0,293 

18,7 

50° 

0,284 
82,6 

55° 

0,181 
58,8 

60° 

0,184 
118 

65° 

0,094 
256 

70° 

0,060 
751 

90° 
0 

CD 

Ratio    of    the   croas-sec- 
tions  = 

Coefficient  of  resistance  = 

§  444.  With  the  aid  of  the  coefficients  of  resistance,  given  in 
the  above  tables,  we  can  find  not  only  the  loss  of  head  for  a  certain 
position  of  the  valve-gate,  cock  or  valve,  but  also  the  position  we 
must  give  to  these  apparatus  in  order  to  produce  a  certain  velocity 
of  efflux  or  a  certain  resistance.  Of  course,  such  a  dctelmination  . 
will  be  more  accurate,  the  more  the  regulating  apparatus  resembles 
that  used  in  the  experiments.  Besides,  the  values  given  in  the 
above  tables  are  not  correct,  when  the  water,  after  passing  the  con- 
tracted orifice  produced  by  the  apparatus,  does  not  fill  the  pipe 
again.  In  order  tliat  the  efflux  with  a  filled  cross-section  shall  take 
place,  it  is  necessary,  when  the  contraction  is  greats  that  the  pipe 
shall  have  a  cei-tain  length.  The  cross-section  of  the  parallelopiped- 
ical  pipe  was  5  centimeters  wide  and  2i  centimeters  high,  and  the 
diameter  of  the  cylindrical  pipe  was  4  centimeters.    With  the  sUdd- 
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valve  or  vahe-paii.  Pig.  768,  &«  crosB-^ectton  ie  merely  narrowed, 
and  its  shape  in  one  pipe  is  a  simple  rectangle  Fi,  Fig.  769,  and  in 


the  other  a  crescent  F,,  Fig.  770.  When  cocks  are  employed,  as  in 
Fig.  771,  there  are  two  contractioaa  and  two  chuiges  of  direction, 
and  the  reaietance  ie  therefore  in  Vtm  case  very  great    The  cross- 


eections  of  the  maximnm  contractions  have  very  peculiar  forms. 
The  Btream  is  divided  by  the  throttle-valve  {or  disc  and  pivot  valve). 
Fig.  773,  into  two  parts,  each  of  which  passes  through  a  contracted 
orifice.  The  cross-sections  of  the  contracted  openings  are  rec- 
tangular in  parallelopipedical  pipes  and  crescent-shaped  in  cylin- 
drical ones.  Tlie  following  examples  will  snfficientl;  explain  the 
ufie  of  the  forugoing  tables. 

Example— 1)  If  in  t.  system  of  cjlindrical  pipes  8  incbes  in  diameter 
and  50O  feet  lonfc  a  valve-gate  is  iDtroduced,  and  if  it  is  raised  |  of  the 
entire  heijlit,  so  as  to  close  }  of  the  diameter,  what  will  be  the  discharge 
{brough  it  unilpr  a  head  of  4  feett  According  to  what  precedes  we  can 
put  the  coefBc-icnt  of  lesiatance  for  the  entrance  of  the  water  into  the  pipe 
f,=  0.805  and  the  coefficient  C,  of  resistance  of  the  pipe  according  to 
Table  n,  f  443,  =  S,53,  whence  it  follows  tbat  the  velocity  of  efflux  la 
8.025  ^/A  8,038  .  3  18,05 


y. 


1,505  +  5,53  +  ( 

If  we  put  the  coefficient  of  frictioD  C 
l<t,05 


i       V7,02«  +  600".  4  C      VTTea  +  2000  f 


0,026,1 
3.135  feet. 
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Bat  the  Telocity  f>  =  2,1^  feet  corresponds  more  accurately  to  C  =  0,0265, 
hence  we  have  more  correctly 

9  =        '        =  2,07  feet, 

Vepas 

and  the  discharge  per  second  is 

C  =  ^  .  9  .  12  .  2,07  =  55,89  ir  =  176  cubic  inches. 

2)  A  system  of  pipes  4  inches  in  diameter  discharges  und^  a  head  of 
6  feet  10  cubic  feet  of  water  per  minute ;  at  what  angle  must  a  throttle 
Talve,  placed  in  them,  be  turned  to  cause  a  discharge  of  8  cubic  feet  per 
minute  ?    The  initial  velocity  is 

_      10.4      _  «  _  -  oi  I- 
"  60  .  IT  («•  -  ;;  -  ^'"^  ^^^ 
and  that  after  turning  the  valve 

=  A  .  1,91  =  1,528  feet 
The  coefficient  of  efflux  in  the  first  case  is 

V  1,91  ^^^^ 

-;^=f  =  -— ^  =  0,107; 

J2gh       8,025  V5 
hence  the  coefficient  of  resistance  is 

=  7  "  ^ "  ojior  "  ^  =  ®^'^' 

and  the  coefficient  of  efflux  in  the  second  case  is 

=  A  •  0,107  =  0,0856  ; 
hence  the  coefflcient  of  resistance  is 

= o;o8T6^  ■"  ^  =  ^^^^* 

and  the  coefficient  of  resistance  of  the  throttle  valve 

;  =  185,6  -  86,34  =  49,16. 

Now  Table  VI,  i  448,  gives  for  the  angle  6  =  50^  C  =  82,6  and  for  the 

angle  6  =  55^,  C  =  ^8,8 ;  we  can,  therefore,  assume  that,  wh^  the  valve 

16,56 
is  placed  at  an  angle  of  60°  +  -^y  .  5°  =  53°  K^,  the  required  quantity 

of  water  will  be  discharged.  If  we  take  into  consideration  the  fact  that 
the  coefficient  of  friction  changes  ftom  0,0268  to  0,0288  when  the  velocity 
decreases  from  1,91  to  1,528,  we  have  more  correctly 

C  =  135,5  -  86,84  ^  =  185,5  -  91,2  =  44,8, 

and  consequently  the  angle  that  the  valve  must  be  turned 

«i  =  50°  +  ^  6°  =  52°  14'. 

§  445.  Valves. — The  knowledge  of  the  resistance  prodnoed  by 
valves  (Fr.  soupapes ;  Ger.  Ventile)  is  of  the  greatest  importanoe. 
Experiments  have  also  been  made  by  the  author  with  them. 
Those  most  commonly  employed  are  the  puppet  valve  and  the 
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dock  valve,  which  are  represented  in  Pigs.  773  and  774.    In  both 
cases  the  water  passes  through  an  aperture  in  a  ring  B  0^  which 

Fig.  773.  Fio.  774. 


B  ^  C 

is  called  the  seat.  The  puppet  valye  K  i,  Pig.  773,  is  provided 
with  a  spindle,  which  runs  in  guides  and  which  permits  the  yalve 
to  move  only  in  the  direction  of  its  axis ;  the  clack  K  i.  Pig.  774, 
on  the  contrary,  opens  by  turning  like  a  door.  We  see  that  in 
both  apparatuses  not  only  the  ring,  but  also  the  valye  are  obstacles 
to  the  motion  of  the  water. 

The  ratio  of  the  aperture  in  the  seat  of  the  puppet  valve,  with 
which  the  experiments  were  made,  to  that  of  the  pipe  was  0,356, 
and,  on  the  contrary,  the  ratio  of  ring-shaped  surface  around  the 
open  valve  to  the  cross-section  of  the  pipe  was  =  0,406,  hence  we 

can  put  as  a  mean  -^  =  0,381.    By  observing  the  efSux  for  differ- 

ent  positions  of  the  valve  it  was  found  that  the  coefficient  of  resist- 
ance decreased  with  the  lift  of  the  valve,  but  that  this  decrease  was 
very  inconsiderable,  when  the  lift  exceeded  one-half  the  width  of 
the  orifice.  Its  value  for  this  position  was  =  11,  and  the  height 
of  resistance  or  loss  of  head  was 

V  denoting  the  velocity  of  the  water  in  the  full  pipe.  This  num- 
ber can  be  used  to  find  the  coefficients  of  resistance  corresponding 
to  other  relations  of  cross-section.    If  we  put  in  general 

we  obtain  for  the  case  observed 

J  =  0,381andf=(pL^-l)'=ll, 
and  therefore 

"  "  0,381  (1  +  m)  "  4,317  .  0,381  =  ^'^^' 
and  finally  the  general  expression  for  the  coefficient  of  resistance 
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I^  E.G.,  the  cross-section  of  the  apertuie  is  one  half  that  of  the 
pipe,  the  coefficient  of  resistance  becomes 

=  (1,645  . 2  -  !)•  =  2,29"  =  5,24. 
In  the  experiments  with  clack-Valyes  the  ratio  of  the  croea- 

F 

section  of  the  aperture  to  that  of  the  pipe,  I.E.,  -=,  was  =  0,535. 

■^\ 

The  following  table  shows  how  the  coefficients  of  resistance  de- 
crease as  the  opening  increases. 

TABLE  OP  THE  COEFPICENTS   OP  RESISTANCE  FOB 

CLACK'VALYEQ, 


Angle  of  opening 

15'' 
90 

20" 
62 

25* 
42 

30« 
30 

35° 

■ 

20 

40' 
14 

45" 
9,5 

50° 
6,6 

55^ 
4,6 

60" 
8,2 

65» 
2,8 

1,7 

Coefficient  of  resistance.. 

By  the  aid  of  this  table  the  coefficient  of  resistance  for  clack- 
yalves  can  be  calculated  approximatively,  when  the  relations  of  the 
cross-sections  are  different  We  must  adopt  the  same  method  as 
we  did  for  puppet  yalves. 

Example.  ~ A  force-pomp  deliverg  every  time  the  plunger  descends  in 
4  seconds  5  cubic  feet  of  water,  the  diameter  of  the  column  pipe  in  which 
the  pappet-valye  is  placed  Is  6  inches,  the  interior  diameter  of  the  valre- 
ring  is  3^  inches,  and  the  maximum  diameter  of  the  valve  is  4f  inches; 
what  resistance  is  to  be  overcome  by  the  water  in  passing  through  this 
valve  ?    The  ratio  of  the  bross-seetions  for  these  apcrtores  is 

(¥)'  =  (A)'  =  0,84. 
and  the  ratio  of  the  ring-shaped  contraction  to  the  cross-section  of  the 
tube  is  =  1  -  (^)*  =  1  -  (f)'  =  0,44; 

hence  the  mean  ratio  of  the  cross-sections  is 

^,  _  0,34 +  0,44  _ 

-F 2 ^'^®' 

and  the  corresponding  coefficient  of  resistance 

The  velocity  of  the  water  is 


«  = 


^•i.(i)" 


20 
=  —  =  6,87  feet, 

IT 
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the  hcigbt  due  to  the  velooity  is  s  0,680  feet,  and  consequently  the  height 
of  resistance  is  =  10,4  .  0,680  =  6,66  feet.  The  amount  of  water  raised  in 
a  second  weighs  f  .  62,5  =  78,125  lbs. ;  the  mechanical  effect  consumed 
by  the  passage  of  the  water  through  the  valve  in  that  time  is  therefore 

cz  6,65  .  78,125  a:  511J2  foot-poirnds. 

§  446.  Oomponnd  Vessels. — ^The  foregoing  theory  of  the  le- 
sistanoe  due  to  the  passage  of  water  through  contractionciy  is  also 
apphcable  to  the  discharge  from  compoand  vessels.  The  apparatus 
A  D,  represented  in  Fig.  775,  is  divided  by  two  walls^  which  contain 

the  orifices  2^  and  i^,  into  three  communicating 
vessels.  If  the  dividing  walls  were  absent  and 
the  edges  at  the  passage  from  one  vessel  to  the 
other  rounded  o%  we  would  have,  as  in  the  case 
of  a  simple  vessel,  th^  velocity  of  efflux 


V 


Vi"TT.' 


in  which  h  denotes  the  depth  of  the  orifice  below 
the  level  of  the  water  and  f,  the  coefficient  of  re- 
sistance for  the  passage  of  the  water  through  the  orifice  K 

But  since  when  the  water  has  passed  through  the  orifices  ^i  and 
J\  the  cross-sections  a  jFI  and  a  JF^  change  suddenly  into  the  cross- 
sections  Oi  and  Oi  of  the  vessels  C  D  and  B  (7,  and  according  to 
§  437  the  resistances  thus  produced  are 


and 


^  vi_  /_ff y  /gj^y  j^^  (^_  ajy  ^ 

^'^g^XaF,        I  \  0  I  %g''\F,         G  /'2g 
^•a^""  \aF,        I  \  0,  )  2g'~  \F,        ft  /'  2g' 


we  have 


whence  we  obtain  the  velocity  of  efflux 


V  = 


\^2gh 


a/~.       "y       W        « FV     IF        a  FV 
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In  tbe  compound  veBBel,  represented  in  Fig.  776,  from  vhich 
the  water  is  discharging,  the  same  conditions  exist,  but  perhaps 
we  must  here  consider  the  fric- 
Fra.  778.  tJon  ^f  jjjg  vster  in  the  com- 

mtmicating  tabe  C  E.  Let  /  be 
the  IcDgth,  d  the  diameter,  <  the 
coefficient  of  friction  of  this 
tnbe,  and  v,  the  Telocity  of  the 
water  in  it^  then  we  have  for 
the  head  lost  by  the  water  in 
passing  from  A  Cio  0  L 


-t 


a  F 
or,  smce  the  velocity  v,  =  -=-  »'» 

If  we  subtract  this  height  fi-om  the  total  bead  h,  there  remains  tbe 
bead  in  the  second  vessel  h,  =  h  —  h^;  hence  the  velocity  of 
efflux  is 

-  S^Hl  - t^Z* 

This  determination  becomes  very  simple  when  the  apparatus  is 
like  the  one  represented  in  Fig.  777 ; 
^^'  '"•  for  in  this  case  we  can  assume  the 

cross-sections  Q,  0„  &,  to  bo  inG- 
nitely  large,  compared  to  the  cross- 
sections  of  the  orifices  f,  F„  J^ 
The  first  difference  of  level  0  E,  or 
the  height  of  resistance  for  the  psfr- 
sage  through  F^,  is 


and  in  like  manner  the  second  difference  of  level  Oi  S,  or  the 
height  of  TeaiBtance  for  the  passage  throngh  F,  ia 

in  which  a,  a,  uid  a,  denote  the  coefficients  of  contraction  for  the 
orifices  F,  F,  and  F,.    Hence 
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V2gh 


V  = 


and  the  discharge  is 


^  aF  V2Jh 

Q=  ^ 


It  is  easy  to  see  that  under  the  same  circumstances  compound 
yesselS;  or  reservoirs,  discharge  less  water  than  simple  ones. 

ExAMFLB.— If  in  the  apparatus,  Fig.  776,  the  total  head  or  the  depth 
of  the  centre  of  the  orifice  F  below  the  level  of  the  water  in  the  first  vessel 
is  =  6  feet,  if  the  orifice  is  8  inches  wide  and  4  inches  high  and  if  the 
reservoirs  are  united  by  a  pipe  10  feet  long,  12  inches  wide  and  6  inches 
high,  what  will  be  the  discharge  ? 

The  mean  width  of  the  trunk  is 

Putting  the  coefllcient  of  friction  C  =  0,025,  we  obtain 

C^  =  0,025.  16  =  0,376, 

and  adding  ^  =  0,605,  the  coefficient  for  the  entrance  into  prismatical 
pipes,  we  have 

^  ■*■  (a  *"  ^f"^  ^5  ~  ^  ■*■  ^'^^^  ■*■  ^'^'^^  ~  ^'^^' 

ffince  -^£f-  =    *  ^'     '     =  0,2845,  it  follows  that  the  coefficient  of  resist- 

ance  for  the  entire  pipe  is  =  1,88  .  0,2846*  =  0,152,  and  if  we  put  the 
coefficient  of  resistance  for  the  passage  through  F,  =  0,07,  we  obtain  the 
Telocity  of  efflux 

Vl,"07  +  0,152        V  1,222 

The  contracted  cross-section  is  0,64  . 1  .  |^  =  0,82  square  feet,  and  there- 
£>re  the  discharge  is 

Q  r=  0,82  .  17,78  ^  6,69  cubic  feet 
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CHAPTER    V. 

OF  THE  EFFLUX  OP  WATER  XHIDER  TABIABLE  PBBS80BB. 

g  447.  Prismatic  Vessels. — If  a  Tessel,  fVom  which  water  is 
iBsaing  through  an  orifice  in  the  side  or  bottom,  receiTCS  no  sup- 
ply of  water  IVom  any  other  source,  the  level  of  the  water  will 
gradually  sink,  and  the  vesael  will  finally  become  empty.  Now  if 
the  dischai^e  Q  into  the  reeeel  is  greater  or  less  than  that 
fi  FV%gh  from  it,  the  water  level  will  rise  or  sink,  until  the  head 
becomes  A  =  —  ( --^) ,  and  afterwards  the  head  and  velocity  of 

efBux  will  rernam  constant  Our  problem  now  is  to  determine  the 
dependence  upon  each  other  of  the  time,  of  the  rising  or  sinking  of 
the  svrfacs  of  the  water  and,  If  it  occurs,  of  the  emptying  of  the 
vessel,  when  the  latter  has  a  given  form  and  size.  The  most  simple 
case  is  that  of  efflux  through  an  orifice  in  the  bottom  of  a  prismatic 
vessel,  which  receives  no  supply  of  water.  Let  x  he  the  variable 
head  F  P,  F  the  area  of  the  orifice  and  O  the  cross-section  of  the 
vessel  A  C,  Fig.  778,  then  the  theoretical  velocity  of  efflux  is 

Fio.  m  "  =  ^^^' 

A  B     and  the  theoretical  velocity  of  the  sinking  sorfiice 

of  the  water  is 

and  the  effective  velocity 

_  }iF  ^ 


In  the  beginning  x  =  FO  =  h,  and  at  the  end  of  the  efDnx 
a  =  0,  the  initial  velocity  is  therefore 

and  the  final  velocity 

c,  =  0. 
We  see  from  the  formnhi 


'~=M^-^ 
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that  the  motion  of  the  surface  of  the  water  is  uniformly  retarded^ 
and  that  the  retardation  is  jt?  =  I  ~-  ]  ^ ;  we  also  know  (§  14) 
that  this  Telocity  will  be  =  0  and  that  the  efflux  will  cease  after  a 


time. 

^^   2  GVh 
We  can  also  put 


2Gh  2Gh      2F 


and  consequently  we  can  assume  that  a  volume  F*  =  O  hot  water 
will  be  discharged  through  an  opening  i^  in  the  bottom  under  a 
head  decreasing  from  A  to  0  in  double  the  time  that  it  would,  if  the 
head  were  constant  and  equal  to  lu 

As  the  coefficient  of  efflux  ft  is  not  perfectly  constant,  but  in- 
oreases  when  the  head  diminishes,  we  must  employ  a  mean  value 
of  this  coefficient  in  our  calculations. 

Example.— In  what  time  will  a  parallelopipedical  box,  whose  cross- 
section  is  14  square  feet,  empty  itself  through  an  orifice  in  the  bottom, 
which  is  circular  and  2  inches  in  diameter,  when  the  initial  head  is  4  feet  ? 
Theoretically  the  time  required  would  be 

2.14\^  2.14.144.2         8064         ^,^,^      ^    .    ^^^ 

At  the  end  of  half  the  duration  of  the  efflux  the  head  is  =  H)*  h  = 
^.4  =  1  foot,  but  the  coefficient  of  efflux  for  an  orifice  in  a  thin  plate, 
corresponding  to  a  head  =  1  foot,  is  /u  ==  0,618 ;  hence  the  real  duration 
of  the  efflux  is 

810"  g 

=  TT^o-  =  521"»8  =  8  minutes  41,8  seconds. 
0,olo 

§  448.  Commnnicating  Vessels. — Since  for  an  initial  head 
At  the  duration  of  efflux  is 

*  ""  fiFV2ff 
and  for  an  initial  head  ht  the  duration  is 

.  _    2  aVhf 

*9   —   ■ — , 
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it  follows  that  hj  subtraction  we  obtain  the  time  dnring  which  the 
head  changes  ^m  h,  to  ht,  or  the  leTol  of  the  water  sinks  a  dis- 
tance A]  —  A,;  its  value  is 

or,  when  the  dimensions  are  expressed  in  feet^ 

On  the  contrary,  when  the  duration  of  the  efflnx  is  given,  ve 
determine  the  distance  s  =  A,  —  A,  that  the  anr&ce  of  the  water 
sinks  by  means  of  the  formula 

The  same  formnlas  are  applicable  to  the  case  of  a  vessel  O  O, 
Fig.  779,  filled  from  another  vessel  A  B,  in  which  the  level  of  the 
Fio.  779.  water  is  constant.     If  the  cross-sectiou 

of  the  commanicating  pipe  or  orifice 
=  _F;  that  of  the  vessel  to  be  filled  =  G 
and  initial  difference  of  level  0  0,  of 
the  two  surfaces  of  water  =  A,  we  have, 
since  in  this  case  the  level  of  the  water 
in  the  second  vessel  rises  with  a  uni- 
formly retarded  motion,  the  time  re- 
quired to  fill  it  or  the  tJme  in  which  the  second  sur&ce  of  the 
water  rises  to  the  level  ^  ^  of  the  first 
t  =      g  g^ 

and  in  like  manner  the  time  in  which  the  distance  0  0,  =  Ai  be- 
tween the  surfaces  of  the  water  becomes  0,  0  =  A^  or  during 
which  the  level  of  the  water  rises  a  distance  0,  Oi  =  «  =  Ai  —  fi„ 
2(?  r-  r~ 

EzAKFLB  1)  How  much  does  the  saiface  of  the  water  in  the  laat  exun- 
pie  ({  447)  sink  in  3  minutes  %    Here  we  have 

»,=4,.  =  2..<,  =  M,|-  =  jj^, 
and  if  we  assume  also  >i  =  0,600,  it  follows  that 
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=  ^3-0,606. 8,025. i^V=  1^6' =  2,8901  feet, 
sod  that  the  required  distance  that  it  eiiika  is 
1  =  4  —  2,S901  =  1,6089  feet. 
S)  What  time  does  the  water  require  to  rise  in  a  pipe  0  D,  Kg.  780, 18 
inches  in  diameter,  so  as  to  oTerflow,  when  the 
Ra.  780.  pjpg  commnnicateB  with  a  Teseel  A  Bhy  means 

.  of  a  short  pipe  1}  inches  in  diameter,  and  when 
the  snrfaoe  of  the  water  O  ia  in  the  beginning 
at  a  distance  0  H  =  ^  feet  below  the  constant 
level  of  the  waters  and  at  a  distance  0  0  =  4^ 
feet  below  the  top  G  of  the  pipe.  We  mnst 
snhsljtute  in  the  fonunla 

A,  =  6,  »,  =  e  -  4^  =  1,8, 

~  =  (f^)'  =  144  and  *i  =  0,81 ;  thus  we  obtain 


-  (Ve  -  Vi;6)  = 


8  .  1,2: 


0,81 .  8,020 

g  449.  If  the  firet  yeseel  A  B,  Fig.  781,  &om  which  the  water 
poeaee  into  the  second,  receives  no  water,  and  if  its  crose-Bection  O, 
cannot  be  considered  eu  infinitely  great. 
Via.  781.  compared  to  the  crosa-Bection   0  of  the 

other  vessel  C  D,  we  mnet  modify  onr  cal- 
culation. If  the  variable  distance  G,  0,  of 
the  first  surface  of  the  water  above  the 
level  H  R,  at  which  the  water  in  both  ves- 
eelfl  stands  after  the  efBox,  =  x  and  the 
distance  ff  0  of  the  other  surface  of  the 
water  below  the  same  plane  =  y,  the 
variable  head  will  be  a:  +  y  and  the  corresponding  velocity  of 
efflux  will  be  tf  =  V%  g  {x  -v  y),  or,  since  the  qnantity  of  water 


=v^7(i~ 


The  velocity  with  which  the  surface  of  the  water  rises  in  the  sec- 


hence  the  corresponding  retardation  in 
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and  the  dutatiou  of  efflsz  is 

Snbatitating  instead  of  x  and  y  the  initial  difference  of  lerel  Ti, 
that  is, putting  z  +  y  =  A  or  II  +  -^^ t  y  =  A,  we  obtain 
h 

O, 
and  the  time  in  vhich  the  two  enrfaces  of  water  come  to  ene 
level  is 

3  G  VA  2  (?  ff,  VA 


*  =  - 


g)  ♦^ 


liF{0  +  (70  +^2y 


The  time  during  which  the  diflference  of  level  changes  from  A 
to  Ai  is,  on  the  contrary, 

fiFiG  +  &,)  VY^' 
ExAVPLB.— If  the  croa»«eotton  (?,  of  the  vessel,  from  which  the  watn 
flows  into  the  other,  ia  10  sqnan  feet  and  the  cross-section  0  of  tb«  vcokL 
receiving  the  water  is  4  eqo&re  feet,  if  the  initial  difference  of  level  be- 
tween the  two  surfaces  of  water  U  8  feet,  and  if  the  cylindrical  pipe  whicli 
forms  the  coram aoication  ia  1  inch  in  diatneter,  the  time  in  which  the  tivo 
.  Borfaces  of  water  will  reach  the  same  level  is 

a .  to .  4 .  V8  820 .  Ta .  Va 


"  0,83  .  8,038  .  7  n 


=  S76seGond8. 


0,82 .  8,0» . 

g  450.  notch  in  the  Side. — If  the  water  issiies  throngh  s 
,  notch,  overfall  or  vmir  D  E  from  a  prismatic  vessel  A  B  (^  Fig. 
Fia.  783.  782,  into  which  there  is  no  water  di»> 

charged,  the  dnration  of  the  efflnz  is 
fonnd  in  the  following  manner.  Let  ns 
denote  the  croea-Bection  of  the  veeael 
by  O,  the  width  E  F  ai  the  noteh  by  J, 
and  the  height  DEhjh,  and  let  na  di> 
vide  the  whole  orifice  of  efflux  into 
small  strips,  the  length  of  each  being 
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b  and  the  height  -.    If  the  head  is  congtaBt,  the  discharge  per  seo- 
ohdis 

0  h 

dividing  the  contents of  a  layer  of  water  by  the  latter,  we  ob- 
tain the  corresponding  duration  of  the  efflux 

Gh 

T  =   , 

ifinbV2gh* 

for  which  we  will  write -=t  .  hr^h 

%iinbV%g 

In  order  to  obtain  the  duration  t  of  the  efflux  of  a  quantity 

G  {Ji  —  hi)  or  to  dfitermine  the  time  during  which  the  level  of  the 

water  above  the  sill  sinks  from  2>  .^  =  A  to  i>  ^,  =  A„  let  us  put 

As  =  —  hy  I.S.  let  hi  consist  of  m  ports,  and  let  us  substitute  in  the 

last  equation,  instead  of  A'^  snooessively 

(v*)-.{=^*r.(=^*r.-(Tr' 

and  then  add  the  results  found.    In  this  manner  we  obtain  the  re- 
quired time 

_3^A       r/mAX-l^  (?L±i *)-»+...  +  (?^)-»] 
%iinb  ^TWg  L\n/         \n        /  Vn/J 


<  = 


^iinbV2g     «~* 

=       ^  ^  *^,—  [  (l~l  +  8-1  +  3-t  +  . . .  +  »-l) 
%nnr^bV%g^^ 

-  (1-1  +.  2-t  +  3-»  +  • . .  +  TO-i)], 
or,  according  to  the  Ingenieur,  page  88, 
3  gA-*      /n-t  *^    _  m-H-n 

%iJ^bV2gh  nbV¥gTi^\^f  J 

/iJ^^LVn    /  J      ^bV%g\Vhi        Vhf 

If  we  put  hi  =  0,  we  obtain  —j=  and  also  ^  =  00 ;  hence  the 

time  required  for  the  water  to  sink  to  the  level  of  the  siU  will  be 
infinitely  great. 
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Ez&XFLS.— If  the  water  isauea  from  a  reservoir  110  feet  long  and  40 
feet  wide,  through  an  over&ll  8  inches  wide,  in  what  time  will  the  lerel 
of  the  water  fall  tnni  IS  iDches  above  the  sill  to  S  inches  above  it  t  Ben 
wo  have 

8  ■  110  .  40  /I  I_  \  _    IBSOO       ^         „ 

*  -  i.i.%,04Si  W"o;b  "  -^iW  ~  f  ■  8.036  t^  -  VjJ 
19800    „  ,,,„       „„„,,,       10800.0,5198     1288,6 
=  8^357  f*'^"^  -  "'«*">  =  -8;02T7~=— T"  '^"'^ 
If  we  asenme  as  the  coeffident  of  efflux  ii  =  0,90,  we  have  for  the  real  time 
of  diflcbarge 

1383,B 
(  =  — jj-g—  =  3137,5  secoodB  =  85  minutes  87,5  seconds. 

RitifABff. — Por  k  rectangular  orifice  id  the  side  we  can  pnt  approzima- 
tively 


a  G 


((/»;.  VT.,-i(,A 


in  which  F  and  O  denote  the  CTOSs-sections  of  the  orifice  and  of  the  vessel, 
a  the  height  of  the  orifice.  A,  the  initial  head,  and  h^  the  head  when  the 

discharge  ceases.     If  A,  =  -,  the  orifice  becomes  a  nol«h  and  Hk  fonnnla 
for  over&lls  must  be  employed. 

g  451.  Wedga-Shaped  and  Fyramidal  Vessels.— If  the 
Teasel  A  B  F,  Fig,  783,  from  which  the  water  is  discharged,  forma 
a  horizontal  triangular  priam,  the  time  in 
Fig.  788.  which  it  will  empty  itself  ig  ftrnnd  in  the 

B    following  manner.    If  we  divide  the  height 
C  E  =  h  into  «  equal  parts  and  pass  hori- 
'    zontal  planes  throngh  the  points  of  divi- 
sioQ,  the  whole  mass  of  water  will  be 
divided  into  equally  thick  horizontal  layers, 
whose  common  length  is  ^  Z>  =  /and  whose 
widtii  diminishes  from  the  enrfitce  down- 
wards.   If  the  width  D  B  of  the  upper  layer  =  b,  the  width  Dy  Bi 
of  another  layer  situated  at  the  distance  G  E^^x  above  the  orifice 

F,  wbioh  is  located  at  the  lower  edge  of  the  prism,  is  y  =  7  i, 
-  ,    But  the  discharge  in  the  unit 


n^FV%g' 
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Finally,  since  the  sam  of  all  the  a^  from  a?  =  -toa;=  —  is 


n 


n 


we  have  the  time  of  discharge  of  the  whole  prism  of  water 


n/tFi^iig 


-_^  .  I  «  A*  =  f 


bl         ..       ,     iblk 


<  =  |. 


nF^2g 
V 


fiFV^k 


II  Fd 


Fio.  784. 


in  which  F  =  ^iblh  denotes  the  total  volume  of  the  water  and 
e=  V%gh  the  initial  velocity.    In  this  case  it  requires  \  more 

time  to  empty  the  vessel  than  if  the  velocity  c  were  constant 
If  the  vessel  A  B  F,  Fig.  784,  forms  an  upright  paraioloid,  we 

have  the  ratio  of  the  radii  K  M  —  y  and 
CD  =  b 

*  ~  ~Vh' 
hence  the  ratio  of  the  horizontal  section 
Q^  through  J^to  the  base  ^  />  ^  =  0  is 

^^  =  -i;  =  f  ,  and  therefore 
(Ton 

tlie  volume  of  the  layer  of  water  is 

_«    h  _Gx 
n        n 
As  this  expression  coincides  exactly  with  that  found  for  the  tiian- 

gular  prism,  we  can  put  here  also 

I 
—  4         5 


t- 


»  Oh 


or,  since  F  =  i  G^  A  (g  124,.  Example), 


—  A 


t  = 


This  formub  can  also  be  employed  in  many  other  cases  for  the 
approximate  determination  of  the  duration  of  efSux,  £.o.,  for  de- 
termining the  time  required  to  empty  a  dam.  It  is  applicable, 
whenever  the  horizontal  sections  increase  in  the  same  ratio  as  the 
distances  from  the  bottom* 
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Pig.  785.  if^  finally,  we  have  a  pyramidal  yeesd 

AB  F,  Fig.  785,  to  deal  with,  theo 

OizO  =s  a^:b\  and,  therefore,  Oi  =  —rr- 1 
the  Tolnme  of  the  layer  J7,  Ri  is 

n    ""  nh* 

and  the  time  necessary  to  discharge  the  latter  is 


T  = 


nA'^  ^  nil  F  h  j^2g 


But  since  the  sum  of  all  the  xl  &om  rv  =  -  to  ^  =  —  ib 

n  n 

=  ©'•7  =  •»*'■ 

we  have  the  time  necessary  to  empty  the  entire  pyramid 

,  =  ,«3^.S„«  =  ,,^^"    =,.    Iff* 


or,  patting  ^  g  A  =  F, 

Since  in  this  case  the  initial  velocity  gradually  diminishes  from 
<;  to  0,  the  duration  of  the  efiQux  is  i  greater  than  if  the  velocity 
remained  invariable  and  equal  to  c. 

Example.— What  time  will  a  dam,  the  area  of  whose  surface  is  765000 
square  feet,  require  to  empty  itself,  when  tlie  discharge  pipe  enters  at  the 
deepest  place  and  is  15  inches  in  diameter  and  50  feet  long,  and  when  the 
depth  is  15  feet?    Theoretically 

F  .     .  765000 .  15  19584000 


=  200568  seconds.  *     W  ^^ 


But  the  coefficient  of  resistance  fSnr  the  entrance  of  the  water  into  the 
pipe,  which  is  cut  off  at  an  angle  of  46°,  is 

C  =  0,505  +  0,827  (see  |  428)  =»  0,889, 
and  the  resistance  of  friction  for  the  pipe  is' 

I      i>*  50      «*        o' 

^       d     2g        ^  i      2g      2^' 

hence  the  complete  coefficient  of  effiuz  for  the  same  is 

ft  =  —       ^  s=  —4=  =  0.504, 

VT  +  0,832  +  1       VijSS 

and  the  required  duration  of  efflux  is 

t  =  200568  :  0,504  =  887655  seconds  =  98  houn  47  minutes  85  seeoiida. 
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§  452.  Spherical  and  Obaliak  Shaped  Veseels.— By  the 

aid  of  the  formalaa^  deduced  in  the  foregoing 
^^'  786.  paragraph,  we  can  find  the  duration  of  th^ 

efiQux  from  spherical,  obeliBk  shaped,  pyrami- 
dal, etc,  Teasels. 

1)  The  time  requited  ix>  empty  a  iBegriimd 
of  a  sphm-e  A  F  By  Fig.  786,  which  is  filled 
with  water,  whose  radius  G  A  ^  C  F  :=^  r  and 
whose  height  J^  tf  ri:  A,  is 
_  3         ^A'       _  a      (10  r  ~  3  A)  ftt 


t^\ 


nrh' 


or,  if  en  entire  sphere  is  to  be  emptied,  in  which  ease  A  =  2  r. 


/  = 


16  7rr'tTr 
15  f*^  4/2^' 


Unr'Vr 


and  for  a  hemisphere,  where  h  =  r,  t  =  ^^      „   ^^_. 

15/*^l/2y 

Here  the  horizontal  layer  ffi  J2,  =  (?„  corresponding  to  the 

depth  F  Oi  =  X,  is 

,^  vA       2  TT  r  hx      TT  ha^ 

=  'rr  z(2r  *^x)  -  = ; 

^  n  n  n 

hence,  if  the  velocity  of  efflux  is  v  =  V2  g  x,  the  duration  of  the 

discharge  will  be 

__     2  n  r  h         ,  ttA 

«^^f^  »/*^  V2^ 

Since  the  first  part  of  this  expression  coincides  with  the  formula 
for  the  emptying  of  prismatic  vessels  and  the  second  part  with 
that  for  the  emptying  of  pyramidal  vessels,  if  we  in  the  first 
case  substitute  2  tt  r  A  for  1 2  and  in  the  second  rr  A*  instead  of  G^ 
we  obtain  by  the  aid  of  the  difference  of  times  required  to  empty  a 
prismatic  and  a  pyramidal  vessel 

I  •  — ET  a^i*  *  **  i  •  — Et — , — ^- 

f^V2gh  ^    t^^V2gh 

the  time,  in  which  a  segment  of  a  sphere 
will  empty  itself,  as  was  found  above. 

2)  For  a  vessel  A  C  X,  Fig.  787,  shaped 
like  an  obelisk  or  a  pontoon,  we  can  employ 
the  above  formulas;  for  we  can  consider  it 
to  be  composed  of  a  parallelopipedon  AEK, 
of  two  prisms  B  E  JVand  D  E  NsLni  of  a 
pyramid  C  E  N  (compare  §  121).    Let  h  be 


t 


Fig.  787. 
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Fia.  788. 


the  width  A  Dot  the  top,  bi  that  JTZ  of  the  bottom,  I  the  length 
ABot  top,  li  that  IT  No{  the  bottom  and  A  the  height  0  Fot 
the  yesseL    Then  we  haye  the  surface  A  Cot  the  water 

*  Z  =  J,  Z,  +  J,  (Z  -  l^)  +  /,  (J  -  fci)  +  (?  -  h)  (*  -  *i), 
in  which  bi  li  is  the  base  of  the  paiallelopipedon  A  E  K,b^{l  ^  li) 
and  Zi  (i  —  bi)  the  bases  of  the  prisms  BEN  and  D  E  K  and 

(Z  -  Z,)  (J  -  J,)  that  of  the  pyramid  C  E  N. 

Now  the  time  required  to  empty  the  pand- 

lelopipedon  is 

_%b,'kV% 

that  required  for  the  triangular  prisms  ia 
t  ^  2  Pi  {I  -  ZQ  -h  Zi  (t  -  ^)]  Vh 

and  finally  that  required  to  empty  the  pyia* 
mid  is 


henoe  the  time  reqaired  to  empty  the  entire  vetati  is 
<  =  ^,  +.  ;,  +  /, 

=  [30J,?,+10  J,(?-l,)  +  10?,(J-*,)+6(Z-Z,)  (J-i.)] 


V5 


15  ^  i^  +/2^ 


When  -f-'  =  r  the  vessel  is  a  truncated  pyramid.    Patting  in 
»i       * 

this  case  the  base  hi  =■  O  and  the  base  &i  /,  =  0„  we  obtain 

<  =  (3  fli  +  8  0,  +  4V^^,) — ^-^■^=. 

15  p  J?-  4^ 

It  is  easy  to  see  that  this  formnla  will  hold  good  for  any  trian- 

gular  or  polygonal  pyramid. 

Example. — ^An  obelisk-shaped  leseryoir  is  5  feet  long  and  8  feet  wide  on 
top  and  at  a  depth  of  4  feet,  where  a  short  pipe  1  inch  in  diameter  and  8 
inches  long  is  inserted  in  it,  it  is  4  feet  long  and  %  feet  wide ;  how  long  a 
time  will  be  required  for  the  water  to  sink  %^  feet  ?  The  time  required  to 
empty  it  is,  awmming  n  =  0,815, 

t=  [8.4.2 +  8.6.8 +  3(8.4 +  5.2)]  ^ 


15.  0,815  .  ^ .  (i]f .  8,085 
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158.4.4.144  ,^^  2804 

=  158  .  ^ooorVnnr       =  168.  7,475=  1144860. 


.15  .  0,815 .  8,025.   n  ^  '  12,225  .  8,036  tt 

At  the  level  4  —  2j^  =  1 J  feet  above  the  tube  1=1^  +  |  =  4|  and 
5  =  5i  +  I  =  2f  feet ;  heDce  the  time  required  to  empty  tlie  vessel,  when 
it  ifl  fiUed  to  that  height,  ia 

=  608  seconds. 
The  difference  of  these  times  gives  the  time  (641  seconds)  in  which  the 
sorfiice  of  the  water  will  sink  2^  feet  from  the  top. 

§  453.  Xrregalarly-shaped  Vessels.— K  we  are  required  to 
find  the  duration  of  efflux  for  an  irregularlff-shaped  vessel  H  F  R^ 

Fio.  780. 

A 


Fig.  789^  we  must  employ  some  method  of  approximation^  such  as 
Simpson's  Rule.  If  we  divide  the  whole  quantity  of  water  into  4 
equally  thick  layers  and  denote  the  heads  corresponding  to  the 
different  horizontal  sections  G^,  &i,  0^^  Ot^  G^  by  h^  Ai,  h^,  A„  A4, 
we  obtain,  according  to  Simpson's  Bule»  the  duration  of  the  efflux 

nnFV2g^V\       ^Th,       Vh,       ^       'Hi: J 
If  we  divide  it  into  six  layers,  we  haye 
^^     K-K     /  O^^  ^G,^2G,     4.0,^20,^  ^G,^    g 

lSfiFV2g^Vk,     VT,     V%     fT,     /A4     Vk,     VTJ' 
The  discharge  in  die  first  case  is 

V  =  ^^^  (g^  +  4  g,  +  2  G,  h  4  ff,  +  G,),  and  in  the  second 

F=  ^-'  (ff,  +  4  ff,  +  2  g,  +  4  e,  +  2  ff4  +  4  g,  +  0.). 

If  the  form  and  size  of  the  reservoir  is  not  known,  we  can  cal- 
culate the  discharge  V  by  observing  the  heights  A,,  hi,  etc.,  of  the 
water  at  equal  intervals'of  time.  K  ^  is  the  whole  duration  of  the 
efflux,  we  have  for  orifices  in  the  side  and  bottom 

and  for  overfolls  or  notches 

F=|^-  ♦^(V^'  +  iVXT'  +  aVA?  +  4VV  + VA?). 
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EzA]iPLB.--*In  what  time  will  the  surface  of  the  water  of  a  dam  mnk  6 
feet,  when  the  discharge-pipe  is  a  semi-cylinder  18  inches  wide,  9.  inches 
high,  and  90  feet  long,  and  when  the  cross-sections  of  the  surfaces  of  the 

water  are 

for  a  head  of  20  feet,  O^  =  600000  square  feet,^ 

**  "  18,6  **  G^  =  495000  " 

•«  "  17,0  "  (?,  =  410000  " 

"  "  15,5  "  G^  =  825000  " 

"  "  14,0  "  G^  =  265000  "        t 

Now  -^  =  g  •  (I)*  =  ^  =  ^»^^  •^'^'^  ^^*-  ^  ^®  P'**'  as  in  the  Ex- 
ample of  {  451,  the  coefficient  of  resistance  for  the  entrance  of  the  water  in 
the  pipe  =  0,832  and  that  of  the  fHction,  =  0,025  ^  =  0,025  .  60  .  1,091  = 
1,6856,  we  obtain  the  coefficient  of  efflux 

11  =    ,  =    ,  =  0,687,  and 

VI  +  0,882  +  1,6866      V8,4685 

^  F  V2^  =  0,587  •  0,8886  .  8,025  =  8,808. 
Now  we  hate 

VA         V20  VAj       Vl8,5 

Va;        V17  V/^       V16,5 

-^  ssr  — ^=r-  =  70880;  hence  the  duration  of  the  efflux  is 

VA4        Vl4 

^^  — ^^0-^84170  +  4. 115090  +  2  .  99440  +  4  .  82550  +  70880) 
12 . 8,oOo 

1194440 
=  -£r-^7A—  =  166888  seconds  =  48  hours  88  minutes  68  seconds. 
7,616 

The  dischaige  is 

F=  A  •  (000000  +  4  .  495000  +  2  .  410000  +  4  .  826000  +  265000) 

4965000       ftooorAA      u-    J?  X 
=  —   —  =  2882500  cubic  feet. 

2 

§  454.  Tnflny  and  Efflux. — If>  whiie  water  is  flowing  oat  of 
the  vessel,  other  water  is  flowing  into  it,  the  determination  of  the 
time  in  which  the  level  of  the  water  will  rise  or  sink  a  certain  dis- 
tance becomes  much  more  complicated,  and  we  are  generally  obliged 
to  content  ourselves  with  an  approximate  result    If  the  discharge 

per  second  into  the  vessel  Ci  >  /*  i^  ^2  gh,  the  water  will  rise,  and 

if  Ci  <  /^  ^  ^^7A,  it  will  sink  But  the  level  of  the  water  be* 
comes  constant,  when  the  head  is  increased  or  diminished,  until  it 

becomes  equal  to  jfc  =  ^  (~^)  •    ^^®  ^^^  ''">  ^^^ng  which  the 
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Tariable  head  x  is  increased  a  small  quantity  ^^  is  determined  hy  the 
equation  ff i  f  =  Ci  t  —  fe  FV%gx  .  t, 

and,  on  the  contrary,  the  time,  in  which  the  sur&ce  of  the  water 
sinks  a  distance  ^,  is  determined  by  the  equation 

(?,  f  =  ^  FV¥fi  .  T  -  Q,T. 
Hence  we  have  in  the  first  case 

T  = ^ — ; ,  and  in  the  second 

Qi-fiFV2slx 

By  employing  Simpson's  Rule,  we  obtain  the  time  of  discharge, 
during  which  G^  becomes  successively  6^„  Gf,  etc.,  and  the  head  A, 
becomes  &i,  At, . .  ^ 


t  = 


K-KV  ^0  .  4  6^.  .  2  6^, 


1^     ^}^FV%Yh,--Q,   '  fiFV2^,'-Q,'  ^FV2gh,'-Qi 

4  G,  ,  ^^^ -I 


or  if  we  denote  —    /-^  by  VTT,  we  have  more  simply 

fi  F  y2g 

f  ^      K-  K      \    _^^     _  +      J^  G,        ^ 2^, 


12li  F  Vig^Vh^^  Vk        Vh,^  Vh        VT,-  i^A 

+ 


*  ^^_  +  _,_?L_^l 


If  the  Teasel  is  prismatie  and  its  cross-section  is  constant 
and  =  G,  we  have  (see  the  author's  "  Experimentalhydranlik," 

§  9,  xn) 

for  the  time,  in  which  the  head  h  changes  to  ki. 
a-        *i         ,     Vh-Vk        Vh-Vk 

Since  for  A,  =:  «,  —r= —  = ^ =  00, 

Vh-Vk  0 

it  follows  that  the  level  of  the  water  hecomes  permanent  after  an 

infinite  time  has  elapsed. 

For  a  notch  in  the  side  we  hare  the  following  formula 


i 


_  qji  r '( V%  -  Vhy  (ft,  +  Vhik  +  k) 
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in  which  k  =  It, — ^\ )  and  I  denotes  the  Naperian  logarithm 

and  tangr^  y  the  arc  whose  tangent  is  y. 

According  as  ib  ^  A  or  the  discharge  into  the  yessel 

a  rising  or  a  sinking  of  the  water  in  the  vessel  takes  place.  The 
state  of  permanency  occurs,  when  hi  =  i,  but  in  this  case  the  cor- 
responding time  t  becomes  =  oo . 

Example. — In  what  time  will  the  water  in  a  parallelopipedical  box 
12  feet  loDg  and  6  feet  wide  rise  2  feet  above  the  sill  of  a  notch  in  the  side 
}  foot  wide,  when  the  discharge  into  it  is  5  cabic  feet  per  second  ?  Here 
we  have  A  =  0  and  consequently  more  simply 

Now  G^  =  1'2  .  6  =  72  feet,  d  =  5,  Ai  =  3,  5  =  f,  ^  =  0,6,  and 

*  =  (•    ^^   -,     o^»rV=  2,133 ; 

hence  the  time  required  is 
72.  2,1380  1     4,1880 


<  = 


V6 


8.6 


)] 


Fio.  790. 


+  V4,a«60_^  / 

(1,4142  —  1,4606)'  ^      \1,4142  +  2,9810 

=  10,288  (7,969  -  1,776)  =  10,288  .  6,198  =  68^  seconds. 

§  455.  Locks  and  Slfdces. — ^We  can  make  a  useful  applica- 
tion of  the  principles  just  enunciated  to  the  filling  and  emptying 
of  locks  and  sluices  (Ft.  boluses ;  Ger.  Schleusen).    We  distinguish 

two  kinds  of  locks,  name- 
ly, the  single  and  the 
double.  The  single  lock 
consists  of  a  chamber  Bj 
Fig.  790y  which  is  sepa- 
rated from  the  water  in 
the  head  bay  A  by  the 
gate  JJJ^  and  from  that 
in  the  tail  bay  0  by  the 
gate  B  8.  The  double 
lock.  Fig.  791,  on  the 
contrary,  consists  of  two 
chambers  with  an  upper 
gate  K  L,9k  middle  one 
HF,  and  a  lower  one  B  & 


H                    O 

R 

F 

Pi- 

K^^fea^^ 

"l^ 

G 

Fig.  791. 
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1)  K  we  put  the  mean  horizontal  cross-section  of  the  chamber 
of  a  single  lock  =  O,  the  distance  0  0,  of  the  centre  of  the  open- 
ing in  the  upper  gate  below  the  surface  H  R^  of  the  water  in  the 
head  bay  =  hi,  its  distance  Ox  Ot  above  the  water  in  the  tail  bay  =  ^i 
and  the  cross-section  of  the  onfice  in  the  gate  =  F,  we  have  the 
time  necessary  to  fill  the  lock  to  the  middle  of  the  orifice,  during 
whic]i  the  head  is  constant, 

and  the  time  necessary  to  fill  the  remaining  space,  during  which 
there  is  a  gradual  diminution  of  head, 

2Gh, 

'      ^  ^  V2~gT/ 
hence  the  time  required  to  fill  the  whole  lock  is 

Tf  the  orifice  in  the  lower  gate  is  entirely  submerged,  the  head 
decreases  gradually  during  the  emptying  from  0  0,  =  Ai  +  A,  to 
zero,  and  the  time  of  emptying  the  lock  is^  therefore, 

But  if,  on  the  contrary,  a  part  of  the  orifice  lies  above  the 
lower  watsr  level,  we  have  to  consider  two  quantities  of  water,  one 
discharged  above  and  the  other  below  the  water.  Putting  the 
height  of  the  portion  of  the  orifice  above  the  water  =  a^y  the  height 
of  that  below  the  water  =  a,  and  the  width  of  the  orifice  =  J,  we 
obtain  the  duration  of  the  efflux  by  means  of  the  formula 
2  g  (Ai  +  Jh) 

t^bV2g  (a,  |/a,  +  A^ «  _|i  +  a,  VhT^h) 

2)  In  the  double  lock  (Pig.  791)  the  head  in  the  upper  cham- 
ber which  is  cut  off  from  the  head  bay  gradually  diminishes  during 
the  efflux  into  the  second  chamber.  If  G^  is  the  horizontal  cross- 
section  of  the  first  chamber,  and  if  the  initial  head  0  0%  =  hi 
is  diminished  to  X  Ox  =  x,  while  the  water  in  the  lower  chamber 
rises  to  the  middle  of  the  orifice  in  the  gate  a  distance  Oi  0,  =  A^ 
wc  have  the  time  corresponding  to  it 

2G  ^        — 

But  the  discharge  is 
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ff  (Ai  —  aj)  =  ffi  A, ;  hence 
a;  =  Ai  —  ^  A»  and 


2V^ 


The  time  in  which  the  water  in  the  second  chamber  rises  to  a 
level  with  that  in  the  first,  or  in  which  the  water  in  the  two  cham- 
bers assumes  a  common  levely  is,  according  to  §  449, 

-       ^^^^^       _  2(yii^V6^A, -(y»A, 
and  the  whole  time  required  to  fill  it  is 

Example. — What  time  is  Decessary  to  empty  and  fill  a  single  lock  of 
the  following  dimensions :  mean  length  of  tbe  lock  =  200  feet,  mean  width 
=  24  feet  or  0^  =  200  .  24  =  4800  square  feet ;  distance  of  the  centre  of 
tbe  orifice  in  tbe  upper  gate  from  both  sarihces  of  water  =  5  feet,  width 
of  both  orifices  =  ^  feet,  height  of  the  orifiqe  in  the  upper  gate  =  4 
feet,  and  height  of  the  orifice  (^entirely  submerged)  of  the  lower  gate  =  5 
feet  ?    Substituting  in  the  formula 

^  ^  (2  h^  +  h^)  a 

Aj  =  6,  ^g  =  5,  G^  =  4800,  fi'=  0,616,  i^  =  4  .  2J^  =  10  and  -^  =  8,025, 

we  have  for  the  time  required  to  fill  it 

8.5.4800                  14400  ^^^^    ^         ^^     .     ,^^ 

*  — =  = =  662*  ete.  =  10  min.  524  sea 

""  6,16  .  8,025  V5       1,28  .  8,025  V5 
If  we  substitute  in  the  formula 

t  =  ^  ^  A  -t^',  O  *  4800,  A^  +  A,  =  10,*'=  5.  2J=  12,5,  we  have 

fiFv^g 

the  time  necessary  to  empty  the  lock 

2.4800VT0  .^^  J        «     .     ^     *^ 

t  =  Ai>^e    ^oK    QAftg  =  4^^  seconds  =  8  nunntes  12  seconds. 
0,olO  .  1»,0  .  o,U2o 

§  456.  Apparatus  for  Hydraulic  Experiments.— By  means 

of  the  apparatus  represented  in  Fig.  792,  we  can  not  only  show  by 
more  than  100  experiments  the  most  important  phenomena  of 
efflux,  but  also  prove  in  figures  the  most  important  of  its  laws- 
The  apparatus  consists  of  a  discharging  vessel  ABO,  which  is 
provided  with  three  orifices  Fi,  F^  J^,  whose  centres  are  at  dis- 
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taacea  irom  the  mean  lerel  of  l-he  water,  which  are  to  each  other 

as  the  Bqaares  1,  4,  9.      To  these  orificea  variong  month-piecei  and 

'  pipes  can  be  applied,  and  in  order  to  do  this  without  heing  dis- 

Fia.ms. 


faubed  \fy  the  water,  we  close  the  orlBoe  bj  means  of  a  particaTar 
kind  of  valve  H„  fft,  to  which  is  attached  a  rod  passing  through  a  . 
Btioffii^  box  in  the  back  of  the  apparatas.  In  the  tipper  and  wider 
part  A  S  of  the  apparatns  two  pointers  Z,  and  Z^,  which  are 
directed  npwards,  are  placed.  These  serve  as  fixed  points,  the  one 
narking  the  beginning  and  the  other  the  end  of  the  experiment. 
The  water  which  is  discharged  is  caught  in  a  vessel,  which  before 
each  experiment  is  placed  on  top  the  discharging  reservoir,  into 
which  its  contents  are  emptied  by  t^jening  an  orifice  that  is  gen- 
erally closed  by  a  stopper. 

In  order  to  find  by  the  ud  of  this  apparatus  the  coeflScient  of 
efflnx  fi  for  different  month-pieces  and  tabes,  we  mnst  observe  by 
means  of  a  good  stop-watch  tiie  time  /,  in  which  the  water-level 
Binka  from  one  pointer  to  the  other,  or  within  which  the  head  A, 
becomes  h^ ;  if,  then,  ^is  the  cross-section  of  the  orifice  and  O  the 


928  GENERAL  PBINGIPLES  OF  MECHANICS.  [§456. 

area  of  the  sinking  sor&ce  of  the  water,  we  have  the  coefficient  of 
efflux  (see  §  448) 

and  the  corresponding  mean  head 

This  apparatus  is  provided  with  a  collection  of  mouth-pieces  and 
tubes,  viz.,  square,  rectangular,  circular  and  triangular  orifices  in  a 
thin  plate  with  or  without  an  internal  rim,  short  cylindrical  and 
conical  tubes,  long  straight  tubes  of  different  diameters,  elbowsy 
bends,  etc.,  which  can  be  inserted  in  the  different  openings  F^^  ^ 
Fi,  By  means  of  an  apparatus  with  the  above  accessories  we  can 
show  in  a  few  hours  all  the  phenomena  and  laws  pf  efflux ;  with  it 
we  can  study  not  only  the  perfect  and  imperfect  and  complete  and 
incomplete  contraction,  but  also  the  different  degrees  of  the  con- 
traction of  the  jet,  and  we  can  make  ourselves  acquainted  with  the 
resistance  of  friction,  with  that  of  elbows  and  bends,  and  also,  by 
observing  jets  of  water  and  the  sucking  up  of  water,  with  the 
positive  and  negative  pressure  of  water.  We  will  always  find 
results  which  agree  pretty  well,  and  sometimes  extraordinarily 
well,  with  the  coefficients  given  by  experiment  {ji,  0,  a,  f).  In  our 
apparatus  O  =  0,125  square  meters,  the  usual  diameter  of  the 
orifices  and  tubes  is  1  centimeter,  and  for  the  lower  orifice 
hi  =  0,96  meters  and  A,  =  0,84  meters.  (A  detailed  description  of 
this  apparatus  and  of  the  experiments,  etc.,  which  can  be  made 
with  it,  is  given  in  the  author's  "Experimentalhydraulik.") 

The  following  example  shows  how  well  observations  with  this 
apparatus  agree  with  the  well-known  experiments  on  a  large  scale. 
With  a  short  cylindrical  tube  placed  in  the  lower  aperture,  t  was 

=  33,  and  with  a  long  glass  tube,  for  which  the  ratio  -^  =  124  ^ 

'  was  found  to  be  =  56 ;  from  this  we  deduce  in  the  one  case 

/ii  =  0,815  and  <i  =  —  —  1  =  0,504, 

and  in  the  other 

/i,  =  0,480  and  f,  =  4  -  1  =  3,332; 

hence 

f«  -  fi  =  3,332  ~  0,504  =  2,828, 
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and  therefore  the  coefficient  of  friction  for  the  tube  is 

According  to  the  first  table  in  §  429,  for  the  mean  velocity  v  = 
1,84  meters,  with  which  the  water  was  discharged  from  the  tube, 
f  =  0,0215;  the  results  agree,  therefore,  very  welL  By  means 
of  these  experiments^  we  can  satisfy  ourselves  that  the  velocity  of 
efflux  of  the  water  does  not  depend  at  all  upon  the  incUnation  of 
the  tube,  but  upon  the  head  of  water  above  the  orifice  of  discharge. 
The  duration  of  efflux  is  the  same,  no  matter  whether  the  long  tube 
is  inserted  in  the  lower  or  middle  opening,  provided  its  orifice  of 
discharge  is  at  the  same  depth  below  the  surface  of  the  water  in  the 
reservoir. 

This  apparatus  has  recently  received  many  additions,  so  that  we 
caih  now  make  with  it  experiments  upon  the  efflux  of  water  under 
constant  pressure,  upon  the  efflux  of  air,  and  also  upon  the  pressure, 
impact,  and  reaction  of  water. 

CLOsma  Rbhark.— A  very  complete  list  of  the  works  upon  the  subject 
of  efflux  of  water  and  upon  the  motion  of  water  in  tubes  is  given  in  the 
"Allgemeine  Machinenencyclopadie,"  VoL  I,  Art  *»  Ausfluss."  We  will 
mention  here,  among  the  later  works,  €^rstner*s  '^Handbuch  der  Me- 
chanik,"  Vol.  2,  Prague,  1882 ;  d'Aubuisson's  "  Traite  d'Hydraulique  & 
Fusage  des  Ingenieurs,^'  n  ^dit.  1840 ;  Eytelwein's  '^  Handbuch  der  Me- 
chanik  fester  Korper  und  der  Hydraulik,'^  3d  edition,  1842 ;  Scheffler's 
"  Prindpien  der  Hydrostatik  und  Hydraulik,"  Braunschweig,  1847.  The 
older  works  of  Boasut  and  du  Buat  upon  hydraulics  are  always  of  valae  on 
account  of  their  practical  treatment  of  the  subject  "  Die  Ezperimental- 
hydraulik,  eine  Anleitung  zur  Ausfuhmng  hydraulischer  Yersuche  im 
kleinen,"  by  J.  Weisbach,  Freiberg,  1855,  is  particularly  adapted  for  teach- 
ing  and  for  the  practical  study  of  hydraulics.  Rdhlmann's  *^  Hydrome- 
chanik^'  is  also  to  be  recommended.  The  more  recent  works  of  Lesbros, 
Boileau,  Francis,  etc.,  have  been  mentioned  before  (§|  878,  880  and  887). 
We  can  also  recommend  Rankine's  ^*  Manual  of  Applied  Mechanics,*'  as 
well  as  Bresse's  *^  Cours  de  M^canique  Appliquoe,"  n.  But  two  parts  of 
the  hydraulic  experiments  of  the  author  have  as  yet  appeared,  and  they  are 

1)  "  Experiments  upon  the  efflux  of  water  through  valve-gates,  cockSy 
clacks,  and  valves;"  and 

2)  '*  Experiments  upon  the  incomplete  contraction  of  water  during 
efflux,  etc.,  Leipzig,  1848.'- 

Several  new  treatises  by  the  author  upon  hydraulics  are  contained  in 
the  '^  Civilingenieur,"  the  '*  Zeitschrift  des  Deutschen  Ingenienrvereines,'^ 
etc. 
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CHAPTER    VI. 

OP  THE  EFFLUX  OF  THE  AIB  AND  OTEEB  FLUIDS  FBOH  YESS^^ 

AND  PIPES. 

§  457.  EfflTUC  of  Merctuy  and  OIL — The  general  formula 

V  =  V2gh  (see  g  397) 

for  the  Telocity  v  of  efflnx  of  water  under  a  preeeure,  measured  by 
the  head  hy  holdB  good  (see  §  399)  also  for  other  liquidfi,  such  u 
quicksilyer,  oil,  alcohol,  eta,  and  can  also  be  employed  for  the  efr 
flux  of  air  and  other  aeriform  fluids,  when  the  pressure  is  not  Tery 
great    If  y  denotes  the  he(fcyiness  of  the  fluid  and  p  its  pressure 

upon  the  unit  of  surface,  we  hare  in  like  manner  ^  =  '^  snd 

therefore 


If  we  measure  the  pressure  by  means  of  a  piezometer,  filled  with 
a  liquid  whose  densiiy  is  yi,  the  height  of  the  oolumn  of  liquid  is 


hence  I?  =  hi  yi,  and  therefore 


=/■■ 


in  which  ei  =  —  denotes  the  ratio  of  the  heaviness  of  the  liquid  in 

y 

the  piezometer  to  that  of  the  fluid  which  is  being  discharged. 

This  agreement  of  the  laws  of  efBiux  for  different  fluids  is  not 
confined  to  the  Telocity  alone,  but  extends  to  the  contraction  of 
the  fluid  Tein.  Streams  of  mercury,  oil,  air,  etc,  when  passing 
through  an  orifice  in  a  thin  plate,  are  contracted  in  almost  exactly 
the  same  manner  as  a  stream  of  water.  Some  experiments  made 
by  the  author  upon  the  efflux  of  mercury,  oil  and  air,  haTc  shown 
conclusively  this  agreement  (see  the  Polytechn.  Centralblatt,  year 
1861,  page  386).    These  experiments  gaTe 

1)  With  a  circular  orifice  in  a  thin  plate  6,5  millimeters  in  di- 
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ameter,  under  heads  of  01,5  milliineters  and  329  millimeters,  the 
ooeflSdents  of  efflux 


Vornnv. 

MerauTy. 

RtptucJoU 

fi  =  0,700 

0,670 

0,674 

Prom  the  above  table  it  appears  that  the  contraction  of  streams 
of  mercury  and  rape-eeed  ail  is  a  little  greater  than  that  of  a  stream 
of  water. 

2)  Witii  a  shorty  wM-rtmndedf  c&naidal  numtJt-piecej  whose  di- 
ameter d  was  6,6m.  sl  and  wboie  length  was  double  the  diameter 
(2  rs  2  d)9  the  following  Talnea  weie  found 


For 


111  =  0,942 


0,989 


Rape-fleed  ofl. 


At  a  temp.  iH*  C 


0,480 


At  a  temp.  39*  C 


-•-^•■i«.^iMPi>v^>^»a-*«— «-•—■«■ 


0,665 


3)  A  short  cylindrical  pipe,  which  was  not  rounded  off  inside, 
whose  diameter  was  d  2=  6,76  millimeterB  and  which  was  three 
times  as  long  ae  wide  (7  3:  8  d),  gave  the  following  values : 


Formler. 

1 

Hape-eeed  oil. 

At  a  temp.  iH*  C 

At  a  tempL  39*  C 

fi  =  0,886 

0,900 

0,363 

0,604 

From  these  experiments  we  find  that  mercury,  flows  through 
short  mouth-pieces  and  pipes  but  little  faster  than  water,  and  that, 
on  the  contrary,  the  velocity  of  rape-seed  oil  increases  visibly  with 
the  temperature  and  is  less  than  that  of  water.  The  great  differ- 
ence between  the  velocity  of  water  and  oil  is  due  to  the  greater  ad- 
hesion of  the  oil  to  the  walls  of  the  pipe. 

4)  The  following  values  of  the  coefficient  of  resistance  f  were 
obtained  with  a  glass  tube  6,64  millimeters  in  diameter  and  86 
times  as  long  as  wide  (1)  and  with  an  iron  tube  6,78  millimeters  in 
diameter  and  85  times  as  long  as  wide  (II). 
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Fm™i=, 

Mcifli^T- 

Rapc-wdnL                            | 

A,.U..,p...l-C 

*..«,»,-c 

I 

f  =  0,0871 

0,027! 

30,21 

2,722 

IL 

f  =  0,0403 

0,0461 

64,90 

6,24 

According  to  this  laet  experiment  the  coefficient  of  resistaDoo 
of  mercnry  in  an  iron  or  glass  tube  is  &  little  greater,  and,  on  the 
contrary,  that  of  rape-seed  oil  many  times  greater  than  that  of 
water.  We  also  see  from  these  tables  that  the  coefficient  of  resiBt- 
ance  of  the  rape-seed  oil  diminishes  as  the  temperature  or  d^ree  of 
fluidity  increases.  These  ezperiment«  also  show  that  the  coefficient 
of  resistance  for  the  iron  tube  is  mncb  greater  tlian  for  the  gtasB 
tube,  which  is  due  to  the  greater  smoothness  of  the  latter. 

§  458.  Velocity  of  Efflux  of  Air. — If  we  Eusame  that  lh« 
air  does  nol  change  its  density  during  the  efflux,  the  well-known 
formula  for  the  efflux  of  water  from  vessels  can  also  be  implied  to 
the  efflux  of  air.  If  ^  is  the  pressure  of  the 
exterior  air  and  pi  and  ^i  the  pressure  and 
beaTiness  of  the  air  inside  the  vessel  A  B, 
Fig.  79S,  wo  can  put  for  the  Telocity  of  ef- 
flux of  the  latter  (see  §  399) 


Fig.  798. 


=  /2j(£-pi> 


=  t^ 


Bnt  (according  to  g  393),  if  ^  is  the  pressore  in  kilognuns  upon 
8  sqnare  centimeter  of  sur&oe,  y  the  weight  of  a  cabic  meter  of  air, 
and  T  its  temperature 

jp  _  1  +  0,00367  ■  T 
y  ~  1,2514 

or,  if/)  is  referred  to  a  aor&ce  of  one  square  meter, 

y  "  I^n^  ^^  "•"  0'"*367  t)  =  7&&1  (1  +  0,00367  t)  ; 
hence  it  follows  that 
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f!=  ^y  =  ^^'^  ^^  +  0,00367  r, 
or  replacing  0,00367  by  d 

Y^  =  89,39  VI  +  <JT,andt;  =  89,39  V^2g{l  + 6  r)  (l--  ^\ 

=  396  4/(1  +  cJ  r)  (1  -  ^\ 
or  for  the  English  system  of  measures 

m 


V 


=  161,9 1/2.7(1  +  cJt)(i-.|-) 


=  1299 /(I  +  cJ  r)  (l-|-}, 

T  being  expressed  in  degrees  of  the  centigrade  thermometer. 

If  b  is  the  height  of  the  barometer  and  h  that  of  the  manom- 
eter ( Jf ),  we  have  also 

p           ^          1      P          A 
=  X  .   zy  or  1  ■-  ^  =  ^^ =-, 

and  consequently  the  velocity  of  the  issning  air 

V  =  396  y  (1  +  6t)  ^-^  meters 

^  4-  A 

=  1299  i/(l  +  cJr)^A^fee<^ 

or  approximatively,  when  the  height  of  the  manometer  is  small,  by 
putting 


t>  =  396  (1  -  A\y^(7+d  T)  I  metera 

=  1299  (1  -  A)  |/(l+dT)| feet. 

Remabk. — On  accoant  of  the  ordinary  humidity  of  the  atmosphere,  it  is 
adviBable  in  practice  to  take  6  =  0,004. 

§  459.  Discharge. — ^If  i^  is  the  cross-section  of  the  orifice,  we 
have  the  effective  dischaige^  measured  at  the  pressure  in  the  reser- 
voir, |?i  or  ft  +  A, 
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'      "  y'  b  +  h' 
B.O.,  for  atmospheric  air 

O,  =  396  J'  i/(^  -H  J  t)  A  ^^j^  jj^^^ 

=  1299  F  j/S^ZS*  cnbio  feet 

If  we  reduce  this  quantity  of  air  to  the  pressuro  of  the  exterior 
air  p  or  }y  we  obtain 

y     p  pi 


E.Q.9  for  atmospheric  air 

C  =  396  J?'  |/(1  +  cJ  t)  /l  +  i)  ^  cubic  meters. 

Q  =  1299  F  \/(l  +  6r)  (l  +  ^)  J  cubic  feet. 

Example. — ^The  air  in  a  large  reservoir  is  at  a  temperature  of  120^  C 
and  at  a  pressare  correapondiBg  to  a  height  of  the  manometer  of  5  inclieB, 
while  the  barometer  marks  29,2  inches ;  what  will  be  the  dischaige  througk 
an  orifice  1|^  inches  in  diameter  ? 

The  theoretical  velocity  of  efflux  is 

/  6"  /i4404   5 

V  =  1299  |/(1  +  0,00367  •  120)  ^j^  =  1299  y  -'  ^2     "=  ^^  feet, and 

the  cross-section  of  the  oiifloe  is 

^ = ^  =  4  •  (ly  =  m  =  ®'®*^  "^"^  '«*5 

hence  the  theoretical  dischaige,  measived  at  the  pressure  in  the  reservoir,  is 

Ci  =  F«  =  696  .  0,01227  =  7,818  cubic  feet, 
and,  on  the  contrary,  at  the  exterior  pressare  the  volume  is 

Q  =  ^4-^  C  =  s!rl  •  7,818  =  8,665  cubic  feet 

§  460.  EflElnz  accorffiag  to  MtarfoCt»^8  Law.^-If  we  snpiMMe 

that  the  air  does  not  change  its  temperature  during  the  diach^^ge. 
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we  can  aesume  that  it  expandft  according  to  the  law  of  Mariotte 
(i9ee  §  3S7)>  and  therefore  that  the  quantity  of  air  Q  in  passing  from 

the  pressnre  j7  to  the  presaore  j^i  performs  the  work  Qp  I  (^).    K 


v* 


we  put  this  work  equal  to  the  energy  ^r—  Qy  stored  by  Q  yduringf 
the  efflux,  we  obtain  the  following  formula 

bence  the  relocily  of  efflux  is         

Now,  as  in  the  foregoing  paragraph,  for  the  metrical  system  of 

loeasures  ^  =  V^;  hence  we  have  hew  alao 
y        1,2514  ' 


V  =  396  |/(1  +  <J  r)  Z  (£^\  =  3«6  V^(l  -h  S  r)  I  /*-±-*\  meters, 
and 

V  =  1399  i/(l  +  d  t)  ?  (^)  =r  1»9 1/(1  +  cJ  r)  /  (^-y^)  ftet, 

in  which  d  denotes  the  height  of  the  barometer  in  the  exterior  air 
and  h  the  height  of  the  manometer  for  the  confined  air,  r  the  tern* 
perature  of  the  latter  in  degrees  centigrade  and  d  =  0,00367  the 
well-known  coefficient  of  expansion  of  air.  Now  the  theoretical 
discharge  per  second  is  _ 

=  1299  F  4/(1  +  rf  t)  ;  (--y^)  cubic  feet, 
<«>  -wtieii  redtioed  to  thd  ptesstoe  of  tiie  Air  in  fh«  reBerrdt, 

Pi  P*      r     .Vy      yj,j 
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If  the  exoesB  of  pressure  of  the  air  in  the  reservoir,  or  ^  is  yery 
small,  we  can  put 

(see  the  Ingenienr,  page  81),  and  therefore,  approzimatiyely, 

while  according  to  the  first  formula  for  the  efflux  (see  §  459) 

We  see  that  if  we  assume  that  air  in  flowing  out  expands 
according  to  Mariotte's  law,  we  obtain  a  smaller  discharge  than 
when  we  consider  that  the  air  acts  exactly  like  water  and  does  not 

expand  at  alL    This  difference  diminishes  with  ^  and  in  both  cases 
for  very  small  values  of  r$  we  have 

Q  =  Fi/2g^.  I  =  1299  F\/{1  +  ^  r)  |  cubic  feet 

§  461.  Work  Done  by  the  Heat— The  logarithmic  expres- 
sion, found  in  §  388,  for  the  work  done  during  the  compression  or 
expansion  of  air  is  correct  only,  when  we  assume  that,  while  the 
change  of  volume  or  density  is  taking  place,  the  temperature  of 
the  air  does  not  alter ;  but  this  is  correct  only,  when  the  change 
takes  place  so  slowly  that  the  heat  in  the  confined  air  has  time 
enough  to  communicate  any  excess  to  the  walls  of  the  vessel  and 
to  the  exterior  air.  But  if  the  change  of  density  takes  place  so 
quickly  that  it  is  accompanied  by  a  change  of  temperature,  when 
the  air  is  compressed,  the  temperature  is  elevated  and  when  it  is 
expanded,  it  is  lowered.  Under  these  circumstances  the  tension 
cannot  change  according  to  the  law  of  Mariotte  alone.  If  p  and 
Pi  are  the  pressures,  y  and  yi  the  heavinesses  and  r  and  r,  the  tem- 
peratures of  the  same  air,  we  have,  according  to  §  392,  the  formula 

Pi  —  ^  +  ^^'     % 
p        1  +  d  T  *  y' 

Now  if  during  the  sudden  change  of  pressure  the  temperature 

varies  in  the  ratio 

l  +  dr,  _  /yM 

1  +  (Jt  ^  Vy/' 
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we  can  pnt 


or 


p^  _  /l  +  dTA«_  /  y,\l 
p  "  \l  +  dT/''\yr 

"XL  +  dr/'-yp)' 


Fia.  794. 


7 

If  in  a  cylinder  A  0,  Fig.  794,  a  prism  of  air,  whose  initial 

height  \a  E  B  ^  8^  whose  initial  tension  is  p 
and  whose  heaviness  is  y,  is  cut  off  by  a  piston 
E  Fy  and  if,  by  suddenly  raising  the  piston  a 
distance  Xy  we  cause  the  density  of  this  mass 
of  air  to  become  y  and  its  tension  to  become 
Zf  we  have,  according  to  the  last  formula, 

z 


and  therefore 


In  order  to  move  the  piston,  whose  area 
we  will  for  simplicity  put  equal  to  the  unit 
of  sur&oe,  through  an  element  o  of  its  path 
the  work,  which  must  be  done,  is 

sa=  ^_i-_j^a=jp(Trf(«-a:)-f. 

Substituting  instead  of  x  successiyely  1  cr,  2  cr,  3  (t  . . .  and  put- 
ting 8  =  no  and  the  height  of  the  prism  of  air,  when  the  piston 
has  described  the  space  E  Ei^  Ei  B  =  8^  =^  m  a,  we  have  for  the 
work  done  by  the  piston  in  moving  the  distance  E  E^ 

Ai^po  8^  [«-•  +  («  —  cr)-l  +  (a  —  3  <t)-I  +  ...  +  («  —  m  cr)-t] 

(cr)-l  +  (2  a)-\  +  (3  <t)-I  +  ...  +  (»  <T)-f     \ 
[(^)~*  +  (»<^)-»+  (3  <t)-»+  ...  +  (mcr)-IJ  | 


_£jrl  jl-«  +  2-1  +  3-i  +  ...  + ni-»  +  ...  +  n-«  | 

Kow,  according  to  page  88  of  the  Ingenieur,  when  m  and  n  are  infi- 
nitely great  numbers,  we  have 

1-1  +  2-t  +  3-t  +  ...  +  f?i-»  = 


and 


-i 


m» 
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1-1  +  2-»  +  3-i  +  . . .  +  «-»  =  -  —', 

w 

henoe 

if  by  raising  the  piston  another  distance  $  we  wish  to  force  the 
oompreisaed  mass  of  air  j^  Ex  into  a  space  R^  where  th»  prMRire  is 

the  work  to  be  done  will  be 

the  exterior  air  presses  upon  the  piston  daring  the  whole  of  its 
course  with  a  force  p  and  transmits  to  it  the  mechanical  efPect 
At=i  p  8.  Henoe  the  total  mecbaaical  effect  necessary  to  compress 
the  volume  of  air  (1 .  s)  and  force  it  into  the  space  R  lA 

fmd  consequently  the  work  done  in  (Compressing  a  volume  of  air 
from  the  pressure  p  to  j^i  Isf 

^  =  8r^[(iL)'-i]..r,[(J)'-.]  =  8r,(v|-i). 

while,  according  to  Msriotte's  law,  we  should  put 

and  for  perfectly  inccHnpressibie  fluids  we  have 

li,  oti  the  contrary,  tht  quantity  F,  yi  of  air  at  the  pressure  pi 
IS  brought  back  by  sadden  expandon  to  the  pressure  p  and  the 
density 

oif  to  the  volume 

the  work  done  by  air  is 


/ 
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ExAxniiL*-If  &  blowing  engine  oonvetts  per  fiecond  10  cubic  feet  of 
air  at  a  preesnre  &  =  28  inches  of  the  barometer  into  a  blast  at  the  pressure 
&  +  A  =  80  inches,  it  requires,  according  to  the  foimuhi, 

^  =  .r4(a)'-.j 

since  the  pressure  per  square  foot  is 

^  =  144  .  0,4018  &  =  144  .  0,4018  .  dS  =  1081  pounds, 
the  mechanical  tfSed 


^  =  80  .  1081 


U/^  "  ^)  -  ^^^^  (rn  ""  ^)  -  ^^^  •  ^'^^^ 


=  188d  foot-pounds. 
The  logarithmic  formula  (see  Example  1,  {  886)  gires  A  a=  1866,7  foot- 
pounds, and  that  for  water 

A==Vp  (^^-l)  =  19810  (5^- l)  =  ^  =*  1415  foot-pounds. 

§  462.  BfflTUC  of  Air,  when  the  Cooling  is  taken  into 
consideration.^— The  energy  A  zs  9  QipSl  -^  (^)  I  which  is 

restored  during  the  sudden  expansion  of  Qi  to  Q,  can  be  put  equal 

to  the  work  Qi  Ti  •  a~  ^^^^  ^  overcoming  the  inertia  of  the  mass 

^^^  of  air  when  the  latter  assumes  the  Telocity  v» 
From  the  equation 


C.»,^  =  .0,^[i-(^)'} 

we  dedaoe  tiie  following  formula  for  efflux : 

henoe  ire  have  in  mttera 

♦  =  164.8  /a  ^  (1  +  *  r)  [l  -  (|-j*] 

=  686,8 '/(l+dT)[l^(|-j*} 
and  in  English  feet 

»=  280,4 /2  jr  (1  +  d  t)  [l  -  (U  ] 

=  8360  y  (1  +  «J  t)  [l  -  /^J  ]  feet 
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The  tension  of  the  iflsuing  air  is  that  of  the  exterior  air  j?;  its 
heayiness  is  _       /J^  \* 

and  its  temperature  is  /i'  \'     i 

*  ~    ■  \pJ         5—' 
and  the  theoretical  discharge  from  an  orifice,  whose  area  is  Z',  is 

=  280,4:  Fi^ 2  y  (1  +  <J  t)  [l  -  /^^j  cubic  feet, 

in  which  p^  y^  and  t^  denote  the  pressure,  heaviness  and  tempera- 
ture of  the  confined  air. 

Beduced  to  the  pressure  in  the  reservoir,  this  discharge  is 

«■ = ^  •  «• = ©'«• = H0  ^''<['-m 

and,  finally,  reduced  to  the  pressure  of  the  exterior  air  and  to  the 
temperature  of  the  air  in  the  vessel  or  to  the  heaviness  y  = 

r.  (|).  it  h 

=^/».?^'(f[(f)'-.} 

If  we  put  —  =  — T — ,  in  which  b  denotes  the  height  of  the  ba- 
rometer in  the  exterior  air  and  b  +  A  that  of  the  barometer  in  the 
confined  air,  we  obtain 


<?=^^^WW[(W^ 


=  280,4  V2,(l  +  ..)(*^/[f-f*y-l] 

=  2250 f/(1  +  6 r)  (*_+*)* [(1+^)*!^ cubic  feet 
In  most  cases  t  is  very  small,  and  we  can  put 
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and  therefore 

In  the  application  of  this  formula  to  &ns,  blowing  engines,  etc, 
in  which  cases  t  <  ^>  the  theoretical  discharge,  measured  at  the  ex- 
terior pressure  and  the  interior  temperature,  is  simply 


=  89,39  F\/2g{l  +<Jt)^  =  896  F\/{1  +  St)  |  cubic  meters 

=  161,9  F\/2g{l  +  dT)~  =  1299  Fy{l  +  Sr)^  cubic  feet 

EzAHFLB.— In  the  case  treated  in  the  Example  of  {  469,  where  h  =  29,2, 

ird* 
A  =  5  inches,  t  =  120°  and  i^  =  -j-   =  0,01227  square  feet,  we  have  the 

discharge  according  to  the  last  formula,  measured  at  the  pressure  of  the 
external  air, 

Q  =  1299  F  |/l,4404  .  ^  =  1299  F  V0,2466 

=  646,1  F  =  645,1  .  0,01227  =  7,915  cubic  feet, 
while  previously  (§  459)  we  found,  according  to  the  formula  for  water, 
Q  =  8,565  cubic  feet,  and  according  to  the  logarithmic  formula  in  §  460, 
we  have 

Q  =  1299  F  4/1,4404  I  ^  =  1299  FVO^m 
=  619,9  .  0,01227  =  7,606  cubic  feet. 

§  463.  EflElaz  of  Moving  Air.— The  formulas  for  efflux 
already  found  are  based  upon  the  supposition  that  the  pressure  p 
or  the  height  h  of  the  manometer  is  measured  at  a  place,  where  the 
air  is  at  rest  or  moving  very  slowly ;  but  if  we  measure  pi  and  hi 
at  a  point,  where  the  air  is  in  motion,  if,  e.o.,  the  manometer  Mi 
is  in  communication  with  the  air  in  a  pipe  C  F,  Fig.  795,  we  must 
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take  into  considemtioQ,  in  determining  the  velocity  of  efDox,  tbe 
■via  viva  of  the  approeching  air.  IF  c  be  the  Telocity  of  the  air  pfl89- 
ing  the  orifioe  of  tbe  manometer,  we  maet  put 

If  F  denot«8  the  cross-section  of  fbe  orifice  and  <7  that  of  the 
tabe  or  of  tbe  stream,  which  passes  the  orifice  of  the  manometer, 
the  discharge  of  air  is  Q,  y,  =  ff  ey,  =  J'ry,;  henoe 

and  the  required  velocity  of  efflux  is 


or  spprozimatiTely,  when  p,  is  not  mnch  greater  than  p^ 


>^['-ft)'] 


'-(?)' 


-©■ 

Here,  as  in  the  case  of  the  efflnx  of  water,  the  velocity  of  eEAnx 

F 
Pre,  7W.  increases  with  the  ratio  ^  of 

the  cross-section  of  tiie  ori- 
fioe to  that  0  of  the  pipe  or 
moving  stream  of  air.  We  eee 
&om  this  that,  under  the  same 
circumstances,  the  height  p^ 
of  the  manometer  decreases 
ae  the  diameter  of  the  tabe 
diminishes,  or  as  the  velocity  of  tlie  air  in  tbe  pipe  increases. 
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If  we  denote  by  p^  the  tension  in  the  reseryoir^  where  the  air  is 
at  rest,  we  have  also 

r, = ^  [^  -  m 

ond  if  we  eliminate  v  from  the  two  exporessum^  we  obtaiii 

If  b  denotes  the  height  of  the  barometer  in  the  fine  air,  A  that 
pf  the  manometer  connected  with  the  reeerroir  and  F  the  area  of 
the  orifice  of  efflux,  we  have,  finally,  the  theoretical  discharge 
neamred  wb«n  its  hearinese  is 


=^1299-^ 


(1  +  «Jt)'^ 


EzAHFLB. — ^The  height  of  a  quickflilver  manometer,  which  is  placed 
upon  a  pipe  8)  inches  in  diameter  through  which  air  is  passing,  is  2^  inches, 
while  the  air  is  discharged  through  a  circular  orifice  2  inches  in  diameter 
at  the  end  of  the  pipe :  what  is  the  yelodty  of  discharge,  assuming  the 
barometer  in  the  external  air  to  stand  at  27)-  inches  and  the  air  in  the  pipe 
to  be  at  a  temperature  of  10^  (7?    Here 

VI  +  <5t  =  Vi;0867  =  1,018,  |/^  =  VS^  =  V^T  =  0,8015  and 
jP'  =  ff  r'  =  8,141 :  144  =  0,02181  and 
A  A       7^'     V49*  -  16*      46,814       ^^,^^ 

hence  the  discharge  is 

Q  =  1290  F.  ^'^^0^9452^^^  =  421,8  F:^  9,20  cubic  feet 
For  the  corresponding  tension  p^  in  the  reservoir,  we  have 

0,0287       ^^^.^    V 
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^  =  0,90788,1),  =  1,108  !>  and  &  +  A,  =  1,108  h 

and  consequently  the  height  of  the  manometer  in  the  reservoir  ia 
A,  =  0,108  b  =  0,108  .  27,5  =  2,83  inches. 

§  464.  Coefficients  of  BfBnx. — The  phenomena  of  contraO' 
tion,  which  we  have  Btndied  for  the  efflux  of  water^  are  also  met 
with  in  the  efflux  of  air  from  yessels.  If  the  oriiSce  of  efflux  is  in 
a  thinplatOy  the  stream  of  air  has  a  smaller  cross-section  than  the 
orifice,  and  the  effective  discharge  Q,  is  consequently  smaller  than 
the  theoretical  Q,  or  the  product  Fv  of  the  cross-section  -P  of  the 
orifice  and  the  theoretical  velocity  v.  This  diminution  of  the  dis- 
charge is  owing  principally^  as  we  can  observe  in  a  stream  of 
smoke,  to  the  contraction  of  the  stream  of  air,  and  we  can,  ther&- 

fore,  as  in  the  case  of  water  (see  §  406),  call  the  ratio  a  =  -^^  of 

the  cross-section  ^i  of  the  stream  of  air  to  that  F  of  the  orifice 

the  coefficient  of  contraction, 

the  ratio  0  =  —  of  the  effective  Telocity  Vi  to  the  theoretical  v 

(see  §  408) 

the  coefficient  of  vehdty, 

and  the  ratio  f»  =  ^  =  -ji— ?  =  o  0  of  the  effective  discharge  Qi 

to  the  theoretical  discharge  Q 

the  coefficient  of  effltix. 
As  in  the  case  of  water  the  coefficient  of  velocity  0  for  the  ef- 
flux of  air  through  an  orifice  in  a  thin  plate  is  nearly  =  1,  and 
therefore,  so  long  as  we  have  no  measurements  of  the  stream  of  air, 
we  must  put  the  coefficient  of  efflux  fi  =  a<l>  equal  to  the  coefficient 
of  contraction  a.  The  older  experiments  upon  the  efflux  of  air 
tiirough  orifices  in  a  thin  plate  vary  very  considerably  firom  each 
other.  The  experiments  of  Koch,  calculated  according  to  the 
formula  for  water  by  Bu£^  gave  for  circular  orifices  from  3  to  6 
lines  in  diameter,  when  the  height  of  the  water  manometer  was 
from  0,2  to  6,2  feet^  f*  =  0,60  to  0,50;  on  the  contrary,  the  experi- 
ments of  d'Aubuisson,  calculated  in  the  same  way,  giye  for  circular 
orifices  1  to  3  centimeters  in  diameter,  when  the  height  of  the 
water  manometer  is  between  0,027  and  0,144  meters,  fi  =  0,65  to 
0,64.  Poncelet  also  found,  upon  calculating  the  experiments  of 
Pecqueur  by  the  same  formula,,  for  an  orifice  1  centimeter  in  diam- 
eter, under  an  excess  of  pressure  of  1  atmosphere,  or  of  a  column 
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of  water  10  meters  high,  f*  =  0,563,  and  for  a  similar  one  1,6  cen- 
timeters wide,  fi  =  6,566.  The  more  extended  experiments  of  the 
author,  calculated  according  to  the  last  formula 

gave  the  foDowing  results : 

1)  When  the  diameter  of  the  orifice  d  =  1  centimeter  and  the 
ratio  of  the  pressures  was 


1,05 

1,09 

1,43 

1,65 

1,89 

2,15 

f*  — 

0,555 

0,589 

0,692 

0,724 

0,754 

0,788 

2)  When  the  diameter  of  the  orifice  d  =  2,14  centimeters,  for 


b      " 

1,05 

1,09 

1,36 

1,67 

2,01 

M  == 

0,558 

0,673 

0,634 

0,678 

0,723 

3)  When  the  diameter  of  the  orifice  d  =  1,725  centimeters,  for 


b  +  h 

b      ^ 

1,08 

1,37 

1,63 

^  = 

0,563 

0,631 

0,665 

4)  When  the  diameter  of  the  orifice  rf  =  2  centimeters,  for 


b  +  k 

b    " 

1,08 

1,39 

/*  = 

0,678 

0,641 

The  coefficient  of  contraction  for  efflux  through  an  orifice  in  a 
thin  plate  increases  sensibly  with  the  head.  But  if  the  formula  for 
water  is  employed,  there  is  much  less  variation ;  this  formula  give^ 

fi  nearly  y  ~,  e.o.  for  ~  =  2 ;  V\=  0/lVt  times  as  great  as  the 
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last  fonnula.    According  to  the  first  table,  for  d  =  1  and  ^  =  3, 

P 

fA  =  -i ^r-- —  =  0,771 ;  hence,  according  to  the  water  formula^ 

fi  =  0,707  .  0,771  =  0,556,  which  is  nearly  the  same  value  as  Pon- 
celet  found. 

For  efflux  through  a  circular  orifice  1  centimeter  in  diameter, 
situated  in  a  conicaUy  convergent  wdU^  the  angle  of  conyergence 
being  100  degrees,  the  author  found  for 


b  +  h 

b    ~ 

1^1 

1,66 

^  = 

0,752 

0,793 

In  like  manner  with  the  same  orifice  in  a  conicaMy  divergent 
wall,  the  angle  of  divergence  being  100  degrees,  the  author  obtained 
for 


b  +k 

b     ~ 

1,30 

1,66 

f*  = 

0,589 

0,663 

§  465.  The  variability  of  the  coefficient  of  contraction  a  =  ^ 
for  the  efflux  of  air  through  an  orifice  in  a  thin  plate  also  affects, 
according  to  the  well-known  formula 

fi  =  <t>  =  -^^  =  -; \    —~.  (see  §422), 


fl  +  f 


V^-i) 


the  coefficient  of  efflux  for  short  pipes.  According  to  the  experi- 
ments of  Eoch,  cited  above,  we  have  for  such  tubes  3  to  4  lines 
in  diameter  and  from  4  to  6  times  their  diameter  in  length,  when 
the  pressure  is  0,3  to  6,2  feet  of  the  water  manometer,  fi  =  0,74  to 
0,72,  while,  on  the  contrary,  d'Aubuisson  gives  for  similar  tubes,  1 
to  3  centimeters  in  diameter,  3  to  4  times  as  long  as  wide,  and 
under  a  pressure  equal  to  0,027  to  0,141  meters  of  the  water  ma- 
nometer, fi  =  0,92  to  0,93;  and  Poncelet  found  for  cylindrical 
pipes  1  centimeter  in  diameter  and  from  2^  to  10  centimeters  long, 
under  twice  the  atmospheric  pressure,  /*  =  0  632  to  0,650. 

The  experiments  made  by  the  author,  on  the  contrary,  have  led 
to  the  following  results: 
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1)  A  short  cylindrical  tube  or  ajutage,  1  centimeter  in  diameter 
and  3  centimeters  long,  gave  for 


1,05 

1,10 

1,30 

^  = 

0,730 

0,771 

0,830 

2)  A  gimUar  tube,  1,414  centimeters  in  diameter  and  three  times 
as  long  as  wide^  gave  for 


b  +  h 

b     ~ 

1,41 

1,69 

P  = 

0,813 

0,823 

3)  A  similar  pipe,  2,44  centimeters  wide  and  three  times  as  long, 
gave  for 

^-j^  =  1,74,^  ==  0,833. 

The  increase  of  the  coefficient  of  efflux  as  the  pressure  increases 
is  explained  by  the  simultaneoas  increase  of  the  coefficient  of 
contraction. 

The  short  pipe  (1),  when  its  inlet  orifice  was  slightly  rounded 
ofT,  gave  as  a  mean  value  for  its  coefficient  of  efflux  fi  =  0,927, 
which  is  much  greater  than  that  for  a  similar  pipe  which  is  not 
rounded  ofL 

4)  A  short  pipe,  with  its  inlet  orifice  weU  rounded  cfff,  1  centi- 
meter wide  and  1,6  centimeters  long,  gave  for 


b  +  h 

b      ~ 

1,24 

1,38 

1,59 

1,85 

2,14 

f*  = 

0,979 

0,986 

0,965 

0,971 

0,978 

The  advantage  of  the  formula  for  efflux 

Q=:fi  F\% gSl^  over  the  others 

y  p 

is  shown  by  the  &ct  that  this  coefficient  approaches  very  nearly 
(as  it  should  do)  unity. 

The  older  formula  gives  of  course  for  great  pressures  much 
*  smaller  values  for  /i. 
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On  the  contrary,  the  logarithmic  formula  (see  g  460)  giyea  much 
greater  values  which  may  sometimes  eyen  exceed  unity. 

A  short  conical  pipe,  rounded  off  at  the  inlet  orifice,  gave  nearly 
the  same  values  for  ju,  and  a  short  conical  tube,  which  was  not 
rounded  off,  and  which  was  1  centimeter  in  diameter  and  4  centi- 
meters long,  and  whose  angle  of  convergence  was  7^  9^  gave  for 


b  +  A 

b     ~ 

1,08 

1,27 

1,66 

M  — 

0,910 

0,922 

0,964 

Koch  and  BufT  found  with  a  similar  tube,  whose  exterior 
eter  was  2,72  lines  and  the  angle  of  convergence  of  whose  gides  was 
6^,  under  a  head  of  0,8  to  6,2  feet  of  the  water  manometer  /i  =  0,73 
to  0,85,  and  according  to  d'Aubuisson  a  similar  pipe,  whose  orifice 
was  1,5  centimeters  in  diameter,  gave  under  a  pressure  measured 
by  a  height  of  from  0,027  to  0,144  meters  of  the  water  manometer^ 
fl  =  0,94.  The  old  or  water  formula  was  employed  in  the  calcu- 
lations. 

The  complete  nozzle  A  (7,  Fig.  736,  §  434^  consisting  of  a 

conical  tube  with  an  angle  of  convergence  of  6%  which  was  14,5 
centimeters  long,  1  centimeter  wide  at  the  outlet  and  3,8  centi- 
meters wide  at  the  inlet,  which  was  well  rounded  o%  gave  for 


b  +  h 
b     ~ 

1,0» 

1,45 

2,16 

/*  = 

0,932 

0,960 

0,984 

By  experiments  upon  the  influx  of  air  into  vessels,  Saint- 
Yenant  and  Wantzel  found  for  a  short  mouth-piece,  rounded  off 
internally  in  the  form  of  a  quarter  of  a  circle,  when  the  calcula- 
tions were  made  according  to  the  new  formula,  fi  =  0,98,  and /or 
an  orifice  in  a  thin  plate,  /i  =  0,61. 

If  the  pressures  are  small,  as  is  the  case  in  the  ordinary  ian, 

where  r  <  i>  we  can  substitute,  according  to  what  precedes,  when 
we  employ  the  new  formula  for  efflux 

Q  =  fiF  |/25ri^.|  =  1299/i^|/(l  +  0,004  r)  ~  ouWc  ftet, 

y     n  0 

as  a  mean 

1)  for  an  orifice  in  a  thin  plate,  fi  =  0,66^ 
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2)  for  a  ahari  cylindrical  pipe,  fi  =  0^75, 
8)  for  a  well  rounded  off  conical  mouth-piecey  it  2=  0,98, 
4)  for  a  conical  pipe,  whose  angle  of  conTergence  is  about  6°, 
fi  =  0,92. 

EzAHPLlB. — ^If  the  Bum  of  the  ateas  of  two  conical  tuyeres  of  a  blowing 
machine  is  8  square  inches,  the  temperature  in  the  reservoir  is  IS"",  the 
height  of  the  maikometer  in  the  regulator  is  8  inches  and  the  height  of  the 
barometer  in  the  exterior  air  is  39  inches,  we  haye  the  effectiye  dischaige, 
measured  at  the  pressure  of  the  exterior  air, 

Q  =  12W ^Fya  +  0,004  t)  I 

«  1299  .  0,9«  .  j?j  |/(1  +  0,004 .  15)  ^^  =  24,9  j/^^ 

=  24,9  .  0,881  =  8,242  cubic  feet. 

g  466.  Coefficient  of  Friction  of  Air. — If  air  moves  through 
a  long  pipe  0  JPJ  Pig.  796,  it  has,  like  water,  a  resistance  of  friction 

Fxe.  796. 


to  overcome,  and  thi»  resistance  can  be  measured  bj  the  height  of 
a  column  of  air,  which  is  determined  by  the  expression 

_.  I    ^ 

in  which,  as  in  the  case  of  water  pipes,  I  denotes  the  length,  d  the 
diameter  of  the  pipe,  v  the  veloci^  of  the  air,  and  ^  the  coefScient 
of  resistance  of  friction,  to  be  determined  by  experiment 

Girard^s  experiments  upon  the  movement  of  air  in  pipes  gave  a 
coefficient  of  resistance  C=  0,0256,  those  of  d'Aubuisson,  as  a  mean, 
^  =  0,0238,  while  according  to  the  experiments  of  Buff  the  mean 
value  of  f  =  0,0375.  Poncelet,  on  the  contrary,  found  from  the 
data  furnished  iy  the  experiments  of  Pecqueur,  when  the  ratio  of 

pressure  is  ^  r=  2,  ^  :=  0,0M7. 

The  experiments  of  the  author,  calculated  according  to  the  new 
formula,  gave  the  following  results : 

1)  A  brass  tube,  1  centimeter  wide  and  2  meters  long,  gate  fot 
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yelocities  of  from  25  to  150  meters  ^  gradually  decreasing  from 
0,027260  to  0,01482. 

2)  A  glass  tube  of  the  same  length,  when  the  velocities  were 
about  the  same,  gave  f  =  0,02738  to  0,01390. 

3)  A  brass  tube,  1,41  centimeters  wide  and  3  meters  long,  gave 
f  =  0,02578  to  0,01214. 

4)  and  a  similar  glass  tube,  C  =  0,02663  to  0,00940a 

5)  Finally,  a  zi^ic  tube,  2,4  centimeters  wide  and  10  meters 
long,  gave,  for  velocities  of  from  25  to  80  meters,  f  =  0^303  to 
0,01296. 

From  what  precedes  we  may  conclude  that  it  is  only  when 
velocities  are  about  25  meters  or  80  feet,  that  the  coefficient  of  re- 
sistance C  can  be  put  =  0,024,  and  that  it  becomes  smaller  and 
smaller  os  the  velocity  of  the  air  in  the  pipe  increases. 

Approximatively  we  can  write,  when  the  velocity  is  expressed 

in  meters,  C  =  -^=r-  or  when  it  is  expressed  in  feet  f  =  — -^r-.  The 

Vv  Vv 

general  relations  of  the  flow  of  air  in  pipes  are  very  similar  to  those 

of  water. 

The  resistance,  caused  by  elbows  and  bends,  is  to  be  treated  in 
the  same  way  as  in  the  case  of  water. 

In  the  author's  experiments  a  rectangular  elbow,  1  centimeter  in 
diameter,  gave  ^  =  1,61,  and  a  similar  one,  1,41  centimeters  in 
diameter,  gave  <'  =  1,24,  and  a  pipe  like  the  former,  when  bent  in 
the  shape  of  a  quarter  of  a  circle,  gave  C  =  0,485,  and  one  like  the 
latter,  bent  in  the  same  way,  gave  f  =  0,471. 

§  467.  Motion  of  Air  in  Long  Pipes. — By  the  aid  of  the 

coefficient  C  of  the  resistance  of  friction  of  a  pipe  B  F,  we  can  cal- 
culate the  velocity  of  efflux  and  the  discharge  for  a  given  length 
and  width  of  the  pipe. 

If  hi  is  the  height  of  the  manometer  M^  at  the  end  of  the  pipe 
0  F,  Fig.  797,  directly  behind  the  mouth-piece  F,  whose  coefficient 

Pia.  797. 


of  resistance  is  f  =  — =  —  1,  and  if  d  denote  the  diameter  of  the 
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ltd* 
pipe  and  di  that  of  the  orifice,  whose  area  is  therefore  IJ  =  —^,  we 

have,  according  to  what  precedes^  the  discharge 


'^^^-T     ....       *•!    A  +  '^^^T 


^='*'^"[/'  r:M ='''"*•  ""^l/  TTTl^''"'-*- 

or,  inTersely,  for  the  height  A,  of  the  manometer 

Bat  the  height  of  the  manometer  at  the  entrance  of  the  pipe  is 

*'  =  *»  +  4l? 
I  denoting  the  length  of  the  pipe  between  Jfi  and  Mt^  and  v  the 
Telocity  of  the  air  in  this  pipe;  hence  we  have 

substituting  t;  =  l-jj  Vi  and  Vi  =  -^, 
hence  the  discharge  is 


=  1299 


,*•  /     ■(»  +  ''')4' 


['-(f]i.-^i(l)' 


cubic  ftet. 


If,  finally,  the  height  h  of  the  manometer  M  in  the  reservoir 
^  ^  is  known,  we  have,  when  we  denote  the  coeflScient  of  resist- 
ance for  the  entrance  0  by  ^.  and  substitute  -^  =  1  +  ^,.  since  at 

if 
the  entrance  into  the  pipe  the  head  (^^ia  lost, 

and  consequently  the  discharge 
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Q^  F, 


(^-^^{l)"-i-^' 


=  Vm  -P-  I  /  ^ * cubic  feet. 


W^^'i)  & 


+  1  +<i 


If  the  point  where  the  air  enters  the  pipe  is  a  distance  s  bebno  or 
above  the  point  where  it  ia  discharged  from  it,  we  must  subtract 

from  or  add  to  the  quantity  —  .^^  the  nnmerator  nnder  the  rad- 

ieal  sign  a  quantiiy  «. 

ExAMFLB. — ^The  height  of  a  quidcsilyer  manometer,  which  is  placed 
upon  a  regolator  at  the  head  of  a  system  of  air  pipes  820  feet  long  and  4 
inches  in  diameter,  is  8,1  inches,  t^e  height  of  the  barometer  in  the  five 
air  is  29  inches,  the  width  of  orifice  in  the  conically  conyergent  end  of  the 
pipe  is  (2j  :=  2  inches,  and  the  temperature  of  the  compressed  air  in  th« 
regulator  is  r  =  20""  C. ;  what  quantity  of  air  is  deliyered  through  theee 
pipes  ? 

Here  (1  +  0,004  r)  j  =5  1,08  .  |^  =  6,11546, 

4  =  0,024  .  820  .  8  =  28,04,  (^J*  ^  (^^  jj  =  0,0625, 

F^  =  -j^  =  J  .  {\y  =    '  =  0,021817  square  feet; 

hence  the  required  dischaige  is 


q  -  1299  .  0,021817  1^(0,773  +  28,04)  0,0626  +  1,880 

/      041546  , 

=  28,84  y  1 489  ^  1  880  "^  ^'^  V0,040964  =  5,785  cubic  feet 

§  468.  Effloz  when  the  Presstire  Diminishes. — 11  there 
is  no  influx  of  air  into  a  reservoir,  from  which  an  uninterrupted 
discharge  of  air  is  taking  place  through  an  orifice  in  it,  the  density 
and  tension  gradually  diminish,  and  consequently  the  Telocity  of 
efflux  becomes  less  and  lesa  The  relations  of  this  diminution  to 
the  time  and  to  the  discharge  can  be  determined  in  the  following 
manner. 
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Let  the  volnme  of  the  reserroir  be  V,  the  initial  height  of  the 
manometer  be  =  h^,  and  its  height  at  the  end  of  a  certain  time  t  be 
=  hiy  and  let  that  of  the  barometer  in  the  free  air  be  =  j^ ;  then 
the  quantity  of  air  originally  in  the  leaeryoir,  reduced  to  the 
pressure  of  the  exterior  air^  is 

_  V{i  +  K) 

b 

and  at  the  end  of  the  time  Ht  is 

_  F(»  +  A.). 

-         b         ' 
hence  the  discharge  in  the  time  t,  reduced  to  the  external  preesore, 

"  ^  _  F  (t  +  A.)       V{b  +  A.)       F(A.  — A,) 

'^' b  *  -  b         • 

But  we  hare  also 

X  denoting  the  mean  height  of  the  barometer  during  the  time  /  of 
efflux;  hence 

Now  if  we  put  A,  =  m  <T  and  A,  =  n  <t,  we  hare  the  mean  yalue 
(*)~*  =  ~5(1~*  +  2-*  + ...  +  «-♦)-  (1-*  +»-♦  +  .. .  +  n-») 

^  (g)-*  /m*      «*  \       8  (g)-*  l.fh,      iA\ 
m—n  \\        \]^  m  —  nv    V       ^   a  / 

=       (^-«)<.      =         hj-h,      H8&Ingemenr,p.88); 
hence  the  required  time  of  efflux  is 

This  determination  is  sufficiently  correct  only  when  the  reser- 
voir ( V)  is  large,  or  when  the  orifice  of  efflux,  as  well  as  the 
pressure,  is  small,  in  which  case  the  cooling  of  the  air  in  the  reser- 
voir is  very  slighi 

EzAKFLB. — ^A  cylindrical  regulator  50  feet  long  and  6  feet  in  diameter  la 
filled  with  air  at  a  pressure  corresponding  to  the  height  A  s^  10  inches  of 
the  manometer  and  at  a  temperature  of  6"  0.  Now  if  the  air  issues  from 
an  orifice  1  inch  in  diameter  into  a  space  where  the  barometer  stands  at 
^  inches,  the  question  arises,  in  what  time  .will  the  manometer  sink  to  7 
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inches  and  what  will  be  the  discharge  in  that  time  t    The  yolome  of  the 
regulator  or  boiler  is 

F=  J .  6« .  50  =  1250.  J  =  981,75  cubic  feet,  and 

1/2  g  ^>  =  1299  VI  +  0,0036777  =  1299  Vl,02202  =  1818  and 

^=1  (A)"  =  5f6  =  0,006484  square  feet 

Now  if  we  put  the  coefficient  of  efflux  fi  =  0,95,  we  have  the  required 
duration  of  the  efflux 

2 .  981,75  .  0,09942 
'  =  0;9-5T0;00545-4:i3i8  =  ^'^®  «^^^ 

Remark. — ^A  more  general  theory  of  the  efflux  of  air  and  steam  will  be 
given  in  the  second  yolume. 

Final  Rbmabk. — ^Experiments  upon  the  efflux  of  air  have  been  made 
by  Young,  Schmidt,  Lagerhjelm,  Koch,  d'Aubuisson,  Bufi^  and  more  re- 
cently by  Saint  Yenant,  Wantzel,  and  Pecqueur.  In  reference  to  the  ex- 
periments of  Young  and  Schmidt,  see  Gilbert's  Annalen,  Yol.  22, 1801,  and 
YoL  6, 1820,  and  PoggendorTs  Annalen,  YoL  2,  1824 ;  for  those  of  Koch 
and  Buff^  see  the  ^'Studien  des  Gotting'schen  Yereines  beigmannischer 
Treunde,"  Yol.  1,  1824;  Yol,  8,  1883;  Yol.  4,  1887;  and  YoL  5, 1888; 
also  Poggendorf 's  Annalen,  Yol.  27,  1886,  and  Yol.  40,  1887.  See  also 
Gerstner's  "  Mechanik,''  Yol.  8,  and  Hulsse's  "Algemdne  Maschinenency- 
klopadie,*'  Article  *'  Ausfluss.^'  Lagerhjclm's  experiments  are  discussed  in 
the  Swedish  work  '*  Hydrauliska  Forsok  tS  Lagerl^elm,  Forselles  och 
Eallstenius,"  1  Delen,  Stockholm,  1818.  The  experiments  of  d'Aubuisson 
are  to  be  found  in  the  '*  Annales  des  Mines,''  Yol.  11,  1825 ;  Yol.  18, 1826 ; 
Yols.  8  and  4,  1828 ;  and  also  in  d'Aubuisson's ''  Traits  d'Hydraulique." 
The  experiments  of  Saint- Yenant  and  Wantzel  are  to  be  found  in  the 
"  Comptes  rendus  hebd.  des  sdances  de  1' Academic  des  Sciences,  h  Paris, 
1889."  The  latest  French  experiments  are  discussed  by  Poncelet  in  a 
'^  note  sur  les  experiences  de  M.  Pecqueur  relatives  il  I'ccoulcment  de  I'air 
dans  les  tubes,  etc.,"  which  is  contained  in  the  Comptes  rendus,  and  an 
abstract  of  it  is  to  be  found  in  the  Polytechnische  Ccntralblatt,  YoL  6, 
1845.  From  these  experiments  Poncelet  concludes  that  air  follows  the 
same  laws  of  efflux  as  water.  The  greater  number  of  these  experiments 
were  made  with  very  narrow  orifices,  for  which  reason  they  scarcely  fulfill 
the  requirements  of  practice.  Unfortunately  these  experiments  do  not 
agree  as  well  as  could  be  wished,  and  the  coefficients  found  by  d'Aubmsson 
differ  very  sensibly  from  those  calculated  from  Koch's  experiments.  Com- 
paratiye  experiments  upon  the  efflux  and  influx  of  air  and  upon  the  efflux 
of  water  are  given  in  the  author's  "  Experimental-Hydraulik."  The  re- 
sults of  the  latest  experiments  «of  the  author,  which  were  made  upon  a 
laige  scale,  are  given  in  the  5th  yolume  of  the  Civilingenieur. 
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CHAPTER    VII. 

OF  THE  MOTION  OF  WATER  IN  CANALS  AND  RIVERS. 

§  469.  Razining  Water. — The  theory  of  the  motion  of  water 
in  canals  and  rivers  forms  the  second  part  of  hydraulics.  Water 
flows  either  in  a  naiural  or  in  an  artificial  bed  (Fr.  lit ;  Oer.  Bett). 
In  the  first  case  the  channel  is  a  river,  creek,  riyolet,  etc.,  in  the 
second  case  it  is  a  canal,  ditch,  race,  trough,  etc.  In  the  theory  of 
the  motion  of  running  water  this  difference  is  of  hut  little  im- 
portance. 

The  bed  of  the  stream  consists  of  the  bottom  of  the  channel 
(Pr.  font  du  lit ;  Ger.  Grundbett  or  Sohle)  and  of  the  two  banks 
or  shores  (Pr.  bords ;  Ger.  TJfer).  If  we  pass  a  plane  through  the 
stream  of  water  at  right  angles  to  the  direction,  in  which  it  is 
flowing,  we  obtain  a  transverse  section  (Fr.  section ;  Ger.  Quer- 
schnitt).  The  line  bounding  this  section  is  the  tranverso  profile 
which  is  composed  of  the  water  profile  or  wetted  perimeter  and  of 
the  air  profile.  A  yertical  plane  in  the  direction  of  the  stream 
gives  us  the  longitudinal  section  or  profile  (Fr.  profil ;  Ger.  Profil) 
of  the  latter.  The  slope  of  the  stream  (Fr.  pente ;  Ger.  Abhang)  is 
the  angle  formed  by  its  surface  with  the  horizon.  The  relative 
slope  is  the  Seil  in  the  unit  of  distance.    The  slope  is  determined 

for  any  definite  distance  by  the  fall  (Fr. 
Fio.  798.  chute ;  Ger.  Gefalle),  which  is  the  vertical 

distance  of  one  of  the  extremities  of  a  cer- 
tain portion  of  the  stream  above  the  other. 
In  the  portion  A  D  =  I,  Fig.  798,  B  O  is 
the  bottom  of  the  channel,  D  ff  =  h  the 
fall  and  the  angle  Z>  ^  jET  =  <^  is  the  slope.    The  relative  slope  is 

sin.  <J  =  p  or  approximatively  J  =  ^ , 

Rbmabk. — The  fiill  of  creeks  and  rivers  varies  very  much.  The  Elb 
fiallB  in  a  German  mile  (4^  English  miles)  fix>m  Hohenelbe  to  Podiebiad 
57  feet,  from  there  to  Leitmeritz  9  feet,  from  there  to  Muhlberg  2,6  feet^ 
Mountain  streams  fall  from  8  to  80  feet  per  mile.  For  particulars  see 
"  Vergleichende  hydrographische  Tabellen,  etc.,  von  Stranz."  The  fall  in 
canals  and  other  artificial  channels  is  much  smaller.  The  relative  slope  is 
generally  less  than  0,001,  it  is  often  0,0001  and  even  less.  More  details 
upon  this  subject  will  be  found  in  the  second  part. 
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g  470.  Different  Velocities  in  a  Cross-section. — ^The  Te- 
locity of  the  water  is  &r  from  being  uniform  in  all  points  of  the 
same  transverse  section.  The  adhesion  of  the  water  to  the  bed  of 
the  channel  and  the  cohesion  of  the  molecules  of  water  cause  the 
particles  of  water  nearest  to  the  sides  and  bed  of  the  channel  to  be 
most  hindered  in  their  motion.  For  this  reason,  the  yelocity 
decreases  from  the  surface  towards  the  bed  of  the  channel  and  it  ia 
a  minimum  at  the  shores  and  bottom.  The  maximum  velocity  in 
a  straight  river  is  generally  found  in  the  middle  or  in  that  portion 
of  the  BurbxiGf  where  the  water  is  the  deepest.  That  portion  of  the 
river,  where  the  water  has  its  maximum  velocity,  is  called  the  lins 
of  current  or  axis  of  the  stream  and  the  deepest  portion  of  the  bed 
is  called  the  mid-channel. 

When  the  stream  bends,  the  axis  of  the  stream  is  general  near 
the  concave  shore. 

The  mean  velocity  of  the  water  in  a  cross-section,  according  to 
§  396,  is 

■—  ^  —         Discharge  per  second 

^  F  "^  Area  of  the  transverse  section* 

We  can  also  determine  the  mean  velocity  from  velocities  c^Cf,e^ 
etc,  in  the  different  portions  of  the  transverse  section  and  the 
areas  -P„  F^  F^  etc.,  of  the  latter.    We  have  here 

Q  =  FiCi  +  F^C9  +  F^Ct  +  *.. 
and,  therefore,  also 

_  FiCi  +  F^c^  -^  ... 
^  "^      F,-i-F,  +  ...' 

Besides  the  mean  velocity  we  introduce  the  mean  dfpih  of  water, 
I.E.,  that  depth  a,  which  a  transverse  section  would  have,  if  its 
area  was  the  same  and  the  depth  was  uniform  instead  of  being 
variable  and  equal  to  Oi,  o^,  Oa^  etc.    Here  we  have 

_  F  ^  Area  of  the  transverse  section 
""  J  ""  Width  of  the  transverse  section* 

If  the  widths  of  the  elements  corresponding  to  the  depths  ai,  a,, 

0,,  etc..  Fig.  799,  are  bt,  2^  ^„  etc^  we 

have 

F  :=  Oi  ii  -h  a^ht  +  •  •  f 

and  consequently 

dx  bi  +  fl«  Jj  +  . . . 
a  =  — 7 7 • 

Oi  +  Oi  +  . . . 

Finally,  the  mean  velocity  is 
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Oi  bi  Ci  +  fl«  ^1  c«  +  .  .  . 


Oi  ^l  +  «f  ^t  +  .  • .     ' 

and,  when  the  widths  ^i,  bt,  etc^  of  the  portions  are  the  same, 

flh  Ti  4-  «t  ^»  +  •  •  • 
c  = . 

dl  +  fl«  +  .  • . 

A  riyer  or  creek  is  in  a  state  of  permanency  (Fr.  permanence ; 
G^r.  Beharrnngszastande)  or  it  has  a  fixed  regimen,  when  the  same 
quantity  of  water  passes  through  each  of  its  cross-section  in  the 
same  time,  I.E.,  if  Q  or  the  product  Fcot  the  area  of  the  cross- 
section  and  the  mean  yelocitjis  constant  for  the  whole  length  of 
the  portion  of  the  riyer  under  consideration.  Hence  we  have  the 
simple  law :  when  the  motion  of  the  water  is  permanent  the  mean 
velocities  of  two  transverse  sections  are  to  each  other  inversely  as  the 
areas  of  these  sections. 

ExAMFLB — 1)  Id  the  tranByeree  section  A  B  0  D,  Fig.  709,  of  a  canal, 
we  haye  found  the  widths  of  the  divisions  to  be 

Jj  =  8,1  feet,  Jj  =  6,4  feet,  &,  =  4,8  feet, 
the  mean  depths  to  be 

a^  =  2,6  feet,  a,  =  4,6  feet,  a,  =  8,0  feet 
and  the  corresponding  mean  yelocities  to  be 

0^  =  2,9  feet,  e^  =  8,7  feet,  e,  =  8,2  feet. 
Here  we  can  put  the  area  of  the  section 

i^  =  8,1  .  2,6  +  6,4  .  4,6  +  4,3  .  8,0  =  44,96  square  feet 
and  the  discharge 

e  =  8,1  .  2,6  .  2,9  +  6,4  .  4,5  .  8,7  +  4,8  .8,0  .  8,2  =  168,666  cubic  feet, 
from  which  we  obtain  the  mean  yelocity 

Q        158,665       ^.,^-    . 
'  =  J^  =  -44;95-  =  ^'^^^*^^- 
2)  If  a  ditch  should  carry  4,6  cubic  feet  of  water  with  a  mean  yelocity  of 

46 

2  feet  per  second,  we  must  make  the  area  of  its  transyerae  section  -~  =  2,25 

square  feet. 

8)  If  the  same  riyer  is  at  one  place  660  feet  wide  and  as  an  ayerage  9 
feet  deep,  and  if  it  moyes  with  a  mean  yelocity  of  2}-  feet,  the  mean  yelocity 
at  another  place,  where  it  is  820  feet  wide  and  as  a  mean  7,6  feet  deep,  is 

660 .  9 
=  8-2077;5-^'^^=^^^^ 


0  = 


§  471.  Mean  Velocity.— If  we  diyide  the  depth  of  the  water 
at  any  point  into  equal  parts  and  lay  off  the  corresponding  yeloci- 
ties as  ordinates,  we  obtain  a  scale  A  By  Fig  800,  of  the  yelocities 
of  the  stream.  Although  it  is  yery  probable  that  the  law  of  this 
scale,  or  of  the  change  of  yelocity,  .is  expressed  by  a  curye,  as 
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B.Q.  according  to  Gerstner,  by  an  eUipse,  etc,  yet  without  risking 

a  very  great  error  we  can  substitnte  a 
straight  line,  I.E.,  assume  that  Ihe  Telocity 
diminishes  regularly  with  the  depth  ;  for 
this  diminution  of  the  Telocity  is  always 
slight  According  to  Ihe  experiments  of 
Ximenes,  Brunnings  and  Funk,  the  mean 
velocity  in  a  perpendicular  line  is 
c^  =  0,915  c^ 

c^  denoting  the  maximum  Telocity  or  that  of  the  surfiu^e  of  the 

water.    The  diminution  of  the  velocity  firom  the  8ur£eM3e  to  the 

middle  M  is  therefore 

r,  -  c«  =  (1  —  0,915)  c^  =  0,085  c^     . 

and  we  can  put  the  Telocity  at  the  bottom,  or  at  the  foot  of  the 

perpendicular, 

^«  =  Co  —  2.  0,085  Co  =  (1  -  0,170)  c^  =  0,83  c^. 

If  the  total  depth  is  a,  we  have,  if  we  assume  the  scale  of  Telocity 

to  be  represented  by  a  straight  line,  for  a  depth  A  If  =  x  below 

the  water  the  Telocity 

V  =  Co  -  (Co  -  c,)  ^  =  (l  -  0,17  ^  Co. 

Now  if  Co,  C],  Cf  are  the  Telodties  at  the  sur&ce  of  a  profile, 
whose  depth  is  not  Tery  Tariable,  we  haTe  the  corresponding  Teloci- 
ties  at  the  mean  depth 

0,915  Co,  0,915  c„  0,915  c» 
and  therefore  the  mean  Telocity  in  the  whole  transTerse  section 

C  =  0,915 ^pj-j . 

If,  finally,  we  assume  that  the  Telocity  diminishes  from  the  line 
of  current  or  axis  of  the  stream  towards  the  shores  in  the  same 
manner  as  towards  the  bottom,  we  can  put  the  mean  superficial 
Telocity      Co  +  ct  -h  . . .  +  c,  _  ^  Q15  .  . 

thus  we  obtain  the  mean  velocity  of  the  whole  transverse  section. 

c  =  0,915  .  0,915  .  Co  =  0,837  c„ 
LE.,  83  to  84  per  ceni  of  the  maximum  Telocity. 

Prony  deduced  from  the  experiments  of  du  Buat,  which,  how- 
CTcr,  were  made  in  small  ditches,  the  following  formula,  which  is 
perhaps  more  correct  in  such  cases, 

"-  -  V3,153  +  cj  "'  "^^^  -  U0,34  +  cj  ''•  *^*- 
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Hence  for  mean  yelodtiefi  of  3  feet  we  have 

e^  =  0,81  Co. 

If  the  flow  of  the  water  is  impeded  by  a  contraction  of  the 
transyerse  section,  the  leyel  of  tiie  water  will  be  raised,  and  c^  be- 
comes still  greater. 

Ex^icpiiB. — If  the  yelocity  of  the  water  in  the  axis  of  a  riyer  is  4  feet, 

and  if  ita  depth  6  feet,  we  haye  the  mean  yelocity  in  the  corresponding 

perpendicnlar 

<j«  =  0,915  .  4  =  8,66  feet, 

the  yelocity  at  the  bottom 

=  0,88  .  4  =  8,82  feet, 

the  yelocity  2  feet  irom  the  surface 

t>  =  (1  -  0,17  . 1)  4  =  (1  -  0,057). 4  =  8,772  feet 

and,  finally,  tba  mean  yelocity  of  the  entire  transyerse  section 

c  r=  0,8§7  .  4  =  8,848  feet ; 

on  the  contrary,  according  to  Prony,  we  would  haye 

11,78    ,       28,66       «„^^   , 

^=14:84-^=W  =  «'^^^^^*- 

Rbkabk. — ^This  and  the  following  subjects  are  treated  at  length  in  the 
Allgemeine  Haschinenencyklopadie,  Article  ^^Bewegung  des  Wassers.'' 
New  experiments  and  new  yiews  upon  the  same  subject  are  to  be  found  in 
the  following  work :  "  Lahmeyer,  Erfahrungsresultate  uber  die  Bewegung 
des  Wassers  in  Flussbetten  und  Canalen,  Biaunscbweig,  1845."  Accord- 
ing to  Baumgarten's  obeeryations  (see  Annales  des  Fonts  et  Chauss^ea, 
Paris,  1848,  and  also  polytechnisches  Centralblatt,  No.  14,  1849)  the  yalues 
giyen  by  this  formula,  when  the  yelocities  are  great  (aboye  1,5  meters),  are 
too  large  and  we  must  put  in  such  cases 


/2,872  +  <Jo\    ^  «         _^ 


Owing  to  the  resistance  of  the  air  the  maximum  yelocity  of  the  water  is 
to  be  foxmd  a  little  below  the  surface  of  the  water.  From  this  point  of 
maximum  yelocity  the  yelocity  diminishes  as  the  square  of  the  depth ;  hence 
the.  scale  of  yelocity  corresponds  to  a  parabola.  In  like  manner,  according 
to  Boileau  (see  his  Traits  sur  la  mesure  des  eaux),  the  yelocity  decreases 
as  the  square  of  the  distance  from  the  axis  of  the  stream.  If  e^  denotes  the 
yelocity  in  the  axis  of  the  stream,  the  yelocity  at  the  horizontal  distance  » 
from  it  will  be 

<^  =  <5o  —  /*  ^» 

in  which  fi  denotes  an  empirical  number,  which  is  different  for  different 
streams. 

§  472.  Most  Advantageons  Transverse  FrofQe.— The 
resistance^  offered  by  the  bed  of  the  stream  in  consequence  of  the 
adhesion^  yiscosity  and  friction  of  the  water,  is  proportional  to 
the  snr&ce  of  contact,  and  consequently  to  the  wetted  perimeter 
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py  or  to  that  portion  of  the  profile  which  forms  the  bed.  Now  sinoe 
the  number  of  filaments  of  water  passed  by  any  transyerse  section 
inereaaes  with  its  area^  the  resistance  to  each  filament  is  inyeraely 

proportional  to  the  area^  and  consequently  to  the  quotient  ^  of  the 

wetted  perimeter  divided  by  the  area  F  of  the  entire  transyerse 
section.     In  order  to  haye  the  least  resistance  from  friction^  we 

must  giye  the  profile  such  a  shape  that  -^  shall  be  as  small  as  pos- 
sible, I.E.,  that  the  wetted  perimeter  p  shall  be  a  minimum  for  a 
giyen  area,  or  that  the  area  shall  be  a  maximum  for  a  giyen  i^etted 
perimeter  p.  When  the  apparatus  which  conducts  the  water  is 
closed  on  all  sides  as  in  the  case  of  pipes,  ^  is  the  perimeter  of  the 
entire  transyerse  section.  Now  among  all  figures  of  the  same 
number  of  sides,  the  regular  one^  and  among  all  the  regular  ones, 
the  one  with  the  greatest  number  of  sides  has  the  smallest  perim- 
eter for  a  given  area;  hence  in  conduits  closed  on  all  sides  the 
resistance  is  smaller  the  more  regular  the  shape  of  their  tnmsyeraa 
section  is,  and  the  greater  the  number  of  sides  is.  Since  the  drcU 
is  a  regular  figure  of  infinite  number  of  sides,  the  resistance  of 
friction  is  the  smallest  when  the  transverse  section  is  of  that  form. 
When  the  aqueduct  is  open  on  top,  the  case  is  difibrent ;  for  the 
upper  surface  is  free,  or  in  contact  with  the  air  alone,  which,  so 
long  as  it  is  still,  offers  little  or  no  resistance  to  the  water.  We 
must,  therefore,  in  determining  this  resistance  of  friction^  neglect 
the  air  profile. 

In  practice  we  employ  in  canals;,  ditches,  troughs  and  flumes 

only  rectangular  and  trapezoidal  profiles.     A  horizontal  line  B  F, 

Fig.  801,  passing  through  the  centre  M  of  the  square  A  67,  divides 

Fio.  80t  the  area,  and  perimeter  into  two  equal  parts,  and 

what  has  been  said  of  the  square  is  true  for  these 
halves;  hence,  among  all  rectangular  profiles, 
the  half  square  A  E,  or  that  which  is  twice  as 
wide  as  highy  is  the  one  which  causes  the  smallest 
resistance  of  friction. 

In  like  manner,  the  regular  hexagon  ACE, 
Kg.  803,  is  divided  by  a  horizontal  line  0  F  into  two  equal  trape- 
zoids, each  of  which,  like  the  entire  hexagon,  has  the  greatest 
relative  area,,  and  consequently  among  all  trapezoidal  profile^  the 
half  of  the  regular  hexagon,  or  the  trapezoid  A  B  G  Fy  with  the 
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aaglb  of  slope  B  C  M  =.  60%  vk  the  ana  wMeh  cansear  tibe  lemk 
resistance  of  friotion. 

In  like  manner,  the  half  of  a  regviar  octagon  A  D  E,  Eig.  803, 
the  half  of  a  regular  decagon,  ete^  and  fiuaQj  llie  half  cirde  A  D  By 
Fig.  804^  ore,  under  the  proper  circumstmaei^  the  most  adyan- 

Fie.  806.  Fig.  804. 


tageons  profiles  for  canals,  etc.  The  trapezoidal,  or  half  hezagonal^r 
cross-section  causes  less  resistance  than  the  half  square  or  rec- 
tangle, the  ratio  of  whose  sides  is  1 :  2 ;  the  relative  perimeter  of 
the  hexagon  is  smaller  than  that  of  the  square.  The  half  decagon 
ofTers  still  less  resistance,,  and  with  tha  semicircle  the  latter  is  a 
minimum.  The  circular  and  square  profiles  are  employed  only 
for  troughs  made  of  iron,  stone,  or  wood.  The  trapezoid  is  em- 
ployed in  canals,  which  are  dug  out  or  walled  up.  Other  forms 
are  rarely  used,  owing  to  the  difQculty  of  constructing  them. 

§  473.  When  canals  are  not  walled  up,  but  only  dug  in  the 
earth  or  sand,  an  angle  of  slope  of  60^  is  too  great  or  the  relatiyer 
slopa  cotg.  60°  =  0,57735  too  small;  for  the  banks  would  not  be 
su£Bcient1y  stable ;  we  are  therefore  compelled  to  employ  trapezoid 
dal  transverse  profiles,  in  which  the  inclination  of  the  side  to  the 
base  is  smaller  than  60°^  perhaps  only  46°  or  even  less.  For  a  trapezoi- 
dal cross-section  A  B  C  D,  Fig.  805,  which  has  the  same  area  .and' 
perimeter  as  the  half  square,,  the  relative  slope  is  =  |,  and  the 
angle  of  slope  is  36°  52'.  If  we  divide  the  height  B  E  into  three 
equal  ports,  the  bottom  B  O  ia  equal  to  two  of  them,  the  parallel 
top  A  Dia  equal  to  10  and  each  side  A  B  =  O  J)  is  =  6  ports. 
In  many  cases  we  make  the  relative  slope  =  2 ;  in  which  case  the 
angle  is  26°  34',  and  sometimes  it  exceeds  even  2. 

In  any  case  the  angle  of  slope  B  A  E^B,  Fig.  806,  or  tbe  slope 

A  V 

-— --  =  cotang.  ^  is  to  be  considered  as  a  given  quantity,  dependent 
B  £i 

upon  the  nature  of  the  ground  in  which  the  canal  is  excavated, 

and  therefore  we  have  only  to  determine  the  dimensions  of  the  pro- 
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file  which  will  offer  the  least  resistance. 

Fi0. 806. 


Patting  the  width  BCot 

Fi0.8Oe. 
E       F  D 


A  E 
the  bottom  =  h,  the  depth  B  E  ^  a  and  the  slope  -^-^  =  Vy  we 

have  the  wetted  perimeter  of  the  profile  p  = 

AB  ^-  BG  ^-  GD-h  ^-  2  ^a^  +  v«  a'  =  6  +  2af'm^ 
and  the  area  of  the  same 

or  inyersely 

0  = V  CL 

a 
whence  the  ratio 

Substituting  instead  of  a,  a  +  ^  in  which  a;  is  a  small  quan- 
tity, we  have 

In  order  that  this  value,  not  only  for  a  positive  but  also  for  a 
negative  value  of  x^  shall  be  greater  than  the  first  value  • 


l  +  |(2Vi?TT-v), 


or  that  ^  shall  be  a  minimum,  it  is  necessary  that  the  members 

with  the  &ctor  x  shall  disappear  or  that 

2  Vv»  +  1  -  V       1       ^ 
f «•  =  ^' 

'Whence  the  required  depth  of  the  canal  is 

F 

^*  "  2  ^v"  +  1  -  V 


or,  since  v  =  ootang.  0  and  Vv^  +  1  = 


s%n.ff 
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,         F  sin.  e 


2  —  COS.  6' 

Hence  far  a  giyen  angle  of  dope  0  and  for  a  given  area,  the 
fMst  advantageous  form  for  the  transverse  profile  is  determined  by 
the  formulas 


=/ 


7i -^  and  6  = a  cotano.  d* 

2-cos.e  a       '•'^•^'•y- 


Consequently  the  width  A  D  oi  the  top  is 

F 
2j  =  2  +  2va=:  —  +  a  cotang.  0, 

and  the  ratio 

^  —  A  4.      ^^     _  1   .   (%  —  cos.e)a  ___  2 
F  "^  F  ^  Fsin.d'^  a  Fsin.e     ~"  a 

ExAHFLB. — ^What  dimensionB  should  be  given  to  the  transyerse  profile 
of  a  canal,  when  the  angle  of  slope  of  its  banks  is  to  be  40^  and  when  it  is 
to  carry  a  quantity  Q  =  75  cubic  feet  of  water  with  a  mean  velocity  of 
8  feet 
Here 

^  =  ~  =  -^  =  25  square  feet,  and  therefore  the  required  depth  is 
./aSwa.*©"        ,  ./ 0,64879       „.^„^, 

*  ^  r  8ir^4r =»  r  ijasm  =  »>««»  «**• 

the  width  at  the  bottom  is 

25 
h  =  g^  -  8,609  eatang.  40*'  =  6,927  -  4,801  =  2,626  fect^ 

the  horizontal  projection  of  the  slope  of  the  shore  is 

va  =  a  eotang,  6  =  8,609  00^71^.  40''  =  4,801, 
the  width  on  top  is 

5^  =  (  +  2  a  eatang.  $  =  6,927  +  4,801  =  11,228  feet, 
the  wetted  perimeter  is 

and  the  ratio  which  determines  the  resistance  of  friction  is 

We  have  for  a  transverse  profile  in  the  shape  of  the  half  of  a  regular 
hexagon,  where  $  =  60**,  a  =  3,80  feet,  ft  =  4,89,  h^  =  8,78  andj?  —  18,16 
feet,  and  therefore        p  _  18,16  _  ^ 

§474.  Table  of  the  Most  Advantageous  Transverse 
Profiles. — The  following  table  gives  the  dmiensions  of  the  most 
advantageous  transverse  profiles  for  difiTerent  angles  of  slope  and  for 
given  transverse  sections: 
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Angle  of 
•loped. 


9o" 


60' 


45' 


40' 


36°  Sa 


35' 


30' 


O    ^  .f 


26    34 

Semi- 
circle 


Relative 
slope  r. 


o,S77 


1,000 


1,192 


i>333 


1,402 


1,732 


2,000 


DIMENSIONS  or  THS  TRAM8VWI5B  PKOnUB. 


Depth  o. 


0,707  vy 

0,760  Vf 
0,740  Vf 
0,722  Vf 
0,707  Vf 

0,697  Vf 

I 

0,664  ^ 
0,636  Vf 

0,798  v^ 


Width  of  bot- 
tom^. 


1,414  Vf 

0,877  ^ 
0,613  ^^ 

0,525  v:f 

0,471  ^ 
0,439  v:^ 

0,35^  ^ 

0,300  v^ 


HoriioatKl  pn>* 
jection  of  Slope 


0,439  ♦^ 

0,740  V^ 
0,860  Vf 


<S943 


i^ 


o,99S  ^ 
V50  Vi^" 

1,272  V^ 


Width  at  the 

top  ^+3  C. 


1,414 


Vf 


hiss  ^^ 
2,092  Vf 

2^VF 

2,357  i(F 

2,4^0  Vf 
2,656  f^ 

2,844  i<F 

1,596  ^ 


v^ 


2,828 

♦^ 

g,7Q4 

g,77i 
2,828 

'W 

Vf 

3>o" 
♦^ 

3»M4 

Vf 

2>5Q7 


We  see  from  the  above  table  that  the  qnotie^t  ^.is  a  mininijipi 


and  = 


2,507 

V¥ 


for  the  semioiircle^  that  it  is  greater  A>r  the  half 


hexagon  and  still  greater  for  the  half  square,  and  for  the  trapezoid 
with  its  sides  sloping  at  an  angle  of  36°  52',  etc. 

Example.— What  dimensioDB  are  to  be  given  to  a  tsansvene  profilei 
whose  area  is  to  be  40  feet,  when  the  ban^  are  to  slope  at  an  angle  of  W  t 
According  to  the  foregoing  table 

the  depth  is  a  =^  0,697.  V40  =  4,408  feet» 

the  lower  breadth  is  (  =;s  0,480  V40  =  9,777  feet, 

the  horiaontal  pi^j^ction  of  th^  slope  v  a  s  0,005  VSo  ss  4^908  ftet, 
the  upper  breadth  h^  =  16,868, 
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■ad  the  quotient  is 

|.«?^  ==0,4588. 

§  47Su  tTttifbitti  ibltioiL— The  motion  of  water  in  channels 
is  for  a  certain  distance  either  uniform  or  variable  ;  it  is  unifomi^ 
when  the  mean  yelocitj  in  all  the  crossHsections  is  constant,  and,  on 
on  the  contrary,  it  is  variable,  when  the  mean  velocity  and  also  the 
area  of  the  croBS'^ectionB  change.  We  wiU  now  treat  of  uniform 
motion. 

When  the  motion  of  water  is  nniform  for  a  distance  A  D  =  I, 
Fig.  807,  the  entire  f&ll  h  is  employed  in  overcoming  the  Motion 

Fi»  8W  ^^^  ^"^  ^'  ^'^^  *^®  ^**^''  ^""^^  ^'^^y 

with  the  same  velocity,  with  which  it 

iurived,  I.E.,  a  height  due  to  a  velocity  is 
neither  absorbed  nor  set  free.  If  we  meas- 
ure this  friction  by  the  height  of  a  column 
of  water,  we  can  put  the  latter  equal  to 
the  fidL    The  height  due  to  the  resistance  of  friction  increases 

with  the  quotient  ^,  with  I  and  with  the  square  of  the  mean  ve- 
locity e  (§  427) ;  hence  the  formula 

holds  good,  in  which  ^  is  an  empirical  numlber,  which  is  called  the 
coefficient  of  the  resistance  of  friction. 

By  inversion  we  have         

To  determine  the  Ml  frotn  the  length,  the  transverse  profile 
and  the  velocity,  or  inversely,  to  determine  the  velocity  from  the 
fall,  the  length  and  the  transverse  profile,  it  is  necessary  to  know 
the  coefficient  of  friction  {1  According  to  Eytelwein's  calculation 
of  the  91  experiments  of  du  Buat,  Brunings,  Funk  and  Woltmann, 
i  ^  0,007565,  and  therefore 

A  =  0,007666  •  ?|:  .  ^. 

If  We  put  g  =  9,809  meten^  or  32,2  feet,  we  obtain  for  the 
metrical  system  

A  =  0,0008856  ?^  .  t*  and  c  =  60,9  y  ^, 
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and  for  the  English  system  of  measure 


h  =  0,00011747  -^  c*  and  c  =  92,26  ^   — , . 

If  pi 

For  conduit  pipes  -^  =  j— ^i  =  -j  l  hence  the  formula  for 
pipes  is 

A  =  0,08026  ^  .  ^ 

while  we  found  more  correctly  (§  428)  for  medium  yelodties  in 
the  same 

h  =  0,025  3  .  if-. 
d     2g 

The  friction  upon  river  beds  is,  therefore,  as  might  be  expected, 

greater  than  in  metal  conduit  pipe& 

ExAMFLB — 1)  How  much  fall  must  a  canal,  whose  length  is  Z  =  2600 
feet,  whose  lower  width  is  ^  =  8  feet,  whose  upper  width  is  &^  =  7  feet 
and  whose  depth  is  a  =  8  feet,  have  in  order  to  cany  40  cubic  feet  of 
water  per  second  ?    Here 

1?  =  8  +  2  V2«  +  8«  =  10,211,  F  =  ^'^  "^^^^  ^  =  15  and  0  =  4f  =  |; 

hence  the  required  fall  is 

X       ^  ^^^..^.r,    2600  .  10,211  ,.,,       0,805422  .  10,211 .64      ^  ^^  -_, 
h  =  0,00011747  . ^ —  (!)•  =  -2 jj-y =  1,48  feet 

2)  What  quantity  of  water  will  be  deliyered  by  a  canal  6800  feet  long, 
when  the  fall  is  8  feet,  its  depth  5  feet,  its  lower  breadth  4  feet  and  its 
upper  breadth  12  feet  ?    Here 

p        4  +  2  V5iTTr_    16,806 
F-  6.8  ~     40     -"'*^l^» 

hence  the  velocity  is 


e  =  92,26 


V  8  _  92,26 


0.42015 .  6800       V0,14006 .  5800       VSlpf 

=  1^  =  8,287  feet, 

and  the  quantity  delivered  is 

Q  =  i?'^;  =:  40  .  8,287  =  129,48  cubic  feet 

g  476.  CoefflcientB  of  Friction.— The  coefficient  of  friction, 
for  which  we  assumed  in  the  foregoing  paragraph  the  mean  value 
0,007565,  is  not  constant  for  rivers,  creeks,  etc,  but,  as  in  the  case 
of  pipes,  increases  slightly,  when  the  velocity  diminishes,  and 
decreases,  when  the  velocity  increases.    We  must  therefore  put 


<  =  ,.(!  ^l)ori.(l^^\ 


or  to  some  similar  formula. 
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The  author  in  the  article  quoted  in  the  remark  of  §  471  found 
from  255  experiments,  most  of  which  were  made  by  himself,  for 
English  measures 

f  =  0,007409  (l  +  ^), 
and  for  the  metrical  system  of  measures 

f  =  0,007409  (l  +0j05§53J        ^ 

We  see  that  this  formula  gives  for  a  velocity  c  =  8|  feet  the 
above-quoted  mean  value  ^  =  0^007565.  In  order  to  facilitate  cal- 
culation, the  following  tables  for  the  metrical  system  have  been 
prepared: 


Velocity  e  = 

0,1 
1176 

0,2 
0068 

0,8 

0886 

0,4 
0849 

0,6 

0828 

0,6 
0818 

0,7 
0808 

0,8 
0796 

0,9 
0789 

meters. 

Coefficient  of  re- 
sist&nce  C  =  0,0 

Velocity  e  = 

1 

0784 

0777 

1,6 
0771 

2 
0768 

8 
0766 

4 
0762 

6  meters. 

Coefficient  of  resistance 
C=0,0 

0760 

For  English  system  of  measures  we  can  employ  the  following 
table. 


Velocity's 

0,8 
1215 

0,4 
1097 

0,5 
1096 

0,6 
0978 

0,7 
0M4 

0,8 
0018 

0,9 
0890 

1 
0688 

u 

0886 

% 

081S 

8 

0788 

6 
OTOO 

0761 

10 
07061 

ISilMt. 

Ck)eiBcieiitofre- 

07804 

These  tables  are  directly  applicable  to  all  cases,  where  the  velo- 
city c  is  given  and  the  fall  is  required,  and  when  formula  No.  1  of 
the  foregoing  paragraph  is  employed.  If  the  velocity  c  is  unknown, 
or  if  that  is  the  required  quantity,  the  tables  can  only  be  employed 
directly  when  we  have  an  approximate  value  of  c  The  simplest 
way  to  proceed  is  to  determine  e  approzimatively  by  one  of  the 
formulas 

e  =  50,9  V^  meters  or  c  =  92,  26  i/^  feet, 
'    ^   pi  '       ^   pi      ^ 

then  find  ^  by  means  of  the  table,  and  substitute  the  value  so  found 

in  the  formula 


f^  QWlE&iL  PBaaSOWUBB  OF  UBCHANIOS.  [§I7«. 

«•        ft    J" 


^9~i"i? 


or 


From  the  velocity  (;  we  determine  the  quantity  of  water  Q:=z  Pc. 

If  the  quantity  of  water  and  i3ie  fall^are  giyen,  as  is  often  the 

case  in  laying  ojit  canals,  and  it  is  required  to  determine  the  tnuis- 

yerse  profile,  we  must  substitate  ~f  =s  — =  (see  taUe,  §  474)  and 


*  =  |-mthefomnl. 


h  =  0,007666  ^  .  ^  and  put 

h  =  0,007565  X — :~r,  from  which  we  obtain 
F  =  (o,007565  ^  ^  ^y,  I.B.  in  meters 

^=0,0431  (^~^\  and  in  English  feet 

i^  =  0,0368  (^^^'. 
From  this  we  obtain  the  approximative  value 

if  we  take  the  corresponding  value  ^  <  ftom  the  table,  we  can  cal- 
culate more  accurately 

from  which  we  deduce  more  correct  values  for 

e  =  ^and/^sswV/', 

as  well  as  for  a,  2,  etc. 

EzAMFLB — 1)  What  must  be  the  fall  of  a  canal  1500  feet  long,  whose 
lower  breadth  is  two  feet,  whose  upper  breadth  is  8  feet,  and  whose  depth 
is  4  feet,  when  it  is  required  to  convey  70  cubic  feet  of  water  per  second  t 
Here 

l>  =  2  +  aV4«  +  8«  =  12,-F'=5.4=s20,«=W  =  8,5; 
hence 

;  =  0,0078^  and 

*  =  0,00784 —gjp-  .  ^  =  --g^  =  1,84  feet 
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8)  What  quantity  of  water  is  carried  by  a  creek  40  feet  wide,  wlioae 
mean  depth  is  4}  feet,  and  whoee  wetted  perimeter  ia  46  feet,  when  it  fella 
10  inches  in  750  feet  ?    Here  we  have  appraxiiBativ«ly 

/  40^  is~~io"     w,a6 

henos  we  can  assume  C  »=  0,00766. 

We  have  now  more  correctly 

^        Fh  4,5.40.10  1 

27=^7^  =  0.00766.46.750.12  =  i;7595  =  ^'^^®®"'^*  =  ^^"^ 

The  quantity  of  water  carried  ia 

Q  =  i?'<;  =  4,6. 40. 6,05=  1080  cubicfeet 

8)  It  is  required  to  excarate  a  ditch  8650  feet  long,  which,  wi&  a  total 

fidl  of  one  foot,  shall  cany  13  cubic  feet  of  water  per  second.    What  must 

be  the  dimensions  of  the  transrerBe  section  when  the  form  is  a  regular  hex- 

Hgon  t    Here  m  =£  3,682  (see  table,  1 474) ;  hence  we  have  approzimatiyely 

F  =  0,0268  (2,682 .  8650 .  144)1  ^  7,66  square  feet,  and 

Here  we  must  take  C  ^  0,0068,  and,  thenfbM, 

F:=  (o,0088 .  2,682 .  ^^'^^^)*^  7,96  square  feet 

From  this  we  obtain  the  depth 

a  =  0,760  ^y  c=  2,14,  the  Vjrwer  width 
h  =  0,877  V^=  2,47,  and  the  upper  width 

»^«:2.2,47«:4,M. 

RKMLAia—l)  According  to  Saint  Vemmt,  y$t  can  put  ncctiYately  enough 

h  =  0,000401  ^  .  ©H  =  0,000401  .  %g,  ir-A  .  ^  .g-  meten; 

hence  the  coefficient  of  resistance  is 

C  fi=  0,000401  •  2  ^  •  ir-A  =  0,007887  tr-^, 

B.G.  for  e  =  1  meter 

C  =  0,007887 
and  for  o  =  j-  meter 

C  =  0,007887  "Vi  ts  0,007887  .  1,184  =  0,008045. 

(Ck>mpare  §  428,  Remark  8.) 

2)  A  table,  which  abridges  these  calculations,  isgiyen  in  the  Zngealeur, 

pages  460  and  461. 

§  477.  Variable  Motioa.— Tho  theory  of  the  variMe  frUHon 
of  water  in  channels  can  be  refenred  to  the  theory  of  uniform  mo- 
tion, when  we  consider  the  renstanoe  of  friction  upon  a  small  por- 
tion of  the  length  of  the  rirer  to  be  constant  aud  pnt  tiie  corre« 
dponding  head 
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We  mnst  also  take  into  oonsideration  the  vis  viva  corresponding  to 
the  change  of  velocity. 

Let  A  B  G  Dy  Fig.  808,  be  a  short  portion  of  the  channel  of  a 
river,  whose  length  A  D  =^1,  and  whose  fidl  D  H  =  h;  let  r,  be 
the  velocity  of  approach  and  t;,  that  with  which  the  water  flows 

away.    If  we  apply  the  laws  of  efflux  to 
^^•^^  an  element  Z>  at  the  surface  of  the 

Mi^--- — •?  water,  we  have  for  its  velocity  v, 


jf  ^  but  an  element  E,  which  is  situated 

below  the  water,  has  on  one  side,  it  is 
true,  a  greater  head  A  G  =  E  H,  but  it  is  pressed  back  by  the 
water  below  it  with  a  head  D  E\  hence  the  effective  SbJI,  which 
produces  motion,  is  only  D  H^  EH—  ED,  and  consequently 
the  following  formula  holds  good  for  any  element: 

._v^-  v.\ 

if  we  add  the  resistance  of  friction,  we  obtain 

in  which  p^  F  and  v  denote  the  mean  values  of  the  wetted  perim- 
eter, the  transverse  section  and  the  velocity.  If  F^  denote  the  area 
of  the  upper  and  ^i  that  of  the  lower  transverse  section,  wo  can  put 

F  =  -2-^ — .'  and  6  =  -^,  V,  =  F^  v„  whence 


2y 


\      F        F,  +  Ft  ~  \F,*  ^  FC)  F, 


Q" 


+  F,' 
firom  which  we  obtun 


l)*  =  y-.-^^f^(^..:^)],^^and 


8)6=  ♦^^ 


^  F*    f:^^  F,-h  Ft  Kf;  ^  f:j 

By  the  aid  of  fommla  1)  we  can  calcalate  from  the  qmmtiiy  of 
water  carried,  the  length  and  transverse  sections  of  a  section  of  river 
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or  canal  the  corresponding  fall  h,  and  by  the  aid  of  formula  2)  from 
the  fall,  length  and  cross-section  the  quantity  of  water  carried.  In 
order  to  obtain  greater  accuracy  we  should  calculate  these  for  sev- 
eral small  portions  of  the  channel  of  the  riyer  and  then  take  the 
arithmetical  mean  of  the  results.  If  the  total  Ml  only  is  known, 
we  must  substitute  this  yalue  instead  of  A  in  the  last  formula  and 
instead  of 

J 1^  J; 1^ 

F,^      F.^  F^      F,^ 
in  which  F^  denotes  the  area  of  the  last  cross-section,  and  instead  of 


the  sum  of  all  the  similar  values  for  the  difTerent  portions  of  the 
channel  of  the  river. 

ExAiCFLB.— A  creek  fiills  0,6  inches  in  800  feet,  the  mean  value  of  its 
wetted  perimeter  is  40  feet,  the  area  of  its  upper  transverse  section  is  70 
square  feet,  and  that  of  its  lower  is  60  square  feet.  Required  the  discharge 
of  this  brook.    Here 

8,026  Vo;8 


«  = 


|/^^  ^    1+0,007666. ??^a+^\ 
"  60»       70«        *  180      \60»      7O7 

7,178                            7,178  „-.,      ,.    -. 
^ -:  864^  cubic  feet 


"  V0,0000781  +  0,0008866  ~  V0,0004096 

2  Q  700 

The  mean  velocity  is  -= — ^~  =  ■—-'  =  6,46  feet ;  hence  it  is  more  cor- 

-^0  +  -p^i       130 

lect  to  put  ^  =  0,00768  instead  of  0,007666, 

and  therefore  we  have  more  accurately 

Q  =  '^-^^^     =  862,5. 

V0,0000781  +  0,0008416 

If  the  same  stream  has  at  another  place  the  same  amount  of  water  in  it 
and  M\b  ll.incbes  iiw460  feet,  and  if  the  area  of  its  upper  transverse  section 
is  60  and  that  of  its  lower  60  feet,  the  mean  length  of  its  wetted  perimeter 

being  86  feet,  we  have  

Q  _  8,026  V0,0167 


./T        i       nZI7"^50786  / 1        1\ 

r  60i  -  60i  +  0,00768.-^^  (^  +  ^,) 

=  8.026  4/  .  \^^^^^^nAi.r^n  =  806i  cubic  feet 

'       y  _  0,0001222  +  0,0007640  ^ 

The  mean  of  the  values  is 

C  =  '«^  +  «0»*  =  880  cubic  feet. 
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§  47&  In  order  to  obtain  the  formnia  for  the  depth  of  the 
watery  let  us  put  the  upper  depth  =  a,  and  ^e  lo^v«r  =  Ot,  the  dope 
of  ihe  bed  =  a,  and  condequentiy  the  faU  ef  the  bed  ex  I  9m.  m^ 
The  £eill  of  the  stream  ig  then 

hence  tre  haye  the  equation 

vhence  we  deduce 

/I  1  \  C 

^  ^  tf,  -  ^  -  ^—  -  — ^  — 

By  the  aid  of  this  formula  we  can  determine  the  distance  ^ 
which  corresponds  to  a  given  change  a,  —  Oi  in  depth.  If  the  in- 
verse problem  is  to  be  solved,  we  must  resort  to  the  method  of 
approximation,  le.,  we  must  calculate  drst  the  lengths  li  and  k  cor- 
responding to  the  assumed  changes  a,  —  Oi  and  Oi  -—  Ot  of  depths 
and  then  we  must  find  by  a  proportion  ihe  change  of  depth  corre- 
sponding to  the  given  length  I  (see  Ingenieur,  Arithmetic,  §  16, 
V,  page  76). 

The  formula  can  be  simplified^  when  the  width  b  of  the  stream 
is  constant.    In  this  cafle  we  can  put 

di  Ag  ^%         ^  ff 

and  in  like  manner 

p    /I  ,  ny  ^j>W'4->'.')  vj_ 

F,  +F^\J^  ^  F:f%g      (F, -^  F)  F,*  •  %  ff 

p       V^ 

apprarimatively  «  -^t  .  jru  fro^^  which  we 

a^o    2g 


I  zs  ^-^ — ^ 5 ^— 


and  oonsequ^iily 


#1  #j  ' 

gp  --gi  _        g,  0     ^ff 

a.    2g 
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By  the  ojd  of  Hm  formula  w»  ean  obtam  dir^etiy^  for  a  given 
diBtance  I,  the  correspondmg  chwge  (o^  -^  Oi^of  4epih  of  the  sii^an^ 

ExAMFLB.— A  horizontal' ditch  800  feet  long  and  Q.  feet  wide  is  required 

to  conyey  20  cubic  feet  of  water  per  second ;  the  depth  of  water  at  the 

entrance  is  2  feet,  what  wjll  be  ita  depth  at  the  end  of  the  ditch  ?    Let  as 

diyide  the  entire  length  of  the  ditch  into  two  equal  sections  and  determine 

by  the  last  formula  the  fiill  for  each  of  them. 

80^ 
Here  «tik  a  =  0, 1  =  ~  r=  400  and  ft  s  6 ;  for  the  first  section,  e,  = 

20 
ip-g  =  2 ;  hence  f  =  0,00812  and  a,  ==  2 ;  now  mic%p^  8J,  it  foljows  that 

(0,00812  .  4^  .  l.\ 
-g— ^ ^l.  400  =  -'^^  =.  0,188  feet 
^"^2     2^        / 
Now  for  the  second  section  a^  =  2  —  0,188  =  1,817  and  p  is  about 

2^ 
^1  ^  QiVQjr  =  2,201 ;  fhe  fall  in  the  second  section  will  be 


a2      2,201*  \ 

8     2,aof     r*^-o,( 

1,817"    Hff.       I 


«.-«.=!- F^:20F^|-'«>0  =  i|^  =  0.840; 


hence  the  entire  fall  is 

=  0,188  +  0,240  =  0,428 
and  the  depth  of  water  at  the  lower  end  is 

=  2  -  0,428  =  1,577  feet  =  18,92  inches. 

§  479.  Floods  and  Freshets. — When  fhe  water  Uvd  in 
rivers  or  canals  changes^  it  is  aeconxpanied  by  changes  in  the  ye- 
locity  and  in  the  quantity  of  water  carried*  A  rise  of  the  water 
level  not  only  increases  the  cross-section,  but  also,  causes  a  greater 
velocity  and,  therefore,  for  a  double  reason  a  greater  discharge ;  in 
like  manner  a  fall  of  the  water  level  cauBes  both  a  diminution  of 
velocity  and  of  cross-section,  and  consequently  a  two-fold  diminu- 
tion of  the  quantity  of  water.  If  the  original  depth  =  a  and  the 
present  one  ==  ai  and  the  upper  width  of  the  canal  =  by  we  can 
put  the  increase  of  the  <»ros8-section  =^  b  (oi  —  a) ;  hence  the 
cross-section,  when  the  water  level  has  risen  a  distance  Oi  —  a,  is 

Fi  ^  F  •¥  b{ai  ^  a)  and  oonseqoently 

^  ^  1  +  ^gp_, 

and  we  can  put  ajyproximatively 


v§ 
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If  the  original  wetted  perimeter  =  /?,  the  present  one  =  pi  and 
the  angle  of  elope  of  the  banks  =  Sy  we  have 

.2  (oi  -  a)     , 

£l  =  l  +  ^i?l^and 
jf  p  sin.  0 


^    p  p  stn,  6r 


or 


Pi  p  stfu  u 

Kow  the  yelociiy  for  the  original  depth  of  water  is 

e  =  92^6  y^,  and  for  the  present  depth  it  is  c=  92^6  y—.^; 
hence 

=     1     +     (Ol     —    a)    (  ii-^ 7—^y 

^  '  \2F      p  stn.  Or 

and  the  rdaiive  change  of  velocity  is 

1)  £LZlf  =  («._«)(_*__  __^). 

On  the  contrary,  the  ratio  of  the  qnantiiy  of  water  carried  by 
the  river  is 

=  1  +  (ft  - «)  (|±.  -  ^4^), 

and  the  relative  increase  in  the  quantity  of  water  is 

-^      C  ^  '  \  2  -^       p  stn,  0/ 

We  can  put  less  accnrately,  but  in  many  cases,  particularly  for 
wide  canals  with  little  slope,  sufficiently  so,  ^=  0  ^  and  neg- 
lect — ; — s,  in  which  case  we  have  more  simply 
V  stn.  6r  ^  •' 


pstn. 


c  ^      a  Q  ^      a 


According  to  these  formulas  tJie  relative  change  in  the  velocity 
is  half  as  great  and  that  in  'the  quantity  of  tvater  j  as  great  as  the 
relative  change  in  the  depth  of  the  water. 

The  foregoing  formulas  are  only  applicable,  when  the  motion 
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of  the  water  in  its  channel  is  permanent^  in  which  case  the  depth 
of  the  water  is  constant,  but  they  do  not  hold  good  when  the  depth  of 
the  water  is  variable.  The  mean  Telocity  in  the  same  transverse  sec- 
tion is  greater^  when  the  water  is  rising^  and  smaller,  when  the 
water  is  falling  than  when  the  depth  of  the  water  is  constant ; 
hence  in  the  first  case  more  water  and  in  the  second  case  less  water 
passes  throngh  than  when  the  motion  is  permanent. 

Example — 1)  If  the  depth  of  the  water  increases  -^^  the  velocity  is  in- 
creased ^  and  the  quantity  of  water  -J^  of  its  original  valne. 

2)  If  the  depth  decreases  8  per  cent.,  the  velocity  is  diminished  4  per 
cent  and  the  quantity  of  water  12  per  cent. 

8)  By  the  aid  of  the  more  accurate  formula 


/8&  1      \ 


Q 

we  can  construct  a  water-level  scale  K  M,  Fig.  809,  upon  which  we  can 
read  off  the  quantity  of  water  passing  in  a  canal  for  any  depth  KLy  when 

we  know  the  quantity  Of  water  for  a  certain  mean 
Fio.809.  depth.    If  J  =  9  feet,  J^  ==  8,  a  =  8,and  ^  =  45% 

we  have 

F  =  -  \        =  18  square  feet, 

j»  =  8  +  2.8.V2  =  11,485,  and 
9in.e  =  Vi  =  0,707 ;  hence 

-*f^  =  (fcl  -  iiiSis^oim)  («'  -  «)  =  (»-'»«  -  "'i^  <*»  -  ») 

=  0,627  (aj  —  a). 

If  the  quantity  of  water  corre^onding  to  the  mean  water  level  is  Q  = 
40  cubic  feet,  we  have 

C,  =  40  +  40 . 0.627  (aj  -  a)  =  40  -H  26  (a^  -  a). 

If  a^  ^  a  =  0,04  feet  =  5,76  lines,  Q^  =  41  cu.  ft. ;  if  a^  —  a  =  0,08 
feet  =  11,52  lines,  ^^  =  42  cu.  ft. ;  if  a^  —  a  =  —  0,04  feet,  Q^  =  89  cu.  ft., 
etc.,  a  scale,  whose  divisions  are  X  JIf  =  LIf=  5,76  lines  apart,  would 
give  the  quantity  of  water  to  a  cubic  foot.  The  accuracy  of  course  di- 
minishes as  the  difference  of  the  depth  of  water  from  the  mean  depth  in- 
creases. 

RmcABx. — The  construction  of  mill-races,  canals  for  bringing  water,  as 
well  as  the  location  of  dams,  weirs,  etc.,  will  be  treated  of  at  length  in  the 
second  volume. 

Final  Reocabx. — The  author  has  discussed  at  length  the  subject  of  the 
motion  of  water  in  canals  and  rivers  in  the  Allgemeine  Encyklopadie, 
Vol.  n.  Article  '^  Bewegung  des  Wassers  in  Oanalen  und  Flussen,'*  and  has 
given  there  a  list  of  the  treatises  upon  this  subject  up  to  1844.  Rittinger's 
tabulated  synopsis  of  the  experiments  upon  the  motion  of  water  in  canals 
is  contained  in  the  *^2^t8chrift  des  osterreichischen  Ingenieurvereins,'' 
year  1855. 
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CHAPTER    Vm. 

HXDBOMETBT,  OR  THE  THEOBJ  OF  KEASVBJNa  WATEa 

§  480.  Ganging. — The  discharge  of  a  numlDg  Btream  vitiiia 
aoectain  tiiae  ia  moaeared  either  b;  gauged  vessel*,  \ij  a  dis- 
charging apparatus,  or  b;  hydrosoeterB.  The  moat  simple  method 
is  that  by  means  of  ganged  veaada,  but  this  is  only  spphca- 
ble  to  small  quantities  of  water.  The  vesael  is  most  fireqnentlj 
composed  of  boards,  and  is  therefore  parallelopipedical  in  form,  and 
to  increase  its  Bttength,  it  is  geoerally  bonnd  with  iron  hoops.  The 
manner  of  calcnlatiDg  the  exact  contents  of  this  vessel  is  given  in 
the  Ingenieur,  page  208.  The  vater  is  bronght  to  the  vess^  by  a 
trongh  E  F,  Fig.  810,  at  the  end  of  which  is  placed  a  double  clack, 
by  means  of  which  tbe  water  can 
'**■  ^^**-  be  made  to  flow  into  the  vessel  or 

alongside  of  it.   In  order  to  deter- 
mine accurately  the  depth  of  the 
^    body  of  water,  we  empby  a^  scale 
EL.     IA  before  we  begin  the 
measurement,  we  lower  the  pointer 
Z  nntil  it  toaches  the  snrfiice  of 
the  water,  which,  perhaps,  may~ 
only  cover  the  bottom,  and  read 
off  on  the  scale  tiie  depth  of  the. 
water,  we  obtain  the  depth  Z  2",  of  the  water  to  be  measured  by 
subtracting  the  former  reading  from  that  given  by  the  scale,  when 
the  pointer  Z,  after  the  completion  of  the  observalaon,  is  bronght  into 
contact  with  tiie  top  of  the  water.     The  clack  must  of  course  b«  so 
arranged  before  the  experiment  that  water  shall  diadiarge  alongside 
oi  the  vesseL    If  we  are  satisfied  that  tiie  influx  into  the  trough 
has  become  constant,  we  ol>serve  the  time  npoa  a  watch  held  in  the 
hand  and  turn  the  clack  around  so  that  the  wster  will  discharge  into 
the  vessel;  when  the  vessel  is  foil,  or  partially  so,  we  observe  again 
apon  the  watch  the  time  and  return  the  clack  to  its  original  posi- 
tion.   From  the  mean  cross-section  ^and  the  depth  Z Z,  =  sot 
the  body  of  water,  we  calculate  the  total  discharge  V  =  F  t,  iriiiob, 
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Then  divided  by  the  dnratioii  of  the  influx,  which  is  the  difference 
t  of  the  two  times  obserred  upon  the  watch,  gives  the  discharge  per 
second 

«  =  ?• 

RzKASE. — If  we  wish  to  know  sA  any  time  the  dischsi^  of  a  TEiriabl« 
rtreom  of  water,  we  can  employ  the  app&rataB  lepreAented  in  Pig.  811, 
wMch  ia  often   met   with   in   salt 
Pm*  ^'-  works.    Here  there  are  two  meaa- 

aring  Teasels  A  and  B,  which  an 
alteniatel;  filled  and  emptied.  The 
water,  which  is  brought  to  tfaem 
bj  the  pipe  F,   paaece  throogh  a 
abort  tube  O  O,  which  Ib  rigidly 
connected  with  the  lever  D  B  which 
tarns  aboat  G.    If  <nie  of  the  Tea- 
sels, ss,  E.O.,  A,  is  filled,  the  water 
flows  through  a  small  trongh  B 
and  fills  the  little  bucket  M,  which 
then  draws  theleTcr  down  and  the 
pipe  O  O  comes  into  anch  a  portion  as  to  carry  the  water  into  B.    The 
Talres  0  and  P  are  opened  by  corda  pasaiDg  aroand  palleya  and  attached 
to  tbe  leTer.     The  opening  of  the  tbItgs  ia  ssBietcd  by  iron  balls,  which 
giTe  the  last  impulee  to  the  lever  when  it  is  descending.     The  buckets  M 
and  JV,icontain  small  orifices,  through  which  they  empty  themselves  after 
the  lever  has  tamed.    A  counter  attached  to  the  apparatOB  gives  the  num- 
ber of  atrokea,  which  can  be  read  off  at  any  time.    Other  apparatusee  of 
the  same  sort,  wliicb  were  employed  by  Brown,  are  described  in  Dingler's 
Polyl  Journal,  Vol.  IIS.    In  refbrence  to  a  new  apparatus  for  measuring 
water  by  No^^teratfa,  see  Polyt.  Centralblatt,  1SS6,  No.  B.    Compare  alao 
the  works  of  FrandB,Le8broe,  etc,  which  haTe  been  cited.   Bee  also  further 
on,tG06. 

%  481.  R^jolatoiB  of  ESlox. — Very  often  small  and  medium 
diBcharges  ok  measured  by  oausing  them  to  pass  throngh  a  Jcnown 
orifice  under  a  known  head.  From  the  area  F  of  the  orifice  and 
the  bead  b  we  determine,  by  the  aid  of  the  coefficient  of  efflux,  ths 
discharge  per  second  

Poncelef  s  orifices  are  the  best  for  this  purpose ;  for  their  coeffi- 
cients of  efflux  are  known  {%  410)  with  great  accuracy  for  different 
heads,  but  they  are  only  applicable,  when  the  discharge  is  a  medium, 
one.  The  author  employs  in  his  meaetirements  of  water  four  sueh 
orifices,  one  5,  one  10,  one  15  and  one  30  centimeters  high  and  all' 
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90  centimeters  iride.    These  orifioes  are  cut  out  of  brass  plates, 

which  are  placed  upon  wooden  frames  Each  ob  A  0,  Pig.  812,  and 

these  frames  can  be  fostened  to  an;  wall  by  means  of  four  atrong  iron 

screw&    Bat  is  many  cases  we  mnst  employ  much 

Pis.  813.       larger  orifices  for  which  the  coefficients  of  efflux  have 

Hnot  been  detenniDed  so  certainly ;  and  very  often  we 
can  only  employ  orer&lU  or  notches,  which  aro  even 
less  accurate.  But  in  any  case  we  should  endeavor 
-  to  produce  both  perfect  and  complete  contraction. 
Hence,  if  the  orifice  is  in  a  thick  wall,  wo  should  bevel  it  off  npon 
the  outside.  The  corrections  to  be  applipd  for  partial  and  incom* 
plete  contraction  have  been  sufficiently  explained  in  g§  416,  417. 

In  order  to  measure  the  quantity  of  water  in  a  trough,  vo  first 
pnt  the  mouth-piece  in  its  place  and  then  wait  until  the  head 
becomes  permanent  In  order  to  measure  the  head,  we  can  em- 
ploy either  the  fixed  scale  K  L  with  a  pointer.  Fig.  813,  or  the 
movable  one  E  F,  Fig.  814.    If  we  wish  to  observe  the  efflnz  directly 


at  the  sluice  gate,  it  is  advisable  to  attach  to  the  gnides  two  hrasi 
teaks  B  G  and  D  E,  Fig,  815,  with  the  pointers  F  and  Q  by  means 
_  of  which  we  are  able  to  read  offwith  more  oa- 

tainty  the  height  of  the  orifice.  It  is  always  bet- 
ter, when  meafinring  water,  to  employ  a  new 
sluice  gate  and  new  guides  which  are  properly 
beveled  outwards. 

The  most  simple  way  of  measuring  the  water 
in  a  trough  ia  to  place  a  hoard  OF,  Fig.  701, 
beveled  at  the  lop,  across  it  and  to  measnre  tie 
■  over&ll  which  is  produced.  If  the  ditch  or  trough  is  long  and 
nearly  borizontAl,  considerable  time  will  elapse  before  the  Sow  be- 
comes permanent,  and  it  is,  therefore,  advisable  before  banning 
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the  meararement  to  put  in  another  board,  which  -will  preyent  for 
»ome  time  the  efflux  of  the  water  and  thus  hasten  its  rise  to  the 
height  necesaaiy  for  a  permanent  flow. 

In  order  to  measure  tiie  discharge  of  a  creek,  we  can  constmct 
a  dam  A  B,  Fig.  616,  of  boards  and 
FiQ.  Bia.  gUo^  |j[,e  ^at^f  to  flow  through  an 

opening  C  in  it,  or  we  can  employ  a 
simple  overfall  or  weir  (this  subject 
will  be  treat«d  more  at  length  in  the 
second  volume). 

Tt«mnt  —ThB  mo«t  ^Dipie  tnetbod 
of  detanniniiig  the  bead  is  to  observe  the 
poidtioii  of  the  pointer,  fint,  when  its  point  toachee  the  surface  of  the 
water,  while  the  flow  is  peimaiient,  and  secondly,  when  it  touches  the  sur- 
ftce  of  the  still  water  which  is  on  a  level  with  the  top  of  the  sill.  Tlie 
difference  of  the  two  observed  heights  is  the  head  of  water  or  the  height 
of  the  water  above  the  sill.  We  must  be  careAil  in  observing  the  last 
height  of  the  pointer  to  pa;  atteatioo  to  the  action  of  the  capillary  attrac- 
tion, in  GODSeqneiic«  of  which  the  level  of  the  water  may  be'l,S7  lines 
above  or  below  the  mil,  before  efflox  over  the  Utter  will  begin  (see  $  8B0). 

g  482,  We  can  easily  measnre  the  qnantity  of  wat*r  carried  by 
a  oanal  or  trough  A  B,  Figs.  817  and  818,  in  the  following  man- 


ner :  a  hoard,  the  htoer  eSgt  of  which  has  ieen  beveled,  is  inserted 
in  the  trongh  in  such  a  manner  as  to  leave  an  opening  between  it 
and  the  bottom  of  the  latter,  through  which  the  water  will  pass. 
This  method  has  an  advantage  over  that  in  which  overfalls  are 
employed,  viz, :  the  water,  which  is  dammed  back,  comes  to  rest 
better,  and  we  can,  therefore,  measure  the  head  more  accurately. 
When  it  is  possible  to  have  a  free  effiux,  as  in  Fig.  817,  we  should 
prefer  it,  since  greater  accuracy  can  he  obtained,  but  when  the 
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quantities  of  water  are  large,  it  is  not  possible  to  preyent  the  water 
from  rising,  and  we  are  obliged  to  be  satisfied  with  an  efflux 
under  water,  such  as  is  represented  in  Fig.  818.  If  the  trough 
ends  but  a  short  distance  from  the  orifice,  i.e^  if  it  forms  a  shoot, 
the  water  flows  through  it  almost  freely  and  we  have  one  of  the  cases 
of  Lesbros'  experiments  (§  418).  If  a  denote  the  height  and  b  the 
width  of  the  orifice,  h  the  head  measured  to  the  middle  of  the  ori- 
fice and  fi  the  coefficient  of  efflux,  taken  from  Table  11,  §  418,  we 
have  the  discharge 

If,  on  the  contrary,  the  trough  is  long,  or  if  the  water,  which  is 
flowing  away,  is  so  obstructed  that  its  surface  becomes  horizontal,  * 
the  water  will  pass  all  portions  of  the  cross-section  of  the  orifice 
with  the  same  velocity,  which  is  that  corresponding  to  a  head  equal 
to  the  difference  of  level  of  the  water  A  above  and  the  water  B 
below  the  orifice,  and  we  have  only  to  substitute  in  the  latter 
formula  for  h  the  difference  of  leveL 

If  the  water  flows  into  the  air,  or  if  the  surface  of  the  lower 

water,  as  in  Fig.  817,  does  not  rise  above  the  upper  edge  of  the 

orifice,  we  must  substitute  for  an  orifice  with  beveled  or  with 

rounded  edges 

fi  =  0,965, 

and  consequently,  when  the  depth  of  the  stream  is  a  and  its  width  i, 

e  =  0,965  a  J  V27A, 
or  more  accurately,  when  ai  is  the  depth  of  the  approaching  water 
and  a  that  of  the  water  flowing  away  (see  §  398), 

Q  =  0,965  ah  \/-^j^r 

\aj 

When  the  efflux  takes  place  under  water ,  in  which  case  the  lower 
surface  of  the  water  is  above  the  upper  edge  of  the  orifice  (see  Fig. 
818),  an  eddy  is  formed  behind  the  wall  of  the  orifice,  by  which  the 
efflux  is  considerably  interfered  with.  According  to  several  experi- 
ments of  the  author,  for  an  orifice  with  a  sharp  edge  we  must  put, 
as  a  mean  value,  fi  =  0,462, 

and,  on  the  contrary,  when  the  edge  is  rounded  off  in  the  shape  of  a 
quadranty  fi  =  0,717. 

ExAiCFLB. — In  order  to  find  the  discharge  of  a  trough  A  J?,  Fig.  818,  a 
sharp-edged  board  C  D  was  placed  in  it  and  an  efflux  under  water  was 
thns  produced ;  the  following  observations  were  then  made.  Width  of 
orifice  or  trough  &  =  8  feet,  height  of  orifice  or  distance  O  Eof  the  edge  0 
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Fig.  819. 


of  the  board  above  the  bottom  of  the  troagh  a  =  6  incheB,  length  of  the 
pointer  Z  above  the  orifice  \  =  0,445  feet,  length  of  the  pointer  Z^  below 
the  orifice  A,  =  1,073.    Hence  the  difference  of  level  is 

A  =  A,  -  Aj  =  1,078  -  0,446  =  0,628  feet, 
and  the  required  discharge  is 

q  =  0,462  .  8,025  . 8  .  0,5  VA,  -  A^  =  6,56  V6;628  =  4,40  cubic  feet. 

§  483.  K  the  coefficient  of  efflux  were  always  the  same  for  sim- 
ilar cross-sections,  the  triangular  or  two-sided  notch  ABC,  Fig.  819, 
would  have  a  great  advantage  over  the  notch  with  a  horizontal  sill ; 

bub  this  assumption,  as  we  have  seen  in  the 
case  of  circular  apertures,  is  not  correct  for 
small  orifices,  and  only  approximatively  so  for 
large  ones.  Professor  Thomson,  of  Belfast, 
recommends  such  notches  as  useful  for  measur- 
ing water.  From  the  width  A  B  =  b  and  the 
height  C  D  =  h,  we  obtain  the  discharge 

e  =  A^  V27A  (see  §  402), 
and  if  we  put,  with  Prof.  Thomson,  the  coefficient  of  efflux  fi  =  0,619, 

Q  =  0,33  ^  V2gh  =  0,132  b  h'  cubic  feet. 

Orifices,  so  shaped  that  the  discharge  through  them  shall  be 
proportional  to  their  height,  are  useful  in  measuring  water.  If  they 
are  provided  with  a  sluice-gate  the  height  of  the  opening  is  the 
measure  of  the  discharge.  Let  the  head  above  the  upper  edge  of 
fluch  an  orifice  A  B  C  D,  Pig.  820,  be  0  ^  =  A,  the  length  of  this 

edge  he  A  B  =  b,  fchat  of  the  lower  edge, 
C  B  =  bj,  and  the  height  of  the  orifice, 
A  D  :=:  cu    Horizontal  lines  at  the  distance 

-  from  each  other  will  divide  this  orifice 
n 

into  strips  of  equal  height,  and  the  dis- 
charge —  through  each  of  them  should  be 

the  same.  For  the  upper  strip,  whose  width 
is  b  and  for  which  the  head  is  A,  we  have 

n        n        ^   ' 

and,  on  the  contrary,  for  another  strip  at  a  distance  0  Jf  =  iu  be- 
low the  surface  of  the  water,  whose  width  M  N  =  y^ 
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equating  these  two  yalues  of  —,  wp  obtain 

yVx  =  b  Vh,  or 


f  =  4/|. 


b       ^    X 

The  cnire  B  N  Cy  which  bounds  the  orifice  on  the  side,  belongs 
to  one  of  the  system  of  cujrves  discussed  in  Article  9  of  ttie  Intro- 
duction to  the  Calculus;  its  asymptotes  are  the  horizontal  line 
0  Fand  the  yertical  one  0  X. 

From  Qy  h  and  a  we  obtain 

1)  the  upper  width  of  the  orifice  b  =  —        , 


2)  the  width  of  orifice  at  the  depth  Xy  y 


=ji/i. 


./    h 

3)  the  lower  width  of  the  orifice  J,  =  J  y  r—, — • 
'  A  +  a 

The  area  of  the  orifice  is 

i?^=2J(fT(^Ta)  -  A), 
and  consequently  the  mean  head  is 

'-%g\Fl      \Vhih  +  a)-h/  '2' 
If  the  orifice  is  provided  with  a  sliding  gate,  when  it  is  raised  a 
distance  D  M  =  Ouit  gives  an  orifice  of  efflux  M  C,  the  discharge 

through  which  isQ,  =  ^Q. 

§  484.  Pron3r'8  Method. — As  considerable  time  often  elapses 
before  the  fiow  of  the  water,  which  has  been  dammed  back,  be- 
comes permanent,  the  following  method,  proposed  by  Pronyy  can 
often  be  employed  with  advantage.  We  begin  by  dosing  the 
orifice  completely  by  means  of  a  sluice-gate,  and  we  wait  until  the 
water  has  risen  to  a  certain  height,  or  as  high  as  circumstances 
will  permit;  we  then  open  the  gate  enough  to  allow  more  water  to 
be  discharged  than  is  arriving,  and  we  measure  the  height  of  ihe 
water  at  equal  intervals  of  time,  which  should  be  as  small  as  pos- 
sible ;  finally,  we  close  the  orifice  again  perfectly  and  observe  the 
time  ti  in  which  the  water  rises  to  its  former  height.  Now  during 
the  lapse  of  the  time  t  -^  U  the  same  quantity  of  water  has  of 
course  arrived  and  been  discharged ;  hence  the  quantity  of  water 
which  arrives  in  the  time  t  +  tiia  equal  to  the  dischai^  in  the 
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time  t    If  the  heads,  while  the  level  of  the  water  was  mnkixig,  were 
Atf  A],  Af9  At,  and  A4,  we  have  the  mean  yelociiy 

v  =  ^^{VT.  +4 /a;  +  2  4^  +  4  Vi; -h  i^)  (see  §  453), 

and  if  the  area  of  the  opening  of  the  slmoe  is  F,  the  discharge  in 
the  time  t  is 

r=^^^^^^^(/A; +  4/a;  +  2/A;-h4i^, +  /*:); 

hence  the  quantity  of  water  arriying  in  a  second  is 

Example. — In  order  to  measure  the  quantity  of  water  in  a  brook,  which 
we  wish  to  employ  to  turn  a  water-wheel,  the  stream  was  dammed  up  by  a 
wall  of  boards,  as  is  represented  in  Fig.  816,  and  after  opening  the  rec- 
tangular orifice  in  it,  we  made  the  following  observations :  initial  head,  2 
feet;  after  30",  1,8  feet;  after  W,  1,56  feet;  after  90',  1,8  feet;  after  IW, 
1,15  feet ;  after  150/',  1,05  feet ;  and  aft«r  180",  0,0  feet ;  width  of  the  ori- 
fice =  2  feet,  height  =  ^  foot,  time  required  for  the  water  to  rise  to  former 
level  110".    In  the  first  place  the  mean  velocity  is 

8  025      -  — • 

»  = -^  (V2  +  4  >/n[;8 -H  2  Vl,55  -h4V1,3  +  2  VM5  -H4Vi;05  +  Vp) 

~  0,4458  (1,414  +  6,864  +  2,490  +  4,561  +  2,145  +  4,099  +  0,949) 

=  0,4458 .  21,022  =  9,872  feet 

But  j^  =  2  .  ^  =  1  square  foot,  the  theoretical  discharge  is,  therefore, 

=  9,372  cubic  feet.    If  we  assume  that  the  coefilcient  of  efflux  =  0,61,  we 

obtain  the  required  quantity  of  water 

^        0,61  .  180     _  ^_,_       «.  «.^     , .    -    . 
Q  =  iQo   .   iiQ  •  ^»872  =:  8,648  cubic  feet 

§  485.  Water-inch. — ^When  we  are  required  to  measure  small 
quantities  of  water,  we  often  allow  it  to  discharge  under  a  given 
head  through  circular  orifices  in  a  thin  plate,  which  are  one  inch 
in  diameter.  Wc  call  the  discharge  through  such  an  orifice,  under 
the  smallest  pressure,  i.e.  when  the  surfisM^e  of  the  water  is  one  line 
above  the  uppermost  part  of  the  orifice,  a  water-inch  (Pr.  ponce 
d'eau ;  Ckr.  WasserzoU  or  BrunnenzoU).  The  French  assume  that 
a  water-inch  (old  Paris  measure)  corresponds  to  a  discharge  in  24 
hours  of  19,1963  cubic  meters,  or 

in  1  hour,  0,7998  cubic  meters,  and 
in  1  minute,  0,01333  cubic  meters ; 
but  the  older  data,  given  by  Mariotte,  Couplet,  and  Bossut,  differ 
considerably  from  the  above.    According  to  Hagen,  the  water-inch 
(for  Prussian  measure)  discharges  520  cubic  feet  in  24  hours,  or 
0,3611  cubic  feet  in  a  minute.    Prony's  double  waier  modulus  (or 
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"  aonvean  pouce  d'eau"),  which  corresponds  to  an  orifice  3  centi- 
meterB  in  diameter,  under  a  presenre  of  6  centimeters,  and  which 
diechai^^  30  cubic  meters  in  34  hoars,  has  not  been  adopted  gen- 
erally. 

The  observations  can  be  made  with  more  certainty  when  we 
have  a  greater  head ;  it  is  simpler  to  make  this  bead  equal  to  the 
diameter  1  inch  of  the  orifice.  According  to  Bornemana  and  Ba- 
ting, such  a  water-ijich.  passes  daily  643,8  cnbic  feet  {Prueeian)  of 
water  (see  the  Ingenieur,  page  463). 

The  apparatus,  by  which  we  measure  the  water  with  the  aid  of 
the  water-inch,  is  represented  in  Fig.  831.    The  water  to  be  meas- 
ured is  discharged  from  the 
^a'  831-  pipe  A  into  a  box  B,  from 

which   it   passes    through 
holes,  made  in  the  parti- 
tion C  D  below  the  leyd 
of  the  water,  into  the  box 
E;   from  it  the  water  is 
discharged  through  circu- 
lar orifices  F  one  inch  in 
diameter,  which    are    cnt 
out  of  sheet  iron,  into  the 
reservoir  O.    To  preserre  the  level  of  the  water  1  line  above  the 
top  of  the  orifice  we  must  have  a  sufficient  number  of  holes,  a  por- 
tion of  which  are  closed  by  stoppers.    We  employ  for  more  accu- 
rate determinations  in  addition  the  orifice  Fy  which  allows  ^,  j  of 
a  water-inch  to  pass  through.    When  the  quantity  of  water  is  very 
great,  we  divide  it  into  several  portions  and  measure  in  this  way 
but  one  portion,  as,  E.O.,  a  tenth.    This  division  is  easily  accom- 
plished by  conducting  the  water  into  a  reservoir  with  a  certain 
number  of  orifices  on  the  same  level  and  catehing  the  water  deliv- 
ered from  one  of  the  orifices  only  in  the  above  apparatus. 

Remabk. — We  can  also  empln;  cocks  and  other  isolating  apparatnsM 
tar  measuring  wat«r,  when  we  know  the  coefficients  of  resiatance  corre- 
sponding to  ever;  position.  If  Ai8tbehead,FthecToefr«ectionof  thepipe 
and  fL  the  coefficient  of  efflux  for  the  cock,  when  Ailly  open,  we  have  the 
dischuge 

•r  inversely 

"  =  ir-F=^  •"*! -n  =  (?■)'■»?  *■ 
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Now  if  we  put  the  coeffldent  of  redBtance  for  a  ceriAin  podtioit  of  the 
cock,  which  ma;  be  taken  ttom  one  of  the  tables  ^ven  piOTiomilj,  =  i, 
we  hare  the  corresponding  discharge 


We  can  constmcc  from  the  shore  formnla  a  coiiTenient  table,  and  we 
haTe  only  to  gluice  at  it  when  we  wish  to  know  the  discharge  correspond' 
ing  t«  a  certain  position  of  the  cock.  If,  k.o.,  /t  =  0,7  and  ^,  =  4  square 
inches,  we  bare 

^        0,7  .  4  .  12  .  8,035  v3       „„„„,,/        A 

or,  if  A  is  constant  and  =  1  foot, 
869,64  _ 
~  ^Al"T'0,4B  (* 
Now  if  tbe  cock  is  tnmed  5°,  10',  13°,  S0°,  85%  etc.,  the  coefficients  of 
resistance  are  0,057,  0,208,  0,708,  1,&5D,  S,O0S,  and  the  correepondiDg  dis- 
charge are  SOO,  2G3,1,  230,2,  203,  170  cubic  inches. 

§  486.  In  order  to  regnlate  the  eflQnx  through  an  orifice  F, 
fig.  838,  ve  employ  either  a  cook  or  ralve  A,  ¥ig.  833,  vhich  is 
Fia  822.  Fio.  838. 


regnlated  by  means  of  a  lever  and  a  float  K,  eo  that  the  aame  qnan- 
titf  of  water  is  diacharged  through  B  as  through  F. 

The  discharge  of  water  fixim  a  reBervoir  B  D  E,  Fig.  823, 
through  a  lower  orifice  or  tnbe  D  can  be  regnlated  by  means  of  a 
wide  overfall  B,  since  a  moderate  change  in  the  qnantity  of  water, 
discharged  through  A,  will  produce  but  a  slight  change  in  tbe 
height  of  the  water  above  the  sill  B ;  hence  the  augmentation  of 
the  head  of  the  orifice  of  efflns  will  be  inconsiderable. 

Let  J' denote  the  area  of  the  orifice  D,  h  the  height  of  the  sill 
of  Uie  overfall  above  the  middle  of  the  orifice  and  fi,  the  height  of 
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the  surfaoe  of  the  vater  above  the  same  silL  We  have  the  dis- 
charge throQgb  D  

0  =  P  F^%g{h  +  A,), 

when  the  coefficient  of  efflux  ia  ^  SabsHtnting  the  head  A,  above 
the  weir,  which  can  be  determined  from  the  diachai^  Qx,  tiie  width 
h\  and  the  coefBcient  of  efflux  fx,  by  meaoB  of  the  equation 

ft  =  3  **!  *i  *'3yV.  or  by  the  formula 


we  obtain  the  expression 

from  which  it  ia  easy  to  see  that  Q  varies  less  with  ft,  the  greater 
the  value  of  /t  ia  and  the  greater  the  width  i,  of  the  overfall  is. 

The  width  h  of  the  overfall  can  be  easily  increased  by  giving  it 
a  curved  form  like  BOB,  Fig,  824,    The  discharge  Uirotigb  the 
orifice  D  is  then  almost 
*^8**'  constant,  although  the 

qoButity  of  water  flow- 
ing in  may  be  very  va- 
riable ;  for  the  height  of 
the  water  above  the  long 
cnrved    sill    is   always 
small  compared  with  the 
height  of  this  eill  above 
the  orifice  of  efflux. 
BxMASK. — Bach  an  apparato*  for  dividing  the  water  was  coiutmcted 
of  elie«t  iron  for  tbe  WemerffnJiea  at  Freiberg  by  OberhuTulineiHer  Scbwam- 
kmg.    It  diKhaigea  thmngh  a  rectaagular  orifice  I>,  wliicb  iv  5  feet  long 
and  I  foot  high,  almort  invoriabl;  40  cubic  feet  of  water  per  second,  while 
tbe  remaiiung  water  pasBes  over  tbe  overfall,  the  sill  of  which  Ilea  2  feet 
above  the  upper  edge  of  the  orifice,  and  flows  on  in  the  ditch  to  where  it 
ia  wanted. 

g  487.  Hydrometiic  Qoblflt — We  can  employ  to  measure 
small  quantities  of  running  water  the  small  vessel,  represented  in 
Fig.  825,  which  I  have  culled  the  bydrometric  goblet.  Thia  instru- 
ment consists  of  a  tube  S,  12  inches  long  and  3  inches  in  diameter 
with  a  funnel-shaped  mouth-piece  A,  and  of  a  vessel  D,  6  inches 
high  and  6  inches  wide,  which  is  united  to  .5  by  an  intermediate 
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conical  piece  C.  This  yessel  has  an  orifice  L  L  m  the  gide,  in 
which  we  can  insert  mouth-pieces  containing  different  sized  circu- 
lar orifices  in  a  thin  plate.  The  instrument  is  held  by  means  of 
the  handle  H  under  the  water  /S>  which  is  being  discharged^  E.G.9 

firom  the  pipe  Ry  and  the  water  thus  caught 
is  allowed  to  discharge  itself  through  the  ori- 
fices L  L.  In  order  to  tranquih'ze  the  water 
in  the  vessel  a  fine  sieve  or  wire  gauze  is 
placed  in  the  reservoir  Z>,  and  in  order  to  ob- 
serve the  head  of  the  water  a  glass  tube  0  P, 
^hich  is  placed  close  to  a  brass  scale  and  ends 
a  half  an  inch  from  the  bottom  of  the  vessel, 
is  added  to  it  From  the  observed  head,  the 
known  cross-section  of  the  orifice  and  the 
corresponding  coefficient  of  efflux,  we  can  cal- 
culate the  discharge  by  means  of  the  formula 

li  we  prepare  a  small  table,  we  can  spare 
ourselves  this  calculation  and  the  only  opera- 
tion, which  we  are  required  to  perform,  is  a 
simple  interpolation  between  the  values  in  the 
table.    If  (2  is  the  diameter  of  the  orifice, 


F^ 


nd" 


,  and  therefore 


flTT 


Q  =  '^d^  V2jh  =  '^  i^.ffVh. 


fin 
I 


The  discharge  Q  is  double,  when  the  cross-section  or  d*  is  double, 
or  when  the  head  is  four  times  as  great.  If  we  so  arrange  the  in- 
strument that  the  maximum  head  shall  be  four  times  the  minimum ; 
if,  E.O.,  the  former  is  12  and  the  latter  3  inches,  and  if  we  employ  a 
series  of  orifices  whose  diameters  form  the  geometrical  series 

dy  V2'd,  2d,2V2d,^d,  etc. 
LB.  d,  1,414  d,  2  d,  2,828  d,  4  d,  etc, 

we  obtain  a  means  of  measuring  all  discharges  from  the  minimum 
given  by  the  smallest  orifice  with  the  diameter  rf  under  the  smallest 
head,  to  the  maximum,  given  by  the  largest  orifice  with  the  diam- 
eter VfT.  d  under  the  greatest  head  4  h. 


988 


GENEBAL  PBINCIPLES  OF  MECHANICS. 


[§«7. 


If  we  assume  for 


L 

n. 

m. 

IT. 

V. 

VL 

vn. 

ei  = 

=  0,1250 

iV2 
=  0,1768 

=  0,2500 

JV2 
=  0,3535 

=  0,5000 

4V3 
=  0,7071 

liDch 
=  1,0000 

fJt  = 

0,690 

0,675 

0,660 

0,647 

0,685 

0,627 

0,620 

we  can  calculate  the  following  useful  table. 

Table  of  the  hourly  ducharge  in  cubic  feet  for  thefdHmDing  orifices. 


Head  h  in  inches. 

I. 

a 

TTT. 

IV. 

V. 

VI. 

vn. 

8 

0,85 

1,66 

8,25 

6,87 

12,51 

24,70 

48,85 

4 

0,98 

1,92 

8,75 

7,86 

14,44 

28,52 

56,40 

5 

1,10 

2,14 

4,19 

8,28 

16,15 

31,89 

68,06 

6 

1,20 

2,85 

4,60 

9,01 

17,69 

84,98 

69,08 

7 

1,80 

2,54 

4,96 

9,78 

19,10 

87,78 

74,61 

8 

1,89 

2,72 

5,81 

10,41 

20,42 

40,88 

79,77 

9 

1,47 

2,88 

5,68 

11,04 

21,66 

42,78 

84,60 

10 

1,55 

8,08 

5,98 

11,65 

22,84 

45,09 

89,18 

11 

1,63 

848 

6,22 

12,20 

28,95 

47,80 

98,58 

12 

1,70 

8,82 

6,50 

12,74 

25,01 

49,40 

97,69 

18 

1,77 

8,46 

6,77 

18,26 

26,04 

51,42 

101,68 

The  manner  of  using  this  table  is  shown  by  the  following 
example. 

ExAMFLB.—- In  order  to  determine  the  quantity  of  water  famished  by  a 
spring,  the  water  from  it  was  caught  in  a  hydrometric  goblet,  and  it  was 
found  that  a  state  of  permanency  occurred  when  the  efflux  took  place 
through  the  orifice  V  (one  half  inch  in  diameter)  under  a  head  of  10,4 
inches.    According  to  the  table  for  A  =  10  inches 

Q  =  22,84  cubic  feet  per  hour, 
and  for  A  =  11  inches 

q  =  28,95  cubic  feet, 
consequently  the  diflEerence  for  one  inch  is  1,11  cubic  feet,  andfbr  0,4  indies 
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0,4  . 1,11  =  0,141.    Hmce  the  discharge  under  the  head  &  =  10,4  incbe«  is 
Q  =  22,84  4-  0,444  =  2S,984  cable  feet 

g  488.  Floating  Bodies. — The  ditcharge  of  large  creeks, 
eandU  and  rivers  caa  only  be  measured  by  meaoe  of  hydrometers, 
whicli  indicate  the  Telocity.  The  simpleBt  of  these  instruments  are 
floating  bodies  (Fr,  flotteurs ;  Ger.  Schwimmer).  We  can  use  any 
floating  body  for  this  purpose,  but  it  is  safer  to  employ  bodies  of 
medium  dze  and  of  but  little  less  specific  grarity  than  the  water 
itselC  Bodies  whose  Tolumes  are  about  y^  of  a  foot  are  quite  large 
enough.  Very  large  Jjodies  do  not  easily  assume  the  velocity  of  the 
water,  and  very  small  bodies,  particularly  when  they  project  much 
above  the  level  of  the  water,  are  easily  disturbed  in  their  motion  by 
accidental  circumstances,  such  as  the  wind,  etc  A  simple  piece  of 
wood  IS  often  employed,  but  it  is  bett^^r  to  cover  the  wood  with  a 
lightxwlored  paint;  hollow  floats,  such  as  glass  bottles,  sheet- 
iron  balls, etc., are  better;  forwe  can  fill  them  partially  with  water. 
Floating  balls  arc,  however,  most  generally  employed.  They  are 
made  of  sheet  brass  and  are  from  4  to  IS  inches  in  diameter;  to 
prevent  their  being  lost  sight  of,  they  are  covered  with  a  coat  of 
light-colored  oil  paint.  Snch  a  fioating  ball  A,  Fig.  826,  gives  the 
velocity  at  the  surface  only,  and  often  only  that  in  the  axis  of  the 
stream.  By  uniting  two  balls  A  and  B,  we  can  find  also  the 
velocity  at  different  depths.  In  this  case  one  ball,  which  is  to  be 
snbmeiged,  is  filled  with  water,  and  the  other  contains  enough  to 
prevent  more  than  a  small  portion  of  it  from  projecting  above  the 
level  of  the  water. 

Ptgjgfl  PI0.8S7.  rjijjg    ^^    ^Ug     gjg 

^BVqH^  united  by  a  string, 

^SflBlfeg  Tire    or   thin    wire 

chain.  We  first  de- 
termine by  a  single 
ball  the  superficial 
velocity  c„  and  we 
then  determine  the 
mean  velocity  e  of  the  two  connected  balls ;  now  if  we  denote  the 
veloci^  at  the  depth  of  the  second  ball  by  Ci,  we  can  put 

c  =  ~'~-%  and,  therefore,  inversely,  c.  =  2  c  —  c^ 

If  we  nnite  the  balls  successively  by  longer  wid  longer  pieces 
of  wire,  we  obtain  in  this  way  the  velocities  at  greater  and  greater 


890  GENERAL  PRINCIPLES   OF  MECHANICS.  Lg4M. 

depths.    The  mean  Telocity  of  a  peipendicnUr  ia  determined  by 
allowing  the  second  ball  to  swim  near  the  bottom  and  putting 

■   it  is  more  accurate,  howerer,  to  take  the  mean  of  all  the  obserred 
Telocitiea  in  the  perpeodicalar  as  the  mean  Telocity. 

To  obtain  the  mean  Telocity  in  a  perpendicular,  a  floating  staff 
A,  Bt,  represented  in  Pig.  828,  is  ofttin  employed,  and  it  ia  very 
convenient,  when  it  is  nsed  for  meas- 
urements in  canals  and  ditches,  to  have 
it  made  of  short  pieces  which  can  be 
screwed  together.     The  one  used  by 
the  author  is  composed  of  15  hollow- 
pieces,  each  one  decimeter  long.    In 
order  to  make  it  float  nearly  perpen- 
dicularly, the  lower  part  is  filled  with 
enough  shot  to  prevent  more  than  the 
head  from  projecting. above  the  wator. 
The  number  of  pieces  to  be  screwed  together  depends,  of  coarse, 
upon  the  depth  of  the  canal 

We  observe,  when  using  the  floadug  staff  and  the  connected 
balls,  that,  when  the  movement  of  water  in  channels  is  not  impeded, 
the  velocity  at  the  surface  is  greater  than  that  at  the  bottom ;  for 
the  top  of  the  staff  and  the  uppermost  ball  are  always  in  advance. 
It  is  only  when  the  channel  is  contracted,  as,  E.Q.,  by  piers  of 
bridges,  that  the  opposite  phenomenon  is  observed. 

Reuahk.— Ocnerall;,  and  particalmij  with  large  floating  bodies  euch 
BB  shipa,  etc ,  the  velocity  of  the  floating  body  is  somewhat  greater  than 
that  of  tlie  water ;  this  Is  owing  less  to  the  fact  that  the  body,  in  floating, 
elidea  down  an  iDclined  plane  formed  by  the  surfitce  of  the  water,  than  to 
the  fact  that  it  docs  not  participate,  or  at  least  only  partiatl;  eo,  in  the  ir- 
regular internal  motion  of  the  water ,  this  variation  is,  however,  bo  slight, 
when  the  floating  bodies  are  small,  as  to  be  negligible. 

g  489.  Determination  of  the  Telocity  and  of  the  Cross- 
section.— We  find  the  velocity  of  a  floating  ball  by  observing  by 
means  of  a  good  wateh  with  a  second-hand  or  by  means  of  a  half- 
second  ppndulum  (g  327)  the  time  t,  in  which  it  describee  the  dis- 
tance A  B  =  s,  Fig.  829,  which  has  been  previously  measured  and 
staked  off  on  the  shore.   The  required  velocity  of  the  sphere  is  then 

c  =    .     In  order  that  the  time  t  shall  correspond  exactly  to  the 
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distance  measured  on  the  shore,  it  is  necessary  to  put  two  rods  C 
and  J)y  by  means  of  a  suitable  instrument,  in  such  a  position  upon 

the  other  side  of  the  river  that  the 
hues  C  A  and  D  B  shall  be  perpen- 
dicular to  -4  ^.  Placing  ourselves 
behind  A^  we  note  the  instant  the 
float  Ky  which  has  been  placed  in  the 
water  some  distance  above,  arrives  at 
the  line  A  C,  and  then  passing  be- 
hind  By  we  observe  upon  the  watch  the  instant  that  the  float  ar- 
rives at  the  line  B  D'/hj  subtracting  the  time  of  the  first  observa- 
tion from  that  of  the  second,  W3  obtain  the  time  t,  in  which  the 
space  8  is  described.  In  order  to  determine  the  discharge  Q=z  Fe, 
we  must  know,  besides  the  mean  velocity  c,  the  area  F  of  the  cross- 
section.  To  find  this  area,  it  is  necessary  to  know  the  width  and 
the  mean  depth  of  the  water.  The  depth  is  measured  by  a  gradu- 
ated aoundrng-rod  A  By  Fig.  830,  the  cross-section  of  which  is 
elongated  and  the  foot  of  which  is  formed  by  board ;  when  the 
depth  is  great,  we  can  make  use  of  a  sounding-cJiain,  to  the  end  of 
which  an  iron  plate  is  attached,  which,  when  the  measurement  is 
being  made,  lies  upon  the  bottom.  The  width  and  the  abscissas  or 
distances  from  the  shore  corresponding  to  the  depths  measured  are 

Fio.  880.  Fig.  881. 


«A. 


easily  found  for  canals  and  small  creeks  E  F  0, 
Fig.  831,  by  stretching  a  measuring  chain  A  B  or 
laying  a  rod,  etc.,  across  the  stream.  When  the 
river  is  wide,  we  make  use  of  a  plane-table  My 
placed  at  a  proper  distance  A  0  from  the  cross- 
section  E  Fy  Fig.  8o2,  to  be  measured.  \S.  a  o 
upon  the  plane-table  is  the  reduced  distance  A  0 
of  the  fixed  points  A  and  0  from  each  other,  and  if  we  have  placed 
a  0  in  the  direction  A  0,  and  thus  made  the  direction  a  fof  the 
width,  which  had  been  drawn,  previously  to  putting  the  plane-table 
in  position,  parallel  to  the  line  ^  -^to  be  measured  off,  each  line 
of  sight  towards  the  points  Ey  Fy  Oy  etc.,  in  the  transverse  profile 
cuts  off  upon  the  table   the  corresponding  points  c,  /,  gy  and 
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Fia.  882. 


a  Bf  afy  a  g^  etc.^  are  the  distances  A  Ey  A  F^  A  G^  etc.,  upon  the 
reduced  scale.  When  using  the  sounding-rod  to  measure  the 
depth,  it  is,  therefore,  not  necessary  to  measure  the  distance  of 

the  corresponding  points  from  the 
shore;  for  the  engineer,  who  is  at 
the  plane-table,  can  sight  at  the 
sounding-rod,  when  it  is  placed  in 
the  line  B  F. 

Now  if  the  width  E  F,  Pig.  831, 
of  a  transrerse  profile  is  made  up 
of  the  portions  ii,  bf,  h^,  etc,  and 
if  the  mean  depths  of  these  por- 
tions are  ai,  a^  a„  and  the  mean  yelocities  Ci,  ^  (h,  etc.,  we  have 
the  area  of  the  cross-section 

jP  =  tfi  Ji  +  Os  Jj  +  fls  Jj  +  •  •  •> 
the  discharge 

^  =  Oi  5i  Ci  +  a,  is  ^s  -h  Ot  6,  Cs  +  •  •  «y 

and  finally  the  mean  velocity 

Q  a\h\  C\  +  a,  Jj  Ct  +  •  •  • 

""  J^  ""      ai  Ji  +  at  J«  +  • . . 

Example. — ^Upon  a  pretty  straight  and  constant  portion  of  a  riyer  the 
following  obseryations  were  made : 


Feet 

Feet 

Feet 

Feet 

Feet 

7 
4 

2,1 

At  the  centre  of  the  divisionB  of  the  width 

the  depths  were 

the  mean  yelocitieB  were 

5 
8 

1,9 

12 
6 
2,8 

20 
11 
2,8 

15 

8 
2,4 

The  area  of  the  cross-eection  is 

^=5.8  + 12. 6  +  20.  11  +  15. 8  +  7. 4  =  455  square  feet, 
the  discharge  is 
Q  =  15. 1,9  +  72.2,9  +  220.2,8  +  120. 2,4 +  28. 2,1  ==1156,0  cubic  feet» 

and  the  mean  ydodty  is 

1156,0 


0  a= 


455 


2,54  &et 


§  490.  Woltmann's  Mill  or  Tachometer.— The  best  by* 
drometer  is  WoltmanrCs  tachometer  or  Woltmann^sMill  (Pr.  Moulinet 
de  Woltmann;  Oer.  hydrometrisches  Flugelrad  yon  Woltmann), 
Fig.  833.    It  consists  of  a  horizontal  shaft  A  B  with  from  2  to  5 
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8Br&c«8  01  vanee  F,  inclinei]  to  tlie  diiectioa  of  the  azia ;  vhen- 
i  in  vatei  aad  held  opponte  t«  tbo  diroction  of  motioa,  it. 


indicates  by  the  nnmbor  of  ifa  (erolntionB  the  Telocity  of  the  rnn- 
ding  water.  To  enable  hb  to  count  the  number  of  revolntiona  thff 
Aaft  has  cut  upon  it  a  certain  nnmbcr  of  threads  of  an  endless 
screw  C,  which  work  into  the  teeth  of  a  cog-wheel  D,  which  indi- 
cates, by  means  of  a  pointer  and  tlgtiTes  engraved  npon  the  wheel,, 
the  Dumber  of  rcToiutions  of  the  wheel  J".  Ab  we  often  wish  to 
register  a  great  namber  of  reTolations  the  shaft  of  the  cog-wlieel 
carries  a  pinion,  which  takes  into  another  cog-wheel  B,  npon  which 
we  can  read  off,  as  upon  the  hour-hand  of  a  watch,  multiple*- 
(ejQ^  five  or  tenfold)  of  the  namber  of  revolations  of  the  vanes. 
^  for  estunple,  both  cog-wheek  have  60  t«eth  and  the  pinion  ha». 
10,  the  second  wheel  will  tam  one  tooth,  whUe  the  first  moTes  five, 
or  the  shaft  of  the  vane  wheel  makes  five  tnms.  When  the  pointer ' 
of  the  first  wheel  is  at  27  =  35  +  Z  and  that  of  the  second  at  33, . 
tlie  correspODding  number  of  revolutions  of  the  vane-wheel  is 
=  3*  .  5  +  2  =  163. 
The  entire  instniment  with  a  sheet  iron  Tane  is  screwed  to  a  ■ 
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pole,  BO  that  it  may  easily  be  immersed  and  held  in  the  water.  In 
order  to  prevent  the  gearing  from  turning  except  during  the  time 
of  the  observation,  its  shafts  run  in  bearings  placed  upon  a  lever 
0  0,  which  is  pressed  down  by  means  of  a  spring,  so  that  the  teeth 
of  the  first  cog-wheel  do  not  take  into  the  endless  screw  except 
when  the  string  0  E  \&  drawn  upwards.  The  number  of  revolu- 
tions in  a  given  time  is  not  exactly  proportional  to  the  velocity  of 
the  water ;  hence  we  cannot  put  v  =  a  .  w,  in  which  u  is  the  num- 
ber of  revolutions,  v  the  velocity  and  a  an  empirical  number,  but 
we  must  put 

v  =  v^  4-  a  «,  ^ 

or  more  accurately 

t;  =  v,  +  aw+i3  «•..•, 

or  still  more  accurately 

• 

v  =  a  t*  +  Vv^  +  j3  u*y 

in  which  v^  denotes  the  velocity  of  the  water,  when  it  ceases  to 
move  the  vanes,  and  a  and  j3  are  numbers  to  be  determined  by 
experiment  The  constants  v^  a,  j3  must  be  determined  for  each 
particular  instrument.  By  their  aid  a  single  observation  gives  the 
velocity,  but  it  is  always  safer  to  make  at  least  two  and  then  take 
their  mean  value  as  the  true  one. 

Example.— If  for  a  tachometer  %  =  0,110  feet,  a  =  0,480  and  /?  =  0, 
then  V  =  0,11  +  0,48  v^  and  if  we  have  found  the  number  of  revolutioiu 
of  the  fan  to  be  210  in  80  seconds,  the  corresponding  velocity  of  the 
water  is 

«  =  0,11  +  0,48 .  ~  =  0,11  +  1^  =  1,87  feet 

HEifABK  1. — The  constants  v„  a  and  /3  depend  principally  upon  the 
angle  of  impact,  i.e.,  upon  the  angle  formed  by  the  surface  of  the  vanes 
with  direction  of  the  motion  of  the  water  and  also  with  the  direction  of 
the  axis  of  the  wheel.  If  we  wish  to  make,  when  the  velocities  are  small, 
pretty  accurate  observations,  it  is  advisable  to  make  the  angle  of  impact 
large,  i.E.«  about  70°.  It  is  also  desirable  to  have  vane-wheels  of  different 
sizes  and  of  dilSerent  angles  of  impact,  so  that  when  the  depth  or  velocity 
'  of  the  water  is  greater  or  smaller  we  can  employ  one  or  the  other. 

REifARK  2. — If  the  tachometer  had  no  resistance  to  overcome  in  turn- 
ing, the  vanes  A  B,  Fig.  884,  would  describe  the  space  C  C^  =  CD 
tang.  C  D  C^  while  the  water  describes  0  D\  hence,  if  we  denote  lyy  « 
the  velocity  of  the  water  and  by  6  the  angle  of  impact  0  O  B  =z  CDC^, 
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we  hsTe  trader  Uiis  rappodtion  the  mean  velocity  of  rotation  of  the  yane- 

wheel 
Fio.  885.  «,  =  fi  tang,  d, 

from  which  it  is  easy  to  see  that, 

when  r  denotes  the  mean  radius  of 

the  Tane- wheel,  the  number  of  revo- 

lutions  is 

«.         « tang,  6 

u  =  — ^—  = — . 

%-nr         2  nr  • 

and  that,  consequently,  it  is  directly 

proportional  to  the  Telocity  «  of  the 

water  and  to  the  tangent  of  th»  angle 

of  impact  and  inyeraely  to  the  mean  radius  of  the  vane- wheel. 

Rbmabk  8. —In  order  to  detennine  the  superficial  Telocity  of  water  we 
also  employ  a  small  wheel  made  of  metal,  like  the  one  represented  in  Fig. 
885,  and  we  allow  only  the  lower  part  to  be  immersed  in  the  water.  The 
number  of  revolutions  is  given  by  a  train  of  wheels,  exactly  as  in  the 
tachometer. 

§  491.  In  order  to  detennine  the  constants  or  the  coefficients 
of  a  tachometer,  it  is  necessary  to  hold  the  instrument  in  running  ' 
water,  the  velocity  of  which  is  known,  and  to  observe  the  number 
of  revolutions.  Although  only  aa  many  ob6er%'ations  as  there  are 
constants  are  required,  yet  it  is  safer  to  make  as  many  observa- 
tions afi  possible,  particularly  with  very  different  velocities,  and 
to  employ  the  method  of  the  least  squares  (see  Introduction  to  the  ^ 
CalculuSy  Art  36)  and  thus  do  away  with  the  accidental  errors 
of  observation.  The  velocity  of  the  water  may  be  determined  by  a 
floating  sphere,  or  we  may  catch  the  water  in  a  gauged  vessel  and 
divide  the  quantity  of  water  caught  by  the  cross-section.  If  the  : 
floating  sphere  is  employed,  the  air  must  be  still  and  the  water  must 
move  uniformly  and  in  a  straight  line.  The  vane-wheel  must  be 
immersed  at  several  points  along  the  path  described  by  the  floating 
sphere,  and  to  insure  perfect  accuracy,  the  diameter  of  the  sphere 
should  be  about  equal  to  that  of  the  vane-wheel. 

.  The  second  method  of  determination  by  catching  the  water,  in 
which  the  mUl  is  immersed,  in  a  gauged  vessel  possesses  many 
advantages.  For  this  .purpose,  and  for  adjusting  hydrometers 
generally,  it  is  very  desirable  to  have  at  one^s  disposition  a 
hydraulic  observatory,  which  consists  of  a  gauged  vessel,  a  trough, 
and  a  discharging  vessel  or  reservoir.  We  can  then  give  the 
water  any  desired  velocity;  for  we  can  regulate  not  only  the 
entrance  of  the  water  infco  the  trough,  but  also,  by  inserting  boards, 
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we  can  regulate  at  wiU  the  ydociiy  in  it  In  making  tke  ebfleiT»- 
tion,  we  have  but  to  insert  the  taehometer  at  different  parts  of  the 
cross-section  of  the  trough,  to  measure  the  det>th  of  this  section  bj 
a  scale,  and  then  to  gauge  the  quantity'  of  water,  which  has  passed 
through  in  a  given  time  (g  480).  The  aarea  of  the  cross-section  is 
obtained  by  multiplying  the  mean  deipth  bj  the  mean  width,  and 
the  discharge  Q  is  c^culated  from  the  meaBk  cross-section  of  the 
receiving  reservoir  and  the  depth  of  the  water,  which  has  flowed 
into  it,  by  means  of  the  formula 

finally,  from  Q  and  J^we  deduce  the  mean  ynAocBSf  of  the  water 

The  corresponding  number  u  of  revolutions  of  the  vane-wheel 
is  the  mean  of  all  the  revolutions  observed  when  we  inserted  the 
instrument  in  different  parts  of  the  transverse  profile. 

If  by  experiment  we  have  deteranned  a  series.  Vt,vyv^  etc,  of 
mean  velocities  and  the  corresponding  numbers  of  revolutions,  we 
obtain,  by  substituting  them  in  the  fcmnula 

V  =  V,  +  a  «, 
or  in  the  more  accurate  one 

as  many  equations  of  condittoBS  for  the  constanta  t%,  a,  /3^  aa  we 
made  observations^  and  we  can  find  £bom  them  the  constants  them- 
selves either  by  employing  the  method  given  in  Art  36  of  tile  In- 
tiodnction  to  the  Gaftcolns,  or  by  dividing  these  equations  into  as. 
many  groups  as  there  are  unknown  constants,  and  combining  them 
b^  addition  into  as  many  equatifxns  of  condition  as  are  necessary 
for  the  determination  of  v^,  a  and  (3. 

It  we  assume  the  passive  nmstances  of  the  instniment  to  be 
small  enough  to  be  neglected,  we  can  put  v  =  au  and  determine- 
a  by  moving  the  instrument  forward  in  still  water  and  observing 
the  number  n  =  u  ^  of  revolutions  made  in  describing  the  space 
8  =^  vt;  then 

Rbmabk— 1)  If  we  emplay  the  rimple  formula  with  two  eOBstaaii^  wa 
can  pat,  according  to  the  method  of  least  squareB^ 

S(y')S(«0~r(gy)2(y)  S(OS(y)^S0gy)X(a» 
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1  «  ' 

in  which  x  =  -  and  y  =  -^  and  the  mga  2  denotes  the  BDm  of  all  the 

values  of  the  eame  kind  aa  that  vAach  foltows  it,  B.a. 

*i       ••       *• 

-.  X  1  tl-  1  1*.  1  tf. 

Example. — ^We  haye  obBerved  with  a  small  tachometer  that  for  the  ve- 
locities ' 

0,168, 0,905, 0,296, 0,860, 0,610  meters 

tiie  nnmber  of  reyolntions  per  second  were 

0,600, 0,885, 1,467, 1,805, 8,142, 
and  we  wiefti  to  determine  the  constants  correspondiDg  to  this  instrument. 
By  the  aid  of  the  formula  given  in  the  Remark,  we  obtain,  since 

^      0,600      0,885 

^^>  =  o;i63  +  o!m  +  --  =  ^^>^^^' 

^  <^">  =  (otios)'^  (o}o5)'+  -  -S2>^«» 

S  (^  3=  105,288,  and 

,      ,         0,600  0,885 

^  (*y)  =  \0Msy  +  -(o;265?  +  •••  =  »^'««^' 

_  105,288 .  18.740  -  80,961 .  22,759   129,5 
*•  ~   82,846 .  105,288  -'(80,961)«   "^  9162  "*■  '   ^^ 
868,8   _  ^«,A«k 

»  =  1Sb  =  "'"<•" 

hence  the  formula  for  this  instrvmeot  is 

9  =  0,060  +  04708  «. 
B«betituting  «  ss  0,6,  we  obtain 

t  ^  0,060  +  0,100  =  0,162  \ 


u  «=  0,885  giyea 

tt  =  1,467, 

«  r=  1,805, 

and  finally,  u  =  8,142, 


aza;  0,060  +  0,142  =  0,202; 
V  a  0,060  4-  0,240  «=  0,809; 
«  =  0,060  +  0,807  =  0,867 ; 


0  =  0,060  +  0^35  =  0,595. 
The  calculated  values  therefore  agree  very  well  with  the  observed  ones. 

Remabk— 2)  We  can  also,  according  to  Lapointe,  insert  the  tachometer, 
in  a  cylindrical  pipe,  and  thus  obtain  the  velocity  of  the  water  flowing 
through  it.  The  counting  ap^anttus  can  be  placed  outside  of  the  pipe 
and  connected  with  the  vane-wheel  by  means  of  a  shall.  Lapointe  calls 
this  instrument  un6  tube  ja/ugewr  (see  ^^  Con^ptes  rendues,"  T.  XXY,  1848 ; 
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also  Foljtecbn.  CeDtralbUtt,  1347).'  Pig.  B86  give^  aa  ideal  repTesentatioii 
of  the  tachometer  in  a  pipe.  The  Tuie-wheel  in 
Fio,  886.  this  ca»e  also  pnta  a  shaft  Z>  S  in  rotation  by 

means  of  an  endless  icrew ;  the  former  pasees  oQt 
of  the  pipe  A  ii,  in  which  the  water  to  be 
measured  flows,  throngh  a  staffing-box  F  into 
the  case  0  Sof  the  counting  apparatiu,  the  ar- 
rangement of  which  msj  be  verjr  varied. 

-  Rbmabk— S)  The  French  have  but  lately  be- 

gan to  give  enfficient  attention  to  the  tacbonwter. 
A  complete  treatise  upon  this  instmment,  t^ 
Baamgarten,  ie  to  be  fonnd  in  the  "  Annales  des 
ponts  et  chanssfee,"  T.  XIV,  1U7,  and  an  abstract 

of  itin  the"Poljtechniache8CentTalblatt,  1849."  Baumgartsn  recommend! 

a  ecrew-wbeel  and  adds  several  remarks,  which  agree  very  well  with  oar 

experiments,  made  many  years  ago.    A  new  tachometer,  withont  wheels 

and  with  a.  long  screw,  is  described  by  Boileau  in  his  "  Tnut€  de  la  mesnio 

des  eaux  ci 


§  492.  Pitof  s  Tnbe. — The  other  hydromel^rB  are  more  im- 
perfect than  the  tachometer;  for  they  are  either  less  accurate  or 
more  difficult  to  use.  The  simplest  inetrument  of  this  kind  is 
Pitot'a  tube  {Fr.  la  tube  de  Pitot ;  Ger.  Pitot'sche  Bohre).  It  con- 
sists of  a  bent  glaes  tube  ABC,  Fig.  837,  which  is  held  in  tfae 

_     water  in  such  a  mamier  that  the  lower  part  is 

horizontal  and  oppoeite  to  the  motion  of  the 
■water.  By  the  impulse  of  the  water  a  column 
of  water  will  be  forced  into  the  tnbe  and  held 
above  the  level  of  the  water,  and  this  rise  D  S 
is  proportional  to  the  impulse  or  to  the  velo- 
city of  the  water  vhich  produces  it;  this  rise 
or  difference  of  level  can  therefore  serve  to 
measure  the  velocity  of  the  water.  Iftheheight 
7)  E  above  the  exterior  sur&oe  of  the  water 
=  h  and  the  velocity  of  the  water  =  v,  we  can  put 

in  which  ^  is  an  empirical  number,  or  inversely 

V  =  I*  fa^  A,  or  more  simply 


g  408.1 


HYDBOMETEY,  ETC, 


d99 


Fia.  888. 


In  order  to  find  the  constant  rl>,  we  hold  the  instrument  in  the 
water  where  the  Telocity  is  known  to  be  t^i ;  if  the  rise  is  =  Ai,  we 

haye  the  constant  V'  =  —^,  which  can  be  employed  in  other  cases, 

V  hi 

where  the  velocity  is  to  be  determined  by  this  instrument    . 

In  order  to  facilitate  the  reading  oflf  of  the  height  h,  the  instru- 
ment is  composed  of  two  tubes  A  B  and  (7  2>^  as  is  represented  in 
Pig.  838 ;  from  one  of  the  tubes  a  pipe  proceeds  in  the  direction  of 
the  stream,  and  from  the  other  two  pipes  F  and  -P,  at  inght-angles 

to  that  direction,  but  by  means  of  the  same  cock 
both  tubes  can  be  closed  at  once.  If  we  draw  the 
instrument  out  of  the  water,  we  can  easily  read  off 
the  difference  of  height  jST  i  =  A  of  the  columns 
of  water  upon  the  scale  placed  between  them.  In 
order  to  prevent  the  water  from  oscillating  in  the 
tubes,  it  is  necessary  to  make  their  mouths  narrow ; 
and  in  order  that  the  cock  may  be  shut  quickly  and 
certainly,  it  is  provided  with  a  crank  and  a  rod 
H  S,  which  is  represented  in  the  figure  principally 
by  a  dotted  line  and  terminates  near  the  handle  of 
the  instrument 

Remabx — 1)  Although  Pitot'stube  is  not  so  accurate 
as  the  tachometer,  yet,  on  account  of  its  gimpUcity,  it 
can  be  highly  recommended.  The  author  has  diacussed 
this  instrument  at  length  in  the  *^  Polytechnisches  Gen- 
tralblatt,  1847,"  and  gives  there  a  series  of  numbers,  de- 
termined by  experiment,  and  the  values  of  the  coefficient 
Y>  deduced  from  them.  With  fine  instruments,  when  the 
velocities  were  between  0,82  to  1,24  meters,  we  found 

V  =  8,546  V^  meters. 

2)  Duchemin  recommends  Pitot^s  tabe  with  a  float 
Since  the  latter  must  be  pretty  wide,  it  dams  the  water 
back  to  a  certain  extent,  so  that  it  cannot  be  employed  for  narrow  canala 
(see  Duchemin:  ^^Recherches  exp^rim.  sur  les  lois  de  la  resistance  des 
fluides").  Boileau  describes  in  his  work,  cited  in  §  412,  a  new  kind  of' 
Pitot's  tul^,  which  is  provided  with  a  small  gauged  vessel ;  the  velocity 
is  measured  by  the  quantity  of  water  pressed  above  the  surface  of  the 
water. 

§  493.  Hydrometric  Pendulnxn.— The  hydrometrtc  pendu^ 
lum  (Fr.  pendule  hydromStriquo ;  Ger.  Stromquadrant  oi;  hydro- 


F 
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aetriacbes  Pendd)  wis  principally  anployed  by  Xfnenes,  Michelottif 
Oerstner,  fo^d  £)ytelwein  to  iiMasare  the  ydoeity  of  running  water. 

This  iBBtrqinent  conBisis  of  a  qnadiant 
A  By  Fig.  SW,  divided  into  degi^ees  and 
parts  of  a  iegne,  and  of  a  string  attadied 
tp  ii^  centra  C,  at  thd  other  end  of  which  is 
fieisteoed  a  metal  or  ivory  ball  ^,  2  or  8 
inches  in  disineter.  The  velocity  of  £he 
water  is  giv^n  by  the  angle  ACE  formed 
by  the  stretched  string  with  the  vertical, 
when  the  plane  of  the  instrument  is  placed 
in  the  direction  of  the  stream,  and  the 
ball  is  immersed  in  the  water.  Since  the  angle  cannot  easily  exceed 
40%  this  instram^t  ofiien  has  the  form  of  a  right-angled  tviangky 
fkud  the  graduation  is  then  marked  upon  the  base.  In  order  to 
place  the  zero  hne  vertical,  we  can  either  phice  a  level  upon  the 
instrument  or  we  can  employ  the  ball  itself  by  allowing  it  tQ  hang 
out  of  the  water  and  then  turning  the  instrument  until  the  string 
corresponds  with  the  zero  line.  For  velocities  less  than  4  Ibet  we 
can  employ  an  ivory  ball ;  for  greater  velocities,  however,  we  must 
use  heavy  balls  of  metal  On  account  of  the  vibrations  of  the  ball, 
not  only  in  the  direction  of  the  motion  of  the  water  but  also  in 
that  at  right  angles  to  it,  it  is  always  difficult  to  read  off  the  angle, 
and  the  result  is  never  free  from  uncertainty;  this  instrament 
cannot  therefore  be  considered  to  be  a  perfect  one. 

The  dependence  of  the  angle  of  deviation,  for  a  ball  that  is  not 
deeply  immersed,  upon  the  velocity  of  the  water  can  be  determined 
in  the  following  manner.  The  weight  G  of  the  ball  and  the  im- 
pulse of  the  water  P  ^  ik  F  v*^  which  increases  with  the  cross- 
section  F  of  the  ball  and  the  square  of  the  velocity  r,  give  rise  fo 
a  resultant  72,  which  is  counteracted  by  the  string  and  is  deter- 
mined by  the  an^le  of  deviation  d,  for  which  we  have 

Z'  ^f^Fv' 
tang,  d  =  ^  —  —g-f 

or  inver^ly 


r' 


^^andi^=  i^-j,.  Vtang. d. 


V  =5  yp  Viang,  d, 
in  which  V'  is  an  empirical  coefficient,  which  must  be  determined 
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in  the  maimer  stated  aboYe  (§  491)  1)efi>ie  the  instrumeirt  can  t)e 

XI06CL 

§494.  RhAoniAtar.-^The  remainrng  hydrometers,  such  as 
Lorgna's  water-lever,  Ximenes'  water-vane,  Michelotti's  hydranlie 
balance,  Brunning's  tachometer  uid  Polettfs  rfaeometer,  etc.,  are 
difficult  to  use  and  partially  uncertain.  l%e  principle  of  all  of 
them  is  the  same ;  they  consist  of  a  balance  and  of  a  sur&ce, 
which  is  subjected  to  the  impact  of  the  water;  the  former  served 
to  measure  the  impulse  P  of  the  water  against  the  former,  but 
since  the  impulse  is  =  /i  i^v',  we  have  inversely 


V=z/- 


=  i>VF, 


in  which  V'  is  an  empirical  constant,  dependent  upon  the  magni- 
tude of  the  surface  subjected  to  the  impulse  of  the  water. 

The  Bheometer,  which  has  been  lately  proposed  by  Poletti,  does 
not  differ  essentially  from  Michelotti's  bfdance  and  consists  of  a 
lever  A  B,  Fig.  840,  movable  about  a  fixed  axis  £>  and  of  a  second 

arm  CD,  upon  which  a  surface,  or,  according  to 
Poletti,  a  simple  rod,  which  is  to  be  subjected 
to  the  impact,  is  screwed.  In  order  to  balance 
the  force  of  impact  of  the  wateiv  ^(^^  ^^  weights 
are  put  into  the  sheet  iron  box,  which  is  sus- 
pended at  A  upon  the  lever^  and  to  balance 
the  empty  apparatus  ixx  still  water,  weights 
are  hung  at  ^,  the  e:(treme  end  of  the  arm 
C  B.  From  the  weights  added  at  0  and  the 
arms  of  the  lever  C  A  ^  a  and  C  F  =^  b^  we 
obtain  by  meaus  of  the  formula  F  i  =  0  a  t)ie 
impulse  ^ 

P  =  ?ffandv=  j/^  =  '/-^=V»i^ 
b  ^   II F       ^    mb  F       ^ 

In  which  '^  denotes  an  empirical  oonstanb 

A  hydrometer  constmoted  upon  the  same  principle,  in  which 
the  impulse  of  the  water  is  balanced  by  the  force  of  a  spring  (hy- 
drom^tre  dynamom6trique)  is  described  by  Boileau  in  his  treatise 
upon  the  measurement  of  water. 

Remark  1. — ^Tbe  last-mentioned  hydrometers  arediscuflsed  at  length  in 

iSytelwdn'B  **  Handbuch  der  Mechanik/*  Vol.  11,  in  Bmnning's  "  Abband- 
Itmg  i&foer  die  Geflchwmdigkeit  des  flieBsenden  Wassers,''  in  Yoituroll's 
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"Elemeoti  di  Heccanica  e  d'Idnulica,"  VoL  IL  Conceniing  Poletti'i 
Blieometer,  Bee  Dingler's  Polytechn.  Journal,  Vol.  XX,  1826.  ateveinon'i 
hydrometer  is  Woltmsnn's  tachometer,  see  Dingler'a  Joumftl,  Vol.  LXV, 
1S43.  The  water-meters  and  gas-meten  coiutructed  like  leactioa  wheels 
will  be  treated  in  the  following  chapter. 

Rbmabk  2. — A  work  to  be  paiticularl;  recommended  fbr  practical 
parpoaes  is  the  "  Hjdrometrie  oder  pructiBche  Anleitung  cnm  Wasaei> 
mesaen  von  Bomemann,  Freiberg,  1849."  Boileau'a  work  haa  alieadj  been 
lueDlioned  Beveral  times  ^aee  $  413,  etc). 


CHAPTER    IX. 

OF  THE  IMPULSE  AND  BESI3TANCE  OP  FLUIDS. 

g  495.  Reactton  of  Water. — The  total  pressure  of  the  still  wa- 
ter in  a  Tesael  is,  according  to  §  363,  redui^  to  a  vertical  force  equal 
to  the  weight  of  the  mass  of  water ;  but  if  the  vessel  A  F,  Fig.  811, 
has  an  opening  F,  through  which 
*^-8*l'  the  water  issues,  this  force  ander- 

goes  a  change  not  only  because  a 
portion  of  the  wall  of  the  vesBel  it 
abaent,  bat  also  becaDse  £he  water, 
which  issues  from  the  orifice,  like 
every  other  body,  which  changes 
its  conditions  of  motion,  reacts  by 
virtue  of  ita  inertia.  The  change 
in  the  motion  of  a  body  may  consist 
.  either  of  a  change  of  velocity,  or 

ofachangeof  direction,  and,  there- 
fore,  the  reaction  (Fr.  r^actioB ;  Ger.  Seaction)  of  the  issuing  water 
may  be  due  not  only  to  an  acceleration  but  also  to  a  constant 
change  in  the  direction  of  the  water,  which  is  approaching  the 
orifice. 

We  can  make  ourselves  acquainted  with  the  complete  reaction 
of  the  water  in  a  dischai^ng  vessel  in  the  following  manner. 

Let  c  be  the  velocity  of  the  water,  which  is  issuing  from  the 
orifice  F,  e,  the  reUtive  velocity  of  the  water  at  the  sorboe  A^ 
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G  the  area  of  this  earface  and  h  the  head  of  water  A  Dzlt  the  ori- 
fice*   Then  we  have 

and  the  discharge 

Q=^  Fc^Gcv 
If  we  imagine  the  vase  A  F^  Fig.  841,  to  moye  forward  in  a 
horizontal  direction  with  a  velocity  v^  we  must  put  for  the  absolute 
Telocity  Ct  of  the  water  entering  the  vessel 

C*  =  (?,•  +  r», 

and  if  the  angle  of  inclination  of  the  axis  of  the  stream  to  the 

horizon  is  j?  jP  0  =  a,  we  have  for  the  absolute  velocity  w  of  the 

effluent  stream 

«?•  =  c*  +  V*  —  2  <?  v  COB.  a. 

Kow  the  actual  energy  of  the  water  before  efflux  ia 

and  that  after  efflux  it  is 

r        w*  i-v  /c*  +  1;'  —  2  c  r  COB.  a\  ^ 

^•=  2^  «^  =  ( 2^^ )^^'^ 

hence  the  energy  withdrawn  firom  the  water  and  transmitted  to 

the  vessels  is 

T        T        T        /^i'  —  (^•^icvcoB.a   ,    , \  ^ 
L-Lx-U=  \^ Yz +  A  j  G  r, 

•  CT  C\  ^ 

or,  since  5 -i-  =  A, 

^       cv  COB.  a  ^ 

The  horizontal  component  of  the  reaction  of  the  water  is 

rr         L  C  COB.  a  ^ 

V         g 

Since  Q  ==.  F  Cy  we  have  also 

(^  c* 

H  =  — FycOB*  o  =  2.  iT-  Fy  coB.a  =  %h  Fy  cob.  a, 

g  ^g 

and  therefore,  when  the  direction  of  the  stream  is  horizontal,  as  in 

Pig.  842, 

H=2hFy. 

Therefore,  the  reaction  of  a  horizontal  etream  iB  equal  to  the 
weight  of  a  column  of  watery  whoee  croBs-^ection  xb  thai  of  the  Btream 
and  whoBe  height  iB  double  that  (2  h)  due  to  the  velocity. 


1004  QENESAL  PBINCIPLES  OF  HECHANICa  ie«l 

RrauBK.— Ur.  Petar  £wwrt,  «b  ikigliahBan,  hu  reeentlj  nxtd*  ezpei}- 

meiits  to  prove  the  correctneas  of  this  Uw  (see  "  Hemoira  of  the  KanchMter 

PbiloBOpbical  Society,"  Vol.  Q,  or  th«  "  logenieur,  Zdtschrin  fur  du  go- 

Buamte  Ingenlenrweeen,"  Vol.  I).     He  hong 

_  theTCMel  S  B  Fttpon  «  borizootol  uk  O, 

Fig.  842,  ftnd  meMimd  the  TEaction  by  a  bent 

hver  AD  B,  apon  which  the  veeeel  acted  by 

neaiw  of  a  horicontal  rod  A  O,  which  piceaed 

against  ths  reaael  exactly  apposite  to  the  ori- 

fioe  F.    For  efflux  tbiongk  an  onfice  in  a  ^^i* 

plate,  he  found 

If  we  pnt  the  croBfr«ection 
Fi  =  0,«4  F 
and  the  effectiTe  velocity  of  discharge 
V,  =  0,96  • 
(Bee  {  405),  we  obtain  by  the  theoretical  fonnnla 

r- ^-'^-F.r  =  >■«.«'•  ■'>M.f^Fr  =  lMf^l'r, 
or  abont  the  aoine  that  waa  given  by  experiment.     With  an  orifice  shaped 
like  Uie  contracted  stream,  he  found  P  =  1,78  -5—  F  j,  aad  the  coefflcioit 
of  efBux  orvetodty  <=  t,M,      Biace  in  thia  ease  J^,  =  J'ande,  =  0,&4«^ 
we  have  theoretically 

P=a.0.M.|ijrr  =  J,77.|^2l'r, 
which  ^>reea  very  well  with  the  rcralt  of  the  eiperinwnt. 

§  49&  If  we  unagiDe  the  diachai^ng  Teasel  A  F,  Fig.  649,  to 
be  moved  rerticaUy  upwards  with  a  velocity  v,  we  have  for  tbe 
absolute  Telocity  of  the  water  wbich 
eixtenit 


Fia.S48. 


nod,  on  the  contrary,  for  that  of  the 
water  iBBoing  from  it  (the  same  no- 
tatiooB  beiog  employed  as  in  the 
Coregoiac  pangTa{>b) 
w'  =  c*  +  r*  +  2crcM.  (90°  +  a) 

=  <^  +  i^— 3cp  sin.  a. 

Henoe  the  total  energy  of  tbe 
Tohune  of  water  Q  per  second  \a 

and,  on  the  contrary,  that  of  (he  water  discharged  !a 

Z,  -  (<;•  +  v"  ~  i  c  V  tin.  a)  Q  :2 g  , 
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consequently  the  mechanical  effect  imparted  hf  the  water  to  the 
yessel  is 


=  A  -  i.  =  ( 


2  v  Ci  -f  c,*  —  c*  +  2  (?  V  sin.  a 


» ■   ■■ 


^ff 


+  A 


)ey. 


-       (c  sin.  a  —  Ci)  V  ^ 

and  the  corresponding  vertical  force  is 

^      L       fe  sin.  a  -^  €t\  ^  /  .  ^\  (^  r^ 

^=  y  =  V — i — l^^"^  K*  -  o)j^^ 

If  the  orifice  of  efflux  is  small,  compared  to  the  sttrfece  O,  we 

have  ^  =  0,  and,  tlierefore,  the  vertical  component  of  the  reaction 

V^%k  Fy»in.a. 
According  to  the  foregoing  por^gn^h  the  horizontal  compo^ 

nent  of  this  fidacoe  w)eb 

£r  =  2hFyeos.a; 
hence  the  total  reaction  of  the  water  is 

R  =  VV^  +  IP  =  2hFy, 
and  its  direction  is  exactly  opposite  to  that  of  the  motion  of  the 
efi9.nent  water. 

It  Fz=.  0,  LE.,  if  the  water  flows  through  a  pipe  of  uniform 

F 
width,  we  have  ^  ==  1,  and  therefore 

r  =  {sin.  a  -  1) .  2  A  i^r  =  -  (1  -  m.  a) .  2  A  Fy, 
in  this  case  V  does  not  act  upwards  but  downwards,  and  the  total 

reaction  is    

R  =  VV^  +  W  =  Vcos.  o*  4-  (1  -  rin.  ay\  %hFy 

Fio.844.  =  V2~(r^5i«ra)  .2A^y 

=  4  A  jP  r  sin.  (45^  -  |). 

For  a  =  ~  90"",  I.E.,  when  the  pipe  forms  a 
Bamdciicle,  i2  =  4  A  ^  y 

If  a  =  +  90^,  we  have  the  ca0iB  represented  in 
Kg.  844,  where  fl"  =  0  and 
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OODseqneDUy,  for  ^  =  0,  we  have 

V=It  =  %hFy. 
The  total  veigbt  of  the  water  in  the  Teesel  will  be  dimmished 
that  much,  when  the  water  is  allowed  to  flow  oat. 

g  497.  Impnlsa  and  Rosistance  of  Water. — Water  or  any 
other  fluid,  when  it  impinges  upon  a  solid  hody,  imparts  a  force  or 
impulse  to  it,  and  thus  produces  a  change  in  its  state  of  motion. 
The  resistance  (Ft.  resistance;  Ger.  Wideretand),  which  water 
makes  to  the  motion  of  a  body,  is  not  essentially  different  from  im- 
pulse. The  examination  of  these'  two  forces  constitutes  the  third 
chief  division  of  hydraulica.  We  distinguish  from  each  other  first, 
the  tmpa::t  of  an  isolated  stream  (Ft.  choc  d'une  yeine  de  fluide; 
Ger.  Stoss  isolirter  Wasserstrahlen) ;  secondly,  the  impact  of  a 
bounded  stream  (Fr.  choc  d'an  fluide  defini ;  Ger.  Stoss  im  be- 
^nzten  Wasser  oder  Gerinne) ;  and  thirdly,  the  impact  of  an  tinlim- 
iied  stream  (F.  choc  d'un  fluide  indefini ;  Ger.  Stoss  im  unbegrens- 
t#n  Wasser).  Impact  of  the  first  sort  takes  place  when  a  stream 
discharged  fh)m  a  vessel  encounters  a  body,  as,  B.O ,  the  bucket  of 
an  overshot  water-wheel ;  impact  of  the  second  sort  occurs,  when 
the  water  in  a  canal  or  trough  strikes  against  a  body  which  en- 
tirely fills  the  croBS-section  of  the  latter,  as,  e.o.,  the  float  of  an 
nnder-shot  water-wheel  Finally,  impact  of  the  third  kind  occurs, 
when  running  water  strikes  upon  a  body  immersed  in  It  and  the 
cross-section  of  the  latter  is  but  a  small  part  of  that  of  the  stream, 
as,  E.Q.,  the  float  of  a  wheel  in  an  open  current. 

We  distinguish  also  impact  against  bodies  at  rest  and  bodies  in 
ju    045  motion,  against  curved  and  plane 

surfaces ;  the  latter  may  be  either 
direct  or  oblique. 

We  will  now  consider  a  more 
general  case,  viz.  the  impact  of  an 
isolated  stream  againet  a  surface 
0/ revolution,  moving  in  the  direc- 
tion of  the  motion  of  the  stream, 
which  coincides  with  the  direction 
of  the  axis  of  the  aur&ce, 

g  498.  Impact  of  an  Isolated 

Stroant— Let  BAB,  Fig.  845,  be 
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a  surface  of  revolution^  A  P\\&  axis,  and  F  A  2k  stream  of  water 
moYing  m  the  direction  of  the  axis  of  the  latter  and  impinging 
against  it;  let  us  put  the  velocity  of  the  water  =  c^  that  of  the 
sarface  =  v,  and  the  angle  B  T  P^  which  the  tangent  i>  T  to  the 
end  B  of  the  generatrix  or  each  fibre  B  D  oi  the  stream  of  water, 
which  leaves  the  surface^  makes  with  the  direction  B  E  of  the  axis, 
=  a,  and  let  us  assume  that  the  water  does  not  lose  any  vis  viva  in 
consequence  of  the  friction  while  passing  oyer  the  curved  surface. 
The  water  impinges  upon  the  surface  with  the  yelocity  c  —  v  and 
then  passes  over  the  surCEu;e  with  that  velocity  and  leaves  it  in  a 
tangential  direction  T  B^  T  By  etc.,  with  the  same  velocity.  Prom 
the  tangential  velocity  B  D  ^  c  —  v  and  from  the  velocity  B  E 
=  t?  in  the  direction  of  the  axis,  we  obtain  the  absolute  velocity 
5  (7  =  c,  of  the  water,  after  it  has  impinged  upon  the  surface,  by 
the  well-known  formula 

d  =  V(c  "  VY  +  ^{C  —  V)V  COS.  a  +  v*. 

.    Now  a  discharge  Q  can  produce  by  its  vis  viva  a  mechanical 
effect  s—  .  C  y,  when  it  loses  its  entire  velocity  c ;  hence  the  energy 

remaining  in  the  water  is  =  ^  .  Q  y,  that  transmitted  to  the  sur- 

t^     •  ^ 

&ce  18 

_  [c*  —  (c  —  vY  —  2  (c  —  v)  g  COS.  a  —  r*]  - 
2cv  —  2v^  —  2(c'—  v)v COS. a  ^ 

= ^j '- Q7, 1.". 

P  V  =  {1  -  COS.  a)  ^±^-^  Q  y, 
and  the /ores  or  impulse  in  the  direction  of  the  axis  is 

P  =  (1  -  COS.  a)  ^-^^  Q  y. 

if 

If  the  surface  moves  with  a  velocity  v,  which  is  in  the  opposite 
direction  to  that  of  the  water,  we  will  have 

P=(l-cos.a)i^Qy, 

and  if  the  surfiace  does  not  move  or  if  v  =  0,  the  impulse  or  hydrau- 
lic pressure  in  the  direction  of  the  axis  is 

P  =  (1  -  «w.  a)  ^  .  g  y. 
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From  this  it  fofiows  thai  the  impulM  of  one  and  the  tame  vuai 
qfteater,wkm  tho  other  circvmstamm  an  the  tame,  ispreportitmd 
to  the  relative  vsloeity  a  ^  vafthe  mUer. 

If  the  area  of  the  oroaB-ssctioii  of  the  •b«aaQ  is  F,  the  T^nme 
of  the  impinguig  vster  is  F(e  =p  v);  beace 


or  foru  =  0, 

P  =  (1  -  cw.  a)  —  Fy. 

If  the  cross-section  of  the  stream  rmtttins  the  tame,  the  imjntiit 
against  a  eurface  at  rest  increases  loith  the  square  of  the  vehcUj/  of 
the  water. 

g  499.  Zmpaot  aga^st  Plan*  lbvif»cea.~The  impnlse  of 
the  same  streatn  of  water  depends  principally  upon  the  angle  a,  tit 
which  the  water  movea  off  from  the  axis  after  the  impact;  it  is 
Biall  whcD  this  angle  =  0,  and,  on  the  ooniittr;,  a  maximmn  and 

when  this  angle  IB  180'*orwhenitsoo8ine=  —1,  in  which  case,  as  ia 
F.o.84e.         .        Pio.$47.  KP^nted    in    Fig.   846,   t^ 

water  quits  the  sorface  m  a  oi- 
rectien  opposite  to  that  in  which 
It  atmck  it.  In  general  the  im- 
pact ig  greater  against  concave 
than  against  convex  surfaces; 
for  in  the  fonn^!  case  the  angle 
ia  obtQse  and  ita  cosine  negatare 

and  1  —   COS.  a  becomes  1  +  ctt*.  a. 

Usually  the  surface  is,  as  is  fepresented  in  Fig.  847,  plane  and 

therefore  a  =  90"  or  cos.  a  =  0  and  the  impnlse 


Fio.  847. 


When  the  ffarihce  is  at  rest,  we  hsv9 

P  =  -Qy  =  -^-Fy^2.-^Fy^ZFhy. 
9  9  H 

The  normal  Impulse  ofmUer  against  a  plane  surface  is  eguai  it 
thv  lee^ht  of  a  column  of  water,  the  eroes-section  of  whose  bate  it 
equal  to  the  cross-sectton  of  the  ttreatn,  and  whose  he^t  u  twice 


that  due  to  the  velocity  ( 2  A  =  2  .  ^  Y 
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The  resnltfl  of  the  experimenta  made  npon  ihis  subject  by 
Michelotti,  Yince,  Langsdorf^  Bossut,  Morosi  and  Bidone  were* 
about  the  same,  when  the  crosfl-section  of  the  impinged  surface  was 

at  least  6  times  that  of  the  stream 
and  when  this  surface  was  at  a 
distance  not  less  than  twice  the 
thickness  of  the  stream  from  the 
orifice.  The  apparatus  employed 
consisted  of  a  lever  like  Poletti's 
Sheometer  (§  494),  upon  one  end 
of  which  the  stream  impinged, 
the  impulse  was  balanced  at  the 
other  end  by  weights.  The  ap- 
paratus employed  by  Bidone  is 
represented  in  Fig.  848.  B  Ois  the  surface  subjected  to  the  action 
of  the  stream,  O  the  scale-pan  for  reedving  the  weights,  D  the  axis 
of  rotation,  and  K  and  L  are  counter  weights. 

Rbmabs.— The  uumt  extendTe  experiments  xxpon  the  impulse  of  water 
were  made  by  Bidone  (see  '*  Memoire  de  la  Reale  Accademia  delle  Scienze 
di  Torino,'*  T,  XL,  1888).  They  were  made  with  a  velocity  of  at  least  27 
feet  and  with  brass  plates  of  from  2  to  9  inches  in  diameter.  Bidone  gen- 
erally found  the  normal  impulse  against  a  plane  surface  somewhat  greater 
than  f^Fhy;  but  this  increase  is  to  be  ascribed  to  the  increase  of  the  arm 
of  the  lever,  in  consequence  of  the  falling  back  of  the  water.  See  Dnchemin : 
Becherches  exp^rimentales  sar  les  lois  de  la  resistance  des  fluides  (tranelated 
into  German  by  Schnuse).  When  the  impinged  surface  was  very  near  the. 
orifice,  Bidone  found  P  to  be  only  1,5  Fh  y.  When  the  impinged  surface 
was  of  the  same  size  as  the  stream,  in  which  case  the  angle  of  deviation  a 
is  acute,  according  to  du  Buat  and  Langsdorf,  P  is  only  =:  Fhy,  Bidone 
and  others  have  found  that  the  impulse  during  the  first  instant  was  nearly ' 
twice  the  permanent  impulse.  Comparative  experiments  upon  the  impulsB 
and  reaction  of  water  have  been  made  by  the  author  with  a  reaction  wheel. 
See  his  "  Experimentalhydraulik"  and  the  "  Civilingenieur,"  Vol,  I,  1854. 

By  more  recent  experiments  upon  the  impact  of  isolated  streams  of  air 
and  water  (see  Civilingenieur,Vol.  VII,  No.  6,  and  Vol.  VIII,  No.  1),  the 
author  found  the  effective  impulse  of  an  isolated  stream  of  air  or  water 
against  a  normal  plane  to  be  92  to  96  per  cent  of  the  theoretical  force  P  = 

~^,  that,  on  the  contrary,  the  impulse  of  such  a  stream  against  a  hollow 

surface  of  rotation  by  which  the  direction  of  the  stream  is  made  to  deviate 
an  angle  6  =  184'',  is  but  88  to  88  per  cent,  of  the  theoretical  force  P  = 

Qy 
<j  (1  —  ttw.  <n  ■^-^. 

64 
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§  500.  MaTrimnm  Work  done  by  the  Impulse. — ^The  me- 
ohonical  effect 

Pv  =  (1  -  COS.  a)  i^^zAlQy 

if 

depends  principally  npon  the  yelocity  v  of  the  impinged  sniface; 
s.a.  it  is  null  not  only  for  t;  =  c,  but  also  for  t;  =  0 ;  hence  it  fol- 
lows that  there  must  be  a  yelocity^  for  which  the  work  done  by  the 
impulse  is  a  maximum.  It  is  eyident  that  this  is  the  case  when 
(<j  —  v)  t;  is  a  maximum.  If  we  consider  c  to  be  half  the  periphery 
of  a  rectangle  and  t;  to  be  its  base,  we  haye  its  height  =  c  —  v  and 
its  area  ^  {c  —  v)  v;  now  the  square  is  that  rectangle,  which  has 
the  greatest  area  for  a  giyen  periphery;  hence  (c  —  i;)  v  is  a  maxi- 

mum,  when  (c  —  v)  =  v,  lb.,  v  =  ^,  and  we  obtain  the  maximum 

mechanical  effect  of  the  impulse,  when  the  surfiEice  moyes  in  the 
direction  of  the  stream  with  half  the  yelocity  of  die  latter;  the 
work  done  is  then 

P  V  =  (1  —  «>«.  a)  •  J  .  s-  .  C  y  =  (1  —  €08.  a)  .  i  C  A  y. 

Now  if  a  =  180°,  LB.,  if  the  motion  of  the  water  is  reyersed  by 
■the  impact,  we  haye  the  work  done 

=  2-^GAy  =  GAr; 

:but  if  a  =  90°,  LB.,  if  the  stream  strikes  against  a  plane  sur&ce, 
the  work  done  is  but  ^  Qhy,  in  this  case  the  water  ti-ansmits  to 
the  surface  but  one-half  of  its  actual  energy,  or  but  one-half  of  the 
mechanical  effect  corresponding  to  its  yis  yiy& 

Example — 1)  If  a  stsream  of  water,  the  area  of  whose  cross-section  is  40 
rsquare  inches,  deliyers  5  cubic  feet  per  second  and  strikes  normally  against 
;  a  plane  surface,  which  moyes  away  with  a  yelccity  of  12  feet,  the  impulse  is 

p ^  tZL^  Qy^  (t5^  ~ ^A  '  ^'^^^  •  ^  •  ^^^^  =  ®  •  ^»^^^  •  ^^^'^ 

=  58,125  pounds, 
.4md  the  mechanical  effect  transmitted  to  the  surface  is 

P  f?  =  58,126  .  12  =  697,5  foot-pounds. 
The  maximum  effect  is  obtained,  when 

'-md  it  is 

X  =  J.^.Qr=J.18*.  0,0155  .  5  .  62J  =  81 .  0,155  .  62,6  =  784,6876 
a  g 

foot-pounds ; 

the  corresponding  impulse  or  hydraulic  pressure  is 

„      784,6875       ^„,^ 

P  =  — ^ =  87,19  pounds. 
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2)  If  a  stream  F  A^  Fig.  849,  the  area  of  whose  croas-Bection  is  64  square 
inches,  impinges  with  a  velocity  of  40  feet  upon  an  imniovable  cone, 

whose  angle  of  convergence  BAB—  100**,  the 
hydraulic  pressore  in  the  direction  of  the  stream  is 


Fi».  848. 


P=(l-«^«)Jey 


64 


■=  (1  -  cot.  50°)  .  40  .  0,081 .  ^  .  40  .  62,5 

=  (1  -  0,64279)  .  1,24  .  i^ 

s  0,  85721  .  1877,8  =  492,16  pounds. 


§  501.  Impact  of  a  Bounded  and  of  an  Unlimited 
Stream. — K  we  snrronnd  the  periphery  of  a  plane 'surface  B  By 
Kg.  850,  with  borders  BDjBD  (Pr.  rebords ;  Ger.  Leisten),  which 

project  beyond  the  surface  struck  by  the  water,  the 

water  will  be  deviated  from  its  course  at  an  obtuse 

angle  as  in  the  case  of  concave  surfaces,  and  the 

impulse  is  greater  than  when  the  surface  is  plane. 

r  The  action  of  this  impact  depends  principally  upon 

the  height  of  the  border  and  upon  the  ratio  of  the 

cross-section  of  the  stream  to  that  of  the  enclosed 

surfSEM^    In  an  experiment,  where  the  stream  was 

one  inch  thick  and  the  cylindrical  border  3  inches  in  diameter  and 

3^  lines  high,  the  water  flowed  from  the  soifaoe  in  nearly  the  oppo^ 

site  direction  and  the  impulse  was 

8,98  ^^y;' 

in  all  other  cases  this  force  was  smaller.    It  is  impossible  ever  to 

attain  the  theoretical  mftTiniTifn  yalne  4  x—  ^  y  in  consequence 

^  g 

of  the  friction  of  the  water  upon  the  surface  and  upon  the  border. 
In  the  case  of  the  imjiact  of  the  bounded  stream  F  A  By  Fig. 

861,  there  is  also  a  border ;  it  is,  however,  only  partial  and  includes 

but  a  portion  of  the  periphery;  it 
limits,  moreover,  both  the  stream  and 
the  impinged  surface.  The  imping- 
ing stream  is  turned  in  the  direction 
of  the  portion  of  the  periphery,  which 
has  no  border,  and  is  therefore  de- 
viated 90°  from  its  original  direction ; 

hence  the  formula,  which  we  found  for  the  isolated  stream, 


Fie.8St 


loia 
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holds  good  here.  If  the  Burface  B  By  Fig.  847,  against  which  the 
stream  strikes,  moves  away  with  a  Telocity  r  in  a  direction,  which 
forms  an  angle  6  with  the  original  direction  of  th^  stream,  the  ve- 
locity of  this  surface  in  the  direction  of  the  impact  ia 

Vi  =  v  COS.  d ; 
hence  the  impulse  is 

jp^{c^vcos.6) 

9 
and  the  work  done  hy  it  per  second  is 

r  r>  {C  —  V  COS.  <J)  V  099.  d  ^ 

g 

The  principal  implication  of  this  formula  is  ta  the  impact  of  an 
unlimited  stream,  in  which  case 

Q  =  F{c  —  V  COS.  6),  and  thecefore 
p^ic-vcos.dYj^ 

9 
g  502.  Oblique  Impact. — There  are  seveial  casecr  of  oUiqiB 
impact,  viz. :  where  the  water  after  impact  flows  away  in  one,  in 
two  or  in  more  directions.  If,  as  in  the  case  of  the  impact  of  a 
bounded  stream,  the  sur&ce  A  By  Fig.  852,  has  a  border  upon 
three  sides  so  that  the  water  can  flow  away  in  one  diieotion  only, 
we  have  the  hydraulic  pressnie  of  the  water  against  tiie  waabt»  in 
the  direction  of  the  stream 

if 


Fio.852. 


Fie.  85a 


But  if  the  impinged  plane  B  C,  Fig.  853,  haa  a  border  upon 
two  opposite  sides  only,  the  stream  divides  itself  into  two  unequal 
parts,  the  angle  of  deviation  a  of  the  larger  part  Q^  is  less  than 
that  180''  —  a  of  the  smaller  part  Qt  and  the  total  impnles  in  the 
direction  of  the  stream  is 

P  =  (1  —  cos.  a) .  — ^^^  ^,  y  +  (1  +  COS.  a)  .  ?-Il—  Q^  y 
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=  l~^)  [(1  -  COS.  a)  C.  +  (1  +  COS.  a)  Q,]  y. 

Bat  the  conditions  of  equilibrinm  of  the  two  portions  of  the 
stream  require  that  the  pressures 

^^-^  (1  -  «>«-a)  Cirand^^-:^  (1  +  «>«.a)  g.y 

shall  be  equal  to  each  other ;  hence 

(1  —  C08.a)  Qi  =  (1  +  COS. a)  Qt, 
or,  since  Q  =  Qi  -{-  Qi,we  can  put 

(1  —  C08.a)  Q,  =  (1  +  COS.  a)  (Q  —  Q^),  LB. 

^        /l-\-cos.a\^      ,  ^        /I  —  COS.  a\ 
Qi  =  { 2 )  Cand  e.  =  ( ^ )  Q, 

so  that  the  total  impulse  in  the  direction  of  the  stream  is 
P  =  ^ .  2  (1  —  COS.  a) ^ ^-^  y 

=  ^——^  (1  -«)«.•  o)  C  y,  LB. 

P  = «m.'  a  0  y. 

9 
Dividing  the  work  done  by  the  impulse  in  a  second 

T  n  {C  —  V)         .    -         ^ 

L  =  P  V  =:  ~ ~  V 8%n.*  a.Qy 


by  the  velocity  A  Vi-=  Vi=2  v  sin.  a,  with  which  the  surface  recedes 
in  a  normal  direction,  we  obtain  the  normal  impulse 

g  V  stn.  a         ^  '  g 

which  consists  of  the  parallel  impulse 

P=  Nsin.  a  =  ^ sin.*  o  •  G  Tf 

9 
and  of  a  latere^  impulse 

S  =  Ncos.  a  =  ^ '-  s%7i.  a  cos.  a.Qy  =  -^r —  s%n.  2  a  Qy. 

The  normal  impidse  is  proportional  to  the  sine,  the  parallel  im- 
pulse  to  the  square  of  the  sine  of  angle  of  incidenee,  and  the  lateral 
impvise  ta  the  sine  of  double  this  angle. 

If,  finally,  the  oblique  surfitce,  which  is  struck,  has  no  border, 
the  water  can  flow  away  in  all  directions  and  the  impulse  is  still 
greater;  for  a  is  the  smallest  angle  which  the  fibres  of  water  can 
make  with  the  axis ;  hence  every  fibre  which  does  not  move  in  the 
normal  plane  exerts  a  greater  pressure  than  those  which  do.  If  we 
assume  that  the  angles  of  deviation  of  one  portion  Qi,  which  cone- 
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apoads  to  the  sectors  A  0  B  anA  D  0  E,  Fig.  85^ ase  C  0  F=  a 
and  C  0  G  =  180°  —o,  that  thoseoftheotherportionCt. which  oor- 
reaponds  to  the  sectors  A  0  E 
^■8W-  tadBOB.aKCOK-COH 

=  90°,  and  tiiat  the  two  poi^ 
tions  prodace  eqnal  parallel  im- 
pulses, we  can  put 


and,  dnoe  Q,  sin.'  a  =  Qt  and 
Q=  Q,  +  Q„  it  follows  that 
C,(l  +  «n.'a)  =  ft 
and  that  the  total  paralUl  impuUte  ia 
3  y  sin* 


(c-v\ZQy- 
■  \    9    /    1+8 


'a        1  +  sin.' a'     g     '  ^  '' 
Although  this  asanmption  is  only  approximatiTelj  correct,  jet 

the  resalts  of  the  latest  experiments  by  Bidone  agree  vet;  well 

with  it. 

Remark. — Prof.  Brock,  in  bia  Uechanica,  page  614,  flnda  for  obliqae 

impact  against  a  drcnlar  Biir&c« 

p  =  0  -  o)  to»v. «  f-7-^)  C  r,  "id 

g  503.  Impact  of  Water  in  Water.— If  a  certain  qnanti^ 
Q  of  water  dischargeB  with  a  velocity  Ac  =  c  into  a  vessel  D E, 
Fig.  855,  which  is  moving  with  a  velocity  Av  =  v,  a  part  only 

Fig.  856.  i  = -^y  of  its  actual  raiergyZ,  = 


y  will  be  expended  in  producing 

and  maintaining  the  eddy  A  B, 
which  is  due  to  the  loss  "of  velocity 
Ci.  Ifwedenotet^o  the  uiglev^i^ 
made  by  Uie  direction  of  the  stream 
with  that  of  the  motioD  of  tiie  Tea- 
sel, we  have 
tf  +  »'  —  2eveoi.a, 
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and^  therefore,  ifae  mechanical  effect  lost  in  consequence  of  the 
eddy  j,  _  ^  (c*  -f  t;*  —  2cv cos. a) 

As  the  Yolnme  Q  of  water  participates  in  the  motion  of  the  vessel, 
its  velocity  v  is  the  same  as  that  of  the  latter,  and  the  energy, 

which  it  still  possesses,  is  Zt  =  -^ —  y;  hence  the  energy  which  ifl 

transmitted  to  the  vessel  and  expended  in  moving  it  forward,  is 
jj  =  JL^  —  Ij\  —  x/t 

—  (c*  —  (c*  +  ^  —  ^^^^ <^' ^)  "  ^*\  /)     _  2cvco8.a—2v*  ^ 

^  {cc08.a-v)v  Q 

g 
and  the/orc0  with  which  the  vessel  is  urged  forward  in  the  direc- 
tion of  its  motion  by  the  water  which  flows  into  it  is 

^  =  T  =  f-^^^) «  r. 

Now  the  discharge  per  second,  which  impinges  against  the 
vessel,  S&  Q  ^  F  Cj  i^  denoting  the  cross-section  of  the  stream  at 
its  entrance ;  hence  we  have 

p_  {ccoB.a''V)e  j^ 

9 
and  for  the  case  when  the  vessel  is  at  rest,  or  when  tf  =  0, 

p^(?_^s^p        c^_^  Fyco8.az=:2Fhyco8.a, 
9  ^9  f        ^ 

in  which  h  denotes  the  height  ^  due  to  the  velociiy. 

The  mechanical  effect  is  a  maximum  for  t;  =  j  c  co8.  a  and  it  is 

L^:=  i—^-—  Qy  zz  ^  Q  hy  008.^  a. 

If  the  direction  of  the  stream  is  the  same  as  that  of  the  motion 
of  the  vessel,  0  =  0,  and  we  have 

In  this  case  but  half  the  total  energy  Q  A  y  of  the  water  is  utilized 
(compare  §  500). 

g  504.  Ezperlmenti  witb  Reaction  Wheels.— The  best 
method  of  proving  the  above  theory  of  the  impact  and  reaction  of 
water  is  to  make  use  of  a  reaction  wheel  A  A  B,  Fig.  856,  with  a 
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Tertical  axis  of  rotation  CD  (see  tbe  author's  "  Experimental-Hy- 
dnralik,"  §  48,  etc).  The  water  which  tnms  the  machine  entera 
into  tbe  receiver  A  Aoi  the  wheel  nearly  tengentially  through  two 


lateral  canals  E,  E,  and  is  discharged  through  two  lateral  orifices 
F,F\a  the  ends  of  the  revolving  tubes  R,  B.  In  order  to  maintain 
the  efSux  of  water  constant  and  the  rotating  force  invariable,  the 
pipe  which  conveys  the  water  to  the  reservoir  O  is  provided  with  a 
cock  H;  from  tbe  reservoir  the  water  ia  conveyed  by  the  pipe  K L 
to  the  chamber  E  E,  into  which  the  canals  E,  E  open.  While  the 
machine  is  in  operation,  the  cock  H  must  he  turned  in  snch  a 
manner  that  tjie  snr&ce  of  the  water  in  the  reservoir  Q  sball 
always  touch  the  end  of  the  pointer  Z. 

When  we  wish  to  determine  the  reaction  of  the  efflnent  wilsr> 
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a  thin  string  S,  to  one  end  orwhich  a  weight  is  attached^  is  passed 
over  a  pulley  and  then  wrapped  round  the  central  tuhe  E.  The 
quantity  of  water  discharged  is  measured  in  the  reservoir,  from 
which  the  water  flows  into  the  pipe  with  the  cock  H,  by  obserring 
the  area  A  of  the  surface  of  ihe  water  and  the  distance  a  which  it 
sinks  during  the  experiment  K  the  duration  of  the  obserration  is 
=  t,  we  haye  the  discharge  per  second 

^      A  a 

and  if  the  fall,  lb.  the  vertical  distance  between  the  surface  of  the 
water  in  the  reservoir  0  and  the  orifice  of  discharge  of  the  wheel 
=  hy  the  total  energy  of  the  water  discharged  per  second  is 


L  =  Qhy  =  — j-^. 


Now  if  the  machine  has  raised  the  weight  O  a  distance  8  in  the 
time  t,  the  work  really  done  by  the  wheel  m  a  second  is 

J.  08 

and  we  can  now  compare  these  two  values,  the  second  of  which  is 
always  the  smaller. 

§  505  Theory  of  the  Reaction  'W1ieeL-*The  total  fall  h 
in  such  a  wheel  consists  of  the  fall  hi  Irora  the  surfeoe  of  the  water 
to  the  point  E,  where  the  water  enters  the  wheel,  and  of  the  fall 
hi  from  the  latter  point  to  the  orifice,  by  which  the  water  leaves  the 

wheel  From  hx  we  calculate,  by  means  of  the  formula  c,  =  V^  ^  Ai, 
the  velocity  with  which  the  water  enters  the  wheel,  and  from  ht, 
according  to  §  304,  by  means  of  the  formula 

the  velocity  with  which  it  quits  it,  when  the  velocities  of  rotation 
Vi  and  V  of  the  wheel  at  the  points  of  entrance  and  exit  are  known. 
Since  the  direction  of  this  reaction  of  the  water,  which  acts  as  the 
rotating  force,  is  opposite  to  that  of  the  velocity  of  discharge,  the 
absolute  velocity  of  the  water  upon  leaving  the  wheel  is 

w  =  c  —  V, 
and  its  square 
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hence  the  energy  of  the  effluent  water  is 

l%e  water,  which  enters  the  wheel  with  the  lelatiye  rdocHtf 

«?!  =  Ci  —  Vi,  loses  (according  to  §  436)  by  the  impact  the  energy 

and  conseqaently  of  the  total  energy 

e  A  y  =  «  (A.  +  A.)  y, 
only  the  portion 

is  transmitted  to  the  wheel. 

In  order  to  obtain  the  greatest  amount  of  work  from  the  wheel 
we  must  have  w  =  0  or  v  =  c  and  Wi  =  0  or  ri  =  Ci,  and  therefore 

— L  =  A,  or  Vi  =  1^2^  Aj,  as  well  as 

In  this  case,  therefore,  Ih  =  ht  =  ih  and  the  corresponding 
maximum  e£fect  of  the  machine  is 

i»=«y.^=  «y.y  =  2«A.y=<?Ay, 

I.E,,  equal  to  the  total  energy  of  the  water. 

If  r,  denotes  the  distance  of  the  point  of  entrance  and  r  that  of 
the  orifice  of  exit  of  the  wheel  from  the  axis,  we  have 

—  =  — ,  whence  Vi=  —v, 
V         r  T 

and,  in  general,  the  rate  of  work  of  the  wheel 

so  that  the  rotating  force,  measured  at  the  distance  r,  is 

P  =  ^=ey/,_,^A,.). 

V  g     \  T       1 

If  the  arm  of  the  suspended  weight  or  load  is  a,  which  in  the  ap- 
paratus represented  is  very  nearly  the  radius  of  the  central  tube  5, 
we  have  0  a  ^  P  Vy  and,  therefore,  the  weight  to  be  attached  and 
to  be  raised  during  the  rotation  of  the  wheel  is 

6?  =  -  P  =  ^^  [(c  -  r)  r  +  £?,  nl 
a  g  a  ^^         ' 

or  for  c  =  t;  and  Cx  =  Vi, 
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g  a  g  a 

If  ^denote  the  area  of  the  orifices  of  efflux  and  Fi  that  of  those 

of  influx,  we  have 

Q  =  Fc  =  Fi  c„  and  therefore 

F  -   g-       g  ^ 

^'  -  "^  ~  ~vmi'^^ 

For  v  =  c  and  Vi  =  Ci,  in  vhich  case  A,  =  A,  =  ^  Ji,  we  have 
Q  =  Fv,  and  therefore 

on  the  contrary,  for  t>  =  0,  Q  =  F  V2gh„  and  therefore 

„       Fey  (    ^  Tx      \ 

If  we  allow  the  water  to  enter  the  wheel  slowly^  we  can  pnt 
C|  =  0  and  A,  =  0  and  the  force  of  the  reaction  in  the  last  case 
becomes 

P=.l^  =  ^^=.%F1^y  =  %Fhy, 
9  ^9 

as  we  found  above. 

Since  in  these  calculations  we  neglected  the  passive  resistances, 
the  experiments  with  the  machine  represented  do  not  give  the 
values  for  the  force  found  above,  but  values  which  are  a  few  per 
cent  less.  However,  the  results  of  experiments  carefully  made 
with  such  a  wheel  agree  very  well  with  the  theory  just  demonstrated. 

When  we  wish  to  make  use  of  this  machine  to  test  the  theory 
of  the  impact  of  water,  we  begin  by  removing  the  chamber  E  B  bo 
as  to  allow  the  water  to  enter  near  the  centre  without  any  velocity 
of  rotation,  and  we  then  fasten  opposite  to  the  orifices  in  the  re- 
volving tubes  the  plates  0,  0,  small  vessels,  etc.,  which  are  sub- 
jected to  the  impact  of  the  water  discharged.  The  rotating  force 
is  then  equal  to  the  difference  between  the  reaction  within  the 
wheel  and  the  impulse  without  it  We  find,  in  accordance  with 
the  theory,  that  the  wheel  stands  still,  when  the  stream  issuing 
from  it  impinges  upon  a  plane  plate  at  right  angles  to  the  direction 
of  the  water,  or  when  it  fiows  into  a  vessel  filled  with  water.  If  the 
stream  strikes  obliquely  against  plane-plates  or  against  convex  sur- 
fiu^es,  the  wheel  moves  in  the  direction  of  the  reaction,  and  if  it  is 
received  by  a  concave  surface,  the  wheel  turns  in  the  direction  in 
i(hich  the  water  issues  from  the  orifice. 
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§  506.  Water-meters.  —  More  recently  tcater'tn^era  (Fr. 
compteurs  hydi-auliques ;  Ger.  Wassermeaeer)  have  been  much 
Tised  for  mettfiniing  nmning  wafer.  They  are  put  in  motion  by 
the  reaction  of  the  water  discharged,  and  consist  esaeatially  of  a 
reaction  wheel  or  turbine.  An  ideal  representation  of  the  cross- 
section  of  such  a  wheel  is  given  in  Fig.  857.  The  water  to  be 
i  flows  through  a  tube  A  into  the  centre  of  the  wheel  B  B, 
and  passes  through  4  ca- 
Fia.887.  nala  (7fi,  (75. . .  tothe 


where   it  is  discharged 
into  the  case  J)  E,  from 
which    it    is    conveyed 
away  by  a  tube  ^Z'.  The 
shaft    W  of  this  wheel 
carries  a  pointer  Z,  or 
rather  a  train  of  wheel- 
work,  which  indicates  the 
nnmber    of   revolntions 
of  the  wheel,  and  by  it 
the  volume  of  the  water, 
which  flows  through  it  in  any  given  time;  for  this  volnme  is  pro- 
portional to  the  number  of  revolutions.    If  A  denotes  the  height  of 
a  colnmn  of  water  which  measures  the  loss  of  pressure  of  the  water 
in  passing  through  the  wheel,  Q  the  discharge  per  second,  c  the  ve- 
locity of  efflux,  and  v  the  velocity  of  the  wheel  in  the  opponte 
direction,  we  have  c*  —  v"  =  3  jf  A,  and  the  rata  of  work  of  the 
wheel 

L  =  '""  ~  ^^v  Gr{8ee  §  505). 

If  R  is  the  resistance  of  the  wheel,  in  consequence  of  the  fric- 
tion on  the  bearings,  etc,  we  can  put  L  ^  R  v,  and  ftom.  ft  we 
obtain  the  formula 


=  m 


er. 


or,  if  F  denotes  the  sum  of  Uie  areas  of  all  the  orifices  of  efflnz,  bo 
that  $  =  i^  c  or  0  =  -p ,  we  can  put 


^«_..\ej:, 


R  =  \%f  —  V  1^-^,  from  which  we  obtain 
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If  R  weie  niill,  or  tA,  least  reiy  small,  we  could  pnt  v  =  ~,  or 
aaBome  the  velocity  v  of  lotatioii  to  be  proportional  to  the  discharge 
Q,  vhich  indeed  it  should  be.  If,  on  the  contrary,  £  =  ^  v,  or  if 
tlie  resistance  of  the  whed  iacreaae  with  v,  we  will  have 


1  approximatiTely  =:  ^  II  —  ■^l. 


If,  then,  the  resistance  R  of  the  wheel  is  not  very  small,  the 
Telocity  of  rotation  of  the  wheel  is  less  than  when  R  is  null  or 
negligible,  and  the  instrument  indicates  too  small  a  discharge. 

If  we  put  v  =  0,  we  obtain  for  a  discharge  Q,  the  correspond- 
ing Telocity  of  elSnx  , 

c  -!^ 

and  we  can  then  pat,  approximatirely  at  least, 
V  =  c  —  c,  and 

Q  =  F{v  +  c,)  =  --^P^  +  Q,=^u  +  Q^ 
r  denoting  the  radina  of  the  wheel,  u  the  number  of  ite  rotations 
and  n  a  coefficient  to  be  determined  by  experiment 

Within  the  last  few  years  Siemens's  watei-mcter  has  come  into 
very  general  use;  its  principal  parts  are  represented  in  cross- 
Bection  in  Fig.  858.     The  wat«r  which  enters  from  A  passes 
Fm.80a 
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tlirongh  the  pipe  B  B  into  the  wheel  C  C  and  is  carried  by  the 
revolving  tube  D  D  into  the  case  E  E,  from  which  it  is  carri^  off 
by  the  pipe  F.  The  shaft  W  of  the  wheel  passes  upwards  throngh 
a  stuffing-box  and  sets  a  train  of  wheel-work  in  motion  by  means 
of  an  endless  screw  fost^ned  to  its  end.  The  wings  k,  k  npon  the 
wheel  assist  in  regulating  its  motion  of  rotation  by  the  resistance 
which  they  eiperience  in  moving  in  the  water. 

The  reaction  wheel  can  be  constructed  in  such  a  manner  that 
every  time  it  makes  a  rerolntion  it  will  allow  a  certain  quantity  j>f 
water  l«  pass  through.    To  accomplish  this  object,  the  wheel  BAB, 
Fig.  859,  is  partiaJly  immersed  in  wafer, 
60  that,  when  turning,  the  spiral  tubes 
are  alternately  filled  with  air  and  water. 
Here  also  the  water  is  condncted  by  a 
pipe  into '  the  centre  of  the  wheel,  and 
from  thence  by  spiral  pipes  into   the 
free  space  of  the  case  E  F,  from  which 
it  flows  away  through  the  pipe  F.    The 
Bur&ce  of  the  water  in  the  interior  of 
the  wheel  is  at  a  distance  A  above  that 
of  the  water  in  the  case ;  hence,  if  the 
wheel  turns  in  the  direction  indicated 
by  the  arrow,  as  soon  as  the  orifice  D 
arrives  at  the  level  of  the  water  in  the 
interior,  the  water  begins  to  discharge,  and  in  eo  doing  reacts  with 
a  certain  force  P,  by  which  the  rotation  of  the  wheel  is  main- 
tained.    If  Fis  the  volome  of  the  water  contained  in  one  of  the 
spiral  pipes,  and  n  the  number  of  these  canals,  the  discharge  per 
second,  when  the  number  of  rotations  per  minute  of  the  volume  of  - 

. ,         ,      .        .     -       nuY 
the  water  is  w,  la  ^  =  — ^—. 

Revaxk.— An  account  of  SiemenB'  water-nieter  ib  given  in  the  "  Zeit- 
Bclirifl  dea  Vereinea  deatscher  Ingenieure,"  Vol.  1, 1657,  in  which  Jopling's 
water-meter  (in  which  the  water  is  gsoged)  is  also  described.  Bee  also  tlie 
paper :  "  Siemens  and  Adamsoo'a  Patent  Water  Meter."  A  very  peculiarly 
conslracted  water-meter  of  the  natare  at  a  reaction  wheel  ia  described  in 
the  "CMnie  induatrielle,"  Tome  XXI,  No.  136,  1B81,  nnder  the  name: 
"  Comptenr  hydrsuUqne  poor  la  meeure  d'^coalement  dea  liqnidea  pat 
Gnyet"  Two  water-meters  are  described  in  the  English  work  "  Hydrao- 
lia,"  by  W.  Hatthewa.  A  eompUur  hydravliquejiw^  at  the  railroad  station 
at  Chartres  is  described  in  the  "  Bulletin  da  la  Sod^ta  d'enconrngement," 
Gl  year  (1853)    Uhler'a  apparatus  for  measuring  fluids  is  treated  of  in 
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Bingler's  Journal,  Vol.  161.     A  description  of  an  ftpparstns  for  meaettriiig 
the  quandt;  of  spirit  made  in  dislilleriea  ia  contained  in  the  "  Mittheilon-  > 
gen  dee  Gewerbevereinea  for  UannoTer,"  new  series,  1861. 

For  a  description  of  several  kinds  of  water-meters,  aee  "  ^le  Transao- 
tioDB  of  the  Institation  of  Hecbanical  Engineer,"  1806  (Tr.). 

g  507.  Gas-meters. — The  so-called  wet  gas-meters  (^.  comp- 
tenrs  4  gaz ;  Ger.  Gasmeseer  or  Gasubren)  are,  like  certain  vater- 
meters,  small  wheels  with  spiral  canals,  which  are  more  than  oDe- 
hiilf  immersed  in  water  and  are  put  in  motion  by  the  reaction  of 
the  gas  passing  through  them ;  each  spiral  canal  hsnsfers  a  certain 
volume  of  gas  &om  the  inside  to  the  outside.  The  essential  parts 
of  Buch  a  gas-meter  are  shown  in  the  two  sections  of  Fig.  8G0. 
The  gas,  which  arrives, 
_  ***■  8M.  enters  by  a  bent  pipe  A 

**  "  into  the  interior  of  the 

measuring  wheel  B  B, 
in  which   it   depresses 
the  surface  of  the  water 
I  *~     ft   certain    distance  h, 

which    depends    upon 
the  tension  of  the  gas 
„  passing  through  the  in- 

*'  strnment     From    this 

central  chamber  it  enters  snccessirely  the  spiral  canals,  fills  them 
almost  entirely  and,  finally,  passes  ont  throngh  the  orifices  at  the 
circumference  into  the  case  0  0,  fVom  which  it  is  conducted  by  a 
pipe  H  to  the  point;  where  it  is  to  be  used.  As  we  wish  every 
spiral  canal  of  the  measuring  wheel  to  carry  over  a  certain  definite 
'quantity  of  gas  at  each  revolution,  we  must  so  arrange  the  appa- 
ratus that  at  least  one  of  the  orifices  of  a  canal  shall  always  be 
under  water ;  for  in  that  case,  when  the  gas  is  filling  the  canal, 
there  is  no  efBux,  and  daring  the  efflux  no  gas  can  enter  it  The 
Tolnme  of  gas  V,  passed  by  one  spiral  canal,  is  consequently  a  defi- 
nite one,  and  we  can,  therefore,  put  the  discharge  per  minute 


when  the  wheel  makes  n  revolutions  per  minute  If  we  denote  the 
height  of  the  barometer  in  the  gas  leaving  the  machine  by  b,  that 
in  the  gas  entering  it  is  i  +  A,  and,  therefore,  according  te  Ma- 
riotte's  law,  the  quantity  of  tur  in  one  spiral  canal,  measnred  at  the 
pressure  of  the  gas  after  it  has  left  the  measuring  wheel,  is 
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y' = m  y- 


oonseqnently  the  quantity  of  gas,  which  passes  firom  the  wheel  into 
the  exterior  case  when  the  ontlet  of  one  of  the  spind  canals  risji 
from  the  water,  is 

0 

When  this  quantity  streams  into  the  case  the  mechanical  effect 
set  free  is  j      tt    »  /*  +  A\ 

h 
(see  §  388),  and  since  7  is  small,  we  can  pat 


'm='(^--^=*-' 


hence,  if  the  heaviness  of  the  substance,  with  which  the  matiometer 
is  filled,  is  7,  we  have  j9  =  (J  +  A)  y  =  J  y,  and  therefore  A  =  F  A  y. 
One  portion  of  this  mechanical  effect  is  expended  in  turning 
the  wheel,  and  the  rest  in  producing  an  eddy«.  The  fiirt  portion 
is  determined  by  the  expression 

_  {C'-V)V    h 

'^        9        •  A  ^  ^^ 

in  which  h  denotes  the  mean  height  of  the  manometer,  e  the  mean 
velocity  of  efflux,  v  the  velocity  of  the  wheel  at  its  circumference 
and  7i  the  heaviness  of  the  gas  discharged.  If  A  is  the  resistaiiee 
of  the  wheel,  reduced  to  its  circumference,  and  r  its  radius^  we 
have  the  required  mechanical  effect 

9,  TT  1* 

jl,  =  J? . ,  and  therefore  we  can  put 

n 

^—  .  T  Fy,  = E,  or  smce  2^  r  ^  , 

g  b      '  n       '  t*  * 

c  —  V    A  p.     _  60  jg 

hence  it  follows  that  the  velocity  of  rotation,  corresponding  to  the 
distance  A  between  the  two  sur&ces  of  water,  is 

gb      60  jB 
AFy,     nu 
and  that  the  number  of  revolutions  of  the  meter  per  minute  is 

30    /  eOgbB\ 

Trr    \        nu  YhyJ 


=  v^75 


Approximatively  we  have  (?  =  y  2  ^  — -,  when  y  denotes  the 
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heaviness  of  the  eubBtance  with  which  the  manometer  is  filled. 
The  yolame  of  gaa  paseiog  per  minute  is 


and  it  Is  proportioQal  to  the  number  of  revolntionB  tt. 

g  508.  Newer  0«s-iueters. — Instead  of  placing  the  spiral 
canals  of  a  gas-meter  in  a  plane  perpendicular  to  the  axis,  we  can 
wind  them  round  it  like  the  thread  of  a  screw.  The  action  of 
such  a  gas-metei  is  shown  by  the  two  sections  I  and  II,  Fig.  861,  in 
which  I)  D  represents  the  snr&ce  of  the  water  at  the  &ont  and  E  E 
Fm.861. 


that  at  the  back  of  the  measuring  wheel,  which  is  a  horizontal 
drum.  The  orifice  A  of  the  spiral  canal  A  O  B  opens  into  the 
chamber,  which  is  in  ^ont  of  the  drum,  and  receives  the  gas,  wliich 
is  arriving ;  the  orifice  B,  on  the  contrary,  delivers  the  gas  into 
the  chamher  at  the  back  of  the  drum,  from  which  it  ia  carried  off 
by  a  pipe.  In  Fig.  861, 1,  the  diflferent  positions  of  a  spiral  canal, 
viewed  from  in  front  of  the  wheel,  are  represented.  Fig.  861,  II, 
on  the  contrary,  represents  the  various  positions  of  the  canal  aa 
seen  from  the  rear  of  the  wheel.  In  consequence  of  the  rotation 
of  the  wheel,  in  the  direction  indicated  by  the  arrow,  around  the 
horizontal  axis  C,  the  inlet  orifice  A  in  (1, 1)  is  just  emerging  from 
the  water  in  timxt,  while  the  outlet  B  is  just  entering  the  water  in 
the  rear,  in  (I,  2)  and  (I,  3)  the  arcs  A  0,  A  0  of  gas  have  ent«red 
through  the  orifice  A,  and  in  (I,  4)  the  orifice  has  re-ent«red  the 
water,  so  that  after  a  cert«n  quantity  V  has  been  received  into  the 
canal,  the  entry  of  the  gas  is  cut  off.     Shortly  afterwards  the  orifice 
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B  riaee,  aa  is  repreeeoted  in  (II,  1),  ftx)m  the  water  m  the  resr  of 
the  dram  and  the  discharge  of  the  gas,  vhich  had  preTioiuly  been 
taken  in,  begins,  and  it  is  in  full  operation  in  the  positions  (II,  %) 
and  (II,  3).  When  a  new  revolntion  begins,  B  re-enters  the 
water  in  the  rear  of  the  dnim,  as  is  represented  in  (II,  1),  and  the 
gas  again  begins  to  fill  the  canaL  Daring  half  a  revolution  of  the 
spiral  canid  ^  0  £,  an  are  of  gas  A  0{l,  4),  which  is  at  the  greater 
tension  &  +  A,  enters  the  former  and  dtiring  the  second  half  of 
the  same  it  is  transferred  to  the  space  bejond  the  wheels  where  the 
pressure  is  less. .  In  passing  from  the  greater  pressure  to  the  less, 
the  mecbanical  effect  A  =  FA  y  is  set  free;  a  portion  of  this  is 
expended  in  moving  the  wheel,  as  was  shown  in  the  foregoing 
paragraph.  The  general  arrangement  and  action  of  snch  a  gas- 
meter  can  be  better  understood  from  the  ideal  representation  in 
Fig.  SfiS.  The  gas  is  first  introdaced  by  means  of  a  bent  tube  A 
into  a  chamber  B  B,  which  commanicates  in  the  middle  arottnd 
the  axis  of  rotation  C  with  the  water  in  the  case  UFO,  but  nptm 
die  exterior  circnmference,  where  Ute  spiral  tubes  enter  it,  it  is  air- 
tight. The  drawing  shows  the  spiral  canal  H  K  tohe  receiTing 
gas  from  B  B  and  the  oanal  L  M,  which  a  short  time  before  had 
received  a  certain  volume  of  gas,  to  be  discharging  it  at  M  into  tho 
upper  space  in  the  case  E  F  0,  from  which  it  is  carried  away  1^ 
the  pipe  F.  By  this  arrangement  of  the  meter  the  gas  in  the  first 
(Camber  is  cut  off  entirely  by  the  water  from  that  in  the  rear 
chamber,  and,  therefore,  the  packing,  which  caases  great  loss  of 
force,  is  rendered  unnecessary.  The  other  end  D  of  the  axis  V  D 
of  the  wheel  has  a  couple  of  turns  of  a  screw  cut  upon  it,  by  means 
of  which  the  trun  of  wheels  of  the  connting  apparatus  is  set  in 
motion. 


6  we.] 
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CroBsley'a  gaa-meterB,  which  haTe  come  into  very  general  use, 
are  coastructed  according  to  the  principles  esplained  above ;  but 
their  spiral  canals  are  not  tube-shaped,  but  real  chambers  or  cells 
with  spiral  partitions  and  with  triangular  inlet  and  outlet  orifices, 
which  are  made  by  bending  out  tlie  end  surfaces.  Fig.  863  is  a 
perspective  view  of  such  s  wheel  with  the  cover  removed ;  it  con- 
nsts  of  4  piecca  of  sheet  iron  like  that  represented  in  Fig.  8C4. 
All  A.J  A,,  At  are  the  inlet  orifices,  Bu  B,...  the  outlet  orifices 
and  d,  C'„  C,  . . .  the  partiUooa  of  the  measuring  wheel  which 
turns  around  the  axis  D  D.  Fig.  865  is  an  elcTation  of  the  gas- 
meter  with  the  exterior  drum  or  case ;  we  observe  at  K  the  bent 
tube,  which  condnotA  the  gaa  into  the  chamber,  and  at  Z  the  pipe, 
which  carries  off  the  gas 
from  the  npper  space  A  A 
of  the  case  of  the  meter. 
The  gM  does  not  flow  di- 
rectly into  K,  bat  the  pipe 
.£  carrief  It  first  into  a  cham- 
ber F,  from  which  it  passes 
through  the  conical  valve  i 
into  the  chamt>er  Q,  where 
it  enters  the  upper  part  of 
the  vertical  pipe  H,  through 
which  it  is  conducted  into 
the  bent  tube  K,  The  eur- 
face  of  the  water  in  the 
chamber  Q  reaches  exactly 
to  the  top  of  the  pipe  H, 
throngh  which  the  super- 
fluous water  overflows  into 
a  reservoir  L.  In  order,  on 
the  other  hand,  to  prevent 
the  water  from  sinking  too 
low,  a  float  is  placed  in  the 
chamber,  which,  when  it 
sinks,  carries  the  valve  t  with 
it  and  closes  the  opening, 
when  the  float  has  sunk  a 
certain  distance.  The  dis- 
charge of  gas  then  ceases  en- 
tirely, and  we  are  thus  noti- 
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fied  that  it  is  necesaary  to  fill  the  meter  with  vater  through  an 
orifice  M,  that  opens  into  &  chamber  JV^  which  comma nicates,  at 
the  bottom  only,  with  the  water  space. 

Fig.  8G6  ia  transveree  elevation  of  the  front  of  Buch  a  meter,  ia 
which  are  to  be  seen  not  only  the  chamber  N  with  the  orifice  M, 
but  alao  the  clockwork  of  the  counting  appamtos,  which  is  set  in 
motion  by  an  endlcas  screw  upon  the  axle  of  the  drum  and  a  ver- 
tical shaft  with  a  cog-wheel  upon  it 

An  important  resistance  to  the  motion  of  Crosley's  gae-meter  ib 
that  occasioned  by  the  entry  and  exit  of  the  water  tbrongh  the 
narrow  triangular  orifices.  We  can  calculate  from  the  area  Fof 
an  inlet  or  ontiet  orifice  and  from  the  discharge  per  second,  which 
can  be  put  equal  to  tiie  volume  Q  of  the  gaa,  the  velocity  of  exit 
Fia.806. 


and  entrance  ir,  =  ^,  and  consequently  the  correepondiug  loss  of 
mechanical  effect  per  second 

%g^'  \F!  g 
Rbu&bk,— Particulars  upon  the  subject  of  Ras-meten  can  be  found  in 
Bchilling'a  "  Hatadbuch  der  Bteinkoblengasbelenchtung,"  and  Heeren's 
article  "  die  Binrichtung  der  GFasnhren  "  in  the  "  MittbeUnngen  det  G©- 
worbeverdnB  fur  das  K.  Hannover,"  year  18S9.  A  new  gas-meter  \yj  Hnt- 
■en  is  described  in  the  "  Journal  der  OasbelenchtuDg,"  IBSl. 
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§  509.  Action  of  TJnlimited  Fluids. — If  a  body  has  a  mo- 
tion of  tianfilatioD  in  an  unlimited  fiutd,  or  if  a  body  is  placed  in  -x 
moving fiuid,  it  is  subjected  to  a  preseuro,  wliich  is  dependent  upcn 
the  form  and  size  of  the  body  as  well  as  upon  the  density  of  the 
fluid  and  the  Telocity  of  one  or  other  of  the  masses ;  in  the  former 
case  it  is  called  the  resistance  and  in  the  latter  the  impulse  of  the 
floid.  This  hydnralic  pressure  Is  principally  due  to  the  inertia  cf 
the  irater,  whose  condition  of  motion  is  changed  when  it  comes 
into  contact  with  a  rigid  body,  and  also  to  the  force  of  cohesion  of 
the  molecnles  of  water,  wliich  are  partially  sepai-ated  from  and 
moTcd  npon  each  other. 

If  a  body  A  C,  Fig.  867,  is  moved  in  still  water,  it  pushes  a 
certain  quantity  of  water,  the  pressure  of  which  is  increased,  before 
it.  As  tlie  body  progresses  the  quantity  of  water  on  one  side  ia 
increased,  while  upon  the  other  it  is  constantly  flowing  away,  and 
tite  particles  lying  immediately  contigaoua  to  the  surface  A  B 
Fia  667.  Fio.  86a 


assnme  a  motion  in  the  direction  of  this  surfiice.  If  a  stream  of 
water  encounters  an  obstacle  A  C,  Fig.  868,  which  is  at  rest,  the 
pressure  of  the  water  in  front  of  it  is  increased,  the  molecules.of 
water  are  diverted  fivm  their  original  direction  and  move  along 
the  front  sorfiice  A  B.  When  the  particles  of  water  have  reached 
the  edges  of  tlie  front  surface,  they  turn  and  follow  the  sides  of 
the  body,  until  they  arrive  at  the  back  surface,  where  they  do  not 
immediately  reunite,  but  assume  first  an  eddying  motion.  We  see 
that  the  general  relations  of  the  motion  of  the  molecules,  which 
sorround  the  body,  are  the  same  for  the  impulse  of  wafer  as  for  the 
resistance  to  a  body  moving  in  the  water ;  but  there  is  a  difference 
in  the  eddies,  when  the  body  is  short ;  for  in  the  latter  cose  the 
eddies  occupy  less  space  than  in  the  former.  The  velocity  of  the 
molecules  of  water  increases  gradually  fVom  the  centre  of  the  front 
surf^  to  the  edges,  where  a  contraction  generally  fakes  place  and 
where  the  velocity  is  a  maximum,  it  decreases  as  the  wafer  passes 
along  the  sides  and  becomes  a  minimum  when  the  water  arrives 
at  the  back  surface  and  begins  its  eddying  motion. 
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§  510.  Theory  of  Impulse  and  Resistanca — ^The  normal 
pressure  of  still  or  moving  water  upon  a  body  moved  or  immersed 
in  it  is  very  different  at  different  points  of  the  body.  This  pres- 
sure is  a  maximum  at  the  centre  of  the  front  surface  and  a  mini- 
mum in  the  centre  of  the  rear  surface  and  at  the  beginning  of  the 
sides ;  for  at  the  first  point  the  water  flows  towards  the  body,  and 
at  the  latter  points  it  flows  away  from  it  K  the  body  is,  as  we 
will  suppose  in  what  follows,  symmetrical  in  reference  to  the 
direction  of  motion,  the  pressures  at  right  angles  to  this  direction 
balance  each  other,  and  we  must,  therefore,  consider  only  the 
pi*essures  in  the  direction  of  the  motion.  But  since  the  pressure 
upon  the  rear  surface  acts  in  an  opposite  direction  to  those  upon 
the  front  surface,  it  follows  that  the  resulting  impulse  or  resistance 
of  the  water  is  equal  to  tJie  difference  between  the  pressures  upon  the 
front  and  back  surfaces. 

Although  we  cannot  determine  a  priori  the  intensity  of  this 
pressure,  yet,  as  the  circumstances  are  very  similar  to  those  of  the 
impact  of  an  isolated  stream,  we  can  at  least  assume  that  the  gen- 
eral law  of  the  impact  of  an  unlimited  stream  does  not  differ  very 
mucb  from  that  of  an  isolated  stream^  If  ^is  the  area  of  sur&ce 
which  an  unbounded  stream,  Tfhose  heaviness  is  y  and  whose  velo- 
city 13  r,  encounters,  we  can  put  the  corresponding  impulse  or  hy- 
draulic pressure  r%      >>  ^*   r, 

in  which  C  denotes  an  empirical  number  dependent  upon  the  shape 
of  the  surface.  This  formula  can  be  applied  not  only  to  the  front, 
but  also  to  tbe  rear  surface.  But  in  the  latter  case,  where  the 
water  tends  to  separate  itself  from  the  body,  the  expression  becomes 
negative.  Now  if  Fhyia  the  hydrostatic  pressure  (§  690)  against 
the  front  and  against  the  back  surfiices  of  a  body,  the  total  pressure 
against  the  front  surfisu^  is 

and  that  against  the  back  aor&ce  ia 


v* 


P,  =  Fhy-(,.^Fy; 
hence  the  resulting  impulse  or  resistance  of  the  water  is 

wlien  we  put  f ,  +  f ,  =  f. 

This  general  formula  for  the  impulse  and  resistance  of  an  «n- 
limited  stream  is  also  applicable  to  the  impulse  of  wind  and  to  tiie 
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resistance  of  the  air.  Here,  howe?er,  besides  the  di£ferenoe  of  the 
aerodynamic  pressures  upon  the  front  and  rear  surfaoes,  a  differende 
in  the  aerostatic  pressure  also  exists,  which  is  due  to  the  &ct  that 
the  air  at  the  front  surfiace  has  a  greater  heaviness  (y),  in  cons^ 
quence  of  its  greater  tension,  than  that  at  the  rear  eur&ce.  For 
this  reason,  at  least  when  the  yelocities  are  great,  as  in  the  case  of 
musket  and  cannon  balls,  the  coefficient  of  resistance  of  the  air  is 
greater  than  that  of  water. 

Rbmabk. — ^A  peculiar  phenomenon  attends  the  impulse  and  resistance 
of  an  unlimited  medium  (water  or  air),  vis.,  a  certain  quantity  of  water  or 
air  attaches  itself  to  the  body,  the  influence  of  which  is  shown  by  the  vari- 
able motion  of  the  body,  which,  B.e.,  is  very  evident  in  the  oscillations  of 
a  pendulum,  The  quantity  of  air  or  water  which  attaches  itself  to  a  sphere 
is  0,6  the  volume  of  the  sphere.  For  a  prismatic  body,  moving  in  the  di«- 
recdon  of  its  axis,  the  ratio  pf  these  volumes  is 

s=  0,18  +  0,705  -y , 

in  which  I  denotes  the  length  and  F  the  cross-sectiosi  of  the  body.  This 
ratio,  which  was  first  determined  by  du  Buat,  has  been  fully  confirmed  by 
the  later  experiments  of  Bessel,  Sabine  and  Bailly. 

§  511.  Impulse  and  Resistance  against  Surfaces. — The 

coefiScicnt  f  of  resistance,  or  the  number  by  which  the  height  ^— 

due  to  the  velocity  must  be  multiplied,  in  order  to  obtain  the  height 
of  the  column  of  water  which  measures  the  hydraulic  pressure,  ft 
very  diflEbrent  for  bodies  of  different  form ;  it  is  determined  approx*> 
imatively  only  for  plates,  which  are  pkoed  at  right  angles  to  the 
stream.  According  to  du  Buat's  experiments  and  those  of  Thi- 
bault,  wo  can  put  for  the  impulse  of  water  and  air  against  a  plane 
surface  at  rest  C  =  1)86,  while,  on  the  contrary,  we  can  assume  with 
less  certainty  for  the  resistance  of  the  air  and  water  to  a  plane  sur- 
face in  motion  i  =  1,25.  In  both  cases  about  two-thirds  of  the 
action  is  upon  the  front  and  about  one-third  upon  the  rear  sur&ce. 
The  values,  found  for  the  resistance  o£feied  by  the  air  to  a  body  re- 
volving in  a  circle  by  Borda,  Hutton,  and  Thibault,  vary  much 
from  each  other.  The  lattet  found  with  a  rotating  plane  surface, 
the  area  of  which  was  0,1  square  meter,  the  resistance 
P  =  0,108  Fv\  whence 

f  =  0,108  .  -^  ==  0,108  .  ^^  =  1,70. 
y  1,26 

This  coefficient  is,  according  to  these  experiments,  almost  con- 
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ttanty  when  the  angle  a  formed  by  the  sm&ce  with  the  direction 
of  the  motion  is  not  less  than  45^  When  the  angle  is  less  than 
45^,  the  coefficient  diminishes  with  this  angle  of  impact,  and  for 
a  =  10^  C  is  only  =  0,53.  According  to  the  researches  of  Didion, 
etc.,  we  have  for  the  resistance  of  rotating  plane  sor&oeSy  whose 
areas  are  0,2  .  0»2  =  0,04  square  meters, 

f  =  (0,1002  4-  0,0434  tr*)  .^  =  1,573  +  0,681  tr% 

in  which  v  must  be  given  in  meters. 

For  a  plane  surface,  whose  area  was  one  square  meter,  Didion 
found,  when  the  motion  was  yertical,  the  coefficient  of  resistance 

;  =  (0,084  4-  0,036  tr*)  .  ?-^  =  1,318  +  0,565  tr«, 

while  Thibault,  on  the  contrary,  found  for  such  surfiaces,  when 
their  area  was  0,1  to  0,2  square  meters,* 

f  =>  (0,1188  +  0,036  tr«) .  ?-^  =  1,865  +  0,565  iT*. 

The  foregoing  formulas  hold  good  only  when  the  motion  of  the 
surface  is  uniform;  if  the  motion  is  variable,  they  require  an  ad- 
dition. If  the  velocity  of  a  body  which  is  moving  in  a  resisting 
medium  changes,  the  quantity  of  the  fluid  moved  by  the  body  or 
carried  along  with  it  varies ;  the  resistance  is,  therefore,  dependent 
upon  the  acceleration  p.  According  to  the  experiments  of  Didion, 
etc,  with  a  surface  whose  area  was  1  square  meter,  and  with  one 
whose  area  was  \  square  meter,  which  were  moved  in  a  vertical  hn^ 
the  resistance  was 

F  =  (0,084  v"  +  0,036  +  0,164  jt?)  F;  hence 

f  =  [0,084  +  (0,036  +  0,164  j?)i;-'] .  ^ 

=  1,318  +  (0,565  +  2,574)tr«. 
We  must  also  remember  that  for  variable  motion  the  mean 
square  of  the  velocity  is  different  Arom  the  square  of  the  mean 
velocity. 

The  impulse  and  resistance  of  an  unlimited  medium  is  increased 
when  the  surfaces  are  hoUowed  out  or  provided  with  borders ;  but 
we  have  as  yet  no  general  data  concerning  the  subject 

For  a  parachute,  whose  cross-section  was  1,2  square  meters  and 
whose  mean  diameter  was  1,27  meters  and  whose  depth  was  0,430 
meter,  Didion,  eta,  found  for  an  accelerated  motion,  during  which 
the  hoUow  surface  was  in  front, 

F  =  (0,163  v"  +  0,070  +  0,142  p)  F,  whence 
.     f  =  2,559  +  (1,099  +  2,229  p)  tf. 
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§  512.  Impulse  and  Resistance  against  Bodies. — ^The  im- 
pulse and  resistance  of  water  Sigainst  primnatical  bodies,  whose  axis 
coincides  with  the  direction  of  motion^  decrease  when  the  lengths 
of  the  bodies  increase.  According  to  the  experiments  of  du  Buat 
and  Duchemin,  the  impulse  upon  the  front  surface  is  constant^  and 
the  action  upon  the  rear  surface  alone  is  variable.  The  coefScient 
ii  =  1,186  corresponds  to  the  former;  but  when  the  relative 
lengthsare  _^  ^  ^^        ^^        ^^       3^ 

the  total  action  is 

f  =  1,86 ;  1,47 ;  1,35 ;  1,33. 

If  the  ratio  between  the  length  and  the  mean  width  V^  be- 
comes greater,  the  coefScient  ^  again  increases  in  consequence  of 
the  friction  of  the  water  upon  the  sides  of  the  body.  The  reverse 
is  true  of  the  resistance  of  the  water.  In  this  case,  according  to 
du  Buat,  the  constant  action  against  the  front  surface  is  Ci  =  h  ^^^ 
the  total  action  for 

-^  =  0,       1,       2,       8,is 

f=l,25;  i;^8;  1,31;  1,33; 
so  that  for  a  prism  three  times  as  long  as  wide  the  intptUse  of  the 
water  is  the  same  as  the  resistance. 

The  experiments  of  Newton,  Borda^  Hutton,  Vince,  D^saguil- 
liers  and  others  with  round  and  angular  bodies  leave  much  uncer- 
tain and  undetermined.  It  appears  that  for  moderate  velocities  the 
coefficient  of  resistance  of  spheres  can  be  put  =  0,5  to  0,6.  But 
when  the  velocities  are  greater  and  the  motion  takes  place  in  the 
air,  we  can  put,  according  to  Robins  and  Hutton,  for  the  velocities 
v  =  1,  5,  25,  100,  200,  300,  400,  500,  600  meters, 
f  =  0,59 ;  0,63 ;  0,67  ;  0,71 ;  0,77 ;  0,88 ;  0,99 ;  1,04 ;  1,01. 

Duchemin  and  Piobert  have*  given  particular  formulas  for  the 

increase  of  this  coefficient  of  resistance.    According  to  Piobert  the 

resistance  to  a  musket  ball  in  the  air  is 

P  =  0,029  (1  4-  0,0023  v)  F  v"  kilograms,  whence 

C  =  0,451  (1  4-  0,0023  v). 
For  the  impulse  of  water  against  a  ball,  Eytelwein  found 

<  =  0,7886, 
while,  on  the  contrary,  according  to  the  experiments  of  Piobert, 
etc.,  made  with  cannon  balls  0,10  to  0,22  meters  in  diameter,  the 
resistance  to  the  balls  in  water  is 

P  =  23,8  F  v*  kilograms ;  hence  we  can  put 

f=  0,467. 
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The  coeffidents  of  resistanee  for  bodies  partially  immersed  are 
different  from  those  for  bodies  entirely  surrounded  by  water.  For 
^floating  prisTtuUic  body  five  to  six  times  as  long  as  wide  and  mov- 
ing in  the  direction  of  the  axis,  ^  should  be  put  equal  to  1,10.  If 
the  body  is  sharpened  in  front  by  two  vertical  planes  like  A  B  €, 
Fig.  869,  C  increases  with  the  angle  A  C  A  =^  0,  and  we  have 


for/3  = 

180° 
1,10 

156° 
1,06 

132° 
0,93 

108° 
0,84 

84° 
0,59 

60° 

36° 
0,45 

12° 
0,44 

f  = 

0,48 

If,  on  the  contrary,  the  rear  portion  A  C  B,  Fig.  870,  is  diaip- 
ened,  and  if  the  angle  J?  C7  j8  =  /9,  we  have 


Fig.  860. 


Fig.  870. 


^^ 


.for  p  = 

180° 

138° 

96° 

48° 

24° 

f  = 

1,10 

1,03 

0,98 

0,95 

0,92 

When  both  front  and  rear  portions  of  the  floating  body  are 
sharpened,  f  becomes  still  smaller.  For  river  steamboats,  f  =  0,12 
to  0,20  and  for  large  ocean  steamers,  ^  =  0,05  to  0,10. 

Bbhark. — This  subject  is  treated  at  length  by  Poncelet  in  his  ^^Intio- 
duction"  cited  above,  and  by  Duchemin  aad  Thibault  in  their  **  Rc^hercbea 
ezperimentales,  etc."  The  sut^ect  of  the  resistance  to  floating  bodies,  par- 
ticularly fillips,  and  also  that  of  the  impulse  of  the  wind  against  wheeled 
will  be  treated  in  the  second  and  third  volumes. 

Example. — If,  according  to  Borda,  we  put  the  resistance,  and  impulse 

at  ri^ht  nnr^lcs  to  the  axis  of  a  cylinder  ^  that  against  a  parallelopipedonf 

which  has  the  same  dimejisions  as  it,  we  have  the  coef3dent  of  remstance 

C  =  J  .  1,28  =  0,64 

and  the  impulse  against  the  same 

=  J .  1,47  =r  0,785. 

If  we  apply  these  values  to  the  human  body,  the  area  of  the  cross- 

section  of  which  is  7  square  feet,  we  find  the  resistance  and  impulse  of  the 

air  against  it 

P  =  0,64  .  0,0155  .  7  .  0,086  ««  =  0,00597  «• 
and 

P  =  0,785  .  0,0165  .  7  .  0,086  •»  =  0,00686  9\ 
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For  a  Telocity  of  5  feet,  the  resUtance  of  the  air  is,  therefore,  only 
0,00597  ,  25  =  0,1492  pounds,  and  the  corresponding  work  done  per 
second  is  =  5  .  0,1492  =  0,746  foot-pounds ;  for  a  velocity  of  10  feet,  the 
resistance  is  4  times  and  the  expenditure  of  mechanical  effect  8  times  as 
great,  and  for  a  velocity  of  15  feet  the  resistance  is  9  times  and  the  work  done 
27  times  greater.  If  a  man  moves  with  the  velocity  5  feet  against  a  wind, 
whose  velocity  is  50  feet,  he  has  to  overcome  a  resistance  0,00686  .  55'  = 
20,75  pounds,  which  corresponds  to  a  velocity  of  50  +  5  =  55  feet,  and 
to  perform  an  amount  of  work  equal  to  20,75  .  5  :;$  108,75  foot-pounds. 

§  513.  Motion  In  Resisting  Me^ia. — ^The  laws  of  the  m(h 
Hon  of  a  body  in  a  re»isiinff  medium  are  not  very  simple ;  for  the 
force  in  this  case  is  Yariable»  increasing  with  the  square  of  the 
velocity.    From  the  force  P,  which  is  drawing  the  body  onwards, 

and  from  the  resistance  Pi  =  f .  ^  Fy,  offered  by  the  medinm, 
we  obtain  the  motive  force 

P.  =  P-P,  =  P-f.^J^y, 

but  since  the  mass  of  the  bodT  is  JIf  =  — .its  acceleration,  is 
or  if  we  denote  ^ — Z  by  —j,  or  put  V  y^pr-  =  ^9  ^^  have 

''=[>- (^)']  ^-  ' 

The  maximum  velocity  which  the  body  can  assume  is 

^    iFy 

If  the  motive  &rce  P  is  constant,  the  motion  approaches  grad- 
uaUy  a  uniform  one;  for  the  acceleration  becomes  smaUer  and 
smoller  as  v  increases. 

Now  the  velocity  v  increases,  vrhen  the  acceleration  is^,  in  an 
element  of  time  r  a  qvaotity  n  =z  pr,  hence  we  can  put 

*  =  [^  "■  iif]  ^-i^^>o^i^^^"eiy 

^  =  p 


[•  -  m 
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In  order  to  find  the  time,  corresponding  to  a  given  variation  of 
velocity,  let  us  divide  the  difference  v^  —  v,  between  the  initial  and 
the  final  velocities  in  n  parts  and  put  such  a  part 

Vn  —  V. 
n 
and  then  calculate  from  it  the  velocities 

vi  =  V,  +  «,  V,  =  V,  +  2  «,  v,  =  t?,  +  8  «,  eta, 
substituting  these  valued  in  Simpson's  formula^  we  obtain  the 
required  time,  when  we  assume  four  divisions, 

1W-—     ^-^^*/         ^  I  ^ 

\w/  \w)  \w)  I 

The  space  described  in  an  element  r  of  time  (§  19)  is 

cF  =  v  T,  or  since  we  can  put '''  =  ^ 

<y  =  — ,  or 
P 

VK  O 

o  = 


v\*'  Pg 


By  employing  Simpson's  rule  we  find  the  space  described,  while 
the  velocity  changes  from  v,  to  v,,,  *o  be 

+       ^'''       +        ^"^^       +         ^*        \, 

The  calculation  is  of  course  more  accurate  when  we  make  6,  S, 
or  more  divisions.  This  formula  allows  us  to  take  into  account 
the  variability  of  the  coefficient  of  resistanoci  which  is  necessary  for 
high  velocities.  For  the  free  fall  of  a  body  in  air  or  water  P  =z  0, 
the  apparent  weight  of  the  body,  and  for  motion  in  a  horizontal 
plane  P  =  0,  or  more  correctly,  equal  to  the  friction  /  G.  Since 
this  is  a  resistance,  it  must  be  introduced  as  a  negative  quantify  in 
the  calculation;  hence  we  must  put 
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Po  =  -  (P  +  P,)  and 

Since  in  this  case  there  can  be  no  question  of  an  increase,  but 
only  of  a  decrease  of  Telocity,  we  must  substitute  v,  —  r,  in  the 
above  formulas  instead  of  v»  —  v,. 

When  a  body  is  impelled  by  a  force,  such  as  its  own  weight,  the 
motion  approaches  more  and  more  to  a  uniform  one,  and  after  a 
certain  time  it  may  be  considered  as  such,  although  it  never  will  be 


v» 


really  so.    The  acceleration  p  becomes  =  0,  when  f  5—  Py  =  P„ 
or  when  

A  body  falling  freely  in  air  approaches  more  and  more  to  this 
result  witiiout  ever  attaining  it 

Example. — Piobert,  Morin  and  Didion  found  for  a  parachute  whose 
depth  was  0,31  times -the  diameter  of  the  opening,  the  coefficient  of  resist- 
ance C  =  lf94  .  1,37  =  2,66.  From  what  height  can  a  man  weighing  150 
pounds  descend  with  such  a  parachute  weighing  10  pounds  and  with  a 
cross-section  of  60  feet,  without  assuming  a  greater  velocity  than  that  he 
attains  when  he  jumps  down  10  feet  ?  The  latter  velocity  is  «  =  8,025  V 10 
=  25,877  feet,  the  force  P  =  <?  =  150  +  10  =  160  lbs.,  the  surface  P  =  60 
feet,  the  heaviness  7  =  0,0807  pounds  and  the  coefficient  of  resistance 

C  =  2,66,  hence 

1        2,66  .  60 .  0,0807 


w»   ""       64,4  .  160 


1,33 .  8  .  0,0807 

=         aAA    A =  0,00125 

64,4  .  4  ' 


«• 


and  — r  =  0,00125  .  26,377'  =  0,805. 

If  we  assume  six  divisions,  we  obtain 
1  -  — ,    =    0,977639 ;    0,91055 ;  0,79875 ;  0,64222 ;  0,44097  ;  0,196, 

w 

and ^  =  0;  4,826;  9,290;  15,886;  26,343;  47,958,  and  130,188; 

hence,  according  to  Simpson^s  rule,  we  have  the  mean  value 

=  (1.0  +  4.  4,826  +  2  .  9,290  +  4  .  15,886  +  2  .  26,848 

474  084 
+  4  .  47,958  +  1 .  130,138)  :  (3 . 6)  =      ,1       =  26,338; 

and  the  required  space,  throngh  which  he  can  fall,  is 
#  =  — '  tunes  the  mean  of -5-  =  — 55-^- — .  26,888  =  20,76  ft. 
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The  corresponding  duration  of  the  ftU,  smce  the  mean  yalae  of 


18 


1- 


=  (1.0+4. 1,028  +  2  . 1,098  +  4  : 1,252 
+  2  .  1,557  +  4  .  2,268  +  1 .  5,128)  :  18  =  1,589,  is 
25,877 


t  = 


82,2 


.  1,589  =  1,25  seconds. 


Bekabk.— If  the  coefficient  of  resistance  is  constant,  we  obtain  by  the 
aid  of  the  Calcnlus  for  the  case  of  a  body  filling  fteely 


and 


CFr 


in  which 


FiQ.  871. 


and  e  denotes  the  base  of  the  Naperian  system  of  logarithms  and  I  the  Na- 
perian  logtirithm. 

§  514.  Frojactilea— We  have  already  studied  the  motion  of 
projectiles  in  vacno  and  fonnd  in  §  39  the  path  or  trajectory  to  be 

a  parabola.  We  can  now  investigate  this 
motion  in  a  resisting  medium,  E.G.,  the 
motion  of  a  body  projected  in  the  air. 

The  path  of  a  body  projected  through 
air  is  certainly  not  a  parabola,  as  is  the  case 
when  it  is  projected  in  vacuo,  but  an  «>»- 
symmetrical  curve  ;  the  portion  of  the  tra- 
jectory, where  the  body  is  rising,  is  not  so 
steep  as  that  where  it  is  falling,  as  can  be 
seen  from  what  follows.  During  the  instant  r  the  body,  tchich  is 
rising  with  a  velocity  v  in  the  direction  A  T,  Fig.  871,  describes, 
in  consequence  of  its  inertia,  the  space 

A   0  =  S  =   V  Ty 

and,  in  consequence  of  gravity,  the  vertical  space 

and  the  first  space  is  diminished  by  the  resistance  C  k—  -^  y  of 

2g      • 

the  air  an  amount,  which  can  be  determined  by  the  expression 
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v 


0Q  = 


O 


2    ~"^2(?' 


JTy 

If  we  put  f  ^-^  =  ft,  we  have  more  simply 


OQ  =  fi 


v't* 


The  fourth  comer  R  of  the  parallelogram  0  P  Q  R,  constructed 
with  0  P  and  0  Q,  gives  the  position  which  the  body  occupies  at 
the  end  of  the  time  r,  while  P  is  the  place  which  the  body  would 
have  occupied  at  that  moment,  if  the  air  offered  no  resistance. 
The  path  -4  iZ  of  the  projectile  passes,  therefore,  below  the  para- 
bola, which  the  body  would  have  described  in  vacuo. 

In  like  manner  we  have  for  a  body  descending  with  the  initial 
velocity  v  in  the  direction  A  T,  Fig.  872,  the  spaces  described  si- 
nuJtaneoasly  in  the  time  r 

^  0  =  tf  T, 

0  P  =r  ^  y ,  and 

and  from  the  above  we  obtain  again  the  position  R  occupied  by  the 
body  at  the  end  of  this  time,  and  the  position  P  which  it  would 
have  occupied,  if  its  motion  had  taken  place  in  vacuo,  J?he  path  A  R 
described  in  this  case  passes  also  below  the  parabolic  path  A  P, 
which  the  body  would  have  followed,  if  the  air  opposed  no  resistance. 
If  the  angle  of  inclination,  at  which  a  body  rises  with  the  initial 


Fig.  872. 


Fig.  878. 


velooity  v  from  ^,  is  7^  X  =  a.  Fig.  873,  the  initial  co-ordinates 
or  velocities  in  the  direction  of  the  axes  are 
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u  =  V  COS.  a  and 
w=  V  sin*  a, 

and  we  have  for  the  position  E  of  the  moving  body,  after  an  ingtant 
T,  the  abscissa 

A  M  =  X  =  A  Q  COS.  a  =2  Iv  T ^ — j  cos.  a 

=  11  —  ^— Q- )  V  r  COS.  a, 

and  the  ordinate 

MR  =  y  =  AQsin.a'^QB=^(l-'  ^^|^  v  t  «n.  a  -  ?~. 

The  Telocity  in  the  direction  of  the  abscissa  is 

iJ  Wi  =  Wi  =  V  COS.  a  -^  fAV*  T  COS.  a  =  {1  —  fivr)  V  cos.  a, 
and  that  in  the  direction  of  the  ordinate  is 


JiWi  =  Wi  =  vsi7i.  a^  fiv*  rsin.  a  —  gr  =(1  —  ft  v  t)  v sin.  a—gr. 
From  the  two  velocities  we  obtain  the  angle  of  inclination 
TxR  Xi  =  cLx  of  the  path  at  R  by  means  of  the  formula 

A  W,        .  gr 

tang.  Oj  =  —  =  tang,  a  —  -rz ^— r y 

^  Ux  ^  (1 — iiv  r)  vcos.a^ 

and  the  velocity  in  the  direction  of  the  curve  is 

By  repeated  application  of  this  formula,  we  can  find  the  coarse 
of  the  whole  trajectory  of  the  projectile.  If,  kg.,  we  substitute  in 
the  above  formulas  for  x  and  y,  instead  of  a  and  v  the  values  for  a, 
and  Vx  obtained  from  the  last  equation,  we  obtain  the  co-ordinates 
Xi  and  yx  of  a  new  point  referred  to  i?,  etc 

ExAJCFLB. — A  massive  cast-iron  cannon-ball,  whose  diameter  is  2  r  =  4 
inches,  is  projected  at  an  angle  of  elevation  a  =  25"  with  a  velocity  «  = 
1000  feet ;  required  the  position  of  the  same  after  -^,  -f^y  -f^^  of  a  second,  etc 

Since  the  weight  of  a  cubic  foot  of  air  is  0,080728  pounds  and  that  of  a 
cubic  foot  of  cast  iron  is  444  pounds,  we  have 

^7  r       ^^y    r      .r,      .^     0,080728,      ^^^A^,.^^, 

and,  therefore,  for  «  =  1000  feet,  for  which  C  =  0,0  (see  $  512),  we  have 

AC  =  0,0008682. 
If  we  take  t  =  0,1  seconds,  we  obtain 
«  =  (1  -  0,0008682 .  1000 . 0,05)  100  eos,  25^  =  0,98159 .  90,68  =  88,96  feet, 

y  =  0,98159 .  100  sin.  25''  -  83,2 .  -'^  =0,98159 .  42,26  -  0,16=41,82  !M, 

and 
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*  *       A»o  82,2.0,1  «^««o*  8,32 

tmig.  a,  =  tang.2li^  ^  ^^  _  ^^^^^^    ^^  =  0,46681  -  ^^^3^3-  ^3 

=:  0,46681  -  0,00869  =r  0,46262 ; 

hence  the  angle  of  elevation  is 

a  =  24''  SO', 

and  the  yelodty  in  the  cnrye  is 

v^  =  V(0,96318 .  1000)*  -^  2.  a,96818^.  100^.  8»,2  . 0,04226  +  (8,22)« 

=  V927716  -  2621  +  10  =  V026106  =  961,82  feet. 
If  we  again  take  r  =  0,1  second,  we  have,  since  for  0  =:  962  feet,  C= 
0,88,  and  consequently  fi  ^  0,88  .  0,000409094  ^  0,00086, 
«^  =  (1  -  0,00086. 961,8 .  0,05) .  96,18  «w.  24^  SO* 

=  0,9827 .  96,18 . 0,9075  -  85,77  feet, 
jTi  =  0,9827 .  96,18  dn.  24''  50^  -  0,161  =  89,58  feet, 

and 

o  22 

^'  °»  =  ^^-  ^^  *^'  -  0,96537  .  96i,e  ^.  24°  50' 

=  0,46277  -  0,00382  ^  0,45895, 
whenoB 

d  :^  24*  89' and 

e  =  V(0,96587 .  961,8)*  -  2 . 0,96W7 .  9$1,8 .  82,8 .  0,04200  -1^  (8,22)* 

=±  V862099  -  2ftll  +  10  ^  V^oSSs  =  927,14  feet. 
AiMmhig  ottdd  tholfe  r  =  0,1  aM  o  =^  927  feet,  we  have  C  ^  0,87 

M  =  0,87 . 0,0004109094  ±t  0,0000559; 
^d  Hiorefore 

«,  s=  (1-0,0008559. 927 ,  14 . 0,05).  92,^71  <»0. 24°  89'  =0,9885 .  91^,71 . 0,9080 

^  82,87  feet  and 

y,  =  0,9885 .  92,71 ««.  24°  89'  -  0,156  =  87,87  feet 

The  position  of  the  pfojectile  in  reference  to  the  point  of  beginning  is 
determined  after  0,8  seconds  by  the  co-ordinates 
0  +  fl^i  +  «,  =  88,96  +  85,77  +  82,87  =  2^7,64  feet  and 
y  +  yi  +  y«  =  -*1»82  +  89,58  +  87,87  =  118,W  feet 

If  the  air  offered  no  resistance  and  gravity  did  not  act,  we  would  hlt^ 
i»  +  «i  +it^  =dt&}$.a^l(m,  0,8.^^.1^'' ==800.0,9068  =  271,89feet  and 
y  -^  yi  +  y^—ctnn,  a  =  300 .  di^. 25*  =  800. <^,4226  =  126,78 feet 
If  we  neglect  the  instance  of  the  Air  only,  we  haye 
4-^t^  +  x^  —  271,89  feet  and 

y  +  y,  +  y t  =  13«,78  -  ^  =  136,78  -  82,2  .  ^  =*  126,78  — 1,449 
=  125,8^  feet 
66 
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THE  THEORY  OP  OSCILLATION. 

(§  1.)  Theory  of  Oscillation.— A  body  has  an  osciHaiorjf  or 
vibrcUory  motion  (Fr.  mouTement  oscillatoire;  Cter.  schwingende 
Bewegung)  or  is  in  osdUaiion  or  vibrcUion  (Fr.  oscillation ;  Grer. 
Schwingung)^  when  it  describes  repeatedly  the  same  path  backwards 
and  forwards  in  equal  times.  We  meet  with  many  examples  of 
oscillatory  motion  in  nature  besides  that  of  the  pendulum.  The 
most  general  cause  of  such  a  motion  is  a  force  which  attracts  or 
impels  the  oscillating  body  towards  a  certain  point.  Thus,  'B.q^ 
gravity  sets  the  pendulum  in  oscillation.  If  a  body,  previously  at 
rest,  can  yield  without  impediment  to  the  action  of  the  force,  which 
'impels  it  towards  a  certain  pointy  the  oscillation  takes  place  in  a 
straight  line ;  otherwise  it  will  oscillate  in  a  curve,  as  a  pendulum 
does,  where  the  action  of  gravity  is  continually  interfered  witii, 
the  body  being  united  to  a  fixed  point.  In  like  manner,  if  the 
direction  of  the  initial  velocity  of  the  body  is  different  fix>m  that 
of  the  motive  force,  the  oscillations  will  also  take  place  in  curved 
.lines. 

The  simplest  and  most  common  case  is  that  where  the  force  i$ 
proportional  to  the  distance  of  the  body  from  a  certain  point  C.    Let 

Cy  Fig.  874,  be  the  seat  of  the  force,  i.s. 
the  position  of  the  body  when  the  force 
is  =  0;  let  wi  be  the  point  where  the 
motion  begins,  and  let  M  be  the  variable 
position  of  the  body.  If  we  denote  the 
distance  C  Mhjx,  and  by  ^  a  constant, 
determined  by  experiment,  we  have  the 
acceleration  of  the  body  at  If 

p  =^  ^ix. 


Pro.  874. 


M  K  P    0 
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and  since  x  decreases  an  amount  d  Xy  when  the  space  ^  if  is  in- 
creased by  the  same  quantity^  we  hare  for  the  velocity  v  of  the 
body  (see  §  20,  HI) 

^  v'  =  --Jp  rf  a?  =  —  /« jx  rf  a:  =  —  ^-^  +  C4w». 

Bat  at  Ay  t;  -=  0  and  a;  is  a  definite  quantity  (7  ^  =  a;  we  have, 
therefore, 

0  =  —  ^  +  Ckm^  and 

or  the  velocity  itself 

When  the  body  aniyes  at  C>  a;  =  0  and  v  is  a  maximum,  and 

its  yalue  is  then  

t;  =  c  =  ^  \kcf  =  a  Vfu 

Upon  the  other  side  of  C,  v  gradually  decreases,  and  at  the  dis- 
tance X  =  C  B  =  —  a  fifom  C  it  becomes  again  =  0 ;  the  body 
then  returns  with  an  increasing  velocity  to  0.  This  return  takes 
place  in  accordance  with  exactly  the  same  law  as  the  fii'st  motion ; 
at  (7,  i;  =  —  Cy  and  At  A,v  =i  0.  Thus  the  motion  repeats  itself  in 
the  space  A  B  =^2ay  which  for  this  reason  i»  called  the  amplitude 
of  the  osciUatiane  (Fr.  amplitude  des  oscillations ;  Ger.  die  doppelte 
Schwingungsweite). 

(§  2.)  The  time  in  which  the  oscillating  body  describes  a  certain 
space  A  M  •=  x^y  Fig.  875,  can  be  determined  in  the  following 
manner.  K  in  the  element  dt  of  the  time  the  element  of  the  path 
M N ^  dxi  =  —  dxia  described,  we  have  (§  20, 1) 

dx^  =  V  rf  f ,  LE.  rf a?  =  —  Vfi  (a'  —  a^)  d  t, 
and,  therefore,  inversely 


V/i(a'-a?») 
Now  if  we  describe  upon  A  B,  with  a  radius  C  A  =  C  B  =  Oy 

a  circle  A  D  By  ^/cf  —  a:*  will  be  represented  by  the  ordinate  M  0 
=  y,  and,  therefore,  we  will  have 

dt^^4^. 

If  we  put  the  arc  Z>  0,  corresponding  to  the  abscissa  C  M  =^  x, 
equal  to  *,  and  its  diflferential  0  Q  ^  —  rf  «,  we  have,  in  conse- 
quence of  the  similarity  of  the  triangles  0  Q  R  and  0  C7  Jf,  in 
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* 

▼hioh  OM^-^dx,  0Q=^  -ds^Jlf  0  ^  ff.miO  0=^  a,  the  pro- 
portion 

-3^  =  K  and,  th6fef oi^ 
as       a 


Pig.  875. 

—  =  -^:  benoe  it  foUows  that 

,    ,       ^ ^        rf  ^  =  - — T= — ,  and 

Bat  at  the  point  A,  where  the  motion  begins,  ^  =  0  and  8  is 

eq[nal  to  the  qttadrant  D  A  =  i^ra;  6o)tL&^jt[^iiXlj 

1 


and  the  time  required  bj  the  body  to  come  from  A  to  if  is 

.  _  jfr  a 8       ^ 1_  /tt  ^  8\ 

The  period  of  half  an  98ciOaHon^  IvK  the  time  required  by  the 
body  to  pasB  from  the  point  ^  to  the  poflitioB  ef  regt  C>  for  which 
«  ±s  0,  ie  f  —    '^ 


and  the  period  of  a  complete  oscillation,  or  the  time  required  to 
describe  the  whole  distance  ^  ^  =  2  a,  is 

After  the  time  ,      2  ir 

the  body  has  made  a  double  oscillation  and  returned  to  the  points. 
The  time  required  by  the  body  to  describe  the  space  %  A  B  ^ 
4  a  is  the  same,  no  matter  from  what  point  M  we  begin  to  count; 
for  the  time  in  which  the  body  goes  from  Mio  B  and  back  is 

^  arc  OB 

Vjl.a' 
and  that  in  which  it  goes  from  JTto  .i  and  baok  is 

_      arcQ^. 

—  ^.— = — , 

VfA.a 
consequentiy  the  time  required  to  describe  the  space  2  MS  + 
2ir^is 
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^  J  BXB  {OB  -h  OA)  _  2.va  _  2_Tr 

We  eee  th^t  ^  p^od  of  m  oacUlation  does  not  depend  npon 
tbe  amplitude.  If  we  stert  frond  the  point  0,  we  oaxt  put  the  time, 
which  corresppnds  tp  the  distanoe  C  M  =  x, 

or,  ainoe  8  ^laiinr^  -, 

<  =  —  9inr^  -,  loid  inyenely 
a;  =  a  «t7^  (^  V/i),  and 

RxMABX. — The  foregoing  theory  of  ofldllation  is  applicable  to  the  cir- 
cular pendulum  O  M^  Fig.  876,  if  the  arcs  in  which  it  oscillates  are  small. 

At  A  the  acceleration  of  the  point,  which  is  oscil- 
^ting  in  the  arc  ^  M  B^  is 

.     ^  ^^      DA 

or,  since  for  small  displacements  we  can  put  2>  A 

^MA, 

DA 

^^MA'^' 
If  we  denote  0  Ahj  r  and  MA  hjx^  we  obtain 

and  by  comparing  it  with  the  formula  jp  =  ^  «,  we  find 
Hence  the  x>eriod  of  an  oscillation  is 


~  V^  "■  ^  r  T  (oompaie  $  891X 


7*         '    9 


(g  3.)  ZiOBgltiidinal  Wbrattoiis.— The  most  common  cause 
of  oadllatoTj  motion,  whioh  i9  thep  p^led  vHrcUiony  is  the  elastu 
city  of  bodies.  The  most  simple  case  is  that  presented  by  a  rod, 
string  or  wire  0  C,  Pig.  877,  stretched  by  a  weight  O.  If  we  move 
this  weight  from  its  position  of  rest  C  a  certain  distance  C  A  =  a 
in  the  direction  of  the  axis  of  tliQ  string  and  abandon  it  to  itself, 
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then,  in  consequence  of  the  elasticity  of  the  string,  etc.,  it  will  be 

raised  to  C,  where  it  arrives  with  a  velocity  c  and  above  which  it 

ascends,  by  virtue  of  its  vis  viva,  to  a  point  By  from 

Pig.  877.     ^hich  it  fsdls  again,  etc    When  at  rest,  the  weight  0 

1^    is  balanced  by  the  elasticity  ~  J'i?  (see  §  204)  of  the 

rod,  and  consequently  the  motive  force  is 

P=z  J  FE--  G  =  %  or  J  FE=z  G. 

But  if  the  weight  0  is  at  a  lower  point  Ny  whose 
distance  firom  C\a  0  JV=  x,  the  motive  force  becomes 


FE 
I 


^ 


^<jj    and  if  it  is  at  a  higher  point  Q,  this  force  is 


P  =  G^  ^-  FE==G'-jFE'\-jFE^^x. 

If  we  neglect  the  mass  of  the  rod,  the  acceleration,  with  which 
the  weight  G  returns  towards  C7,  is 

P  FE 

J!>  =  jr  ff  =  -qTi  9  ^'  *^^  consequently  we  have 

^^    Gf 

when  we  put  p  =  fix  and  denote  the  length  of  the  rod  by  2,  its 
cross-section  by  F  and  its  modulus  of  elasticity  by  E.  As  this 
formula  corresponds  to  the  case  treated  in  the  foregoing  paragraph, 
the  period  of  a  simple  vibration  is 

^9 


Ql 


^-^-''^FUg 


CH 
FE' 


If  instead  of  Fvre  substitute  the  weight  of  the  rod  Oi  =  Fly 
and  instead  of  E  the  modulus  of  ektstioity  L  =  — ,  expressed  in 
units  of  length,  we  obtain 

vy  &xL' 
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If,  on  the  contrary,  we  obeerve  the  period  t  of  the  simple  Tibra^ 
tionSy  we  can  calculate  the  modalus  of  elasticity  by  putting 

_        tt"      6^/       -       7r"P     0 

Mf  =  — 3  •  — yr  or  x/  =  rr-  •  -7=-. 

gfF  gP    Ox 

These  formulas  1^  hold  good,  when  the  vibrations  of  the  rod 
are  produced  by  simply  attaching  the  weight  (at  E)  \  in  this  case 
the  semi-amplitude  on  each  side  of  (7  is 

while  in  the  other  case  we  assumed  d  <  A. 

A  complete  yibration  is  a  doiMe  oscillation. — [Tb.] 

ExAMFLB.— If  an  iron  wire  30  feet  long  and  0,1  inch  thick  is  put  In 

longitudinal  yibration  by  a  weight  Q  =  100  ponndB  and  if  the  period  of 

a  complete  vibration  is  \  of  second,  we  haye  t  =  -^,  and  consequently  the 

modulus  of  elasticity 

100    20    4 
E  =  0,081  .  ir»  .  18«  .    "?•  ,    —  =  0,081 .  800000  .  18«  .  ir 

=  24800  .  824  .  ir  =  26000000  pounds. 

(g  4 )  The  foregoing  formula  is  also  applicable  to  the  case, 
where  the  weight  acts  by  compression  upon  a  stiff  prismatical  rod. 
It  also  holds  good,  when  the  weight  applied  at  the  end  of  the  rod 
has  an  initial  velocity  v.  According  to  the  principle  of  mecha^cal 
effect,  when  the  height  of  jE&ll  of  0  is  h^  we  have 

Oh  +  Gf-=zjFE.lz=  ^  .  h\  and,  therefore, 
z  g      $  A        A I 


FE  ^  ^  \FEf  ^  FE*%g 
After  the  weight  Q  has  described  this  space,  it  has  lost  all  its 
velocity,  and  in  consequence  of  the  elasticity  it  rises  again  to  Ay 
where  it'  arrives  with  the  velocity  v.    In  consequence  of  its  vis 


V* 


viva  G  ^-3  it  compresses  the  rod  and  rises  to  a  height  Ai  before 

returning  and  beginning  a  new  vibration*    For  this  second  dis- 
tance we  have 

m9  W  F 

O  o~=G^Ai+-H^y-  V*  and,  therefore, 
4  g  A  I 

By  adding  h  and  hx  yre  obtain  the  total  amplitade  of  the 
vibration 


hence  the  amide  displaoement  is 


Sisc^  v^  thiB  eefle  ^is^p  ^  -^  ffv  =  f^^  we  hare  m  abore 
for  the  period  of  an  osciUatio]^  or  siijiple  vibration 


If  the  initial  velocity  c;  <^  the  weight  6^1  is  caused  by  a  faOin§ 
wight  G  (Fig.  878),  we  have  the  case  tveated  in  §  848.    If  the 
weight  O  atxikes  with  the  velocity  c^  and  if  we  8np{iose 
the  impact  \q  b^  ^ela^ti^  we  have  the  i^tial  velociiyc^ 

ff  +  ffi  Ge 

V  = 


6^+  G,' 
hence  the  maximum  displacement  is 


%CPl 


and  the  period  of  a  simple  Tibration  ia 

*-  4^^      FE    ' 

The  elements  of  the  rod  also  participate  in  the  vibra- 
tions of  6^  or  ^  +  Gxy  but  their  amplitude  decreases  as 
the  position  of  the  elen^ent  approaches  the  point  of  suspension. 
For  an  element  (7„  Fig.  877,  situated  at  a  distance  0  Ci^  x  fix>m 
the  ][K)int  of  suspension,  the  amplitude  i^ 

X 

while  the  period  of  its  vibration  is  the  same  as  that  of  G ;  for  it 
does  not  depend  upon  y  or  a.  Hence  the  vibrations  of  all  the  ele- 
ments of  the  rod  are  isochronous^  but  their  amplitudes  decreaBe 
gradually  from  C  towards  0. 

§  5.  TransrerM  Vibratioiui.— The  dasHcUy  of  fiexurs  and 
of  torsion  cause  vibrations  of  the  same  nature  as  those  just  treated. 
Ka  rod  or  spring  OC(F\g.  879)  is  fixed  at  one  end  0  and  deflected 
at  the  other  C  hja  weight  G,  we  have,  according  to  §  217,  the 
deflection 

•  3  WJS' 
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inyei^ely  the  force,  witt  which  the  rod  U  tent,  is 

_                                           r>      BWBa 
yiG.  879.  r  =  -^-p :. 

bIJ-;;^!^^!!^^'  ^^^^^     placed  by  a  weight  (?,  at- 

^^^--^"^^  tached  at  C^,  and  if  d  is  in- 

creased or  diminished  a  dis- 
Q  tance  0  A  =  0  B  =  x,  M^e 

'^  have  the  force,  with  whic^ 

the  rod  will  be  driren  back  to  its  position  of  rest  by  its  elasticity 
^_3WB{a  +  x)  dWB{a  +  x)      ^WE         SWF 

hence  the  acceleration  is,  when  we  consider  the  naass  of  O  alone, 

P  3  WB  ^   . 

P—Q^S—     Qp    9 «* and,sinee^  =  M «?> 

3  WE 

The  relation  between  p  and  x  allows  ns  to  employ  the  formulas 
of  {§  %)y  consequently  the  period  of  an  oscillataon  or  simple  vibra- 
tion is  .  __  _Tr^  _    tt    m/   Qf 

If  the  rod  JSr  0,  Pig.  880,  is  supported  at  both  ends  and  loaded 
ii^  the  middle  C  with  a  weight  G^  we  lutve,  according  to  §  217, 

_     PV 
Pig.  880.  ^  ~"  48  FT  jE'* 

jjg^j™~^...™_^^       — ^      ~--^/Vj     •'**'  therefore,  the  duration 
p    ^^  -.^^..^.^^^feH^  '     ^^'  ^"^  M     ^^  *  simple  yibration 


If  we  take  the  weight  ^i  of  the  vod  into  consideration,  we  must 
substitute  in  the  first  case,  Fig.  879,  instead  of  6^,  6^  +  j  6^1,  and 
in  the  second  case.  Pig.  880,  instead  ot  G,  G  •{-  ^  ^,. 

Prom  the  observed  duration  of  an  oscillation  or  simple  vibra- 
tion we  can  calculate  the  modulus  of  elasticity,  in  the  first  case  by 
the  formula  „      / '»' \'/^  +  i  ^i\  n 

^^lin^  J  denotes  the  ^uml^r  pf  sii9pl,e  vibrations  per  secondj 
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ExAMFLB. — ^A  pine  rod  1  centimeter  square  is  supported  at  two  points 
100  centimeters  apart,  and  its  centre  is  deflected  a  distance  a  =  8,2  centi- 
meten  by  it  weight  Q  =  1,87  kilograms.  According  to  this  experiment 
the  modulus  of  elasticity  of  pine  is 

PP        1,87 .  1000000      ,  ^„^^,  , ., 

while  in  the  table  on  page  870  we  find  B  =  110000. 

The  rod  was  then  firmly  fixed  at  one  end,  was  loaded  at  the  other  with 
a  weight  O  =  0,81,  and  put  in  vibration.  It  was  found  that  the  number 
of  simple  yibrations  in  85  seconds  was  100.  The  weight  of  the  rod  was 
G^  =  0,044  kilograms ;  hence  G  +  \  O^  =s  0,821  kilograms  and 

/try   /G-^i  G,\      __  /8,Uiy    821000 

1281000 
=  8<>|57 .  —^^ —  =  105260  kilograms. 

Vol 

or  about  the  same  value  of  JB  as  was  found  by  the  experiment  upon  flexure. 

i  6.  Vibratioiui  Dae  to  Tozsion-^The  formala  t  =  --=  con 

also  be  applied  to  the  torsion  balance  or  torsion  rod  (Fr.  balance  de 
torsion ;    Ger.  Torsionspendel),  le.  to  a  thread  or  rod  J)  0,  Fig. 
881,  oscillating  about  its  axis,  in  consequence  of  its  torsion.    Gen- 
erally the  rod  is  provided  with  a  loaded 
®*      '  arm  C  OJ,  by  means  of  which  the  origi- 

nal torsion  of  the  thread  is  produced, 
by  bringing  this  arm  from  its  position 
of  rest  G  Gi  into  the  position  A  Ai, 
The  torsion  drives  the  arm  back  to 
C  C„  and  the  latter,  by  virtue  of  its  in- 
ertia, moves  farther  on  until  it  comes 
into  the  position  B  Bi,  from  which  it 
returns  to  C^  C,  and  A  A^y  etc  We 
found  previously  (§  262)  the  moment 
of  torsion  of  a  prismatic  body  to  be 

r,         a  Wc 

we  know,  therefore,  from  this  formula,  that  it  is  inversely  propor- 
tional to  the  length  0  D  ^  lot  the  rod  and  directly  proportional 

to  the  angle  of  torsion  M D  C  =  a;  now  if  —  iP  ie  the  moment  of 

inertia  of  the  arm  G  D  Ci,  —.  —  is  the  mass  if  reduced  to  theends 

a"  g 

0  and  (7|  of  the  arm,  and  the  acceleration  of  this  point  is 


87.] 
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_  P  _  aWc  V  O  _  aaWCg 
P"  M^    la  '^  a'g  '^~  0  k' I    ' 
If  we  denote  the  arc  C  Jf  =  a  a,  oorreBponding  to  the  length 
of  the  arm  J)  A  =  D  0  =  a  and  to  the  variable  angle  of  displace* 
ment  CD  M  ^  a,  by  a;,  we  obtain  the  expression 

p  =  ^  p^  Zf  and  we  can  again  put^?  =ji*jr,or 

^        Ok'l 
The  period  of  an  oscillation  or  simple  yibration  is,  therefore, 

Vfl,        Vg^     WO' 
no  matter  whether  the  amplitude  A  CB  =  Ax  (7,  Bi  is  large  or  smalL 
Inyersely,  we  have 

gf         ' 
andy  therefore,  the  moment  of  torsion 

Rbuabe. — The  above  formulas  for  the  vibrations  produced  by  the 
elasticity  of  rigid  bodies  are  not  correct  unless  the  displacement  during 
the  vibration  is  within  the  limit  of  elasticity.  Great  care  should  be 
taken  to  avoid  as  much  as  possible  vibrations  in  the  various  parts  of 
machines;  for  the  energy  expended  upon  them  is  lost  to  the  machine. 
For  this  reason  the  parts  should  be  united  to  each  other  with  precision, 
and  what  is  known  as  lo§A  motion  is  to  be  avoided,  as  it  gives  rise  to  con- 
cussions and  vibrations. 

§  7.  Density  of  the  Earth.— The 
theory  of  the  torsion-rod  can  be  directly 
applied  to  the  determination  of  the  mean 
heaviness  or  specific  gravity  e  of  the  earth. 
If  we  cause  a  heavy  sphere  K  to  approach 
the  weight  Oy  which  is  fastened  upon  the 
end  of  the  arm  A  D  Ai,  Fig.  882,  the 
latter  will  be  attracted  towards  the  former 
a  certain  distance  A  M  =:  x;  the  attrac- 
tion Rof  K  balances  the  force  of  torsion 
P,  when  O  occupies  the  position  if;  one 
of  the  above  forces  can,  therefore,  be  de- 
termined from  the  other.  Now  if  we  re- 
move the  heavy  sphere  IT  and  allow  the 


Fia.  883. 
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tordon-rod  to  yibrate^  we  .can  obe^re  the  period  of  the  vibrationSy 
and  from  it  we  can  calculate  the  force  of  torrion.    According  to 
the  foregoing  paragraph,  the  period  of  a  simple  ^brotion  is 
.  _    TT       __2      J      _     force  of  torsion     _  -P  ^ 
""  Vji'        X        ^  ^  mass  of  torsion-rod  ^  QV^* 

when  O  Ji  denotes  the  moment  of  inertia  and  a  the  length  of  the 

arm  of  the  torsign-rod;  inyersely^  the  twisting  or  attractive  force  la 

p^Gk^p  ^yiOVx  ^1^    GVx  _t^     GJs'a 

g  a*     ~"     ga*      "~^^*     <^  9^'      ^     * 

and  the  moment  of  torsion  corresponding  to  the  angle  of  torsion  a  is 

9^ 
Now  if  the /orce«,  with  which  the  bodies  attract  each  other,  vaiy 

directly  as  their  TTio^^e^  and  inrersely  as  the  squares  of  their  distances 

(see  §  302,  Example  3),  we  can  compare  the  attraction  P,  exerted 

upon  the  body  by  Ky  with  the  weight  Q  of  the  small  body  which  is 

placed  upon  the  torsion  rod;  for  the  weight  is  t}ie  measure  of 

attractive  force  of  the  earth ;  thus  we  obtain 

P  _K:s' 

Q  ^  E\7^ 
in  which  s  denotes  the  distance  M  K  of  the  centres  of  the  two 
masses  G  and  K  from  each  other,  r  the  radius  of  the  earth  and  E 
its  weight    If  we  solve  the  above  equation,  we  obtain  the  lat^e^ 
weight  J,      KQt' 

and  if  we  substitute  i?  =  |  v  r"  •  e  y,  we  hfiye  the  ipe^n  heavinesB 
of  the  earth 

ri-«y-^^^,  -^^p^.^,       ^^p^,.  -  4cnrs''^Gi^3^ 

or  if  we  introduce  the  length  of  the  seeond  pendulum  I  ^  -^  (see 

§  323),  _        _   Z  Klf      Qa^ 

y^-^y^  4,^rxs^'  Gh^^ 
heijice  the  mean  specific  gravity  of  the  earth  is 

^_   ZKlf       Qa* 
^  An  r  X  s^'  GVy 
If  we  put  approximatively  G  k^  =  Q  (i*,  we  obtain  more  simply 

*  n  r  s^s  y 
Cavendish  found  in  «the  first  p}aoe  with  the  torsion  vod»  or 
Coulomb's  torsion  balance,  ^  it  is  calledi  §  =  5,48 ;  or,  according  to 
Hutton's  revision,  e  =  5,42. 
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Beich  found  afbefwards,  with  the  &M  of  the  ndtrot  appftmtufi  of 
Chui88  and  Poggendorfi^  e  =  5^43.  Baily,  on  the  ^ontrarj^  found 
by  ezperimentfl  upon  a  larger  soaley  e  =  5,675. 

When  Beich  repeated  his  experiments  he  found  £=5,583.  (See 
•Neue  t'ersucM  mit  Dfehwftge,  Leipzig,  1852.*)  The  mean 
density  of  the  earth  ii^,  therefor^,  ac(sOrding  to  these  experi]:Qentd, 
about  equal  to  that  of  ^ctilar  ii'on. 

Rkmahk. — The  following  works  may  be  consulted  iii  reference  to  the 
manner  in  which  the  density  of  the  earth  was  determined :  ^^  Gehler's 
physikal.  Worterbncb/^  Bd,  III ;  the  treatise  of  Reich  ^^  Versuche  uber  die 
mittlere  Dichtigkeit  der  Erde,  Freibe^,  1838;*^  and  that  by  Baily,  ^'Ex- 
periments with  the  ToMon  Rod  for  I>6tefmin!Ag  6f  the  Mean  Density  ot 
the  Earth,  London,  1843.'' 

§  8.  Magnetic  tTeedle. — T^e  torsion-balance  may  also  be 
employed  to  find  the  directing  force  or  the  moment  of  rotation  of  a 
magnet  or  of  a  magnetic  needle  (iTr.  aiguile  aimantee;  Oer.  Magnet- 
nadet).  If  we  replace  the  transverse  arm  of  the  balance  by  a 
magnetic  needle  or  by  a  bar  magnet  M  D  if,,  Fig.  883,  it  will  as- 
sume a  position  in  which  the  directing  force  is 
balanced  by  the  twisting  force.  If  the  non-mag- 
litetio  arm,  wheii  at  rest  in  A  Aiy  forms  an  angto 
A  D  N  =  a  with  the  magnetic  meridian  N  S, 
and  if  the  bar  magnet  if  ifi  assumes  such  a  posi- 
tion that  its  axid  forms  an  angle  M  D  N  =  6 
with  the  meridian  If'S^  we  have  i2,  =  iZ  sin,  S,  in 
which  formula  R^  denotes  the  cotinponent  of  the 
directing  force  R,  which  is  parallel  to  N  S.  Thi9 
component  tends  to  turn  the  needle^  and  k  bat- 
anoed  by  the  for^e  of  torsion.  The  latter  foroe^ 
P,  on  the  contMiry,  is  proportional  to  the  angle  of  torsion  MDA^ 
a  —  (5,  and  we  can,  therefore,  put 

P  =  P,{a^6); 
lienoe  we  have  R  iin.  J  =  P  (a  —  <5),  aAd  consequently 

" = (^0  ^. = M  "■■ 

when  the  variation  or  angle  of  deviation  d  is  smalL 

Now  according  to  the  foregoing  paragraph  the  force  of  torsion 
is  ezpreteed  by  the  formula 

p_  jn^    Oiex  ^  n'     GVaja-^d)  ^  tt*     O  k*  {a  -  d) 

gf     a'  gP'  if  gf  a  ' 

and  we  can  calculate  firom  the  period  ^  of  an  oscillation,  etc.,  of  the 
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non-magnetic  torsion-rod  the  directive  force  of  the  magnetic  needle 
by  the  formula 


E 


O  —  d\„  P  a-d      TT*       fft« 


=r-^v.=^= 


6     'fff    a  • 

The  moment  of  this  force,  when  we  assume  that  it  is  applied  at 
a  distance  D  M  =  a  from  the  axis  of  rotation  and  when  the  yaria- 
tion  is3/'Z)JV=<J,  isi?ia  =  5a  sin,  cJ,  approximatiyely,  for 
small  yariationSy 

=  i2  a  (5  =  (a  -  d)  ,  -^  .  e  i\ 

This  moment  {R  a  sin.  S)  is  a  maximum  and  =  iZ  a  for 
sin,  d  =  ly  LE.9  when  the  magnetic  needle  is  at  right  angles  to  the 
magnetic  meridian,  and,  on  the  contrary,  a  minimum  and  =  0, 
when  d  =  0,  le.,  when  the  axis  of  the  magnet  needle  coincides  with 
the  magnetic  meridian. 

§  9.  Magnetism. — Since  the  directiye  force  of  the  magnetic 
needle  causes  no  pressure  upon  the  axis,  le.,  the  needle  has  no 
tendency  to  move  forward,  but  only  a  tendency  to  turn,  when  its 
axis  does  not  coincide  with  the  magnetic  meridian,  it  follows  that 
the  entire  action  of  the  earth  upon  the  magnet  must  consist  of  a 

couple  -^,  —  ^,  the  maximum  moment  of  which  is  iZ  a.    Now 

jy  jy 

since  every  couple  --,  —  —  can  be  replaced  by  an  infinite  number 

of  other  couples  ( ~o^>  "~  V  )>(  V'  ~"  V  )'  ^^->  ^^^^  moments 

Eoy  RiOiy  B^Of,  etc.,  are  equal  to  each  other.  It  follows  that  nei- 
ther R  nor  a,  lk,  neither  the  directiye  force  nor  the  point  of  appli- 
cation, but  only  the  moment  R  a  is  determined.  This  twisting 
moment  depends,  in  addition,  upon  two  factors,  Mi  and  S^  fii  corre- 
sponding to  the  magnetism  of  the  earth  and  S  to  that  of  the  bar  or 
needle ;  hence  we  can  put 

R  z=  fi^  S  and  R  a  ^  fix  8  a. 
The  measure  /ii  of  the  magnetism  of  the  earth  for  a  needle 
vibrating  horizontally  (the  case  under  consideration)  is  only  the 
horizontal  component  of  the  intensity  ^  of  the  entire  magnetism 
of  the  earth  ;  for  the  yertical  component  ^^  is  counteracted  by  the 
support  of  the  needle.  If  i  is  the  angle  of  dip  or  inclination  or  the 
angle  formed  by  the  magnetic  axis  of  the  earth  with  the  horizcHiy 
we  have  the  horizontal  component 

jii,  =  jii  cos,  I ; 
on  the  contrary,  the  yertical  one 

fii  =z  fi  sin.  If 
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ancl^  finally,  the  twisting  moment  of  a  magnetic  needle  is 

B  a  sin,  6  =z  fi  cos.  i .  Sa  sin,  6, 
the  ma^^"'""*  value  of  which  is 

lia=^  fi  Sa  cos,  u 

§  10.  OscillationB  of  a  Magnetic  Needle.— We  can  calcu- 
late the  moment  of  rotation  of  a  magnetic  needle  from  the  period 
of  its  oscillations.   If  we  move  the  suspended  needle  M  D  Jf„  Fig. 
884>  from  its  position  of  rest,  where  the  force  of  torsion  and  the 
Fia.  884  directive  force  of  the  magnet  are  in  equilibri- 

um,  so  that  its  new  position  shall  make  a  small 
angle  M  D  0  -=>  ^  with  its  former  one,  either 
the  magnetic  directing  force  R  is  increased  by 
R  0  and  the  force  of  torsion  Pi  is  diminished 
hy  P\  <l>y  or  the  reverse  takes  place ;  in  either 
case  their  resultant 

{R  +  Pi)  0 
or  its  moment 

{R  +  P,)<t>a-{R-^  Pi)  X 
drives  the  needle  back  to  its  position  of  rest. 
If  ^  A:*  is  the  moment  of  inertia  of  the  needle,  the  acceleration, 
corresponding  to  this  force,  is 

(R  +  Pi)ax 

if  ire  pat  it  =  ft  x,  we  obtain 

(R  +  PA 

and  the  period  of  an  oscillation  is 

'■"  r^'^''^  {R'\'Pi)ag 

_     TT      ./         GV 

-   ^g^  {R  +  P,)cl 

P  i 

or.  if  V  denotes  the  ratio  ^  = 5  of  the  force  of  torsion  to  the 

*  R       a  ^  o 

magnetic  force, 

4^^  (1  + v)i2a 
K  we  have  found  t  by  observation,  we  can  find  by  inversion  the 
jnoment  of  rotation  of  the  needle,  which  is 
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If  the  force  of  torsion  is  small,  lb^  it  the  position  Of  repCM^ 
nearly  coincides  with  that  of  the  magnetic  meridian,  we  can 
neglect  v  and  put 

We  cain  also  snbstitute  for  £  ^  its  talue,  which  has  been  given 
aibove,  and  express  the  moment  of  rotation  by  the  formula 

A*  8a COS. I  =  —^.  OV. 

9^ 
for  a  dipping  needle,  which  oscillates  in  the  plane  of  the  mag- 
netic meridian,  we  haye,  on  thd  oontrary, 

^  g^ 

and  for  a  needle,  whose  axis  lies  In  the  magnetic  meridian  and 
which,  the^fore,  tends  to  place  itself  in  a  yertical  position  we  have 

IT* 

u>  8  a  sin,  i  =  —^.  G  i^. 

gf 

In  the  formula  fi  8ac&s.  i  =—^.G  J^,  ^Saeos.  i  is  a  product 

of  four  factors ;  however,  since  the  inclination  i  Can  be  delenninei 
by  observing  a  magnetic  needle,  a!nd  sitice  8  a  cannot  be  decom- 
posed into  two  definite  fiEustors,  We  have  to  only  resolve  the  product 
fi  8  a  into  the  factors  fi  and  8  a.  How  this  can  be  done  by  ob- 
serving the  declination  of  the  needle  will  be  shown  in  the  sequel 

§  U.  Law  of  lultagnetic  Attraction.— The  forces,  with  whidi 
the  opposite  poles  of  two  mag&ets  attract  and  the  similar  poles 
repel  each  other,  are  inverhelf/  pr&pcfriiohdl  to  (he  squares  of  their 
distances  from  each  other.  We  ean  convince  ourselves  very  easily 
of  this  iact  by  obsei'ving  a  small  magnetic  needle,  whibh  had  been- 
set  in  oscillation  near  a  large  bar  magnet  The  bar  magnet  is 
placed  in  a  horizontal  position  and  in  the  plane  of  the  magnetic 
meridian,  its  north  pole  being  directed  to  the  north  and  the  south 
pole  towards  the  south  ;  we  then  place  a  siftall  variation  compass 
in  the  prolongation  of  Uie  axis  of  the  bar  magnet.  If  tiie  distabce 
s  of  the  pivot  of  the  needle  from  one  pole  of  the  ba:r  fiiagn^t  is 
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much  less  than  it0  distance  from  the  other  pole,  we  ean  disregard 
the  action  of  the  latter  npon  the  needle  and  we  can  assume  that» 
in  consequence  of  the  action  of  the  nearer  pole^  the  coeffioietft  ^  ei 
the  magnetic  force  of  the  earth  is  increased  a  certain  amount  Ki  or 
jc^  If  the  period  of  the  oscillations  of  the  needle  is  =  f.  When  the 
bar  magnet  is  remoyed,  and,  on  the  contrary,  if  it  is  =  tu  when 
the  nearer  pole  of  the  bar  magnet  is  at  a  distance  Si  from  the  pivot 
of  the  needle,  and  =  t^r  when  the  latter  distance  is  =^  «»  we  haye 

whence  we  obtain  by  division 

resolTiiig  the  last  two  equations,  we  obtain 

—pi—)  ^  a»d  ft  =  f    ^.  -1  \h,  and,  finally, 

or,  if  we  substitute  instead  of  t^  i\  acnd  t%  the  number  of  osieillations 

60"  eO"      i         60" 

n  =  -T-,  nj  =  -^  and ih  =  -^-r 

If  the  action^  of  the  bar  magnet  upon  the  magnetic  needle  is 

inversely  proportional  to  the  B^»e  of  the  distance,  we  must  have 

also 

jci :  ft,  ^  si :  ^"y  and  thei^foi^ 

ITS  II*     a  «> 

Wj  —  n        B\ 
which  is  confirmed  by  the  observations. 

§  12.  The  actions  of  a  bar  magnet  N  8  upon  a  laagnetic  needle 
n  «  are  simplest,  when  the  bar  magtiet  v&  placed  at  right-angles  to 
the  magnetic  meridian  in  such  a-  manner  tiiat  the  pivot  of  the 
compass  n  s,  Fig.  885,  lies  either  in  the  prolongation  of  JV  iS^or  in  the 
line  which  is  perpendicular  to  iV  /S",  Fig.  886,  and  passes  throng 
its  middle  C.  If  for  the  present  we  put  the  force,  with  which  a 
pole  of  IfS  acts  upon  a  pole  of  n  3,  when  their  distance  apart  is 
unity,  =  K,  we  have  in  the  first  case,  Fig.  885,  when  a  denotes  the 
length  N  S  and  e  the  distance  Cd  between  the  centres  C  and  d 
of  the  two  bodies  N  S  and  n^,  the  fonrce,  with  which  the  north 
pole  n  is  attracted  by  S, 

67 
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and  the  foioe,  with  vhicti  n  is  repelled' by  N,  ia 
FlQ.  88S.  Fia.  888. 


hence  the  remltant  of  P  aad  i*i  is 

_  {"  +  j  «)•  -  (^  -  j  <»)■  jy 

It  —  2ae.g" 

-  («  +  J  a)'  (e  -  i  of 
or,  if  j  a  is  small  compared  to  e, 

^  e'  e'    ' 

In  like  manner  ve  find  the  reanltant  of  the  attracUoQ  and 
repnlsion  of  the  eoath  pole  s 

hence  the  moment  of  the  conple^  formed  by  these  forces,  is 

-when  I  denotes  the  distance  between  the  two  poles  of  the  needle. 

For  the  second  case  (Fig.  886),  on  the  contrary,  the  attraction 
i-and  r^olsion  at  «  are 

p  =  ^  =  X 
i>  =  -i  =  ^- 

:  benoe  the  resolianta  are 
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0  -2    ^^    P  - 


aP 

Ns 


''^ande="^ 


Now  if  ^  a  and  ^  J  are  considerably  smaller  than  e,  we  can  sub- 
statute  for  Ns  =  S s  and  2Vn  =  Sn  the  mean  value  Nd  =  S d 
and  for  the  latter  the  approximate  value  Cd  =  e;  thus  we  obtain 

aK 


Q  =  Qi  = 


e' 


and,  therefore,  the  moment  of  the  couple,  formed  by  Q  and  Qi, 

«'  =  ^. 

LE^  it  is  one-half  as  great  as  in  the  foregoing  case^  a  result  which 
is  perfectly  corroborated  by  observation. 

But  the  force  K  is  itself  a  product  of  the  intensity  k  of  the 

magnetism  otna  and  the  intensity  SotNSy  ls.,  K  =zk  8\  hence 
we  haye  in  the  first  case 

Q  =  ?A^,  and  in  the  second  case  e  =  ^« 

§  13.  Determination  of  the  Magnetism  of  the  Earth. — 

If  in  both  the  aboye-mentioned  cases  the  magnetic  needle  n  s\& 
abandoned  to  the  action  of  the  larger  magnet,  the  former  will 

assume  a  new  position  n  Sy  Fig. 
887,  in  which  the  force  Q,  witti 
which  the  bar  magnet  acts  upon 
the  needle,  is  balanced  by  the 
force  B,  due  to  the  magnetism  of 
the  earth.  If  d  is  the  yariation 
Ndn  =  Sd8ot  the  needle  from 
the  magnetic  meridian,  we  have 
for  the  components  of  Q  and  R, 
which  balance  each  other, 

Qi  =  Q  COS.  d  and  R^  =  R  sin.  d; 
hence  Q  cos.  6  =  R  sin.  6  and 

tang.  <J  =  J, 

or,  if  we  put,  according  to  the  last  paragraph,  either 

^      2icSa      ^      aSa 


Fig.  887. 


B 


e 


tf 


and,  according  to  §  9  of  the  Appendix,  R^  ii^ity  we  obtain  either 
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-         .      2K8a      %8a       .        .      8a 

By  inyersion  we  obtain  the  ratio  of  the  magnetic  moment  of  the 
bar  to  the  intensity  of  the  magnetism  of  the  earth;  for  in  the  first 
case  we  haye 

—  =  J  «•  tang.  <J,  and  in  the  second  case,  —  =  «*  tafy.  6. 

By  observing  the  i)eriod  of  the  oscillations  of  the  bar  magnet» 
we  obtain  (according  to  §  10)  the  prodnct 

by  combining  the  two  equations,  we  deduce  the  magnetiQ  m<nnent 
of  the  bar,  which  is 

n       

either  3a  =  rT7=  r^  & i^rf  tang^  d\ 

or  8a  ^j^VGl^e*tattg.^^. 

and  the  measure  of  the  horizontal  component  of  the  magnetism  of 
the  earth,  which  is  either 

_     TT     a/%  O  a?'  cotang.d       ^     ir    ^JGV cotang,^ 

the  first  formula  being  applicable  to  the  case  represented  in  Fig. 
865,  and  the  second  to  the  case  represented  in  Fig.  886.  If  we 
cNiyide  by  the  cosine  of  the  angle  of  dip  or  inclination  (i),  we^  obtain 
tiie  total  intensity  of  the  magnetism  of  the  earth 

COS.  i 

In  order  to  obtain  a  clear  idea  of  the  coefficient  or  measure  \i  of 
the  magnetism  of  the  earth,  we  must  put  in  the  formulas 

Ea  =  li  8a and  Q  I  =i  -^ — ,  a  =  Z  =  «  =  1, 

and  also  «  =  fl^  =  1 ;  thus  we  obtain  Ra  =fi  and  Ql  =  1;  hence 

1)  the  measure  fi  of  the  intensity  of  the  magnetism  of  the  earth 
is  that  moment,  with  which  a  magnetic  needle,  whose  magnetic  mo- 
ment is  =  unity,  will  be  turned  by  the  magnetism  of  the  earth ;  and 

2)  the  magnetic  moment  of  a  magnetic  needle  is  =  unity  when 
that  needle  communicates  to  another  similar  and  equally  powerful 
magnetic  needle,  placed  in  the  position  represented  in  Fig.  886  at 
the  unit  of  distance  from  ii,^  a  moment  =  unity  (1  nuHimietor-iiiillir 
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u 
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gram).    According  to  Weber,  if  the  acceleration  of  gravity  were 
1  millimeter,  we  would  have 

in  Gottingen  fi  =  1,774  millimeter-milligrams, 

in  Munich     p  =  1,905 

in  Milan        /*  =  2,018 
but^  since  the  acceleration  of  gravity  in  Central  Europe  is  9810 

milhmeters,  the  true  values  are  4^^9810  =  99  times  less. 

.  RfiacABK. — We  would  recommend  to  those  who  wish  to  make  a  more 
extended  study  of  magnetism,  besides  Muller-Pouillet^s  "Lehrbuch  der 
Physik  ;*'  Lamont^s  '*  Handbuch  des  Erdmagnetismus'^  (Berlin,  1849),  and 
Gauss  and  Weber's  "  Resultate  aus  den  Beobachtungen  des  magnctischen 
Yereins,*'  Gottingen  and  Leipzig,  1887  to  1848;  also  the  **  Experimental- 
physik*'  of  Qnintos  Julius,  and  Mousson-B  **  Fhf  sik  auf  Grundlage  der 
£r&hrung,"  etc. 

§  14.  Waves. — In  discussing  the  longitudinal  and  transverse 
vibrations  of  prismatical  bodies,  we  have  heretofore  (§  3,  4  and  5) 
neglected  the  mass  of  the^  bodies  and  considered  only  that  of  the 
weight,  which  produced  the  strain  in  the  bodies.  Hereafter,  on  the 
contrary,  we  will  not  consider  any  such  weight,  but  suppose  that 
the  body  is  put  in  vibration  by  a  sudden  blow  or  by  a  force,  which 
acts  for  an  instant  only ;  we  must,  therefore,  take  into  account  the 
inertia  of  the  vibrating  body  alone.  As  the  most  simple  case  is 
that  oftfered  by  yngitudinai  vibrations^  we  will,  therefore,  treat  that 
first 

From  what  precedes,  We  know  that  all  the  parts  of  a  prismatical 


rod  B  i/i,  Fig.  888,  are  put  in  vibration,  when  this  body  is  extended 
or  compressed  by  a  force  P,  acting  in  the  direction  of  its  axis.    Not 
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only  the  element  M  at  the  end^  but  also  every  other  element 
3/],  M^  if, ....  of  the  rod  vibrates  back  and  forth  in  a  certain 
space  B  A  B\  ^i>  B^D^.. ,  which  is  called  the  amplitude  of  the 
vibration  ;  we  can  also  assume^  when  the  rod  is  very  long,  that  this 
space  is  the  same  for  all  the  elements.  Although  the  time  in 
which  an  element  makes  a  vibration  is  the  same  for  all  parts  of  the 
rod,  we  cannot,  therefore,  assume  that  all  these  elements  if,  ifi,  ifo 
etc.,  are  simultaneously  in  the  same  phase  of  mottony  E.Q.,  that  they 
are  all  at  the  same  time  m  the  middle  of  a  vibration,  but  we  shouIcL 
rather  suppose  that  time  will  be  required  to  communicate  the  mo- 
tion proceeding  from  M  to  the  succeeding  elements,  and  that  the 
farther  an  element  is  situated  fix>m  the  origin  P  of  the  motion,  the 
later  it  will  enter  upoi^  the  same  phase  of  motion.  It  is,  therefore, 
possible  that  at  the  instant,  when  the  element  Af  has  made  a  com- 
plete vibration  B  D  forward  and  back,*the  element  Mt  has  made 
but  one-half  of  its  forward  movement  and  has  arrived  at  C,,  and 
that  the  element  M4,  is  just  beginning  a  vibration.  The  latter  will 
therefore  vibrate  isochronously  with  i/l  The  velocity  with  which 
the  same  phase  of  motion  advances  in  the  body  is  called  the  velocity 
of  propagation  (Pr.  vitesse  de  propagation ;  Ger.  Fortpflanzungs- 
geschwindigkeit)  of  the  vibrations  of  the  body.  The  aggregate  of 
all  those  elements  between  M  and  Af^,  which  are  in  the  different 
phases  of  a  complete  vibration  or  which  are  included  between  two 
elements  M  and  if^,  which  are  in  the  same  phase,  are  called  a  tpave 
(Fr.  ondulation ;  Ger.  Welle)  of  the  vibrating  body,  and  the  dis- 
tance M  M4  is  called  the  length  of  the  wave.  A  wave  consists  of  a 
back  part  B  D^  which  contains  the  returning  elements,  such  as 
Ml,  i/» . . . .  and  of  the  wave  front  A  -84*  which  comprehends  the 
advancing  elements  M^y  Mi . . .;  B D^  is  also  called  the  rarefied 
and  Di  B^  the  condensed  portion,  since  all  the  elements  \xl  B  D^bs^ 
extended  and  those  in  A  B^  are  compressed. 

§  IS.  The  phases  of  the  motion  and  of  the  velocity  in  a  wave  can 
be  very  well  represented  by  serpentine  lines,  such  os  F  Ci  Gt  C,  H^ 
and  B  M,  A  Nz  A,  Fig.  889, 1  and  EL  At  the  moment  when  M 
begins  a  new  vibration  at  A  its  displacement  is  a  maximum  and 
its  velocity  is  =  0 ;  at  the  same  time  if,  is  in  the  position  of  rest, 
and  consequently  its  displacement  is  =  0  and  its  velocity  is  a  max- 
imum; both  of  these  facts  are  shown  by  the  above  curves;  for  the 
first  curve  (that  of  the  displacement)  (I)  passes  at  £  at  a  distance 
equal  to  the  amplitude  B  F  =  B  C  above  the  axis  B  A  aiid  cuts 
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this  axis  at  Ci,  while^  on  the  contrary,  the  second  cnrve  (that  of  the 
velocity)  (11)  cuts  the  axis  at  B  and  at  (7i  passes  at  a  distance 
Ci  if  19  equal  to  the  maximum  velocity,  above  the  axis.  At  the 
same  moment  the  element  Mi  is  upon  the  other  side  of  the  position 
of  rest  (7}  and  at  the  maximum  distance  from  it,  and  its  velocity, 
like  that  of  Jb^  is  =  0;  this  is  also  shown  by  the  two  curves;  for 
one  passes  at  A  at  a  distance  equal  to  the  amplitude  A  ^i  below 
the  axis,  and  the  other  cuts  it  at  that  point,  so  that  the  ordinate 
which  corresponds  to  the  velocity  is  =  0.  In  like  manner  the 
phases  of  the  motions  and  of  the  velocities  of  the  elements  ifa,  Jf^  . 
etc.,  are  represented  by  these  cuitcs.  Since,  B.Q.,  the  first  curve 
cuts  the  axis  at  Cz  and  the  second  passes  below  that  point  at  a  dis- 
tance equal  to  the  maximum  value  Ci  iV,,  we  know  that  the  ele- 
ment M^  at  this  moment  passes  through  the  position  of  rest  with 
the  maximum  velocity  in  the  positive  direction.  If  we  wish  to 
know  the  phase  of  the  motion  of  any  other  element  Mf^  situated 
between  Jf,  Jf,,  if^,  etc.,  at  the  moment  when  the  element  Jf.  be- 
gins a  new  vibration,  we  have  only  to  let  fell  from  it  a  perpendicu- 
lar upon  the  corresponding  curve.  The  portion  R  8  oi  this  per- 
pendicular lying  between  the  curve  and  the  axis  corresponds  to  the 
displacement  of  this  element,  and  the  portion  T  Z7,  between  the 
second  curve  and  its  axis,  gives  its  velocity.  Since  both  ordinates 
are  directed  downwards,  we  know  that  both  the  displacement  and 
the  velocity  are  positive,  I.E.  their  direction  is  that  of  the  velocity 
of  propagation. 

If  the  element  M  were  at  Z>,  le.  about  to  begin  its  return  mo- 
tion, the  displacements  of  the  other  elements  of  the  wave  would  be 
represented  by  the  dotted  line  J  Ci  K^  0%  L^  and  their  velocities 

Fia.  889. 
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by  the  ordinates  of  the  clotted  curre  D  0,  -B,  Q^  D^  The  period 
of  a  double  oscillatioii  or  that  of  a  complete  yibrationy  le.  Oie  tune 
i,  in  which  the  space  B  D  -^  D  Bis  described,  is  equal  to  the  time 
in  vhich  a  vibratioii  is  propagated  trough  the  length  M  M^  =  I 
of  a  wave ;  if,  therefore,  e  is  the  Telocity  of  propagation^  we  have 
the  total  length  of  the  ware 

BB4-l^c.%t  —  ltct. 
The  length  of  the  back  part  of  the  wave  is 

5  A  =  ?i  =  ^  A  +  -Bf  A  =  c  ^  +  A, 

and  iiiat  of  the  wave  front  is 

in  which  A,  denote  the  ^miplitude  of  a  vibration. 

K^MAiBaL^The  pbeuomena  acoompanying  (he  inUfference  of  waves  can 
be  shown  by  the  aid  of  the  carves  of  vibration.  Let  us  consider  two  sys- 
tems of  equal  waves,  which  are  advAncing  in  opposite  directions,  and  let 
ABODE  and  F  G  m  K^  Fig.  890,  be  tbe  curves,  whose  ordinatei  rep- 

7i«.  890. 


resent  the  displacemeatSt  Tb^  displacements  of  an  element,  which  be- 
longs to  two  waves,  produce  a  mean  displacement,  which  is  determined  in 
exactly  the  same  manner  as  the  resultant  of  two  motions  (see  §  28),  that  is, 
by  adding  algebraically  the  two  component  displacements.  Hence  at  the 
two  points  if  and  N<,  where  the  two  curves  meet  each  other,  the  ordinates 
are  doubled,  and,  on  the  contrary,  at  the  points  0  and  Q,  where  the  curves 
pass  at  equal  distances  from,  but  on  opposite  sides  of  the  axis  A  E^  the  or- 
dinates cancel  each  other,  and  the  resultant  of  the  two  wave  curves  is  a 
third  curve  F BB  0  H 8 D  QJT,  whose  ordinates  give  the  displacements 
of  all  the  elements  in  the  axis  A  3,  While  the  two  systems  of  waves  ABO 
and  F  G  Haie  moving  towards  each  other,  the  position  of  the  wave-curve 
Fj^BO,  etc.,  of  course  changes;  but  it  is  easy  to  understand  that  the 
points  of  no  motion  0  and  Q  do  not  change ;  for  the  ordinatep  of  these 
pmnts  of  the  two  component  curves  are  always  equal  and  oppodte.  These 
points  are  called  the  nodes, 

(§  16.)  Veloci^  of  Propagation.— The  velocity  ofpropagor 
turn  of  waves  can  be  determined  in  the  following  manner.  Let  nf 
imagine  the  vibrating  body  B  0,  Fig.  891,  to  be  comi)08ed  of  an 
infinite  number  of  elements,  the  cross-section  of  each  being  A  and 
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Ub  length  B  C  ^  C  D  ^dx^  and  let  xa  Msnme  tbat  tiie  pbaae  of 
the  motion  of  an  element  B  C  =i  Adx  is  propagated  completely 

to  the  following  C  0-=  Adx 
Fig  891.  in  the  elementary  time  d  t,  or 

*    c     D MfT^Kyt  o      that  fte  phafles  of  the  motion 


«•.- 


are  propagated  in  the  direo- 
tion  of  the  axis  of  the  body 

d  flf 
with  the  velocity  c  =  -rr.    Let  us  assume  that  the  elements  B  0 

and  C  D  oscillate  from  C  to  N  in  the  time  t,  and  thus  come  into 
the  position  M  N  =  rf  x,  and  N  0  =  d  x^,  and  let  us  denote  the 
corresponding  displacement  C  Nhj  y.  If  the  surface  of  separation 
of  the  two  elements,  which  before  d  t  seconds  was  at  Ni,  comes 
after  d  t  seconds  to  Nfj  the  corresponding  spaces  described  by  these 
elements  are 

N  Nx=^  dyx  and  N  N^^  dyt, 
and  their  velocities  are 

hence  the  retardation  is 


^        dt  dV      • 

Since  d  t  seconds  before  the  moment^  when  the  elements  B  0 
and  G  D  occupied  the  positions  MN  and  N  0,  Ni  was  in  the  same 
phase  as  0  now  is,  we  have  C  Ni  =^  D  0;  and  since  d  t  seconds 
later  N^  is  in  the  same  phase  as  My  it  follows  also  that  G  N^^  BM* 
From  these  two  equations  wc  obtain 
N^O  =  DO-DN,  =  DO-{GN,-  GD)  =  GBmi 
MN,=  CiV,-  CM=  GN,-(BM'^BG)  =  BGi  hence 
jffNx  =:zdyy  =  I^iO-  *N0  zzzCD-^  NO  =  eZa?  -  dx^  and 
NN,=  dy,  =  MN,  -  MN=  B  G-MN=  dx  -  dx,. 
The  element  d  y  of  the    space  is  equal  to  the  compression. 
dx  —  d XiOf  the  element  N  0,  and  the  element  d  y^  of  the  space 
is  equal  to  the  compression  d x  —  dxioi  the  element  M N.    If 
we  denote  by  E  the  modulus  of  elasticity  of  the  vibrating  rod,  the 
strains  of  the  elements  Jf  iVand  N  0  produced  by  this  compression 

\     dx      /  dx 

\     dx     I  dx 
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If  we  subtract  the  fonner  from  the  latter,  we  obtain  the  retard- 
ing force 

If  y  is  the  heaviness  of  the  elements  B  Cy  C  D,  etc,  of  the  rod,  or 

A  dz  .y  the  weight,  and —  the  mass  of  such  an  element,  its 

acceleration  at  iV,  is 

P  _  (dy.-dyA    .  g         _gE  dy,-dy,^ 

^"M^y       dx      J"^^' Adx.y"    y   '       J^      ' 
equating  the  two  values  of  j7,  we  obtain 

dt*  y  d^ 

d^      gE        ,      gE 
dt*         y  y 

hence  the  velocity  of  propag€Uion  of  the  waves  (velocity  of  sound)  is 

in  which  formula  L  denotes  the  modulus  of  elasticity  expressed  in 
units  of  length. 

Example. — If  we  assume  the  modulns  of  elasticity  of  spruce  wood  to  be 
E  =  1870000  pounds  and  the  weight  of  a  cubic  foot  of  it  to  be  =  80 
pounds,  we  obtain  the  velocity  of  propagation  in  it 


/ 


144 .  1870000 


g^  .  ^  =  V  48  .  187000  .  g  =  17000  feet, 

I.B.  about  15  times  as  great  as  in  air. 

Rbmakk. — This  fonnula  for  the  velocity  of  propagation  is  applicable 
not  only  to  a  stretched  string,  but  also  to  water  and  to  the  air.  If  p  de- 
note the  pressure  of  the  air  upon  the  unit  of  surface,  we  have,  according 
to  Mariotte^s  law,  the  tensions  corresponding  io  the  ratios  of  compression 

^^1  and  - ^-? 

dx  dx  '* 

a   — ^?L?_       !><?«  ^pdx  ^      pdx 

*"~  dx^~^dx   —dy^  ^  ~  ~dx^^  dx  —  dy^^ 

and,  therefore,  the  motive  force  upon  an  elemept,  whose  cross-section  is  A^  is 


T>-A(<^      ■R\-     (Ay^-dy^)Apdx 


d  y 
now  since  ~  is  a  small  fraction,  we  can  put  {dx  -^  dy^  (d  x  ^  d  y^)  ^ 

Or   X 

da^  and 

jp_  (dy^  ^dy^)Ap 

dx 
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This  expresBion  agrees  exactly  with  the  former  one  when  we  Bubatitnte 
p  instead  of  E\  hence  the  ulodty  of  9ound  in  a4/r  is 


=v^. 


r 

When  the  ihMry  qfheat  is  discussed  in  the  second  volume,  it  will  be 
shown  that  a  coefficient  must  be  added  to  this  formula  in  consequence  of 
the  change  of  temperature,  which  necessarily  accompanies  the  change  of 
density  of  the  air.  Since  the  heayiness  of  the  air  is  proportional  to  the 
pressure  ^,  they  both  disappear  &om  the  formula  and  the  temperature 
alone  remains.    We  generally  assume  for  air 

e  =  833  VI  +  0,00367 .  r  =  1092,5  Vl  +  0,00867  .  r  feet 

Example.— If  (according  to  the  Remark  of  {  851),  when  a  column  of 

water  is  compressed  by  a  force  of  14,7  pounds,  its  volume  is  diminished 

0,000060  of  its  original  volume,  its  modulus  of  elasticity  is 

14  7 
E  = ^- —  =  294000  pounds^ 

0,000060         """^"^  y^JUM»^^ 

and  the  velocity  of  sound  in  water  is 

.  /o« «   294000  .  144       ,/     „  1698440       ,^^„^   ^ 

'  =  r  ^^'^•— 6^26"  =  r  »2'^- ^;497-  =  ^^^^ ^"^ 

or  about  4,8  times  that  in  air. 

(§  17.)  Period  of  a  Vibration.— We  cau  now  And  the  period 
of  a  vibraiion  by  obtaining  the  equation^  which  expresses  the  de- 
pendence of  the  amplitude  of  the  vibration  npon  the  time  and 
npon  the  abscissa  x^  which  determines  the  position  of  the  vibrating 
element  when  it  is  at  rest  Now  y  is  certainly  a  function  of  /  as 
well  as  of  a:;  we  can,  therefore,  put  y  =  ^  (^)  and  y  =  V  (^)- 

By  differentiating  the  first  equation,  we  obtain  the  variable  ve- 
locity of  vibration  dy       ^  ,,. 

and  in  like  manner,  by  a  second  differentiation,  the  corresponding 
acceleration  dv      ^  ,^. 

in  which  ^i  {t)  and  0,  {t)  denote  other  fdnctions  of  t  (compare  §  19). 
The  second  function  gives  the  ratio 

jf = *■  (->• 

which  determines  the  strain ;   from  it  ve  obtain  the  latter 

y 
hence  the  motive  force  of  the  element  of  the  mass  dM=Adx-i& 

9 
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ax  ax 

and  the  correspoading  acoelemtioa  is 

in  which  i>i  (x)  and  V't  {x)  denote  other  funciionfl  of  a:: 
If  we  equate  the  two  values  otp^  we  obtain 

^  (0  =  ^  •  V««  (^)y  or>  Binoe^-  =  c". 

The  integral  of  this  differential  equation  \A 

y  =  0  (0  =  V  («)  =  F[c  t  -¥  x)  +f(et-x\ 
in  which  i^  and/  are  undetermined  functions  of  the  quantities  con- 
tained in  the  parentheses ;  for  . 

0,  (0  =  ^%7^  =  c'  /;  (c  ^  +  a:)  +  (f/,  (^  ^  -  0?) 
=  c'  [^,  (<j  f  +  »)  +  /i  (c  *  —  i»)],  and 

V..(^)  =  ^^-»^  =  j; (o<  +  X)  ^Aict^ X), 

and,  therefore^  we  have  really 

0s  (0  =  e?' .  V't  (ic). 

Although  the  function 

y-F{ct  +  a?)  ^f(et-^  x) 

is  an  indeterminate  one,  yet,  when  we  have  more  definite  data  in 
regard  to  the  vibrating  body,  it  can  be  employed  to  determine  the 
period  of  the  vibrations.  A  few  examples  of  how  this  may  be  done 
will  now  be  given. 

Rbmabk.— If  we  eliminate  d  t  ftom  the  formulas  dy  ^vdt  and  dx^ 
edt^-we  obtain  the  exptefinon  j-^  cs  -,  or  since  ^  expraaes  the  oonden* 

sation  a  of  the  vibrating  element  of  the  body,  We  hare  a  =  -;  the  simnl- 

c 

taneons  condensation  at  every  point  of  the  vibrating  rod  is  proportional  to 

the  velocity  of  vibration  of  that  point. 
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(g  la)  EMermmatioii  of  tha  Modnlna  of  Elastteitj.— Let 
VB  assume  that  the  vibrating  body,  whose  length  is  I,  ia  fieed  cd- 
Jfoth  ends.  In  tbia  ease  we  have  not  only  for  x  ^c  o^  bat  also  fbr 
0?  =  /,  y  =  0;.  hence 

F{ct)  +f{ct)==0  3iiiF{ci-hl)+f{ct-t)  =  0. 

From  the  first  equation  we  obtain  f  =  ^  F,  which,  when  sub- 
stituted in  the  second  equation,  gives 

f{ct-^T)  -fict"  I)  =  0,i.iLf{ct  +  I)  ^f(ct  -  0> 
or,  if  we  put  ct  —  I  =i  ctt, 

The  function,  therefore,  assumes  the  same  value  when  e;  ^i  is  in- 

2 1 
creased  by  2  /  or  when  the.  time  ia  increased  by  /i  ^  — ;  hence  the 

c 

period  of  a  complete  vipraiion  or  double  oscillation  is 


c  ^  g  £' 

It,  in  the  second  place,  we  assume  the  body  to  be  free  at  both 
ends,  we  have  for  a:  =  Q  and  x  =  I,  S  =  0  and  Vi  (x)  ^  0;  hence 
F,  {ct)  -/i  {ct)  =  OmdFi(ct  +  1)  -f  {ct-l)  =  0. 
We  have,  therefore, 
/,  =  F,  and/,  {ct-^l)=f{ct^T),  ovf  (c^i  +  2Z)  =/,  (c^, 

wd  consequently  the  period  of  a  complete  vibration  ia 

21 

If  the  body  is/r60  at  one  end  and  fixed  at  the  other ,  we  have  for 
19  =  0,  y  =  0,  and  for  a?  =  Z,  /?  =  0;  hence 

F(ct)  +/(cO  =  OandJ^t(c^  +  0-/i(c^-0  =  O, 

from  which  it  follows  that  f:=x-^F  and/,  =  —  F^^  and  therefore 

f{ct  +  t}-¥f{ot'-T)  =  a,  or/,  (c^j  +  2Z)  =  -/  (ct,\ 

We  see  from  the  latter  formula  that  the  body,  after  the  time  ti  = 

— ,  will  assume  the  opposite  state  of  motion,  and  that  it  vrill  con- 
c 

sequently  make  a  complete  vibration  in  double  that  time,  2  ^,  =: 
— .    The  period  of  the  complete  vibration  is,  therefore, 

0 

or  double  that  in  the  first  two  cases. 
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By  meanB  of  these  formuliifi  we  can  calcnlate  from  the  period  i 
of  a  complete  yibration  or  from  the  number  n  of  yibrationfiy  which 
a  prismatical  body  makes  in  a  given  time,  the  modtUus  of  ekuiieiig 

E  =  \-A  •  ^  wid  the  velocity  of  propagation  or  the  velocity  of 

21 
sound  in  it,  c  =  -T-. 

Example. — ^An  iron  wire,  which  was  SO  ieet  long  and  was  fixed  at  bodi 
ends,  was  put  in  longitudinal  vibration  by  means  of  friction  in  the  direc- 
tion of  its  axis.  The  number  of  complete  vibrations  was  1687  in  a  second ; 
what  was  the  modulus  of  elasticity  of  the  wire  and  what  was  the  velocity 
of  propagation  in  it  ?  According  to  one  of  the  above  formulas,  we  have 
for  the  modulus  of  elasticity,  expressed  in  units  of  length, 

^       \  niV     1 ,«     ^,       (1637 .  120)»       ^^„„^^  .    ^ 
^  =  At)  =^('"^   =  -82;2Tl2-  =  »»870000  mches, 

and  if  a  cubic  inch  of  this  iron  weTghs  0,38  pound,  the  modulus  of  elasti- 
city, expressed  in  pounds,  is 

E  =  09870000 . 0,28  =  27960000  pounds  (compare  the  table,  {  212). 

The  velocity  of  propagation,  or  the  velocity  of  sound  in  it,  is 


c  =  ^/gT  =  V82,2 .  99870000  .  tV  =  V  16,1 .  16645000  =  16870 feet,  * 
or,  assuming  the  velocity  of  sound  in  the  air  to  be  c  =  1092  feet,  we  have 

16370       , ^ 
'  =  T092  =^^- 

If  the  vibrating  wire  is  very  long,  the  period  of  a  vibration  depends 
upon  the  length  of  the  wave  or  upon  the  distance  I  between  two  nodes, 

and  it  is  always  ^ ^  =  — .  This  time  determines  the  pitch  of  the  note  pro- 
duced by  the  vibrating  wire ;  the  greater  or  smaller  t^  is,  the  lower  or 
higher  the  note  is.  The  intensity  of  the  sound,  on  the  contrary,  increases 
with  the  amplitude  of  the  vibration.  For  spherical  waves,  in  which  sound 
propagates  itself  in  air  and  water,  e  and  t  remain  unchanged,  and  it  is  only 
the  amplitude  of  the  vibration,  or  the  intensity  of  the  sound,  which 
diminishes. 

(§  19.)  Transverse  Vibrations  of  a  String. — ^The  transverse 
vibrations  of  a  strifig  or  elastic  rod  can  be  treated  in  the  same 
manner  as  the  longitudinal  ones.  As  the  simplest  case  is  that  of  a 
stretched  string  (Fr.  corde ;  Ger.  Saite),  we  will  discuss  that  first 
Let  A  D  By  Fig.  892,  be  any  position  of  the  vibrating  string,  A 
and  B  the  two  fixed  points,  I  =  A  B  the  length  of  the  string,  G  its 
weight  and  S  the  tension,  which  is  to  be  regarded  as  constant 
Now  if  -4  JV  =  a?  and  N0  =  yhe  the  co-ordinates  of  any  point  0  of 


Si»l 


or 
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the  Btringy  and  if  we  resolve  the  tension  S  at  it  into  two  components 
K  and  P,  one  parallel  to  ^  ^^  and  the  other  perpendicular  to  it. 


Fig.  892. 

8 


we  can  regard  the  latter  as  the  motiye  force  a  one  end  0  of  the 
element  0  Q.  If  the  arc  -4  0  =  «  is  increased  by  the  element 
0  Q  =  d  8,  and  if  the  corresponding  increase  of  the  ordinate  y  is 
Q  T  =  dffy  P,  Sydy  and  da  t^re  the  homologoos  sides  of  two  sim- 
ilar triangles  OPS  and  Q  T  0,  and  we  can  put 

S  '  OQ  ^  ds"""^^      da'^' 


But  another  force  P,  = 


-TT-^  .  S  =  -T^-  S,  which  is  one  of  the 
Q  E  d  8 


components  of  the  opposite  tension^  acts  in  the  opposite  direetion 
upon  the  same  element  0  Q ;  hence  the  motive  force,  which  moves 
the  element  0  Q  back  to  the  axis  A  Byia 


^-^.=(^^)« 


The  mass  M  of  this  element  is  proportional  to  its  length 

0  Q  =  d 8;  now  if  we  suppose  the  amplitude  y  of  the  oscillation 

to  be  smally  we  can  assume  that  the  mass  is  proportional  to  the 

dx    0 
element  0  T  z=z  Q  JT"  =  d  a;  of  the  abscissa,  or  that  M'=z  —  ,  — . 

If  we  make  this  assumption,  we  have  the  acceleration  with  which 
the  element  approaches  its  position  of  rest  A  B 

^  _  P^z-Ei  ^  ^AizAyi  ill 

-^~      Jf      *"    d8.dx    •    Q  ' 
or,  if  we  put  d  «  =  d  a;, 

_dy  -  dy^    g  81 

d^       •    ff  ' 
Now  y  is  some  function  of  «,  B.G.  V^  (a?) ;  hence  -—■  is  another 

function  V»i  («)  and     ^  ,   ,   ^  =     ,   f   =     *•-, '  ' ^  is  a  third 

(JL  X  Cb  X 

function  ^%  (x)  of  this  quantity,  and 


-P  = 


dx 
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t    i  ^     9SI 
i?  =  V^s  {?)  .  ^^• 

Since  y  is  also  a  function  of  the  time  ty  le.  y  =  0  (t)^  the  Te- 
locity with  which  the  element  0  Q  retams  to  its  position  of  rest  is 

V  =   i^  =  0,  (^),  and  the  corresponding  acceleration  is 

If  we  equate  these  two  values  of ;?,  we  obtain^  as  in  §  17  of  the 
Appendix^  the  differential  equation 

and  we  can  put  here^  as  we  did  there^ 

y  =  0  (^)  =:  %l,{x)z=i  F{et  +  a:)  +  /  (^^  —  «)  and 

Since  here  also  for  a;  =  0  and  x  =  I,  y  and  t^  =  0,  we  have 
again/  =  —  FeLnif{e  t  +  l)—f{ct^£^  or/  (cti  +  21)  = 
f  {c  ^1) ;  hence  the  period  of  a  complete  yibration  or  double  oscil- 
htionis 

4  =  —  =  a ;  r-?>  or,  if  we  pn  t  ef  =:  ^  /  r, 


5,  =  2  Z  |/ 


gSt 
37 


The  period  of  vibration  of  a  string  is  therefore  directly  propor- 
tional to  the  length  I  and  to  the  square  root  of  the  weight  of  theumi 
of  length,  and  it  is  inversely  proportional  to  the  sqxiare  root  of  thd 
tension  S  of  the  string. 

Example.— Since  half  the  period  of  the  vibration  corresponds  to  tbsi 
of  the  next  octava,  a  string  will  give,  aocosdingto  this  fbrmula,  the  odsve^ 
of  the  ftindamental  tone,  when  it  is  shortened  one-half  or  supported  in  the 
niddle,  or  wh«n  it  is  stretched  four  times  as  much,  or  when  it  is  replaced 
by  another  whose  unit  of  lengtil  weighs  one^fourth  as  much  aa  tbal;  of  ttie 
first  one. 

(§20.)  Transverse  Vibratioiui  of  a  Rod.— The  period  of  vi- 
bration of  an  elastic  rod  or  spring 
A  B  (Ft.  lame ;  Ger.  Stab),  Fig. 
893^  which  is  fixed  at  one  end, 
can  be  determined  in  the  follow- 
JR S""" — B^«^»  ing  somewhat  circuitous  man- 
ner. According  to  §  2^,  if  r 
denotes  the  radius  of  curvature 
of  the  rod  at  a  certain  point  0^ 


Fig.  89a 
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determined  by  the  oo-ordinatee  C  N^Xx  And  NO^yi,  the  moment 
of  flezmse  of  the  arc  A  0  =  ^i  is 

r 

If  we  put  the  foroe,  with  which  an  element  Q^  which  corre- 
sponds to  the  co-ordinates  C  B  =  x  and  B  Q  =  y,  approaches  the 
axis  or  position  of  rest  (7  i?^  =  P  (2  2;,  or  its  moment 

=  Jf  B  .  P  dx  =  {xi  ^  x)  P  dx,-we  obtain 
-— -  =    /     (jBi-x)Pdx. 

Bnty*'*  (a?,  —  a;)  P  dx  =  j'^\P  x^  dx  --J^Pxdx 

=  a?,   /     Pdx  —  J     Pxdx, 
or,  if  we  put  /     P  rf  a;  =  P„  and  therefore 

rPxdx=^    I     P(Za:.a?=P,  a?i  —  /     Pirfa?, 
/     («,  —  a)  P dic  =   /     Pidx;  hence  we  have  also 

Now  we  know  that  r  =  —  .,,,., r  (see  Art.  33  of  the  In- 

d  a^  d  {tang,  a)  ^ 

troduction  to  the  Calculus),  or,  since  we  can  put,  when  the  deflec- 
tion is  small,  d  s  =  dxy 

d  X  , 

d  (tang,  a) ' 
by  differentiating  which,  we  obtain 

K  we  put  y  =  V  («),  tariff-  <*  =  ^  =  V"!  («).    ^  ^^' "' 

=  Vt  (a:)  and  d  \-\jJ,      )  =  V**  (*)>  ▼«  obtam  the  equation 

P,  =  -  Tr^.V,(ar), 
by  differentiating  which  again,  we  find 

dPy=  -  WEdft{x),i.^Pdxz=  -  WEdxl),{x),m 

P  =  _  TT^^-^i^  =  -  F-^  V«  (<»)• 
68 
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In  order  that  the  spring  shall  yibrate  symmetrically^  we  can  as- 
sume that  P  is  proportional  to  y,  or  that  P  =  —  Ky\  hence  we 

have 

K 
WBi)^  (x)  =  Ky,  or  -04  {x)  =  -^^«  y  =  **y* 

when  we  denote  itf^  ^J  ^* 

WB   ^ 

This  differential  equation  ^^4  {z)r^J^y  corresponds  to  the  equa- 
tion y  =z  %!)  {x)  =•  A  COS.  {k  x)  +  B  sin.  {k  x)  +  C ^'  +  D  €^'\ 
for  by  successive  differentiations  we  obtain 
V;,  (a?)  =  i  [-  -4  sin.  {kx)  +  J?  cos.  {kx)  +  C  ef"  -  D  c^"], 
1^8  (a;)  =  *"  [-  ^  COS.  {kx)-  B  sin.  {k  x)  +  0  ^'  +  2>  <r**], 
1/;,  (ic)  =  i»  [^  am.  (*  a:)  -  ^  cos.  {k  x)  +  <7«*'  —  D  <r**],  and 
V^4  {x)  =  A*  [^  co«.  (A  a:)  +  -B  «n.  {k  x)  +  C^*  +  D  a"**], 
so  that  we  have  really 

i>A  {x)  —  Vy. 

(§  21.)  The  'period  of  vibration  t  of  the  elastic  rod  is  found,  as 

above,  by  substituting  p  ^  (/>%  {t)  = .    But  the  force  acting 

upon  an  element  is 

=z  F  dx  =  —Bydx—  —  WBk^ydx, 
and,  when  the  cross-section  is  F  and  the  heaviness  is  y,  the  mass  is 

^Fdx  — ;  hence 

ff 
^   ...  g  W B¥  , 

*•  (^)  =  •-     jTy     .  y  =  -  M'y, 

when  we  denote  the  expression  ^ — ^= by  /ti'. 

This  differential  equation  corresponds  to  the  simple  formula 
y  =  <p  (t)  =z  sin.  {fit  +  t), 

in  which  r  expresses  any  arbitrary  time  of  beginning ;  for  by  dif- 
ferentiation we  obtain 

d  ti 
V  =  jj  =  0,  (^)  =  ^ .  cos.  {fit  +  r)  and 

p  =  jj  =  <t>i{t)  —  —  fi*  .sin.{fit  +  t),  lb^ 

*»  (0  =  -  ^*  y- 

If  in  the  equation  y  =  sin.  (/*  ^  +  t)  we  take  t  =  Q,  we  obtain 
y  =  aiTi.  {fi  t) ;  hence  for  f*  ^  =  0,  tt,  2  tt,  etc.,  y  =  0,  and  conse- 
quently 
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^1  =  —  is  the  period  of  a  simple  vibration  and 

2n       27r     /    Fy 
t  =  —  =r  —  |/         '     is  the  period  of  a  complete  vibration. 

In  order  to  calculate  the  period  of  a  vibration^  we  must  know 

F 

not  only  the  quantity  hj  but  also  the  ratio  -= 

•  If  the  rod  is  cylindrical  and  its  radius  =  r,  we  have 
and  if  it  is  a  parallelopipedon,  whose  width  is  I  and  whose  height 
We  have,  therefore,  for  the  first  rod 


and  for  the  second 


i 


The  quantiiy  Ic  is  found  in  the  following  manner  from  the 
equation 

y  —  Aco%.{JcQ^  -V  B  gin.  {k  x)  -{■  0^'  -{-  D ^**. 

If  we  substitute  in  this  formula  the  corresponding  values  x=^l 
and  y  =  0,  we  obtain 

1)  0=:Aco8.{kl)  +  Bsin.{i:I)  +  C^[  +  D er^K 
If  we  perform  the  same  operation  in  the  equation 

tang,  a  =  -=-^  =  ^,  (z),  we  obtain 

(t  X 

2)  0  =  -  A  sin.  {k  I)  +  B COS,  (k  I)  +  C e^^  -h  D  er^K 
Since  the  moment  of  flexure  at  the  end  A  of  the  rod  =  0  and 

consequMitly  the  radius  of  curvature  r  =  oo ,  or  t/),  (a;)  =  0  and 

^,  (x)  =  0,  it  follows  that 

0=  "  Acos.0  -  Bsin.O  +Ce''  +  D e'% i.^-- A  +0 -{■  J)  =  0 

and 

0  =  Asin.O-'  Bcos.O  +0e*  -  Z>r^,i.B.,  —  j5  +C7-  2?  =  0, 

whence  3)  u4  =  (7  +  i>  and 

4)  5  =  C7  -  Z). 
If  we  eliminate  A  and  B  from  these  four  equations,  we  have 
{C  +  D)cos.ikl)  +  (0-D)sin.{kl)  +C7^' +  2>6^*' =  0,  and 

-  (C  +  D)  sin.{kT)  -^  (O-  D)cos.{kl)  +C76»« -i>(r*' =  0; 
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from  which  we  obtain  by  addition 

Cco8.(kT)  -  Dsin.{hJ)  +  (7^*'  =  0, 
and  by  subtraction 

Dco8.  (Tc  I)  +  Cain,  (i  Q  +  2)«-*'  =  0,  or 

C[co8.  (*/)  +  «*']  =  D9in.  {hi)  and 

D  {cos.  {h  T)  +  «r*f]  =  -  C  sin.  {k  l) ; 
hence  we  have  by  division 

_  eo8.{k1)  4-6*'  ^        9in.  (k  I)         ^^i&no^ 
sin.  {k  I)  COS.  (k  I)  +  e**' ' 

2  +  COS.  {k  T)  («*'  +  r-*')  =  0,  or 

The  smallest  of  the  different  yalnea,  which  Correspond  to  the 
different  tones  that  the  rod  can  give  ont  and  which  d^)6nd  npon 
the  number  of  nodes,  is  i  Z  =  1,8751 ;  the  greater  are,  on  the 
contrary,  nearly      j,;_37r    Stt   t  tt 

—  ~%"^  ~2~*  "2"*'       * 

If  we  are  required  to  find  from  the  observed  period  t  of  the 
complete  vibration  the  modulus  of  elasticity  E,  we  haye  generally 
to  consider  but  the  smallest  value ;  we  most,  therefore,  put 


k  = 


1,8751 


andk^  =  ^f^; 


I 
hence  for  a  cylindrical  rod 

^^l  \r¥V  =  I  (m^tf  =  ^^''^''*  ]  r'T' 
and  for  a  parallelopipedical  one 

w^  \irkni "  3  ^  \3,5i6  h  t)  ~  *'^^^^ "  p  vT 

Rbm'abk  1. — ^If  we  compare  with  each  other  the  formulas 

«  =  "li  V^  and  «,  =  2  l^  i/-^ 

for  the  transverse  and  longitudinal  vibrations  of  one  and  the  same  rod,  we 

obtain  the  proportion 

f      8,516  P 

t:t^=z—  \  -g-jj^  ^j,  I.B.,  e  :  ^j  =  —  :  0,5596  l^, 

Wertheim  found  by  experiment  that  this  proportion  wto  connect  for 
cast  steel  and  brass. 

Remabk  2. — The  transverse  vibrations  of  an  elastic  rod  are  discussed 
by  Seebeck  in  a  '*  ANutndhmg  d&r  Leipeig^  Qe9eQ»chqft  der  Wiisen^dutftai^ 
Leipzii;,  1840,  and  also  in  the  "  Programme  der  tecbnischen  Bildungsan- 
stalt  in  Dresden,*'  for  the  year  1846.  Wertheim's  experiments  upon  tiie 
elasticity  of  the  metals  and  of  wood  by  means  of  transverse  and  longito- 
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dinal  Tibrations  are  discussed  at  length  in  "  Poggendorff's  Annalen,'' 
Erganzongsband  U,  1845. 

Rbhabk  3.— The  period;  of  vibration  or  rather  the  number  of  vibrations 
of  a  rod  in  a  given  time  cannot  generally  be  determined  directly  on 
account  of  their  rapidity ;  we  must,  therefore,  employ  various  artifices  to 
do  it  We  can  determine  it  either,  as  Chladni,  Savart,  etc.,  did,  by  the 
pitch  of  the  note  produced  by  the  vibration,  or  we  can  employ  the  method 
first  proposed  by  Duhamel,  which  consists  in  causing  the  rod  to  describe 
by  means  of  a  small  point  a  wave-line  upon  a  revolving  glass  plate,  which 
is  covered  with  lamp-black.  A  e/vronometric  apparatus,  to  which  a  flying 
pinhn,  such  as  used  in  the  striking  works  of  town  clocks,  is  attached,  is 
employed  to  produce  a  regular  motion  of  rotation.  An  account  of  this 
apparatus  is  to  be  found  in  Morin^s  '*  Description  des  appardls  dynamo- 
metriques,  etc.,  Paris,  1838,*'  as  well  as  in  his  *^  Notions  fondamentales  de 
mtomique.*'  Wertheim  determined  the  number  of  vibrations  in  a  given 
time  by  allowing  another  body,  such  as  a  tuning-fork,  whose  number  of 
vibrations  was  known,  to  vibrate  at  the  same  time  with  the  rod  to  be  ex- 
amined. If  we  cause  both  bodies  to  trace  wave-lines  upon  the  lamp-black 
and  then  count  the  number  of  waves  corresponding  to  the  same  central 
angle,  the  ratio  of  these  numbers  will  give  the  ratio  of  the  numbers  of 
vibrations.  The  longitudinal  vibrations  are  generally  accompanied  by 
small  transverse  ones;  tlie  rod  describes,  therefore,  a  corrugated  wave- 
line.  By  counting  the  small  waves  contained  in  one  large  wave  of  the 
main  wave-line,  we  can  easily  compare  the  number  of  longitudinal  vibra- 
tions ^-ith  the  number  of  transverse  ones. 

§  23-  Resistance  to  Vibratioa — The  forces,  which  canse  the 
vibrations  of  a  body,  are  very  often  accompanied  by  passive  resist- 
ancesy  whose  inflaenee  mnst  be  examined  more  particnlarly.  K 
such  a  resistance  is  constanty  as,  E.G.,  the  friction  of  a  pendulum 
upon  its  axis  or  that  of  a  magnetic  needle  upon  its  pivot,  it  has  no 
influence  upon  the  period  of  the  oscillations,  but  their  amplitude 
is  diminished  at  every  stroke.  For  the  ease  in  §  1  (Appendix),  in 
which  the  motive  force  is  proportional  to  the  distance  x  from  the 
position  of  rest  or  centre  C  of  the  motion  A  B,  Fig.  894,  we  can  put 

p  =  /iar  =  M(a  — a:,), 

in  which  Xi  denotes  the  space  A  Jf  de- 
FiG^894.  scribed.    If  we  take  into  consideration 

the  diminution  k  of  this  space,  in  con- 
sequence of  the  friction,  we  have,  when 
the  body  is  describing  the  first  half 
A  C  of  its  path, 

M  i)  p   C  *"  p  =  fA{a-'k  —  Xi), 


1078  GENERAL  PRINCIPLES  OF  MECHANICS.  [§22. 

and  when  it  is  describing  the  second  half  C  B 

the  influence  of  the  Motion  Jc  consists,  therefore,  in  this  alone, 
that  for  one-half  of  the  path  a  must  be  replaced  by  a  —  ifc  and  for 
the  other  by  a  +  i,  and  that  the  whole  space  described  in  one 
oscillation  must  be  changed  from  2ato2a—  %hy  le.  the  ampli- 
tude of  the  oscillation  will  be  diminished  a  certain  quantity  %lc2kt 
each  oscillation.  Finally,  since  the  amplitude  does  not  enter  into 
the  formula  *  ^    y 

Jc  can  have  no  influence  upon  the  period  of  the  oscillations. 

The  case  is  different  with  the  resistance  of  the  air.  The  latter, 
when  the  velocities,  as  in  the  case  of  the  pendulum,  are  small,  is 
more  nearly  proportional  to  the  simple  velocity  than  to  its  square, 
as  was  shown  by  Bessel's  researches  upon  the  length  of  the  simple 
pendulum  (Abhandl.  der  Akademie  der  Wissensch.  zu  Berlin,  1826). 
This  is  explained  by  the  fact  that  this  resistance  is  increased  prin- 
cipally by  the  condensation  and  rarefaction  of  the  air  in  front  and 
behind  the  vibrating  body,  which  increase  with  the  velocity  t;  of 
the  body  (see  §  510  and  Appendix,  §  17,  Bemark).  In  accordance 
with  this  assumption,  we  can  put  the  acceleration  of  the  vibrating 

body 

ji7=:— .(|[ia;  +  vv)orj!?  +  vt;+fia?  =  0, 

when  we  assume  the  body  to  be  moving  from  the  point  of  repose 
and  measure  the  space  from  that  point 
If  we  put 

X  =/(0,  V  =  ll  =/,  (t)  mip  =  ^  =/.  {i), 

we  can  write  also/,  (t)  +  v/i  {t)  +  i^/{t)  =  0,  which  corresponds 
to  the  integral  equation 

x  =  [b  COS.  (if  t  Vf^)  +  J, sin. {tl>  t  VjJt)]  e'T, 

in  which  b  and  ^i  denote  constants  to  be  determined  and  ^  = 

/ v^ 

y  1  —  J-.    Now  for  ^  =  0,  a?  =  0,  whence  J  =  0 ;  hence  we  have 

more  simply 

a;  =  Jj  sin.  (xp  t  ru)  e^T. 

Since  this  value  becomes  =  0,  when  'if)tVfi  =  TTy  the  period  of 
an  oscillation  or  simple  vibration  is 
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times  as  great  as  if  the  resistance  of  the  air  were  not  present 

Remabk. — ^It  is  easy  to  explain  why  bodies  which  are  set  in  yibration 
make  smaller  and  smaller  oscillations  and  finally  come  to  rest.  This  effect 
is  due  to  two  causes,  tbe  resistance  of  the  air  and  the  imperfect  elasticity 
of  tbe  vibrating  body ;  in  consequence  of  tbe  latter  fact,  the  contraction 
and  expansion  of  tbe  body,  particularly  within  a  short  space  of  time,  is  not 
proportional  to  the  forces  actiug  upon  it. 

§  23.  Oscillation  of  Water. — The  simplest  case  of  the  wave 
motion  of  water  is  that  presented  by  its  oscillations  in  two  communi- 
eating  tubes  A  B  0  D,  Fig.  895.    Let  ns  assume  that  both  have 

the  same  cross-section,  and  let  us  imagine 
the  surface  of  the  water  in  one  leg  to  lie 
raised  a  certain  distance  ff  A  =  x  above  tlie 
position  it  occupies  when  at  rest,  and  that  in 
the  other  leg  to  be  depressed  an  equal  dis- 
tance B  D  =  X,    We  have  here  the  motive 

force 

P  =  A.2xyy 

and  if  I  denotes  the  entire  length  A  B  OB 

Aly 
=  H  B  (7 -B  of  the  water,  the  mass  moved  is  i/"= ^ihencethe 

9 
acceleration  with  which  the  sur&ce  of  the  water  rises  or  fedls  is 

_  P  _  %Axy    _  2gx 

Since  this  formula  corresponds  exactly  to  the  law  of  oscillation 
p  =z  fix^  discussed  in  §  1  and  §  2  of  the  Appendix,  we  have  for  the 
period  of  an  oscillation 

Since  the  period  of  the  oscillations  of  the  simple  pendulum,  whose 
length  is  ^,  is 

the  oscillations  of  the  water  in  the  conminnicating  tubes  are  iso- 
chronous with  those  of  this  pendulum. 

If  both  legs  of  the  tube  A  B  OB,  Fig.  896,  are  inclined,  lb.  if 
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the  aids  of  one  of  the  tahes  forms  an  angle  a  and  that  of  the  other 
an  angle  p  with  ihe  horizon,  the  space  A  ff  =  D  B  =  Xj  which 
the  snrfiEU^e  of  the  water  describes  upwards  in  one  and  downwards 
in  the  other  leg^  corcesponds  to  the  difEerence  of  le^el 

g^x siiu a  -\-  X sin.  /3  =  a: {gin. a  +  sin, P) ' 

hence  the  foroe  is 

P  ^  Ayx  {sin.  a  -h  sin.  P), 
the  acceleration  is 

a  (sin,  a  +  sin.  P) .  x 

p  = i * 

and  the  period  of  the  oscOlationa  ia 


ff{sin,a  +  sin,py 

If,  finally,  the  tubes  are  of  different  widths,  the  determination  of 
the  period  of  the  oscillations  becomes  much  more  complicated.  Let 
A  be  the  cross-section  and  I  the  length  of  the  middle  tube,  a„  At 
and  li  the  angle  of  inclination,  the  cross-section  and  the  length  of 
one  lateral  tube,  and  a^  ^tand  h  the  angle  of  inclination,  the  cross- 
section  and  the  length  of  the  other;  finally,  let  us  suppose  that  the 
surface  of  the  water  in  the  axis  of  one  tube  has  risen  a  distance  x 
and  that  the  surfiEtce  of  the  water  in  the  axis  of  the  other  has  sunk 
a  distance  nv    We  have  then 

Aia^=zAfX^  whence  a:,  =  -j-*  as, 
and  the  motive  force,  reduced  to  Ai, 
P=  Ai{xi m'w, ai+  XiSin.aj y  =  — j    (-^« **^- ^i  +  -4i sin*  a,)  Xi, 

The  mass  of  the  water  in  the  middle  tube  is  constant  and  equal 

Aly 
to ^,  and,  since  the  ratio  of  its  yelot^ity  to  that  of  the  foroe  is 

•-^,  the  mass  reduced  to  the  point  of  application  is 

The  mass  of  the  water  in  the  first  leg  Is 

=  —^ — -^,  and  that  in  the  second 
9 

_  ^,  ft  -  a?,)  y 
9 
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or  reduoed  to  the  point  of  applioation  of  the  fon)e 

\aJ  g 

Finally  the  mass  moved  by  P  is 

g  \A  Ay  At  f 

~  A*y  l^    J.  ^'  J.  ^  J.  *'       ^'*"\ 


g    lA      At 


An 


(j?  -  hh  *■]' 


and  the  acceleration  is 


P 


i_ 

A 


+  2;  +  i+  (27 -i)^'*' 


If  the  cross-sections  of  the  two  tubes  were  the  same^  we  Jironld 
have  Ai  =  At,  and  therefore 

_  (sin.  Oi  +  sin,  a^gxx  _  {sin,  (h  +  sin,  ft,)  g  a?i 


;'  = 


{ 


i     .   ?i  +  /« 


r)^- 


^,  Z 


A  A, 

and  the  period  of  the  oscillations 


+  Zi  +  Z, 


t  =  n  y .    .    . ; r. 


REifABK. — ^In  consequence  of  the  friction  and  of  the  resifltance  due  to 
the  bend  in  the  tube,  these  formulas  muaty  of  course,  be  modified  (com- 
pare Appendix,  §  25). 

§  24.  Elliptical  OsciUatioiis. — If  a  body^  which  is  driven  with 

an  acceleration  p  =  iiz  =  ii^CM  towards  a  fixed  point  C,  Fig.  897, 

possesses  an  initial  velocity  c,  whose 
direction  differs  from  that  of  the 
force,  the  oscillations  no  longer  take 
place  in  a  straight  line,  but  in  an 
ellipse,  as  we  will  now  proceed  to 
prove.  Let  the  direction  of  the  mo- 
tion at  the  point  of  beginning  A  be 
at  right  angles  to  the  distance  C  A 
=  a  and  let  the  corresponding  ve- 
locity be  =  c.  If  we  pass  the  co-ordi- 
nate axes  through  C,  one  upon  and  the  other  at  right  angles  to 
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C  Ay  and  denote  the  oo-ordinates  G  K  and  K  M  }aj  x  and  y,  we 
have  for  tiie  components  q  and  r  of  p  =  M  ^  which  are  parallel  to 

the  axes,  since  ^  =  -  and  -  =  S 

p       z         p       z 

q  =  fix  and  r  =  fjty. 

If  w  and  V  are  the  components  of  the  velocity  w  of  the  body  Jf, 
which,  are  parallel  to  the  axis,  we  have,  according  to  §  1  of  the 
Appendix, 

and  at  the  same  time 

c*  —  v*  =  Wrrfy  =  2 fMj  y e?y  =  /i y', whence  v  =  4^c*  —  /* y*. 

Since  for  y  =  },  v  =  0,  it  follows  that 
0  =  c*  —  /i  J* ;  hence  c  =  i  V/i  and  v  =  1^  (ft'  —  y'). 

But  now  w  =  -^-r  and  v  =  3-?,  and  therefore 

dt  dt 

u       dx       . /a*  —  a:"  rfa;  (f  v 

-  =  3—  =  y  li 5  or     ^  =     ^_,         ,  LB., 


0       Ht) 


hence  (according  to  Art  26,  V,  of  the  Introduction  to  the  Calculus) 

9inr^  -  =  sinr^  -  +  Can. 
a  a 

or,  since  for  a?  =  a,  y  =  0, 

sinr^  -  =  sinr^  ^  +  dm.,  or 
a  0 

«n.""*  1  =  «f n."*  0  4-  CofUy  lb.,  -^  =  Con.  and 

«;^.  ^  -  =  sirir^  T  +  -ir>  or 
a  ft       2 

a  ft       2 

When  the  difference  of  two  arcs  is  -^,  the  sine  of  one  is  equal 
to  the  cosine  of  the  other,  lb.. 


^vTrf.„©v(0=. 
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Since  this  is  the  equaiio?i  of  an  eUipse,  it  follows  that  a  point, 
which  is  impelled  or  attracted  towards  C  with  an  acceleration  /i  z, 
will  describe  an  ellipse,  whose  semi-axes  btq  C  A  =  a  and  C  B  =  b. 

We  have  also 

dt=^  —  ==  ~T-^== ;  hence  the  time  is 

t  —  y  -sinr^  |,  or  inversely, 

y  =  J  sin.  {t  Vfi)  and  x  =  a  cos.  {t  Vjl). 
The  time,  in  which  the  body  will  describe  a  qnadrant  of  the  ellipse, 
is  found  by  putting  y  =  b,  and  it  is 

ti  =  y  -sinr^  -  =  y  -  ginr^  1  =  rr— — . 
The  time,  in  which  the  body  describes  half  the  ellipse,  is 

8A  = 


and  the  period  of  a  complete  revolution  or  of  a  complete  vibration  is 

or  exactly  the  same  as  it  would  be,  if  the  motion  were  a  rectilinear 
reciprocating  one.    It  follows  also  that 

u  =  VfM  {a*  -  a;*)  =  ^fi  (a*  -  a*  [cos.  {t  t^)]*)  =  fiasin.  {t  Vji) 
and 

V  =  Vfi  (}•  -  y»)  z=fib  COS.  {t  Vfi) ; 
hence  the  velocity  of  revolution  is 

w  =  Vt^Tv'  =  II  ^{asin.  t  VJly  +  {b  cos.  t  Vp)\ 
Finally,  we  can  put 

z  =  ^—x —  COS.  {t  Vfi)  H 2 —  COS.  {t  Vjl)  and 

y  =  ^^^—  ^n.  {t  Viil)  -  ^-^  sin.  {t  Vp)\ 
now  since  the  first  members 

Q     COS.  {t  Vfi)  and  —^ —  sin.  {t  Vji) 

ft  -X-  h 

correspond  to  a  uniform  motion  in  a  circle,  whose  radius  is  — ^ — j 
and  since  the  two  other  members  correspond  to  an  opposite  uni- 
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form  motion  in  a  circle,  whose  radios  is  — ^— ,  ve  can  also  assome 

that  the  elliptical  motion  of  the  point  is  composed  of  two  circular 
ones,  LE.,  that  ttie  point  describes  uniformly  a  circle,  whose  radina 

6  xxmSonoij  in  a  circle, 


If  d  =  0,  the  oscillation  takes  place  in  a  straight  line,  out  we 
can  imagine  it  to  be  composed  of  two  equal  opposite  circular 

motiona 

g  25.  Waves  of  Water. — According  to  the  accorate  obeer- 
vationa  of  the  Weber  brothers,  an  eiample  of  eUiptuxd  oscilUUion 
is  presented  by  the  motion  of  waves  of  water  (Fr,  ondes ;  Ger. 
Wasserwelleu).  Xot  only  every  particle  on  the  surface,  bat  also 
every  particle  below  it  describes  in  the  wave  motion  an  ellipse. 
On  account  of  the  resistanceon  the  bottom  the  ellipses  below  tbesoi- 
&ce  of  the  water  are  smaller  than  those  at  it,  and  in  general  tbey  de> 
crease  with  the  distance  &om  that  stfrface.  The  di^rent  elements 
in  the  surface  of  the  water,  aa  well  as  those  in  any  other  plane 
parallel  to  it,  are  at  the  same  moment  in  different  phases  of  mo- 
tion ;  while  an  element  A,  Fig.  898,  is  beginning  its  path  at  (0), 
Fis.  808. 


an  element  B  is  already  at  (l),  a  second  C  is  at  (3),  a  third  D 
at  (3),  a  fourth  E  at  (4) ;  at  this  moment  the  vertical  section 
of  the  surface  of  the  water  is  a  cycloidat  or  trochoidal  curve 
ABCDEFOHJ.  Before  the  wave  motion  began,  the  ele- 
ments were  at  the  centres  K,  L . . .  N  ot  their  trajectories  and 
formed  the  horizontal  surface  K  Not  the  water;  during  the  wave 
motion,  on  the  contrary,  part  of  the  elements  are  above  and  part 
are  below  this  line,  and  all  have,  of  course,  a  tendency  to  return  to 
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their  podtionfl  of  rest  K,L...N.  The  oBCiUatioDs  are.  however, 
elliptical  so  long  only  ss  the  Vaves  remsdn  unchanged ;  if  they  de- 
crease gradnallf  in  magnitude,  the  path  of  each  element  becomes 
narrower  and  narrower  and  no  longer  forms  an  eHipse,  bnt  a  spind 
Bne.  On  the  other  hand,  when  the  waves  are  forming  or  increas- 
ing in  size,  tJie  elliptical  trajectory  is  formed  gradually  from  a 
spiral  line. 

After  one  instant  A  baa  moved  in  its  trajectory  to  (1),  B  to  (2), 
C  to  (3),  etc,  and  the  wave<form  haa  been  moved  forward  in  conse- 
quence through  the  horizontal  distance  ^J^  between  two  elements; 
after  a  second  instant  A  is  at  {%),  fi  is  at  (3),  C  is  at  (4),  and  the 
wave-form  has  again  advanced  the  distance  K  L=  L  M;  thus,  aa 
the  elements  of  the  water  revolve,  the  wave-form  advances  more 
and  more,  and  when  an  element  has  made  a  complete  revolution, 
the  wave  has  advanced  its  own  length  K  N.  When  an  element  baa 
made  half  a  revolution,  as  is  shown  in  Fig.  899,  the  place  of  the 

Fto.  BM. 


wave-crest  is  occupied  by  a  trough  or  tintia,  and  that  of  the  latter 
by  a  crest.  This  advance  of  the  wave-form  does  not,  of  course, 
consist  in  any  particnlar  motion  of  the  water,  hut  in  the  forward 
motion  of  the  same  phase,  e.q.,  in  the  forward  motion  of  the  crest 
/  (Fig.  898)  of  the  wave  to  0,  P,  etc.  If  the  period  of  a  pevoln- 
tion  ^  of  an  element  of  the  water  and  the  length  A  J  =  s  oia  wave 
are  known,  we  can  caloiilate  the  velocity  of  propf^ation  by  means  of 

the  formula  "  =  r- 

The  height  of  a  wave,  or  the  sum  of  the  height  of  the  enst  and  - 
the  depth  of  the  trough  is  equal  to  the  vertical  axis  3  &  of  the 
ellipse,  in  which  the  elements  of  the  water  revolve ;  the  length  O  0 
of  the  trough  exceeds  the  half  length  of  the  wave  by  the  length  3  a 
of  the  horizontal  axis  of  the  ellipse,  and  the  length  of  the  crest  ia,  of 
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conrsey  that  much  shorter  than  half  the  wave  length.  Hence  the 
cross-section  of  the  trough  of  a  wave  is  larger  than  that  of  the  wave- 
crest;  now  since  this  is  impossible  in  consequence  of  the  inyariabil- 
ity  of  the  yolume  of  the  water^  the  centre  of  the  elliptical  trajectory 
must  be  somewhat  above  the  surface  of  the  water  when  it  is  at  rest. 

§  26.  Webers'  Eacperiments. — ^According  to  Webers'  experi- 
ments, the  path  described  by  a  particle  of  the  water  at  the  sur&oe 
of  a  wave  is  a  slightly  compressed  ellipse ;  according  to  Emy,  on 
the  contrary,  the  particles  of  water  in  sea-wayes  describe  upright 
ellipses.  Both  axes  of  the  elliptical  path  decrease  as  the  depth 
below  the  surface  increases,  and  according  to  Weber  the  horizontal 
axis  decreases  more  rapidly  than  the  vertical  one.  The  wave  ap- 
pears not  to  be  propagated  in  a  vertical  direction ;  elements  verti- 
cally below  each  other  are,  according  to  the  observations  of  the 
Weber  brothers,  in  the  same  phase  at  the  same  time ;  on  the  con- 
trary, those  situated  in  a  horizontal  line  form  a  complete  series  of 
the  different  phases  of  the  motion.  From  the  experiments  cited 
above,  it  appears  that  the  period  of  revolution  of  an  element,  or  the 
time  in  which  a  wave  is  propagated  it6  own  length,  depends  prin- 
cipally upon  the  ratio  of  the  two  axes  of  the  path.  The  greater 
the  ratio  of  the  horizontal  axes  2  a  to  the  vertical  one  2  by  the 
greater  is  the  period  of  revolution.  The  particles,  which  lie  deeper, 
describe  their  paths  more  quickly  than  those  at  the  sur&ce;  from 
this  we  must  conclude  that  the  wave  length  diminishes  towards 
the  bottooL 

The  velocity  of  propagation  c  =  -  of  a  wave  depends,  since  the 

V 

time  of  revolution  t  increases  with  the  ratio  ^,  not  only  upon  the 

length  8,  but  also  upon  the  height  b.  If  a  wave  is  propagated  be- 
tween two  parallel  walls,  E.a.  in  a  canal,  its  width  remains  con- 
stant, its  height  b  diminishes  and  its  length  increases  in  such  a 
manner  that  the  only  change  in  the  velocity  of  propagation  is  that 
resulting  from  the  friction  of  the  water  upon  the  walls.  K,  on  the 
contrary,  a  wave  can  propagate  itself  freely  in  all  directions,  and  if 
it  forms  a  wall  which  recedes  into  itself,  its  length  and  width  are 
both  increased  at  the  expense  of  its  height,  and  the  wave  becomes 
gradually  flatter  and  flatter  until  in  a  short  time  the  eye  is  no  longer 
able  to  distinguish  it  If  such  a  wave  is  not  originally  circular  it 
will  gradually  approach  the  circular  form  as  it  advances.  Accord- 
ing to  Webers'  experiments,  the  height  diminishes  in  arithmetical 
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progressioii  when  the  wave  adTonces  in  geometrical  progression. 
The  velocity  of  propagation  of  such  a  wave  diminishes  gradually, 
the  farther  the  wave  is  propagated.  I^  on  the  contrary,  a  wave  is 
propagated  from  without  inwards  and  is  contracted  more  and  more 
in  consequence,  its  height,  length  and  velocity  gradually  increase. 
There  is,  therefore,  a  great  difference  between  the  waves  of  water 
and  those  of  sound.  In  the  latter  the  velocity  of  propagation  de- 
pends upon  the  elasticity  and  density  of  the  medium  alone ;  in  the 
former,  on  the  contrary,  it  is  a  function  of  the  length  and  height. 
If  tlie  undulations  of  the  water  are  produced  by  a  force  which  acts 
almost  instantaneously,  E.a.,  by  the  immersion  and  quick  with- 
drawal of  a  solid  body,  the  particles  of  the  water  describe  elliptical 
paths  which  gradually  decrease,  or  rather  spiral  lines,  which  draw 
themselves  together  more  and  more,  and  the  periods  of  revolution 
become  smaller  and  smaller.  The  origin  of  a  whole  series  of  waves, 
which  become  smaller  and  smaller,  is  to  be  attributed  to  these  rela- 
tions of  motion.  As  the  waves  are  propagated  farther  and  farther, 
those  which  follow  are  increased  in  size  by  those  which  have  pre- 
ceded them,  and  those  most  in  advance  in  a  short  time  become  so 
fiat  as  to  be'  invisible.  This  running  together  of  the  waves  gives 
rise  to  systems  of  small  waves,  which  present  themselves  like  teeth 
upon  the  front  surface  of  the  main  wave.  These  small  waves  or 
teeth  advance,  according  to  Poisson  and  Cauchy,  with  uniformly 
accelerated  motion. 

§  27.  Hagen's  ZSzperiments. — According  to  the  latest  in- 
vestigations of  Oeh,  Oberbaurath  Hagen  (see  the  "  Seeufer-und 
Hafenbau  von  G.  Hagen,  Berlin,  1863,'^  1  Vol.,  which  forms  the 
third  part  of  that  author's  "  Wasserbaukunst  f  also  his  treatise 
upon  waves  in  water  of  uniform  depth ;  Berlin,  1862),  the  particles 
of  water  of  waves  in  deep  water  describe  with  constant  angular 
velocity  circles,  whose  diameters  decrease  as  the  depth  increases,  and 
at  the  bottom  they  are  infinitely  small.  A  filament  of  water,  which 
when  at  rest  is  vertical,  will  oscillate,  in  consequence  of  the  wave 
motion,  backwards  and  forwards  about  this  vertical  line,  its  base 
remaining  fixed  very  much  as  a  stalk  of  wheat  is  moved  by  the 
wind.  The  line  of  the  wave  or  the  curve  which  unites  the  points, 
which  are  in  the  same  phase  of  revolution  and  which,  when  the 
water  is  at  rest,  is  a  straight  line,  is  therefore  a  prolate  cycloid, 
that  becomes  more  and  more  prolate  as  the  depth  increases ;  at 
the  bottom  it  is  nearly  a  straight  line  and  at  the  surface  it  ap- 
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proaches  the  oominon  cycloid.  From  the  ndins  r  of  ifae  common 
cycloid,  whose  yalne  for  high  aea-wayes  liaes  to  50  feet,  we  obtain 
the  length  of  the  wave  2  z=  2  ?r  r»  its  yelocily  of  propagation 

c  =  V2rr  =  i^, 
the  period  of  a  wave 

ttnd  the  angalsr  Telocity  vith  which  the  molecules  of  water  describe 
flieir  elliptical  paths,  g>  =  >. 

The  centre  of  the  circle,  in  which  a  particle  which  ia  aitnated 
lower  down  revolyes,  is  determined  from  the  ladins  z  of  this  drck 
and  from  its  distance  y  from  the  centre  of  the  first  circle,  whose 
radius  is  r,  by  means  of  the  formula 


=  "{;> 


By  inversion  we  obtain  a?  =  r  e"*",  in  which  e  =  ?,71828  de- 
notes the  base  of  the  Naperian  system  of  logarithms.  We  can 
easily  understand  from  this  that  the  circles  of  oscillation  decrease 
very  rapidly  with  the  depth ;  for  r  =  10  feet,  at  the  depth  y  =  50 
feet, «  =  10  .er^^*  =  3,50  feet,  and  at  the  depth  y  =  200  feet, 
«  =  10  .  r^**  =  0,15  feet. 

When  the  waves  are  of  small  constant  depth,  as  Mr.  Scott 
RuBsel  had  already  remarked,  the  horizontal  motions  of  the  parti- 
cles of  water,  which  lie  above  one  another,  are  equally  great ;  the 
filament  of  water,  which  was  originally  vertical,  remains  so  during 
the  wav6  motion,  but  its  length  and  thiclcness  vary.  The  different 
particles  describe  closed  curves  of  equal  horizontal  diameters  and 
of  variable  vertical  ones,  which  decreases  gradually  with  the  depth.; 
they  are,  however,  ellipses  only  when  we  suppose  that  the  height 
of  the  wave  is  infinitely  small  compared  to  the  depth  of  the  water. 

When  the  depth  of  the  water  is  finite  and  tiie  height  of  the 
waves  is  great,  the  laws  of  the  motion  of  the  waves  are  very  com- 
plicated. 

§  28.  Interference  of  Waves  of  Water.— If  two  water- 
waves  cross  each  other,  the  same  general  phenomena  occur  as  in 
the  case  of  waves  of  air  and  other  fluids ;  after  they  cross  each  other, 
each  wave  continues  its  motion  as  if  they  had  not  met ;  but  accord- 
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ing  to  Weber's  obBcrvations,  it  is  accompanied  by  a  email  loss  of  time, 
BO  that  a  wave  requires  a  little  more  time  to  pass  from  one  point  to 
another  when  it  passes  through  another  wave  than  when  it  is  prop- 
agated &cely.  If  two  creats  come  together,  a  creat  twice  as  high  as 
the  first  is  prodnoed,  and  in  like  manner  when  tvm  troughs  meet,  a 
third,  twice  as  deep,  is  formed.  According  to  Weber's  experiments, 
the  ratio  of  the  height  of  the  simple  wave  to  that  of  the  compound 
one  is  1  :  1,79.  When  two  waves  interferB,  or  when  a  wave-crest 
ooincides  with  a  trongh  of  a  wave,  the  two  counterbalance  each 
other,  and  the  point  where  this  occars  remains  at  the  same  level  as 
the  surface  of  the  still  water.  The  paths' of  the  single  particles, 
when  two  waves  meet,  become  straight  lines,  which  are  vertical  at 
the  crest,  but  at  a  distance  irom  it  their  positions  are  such  that 
they  are  inclined  towards  the  crest 

If  a  wave  of  water  impinges  against  a  solid  waU,  it  will  be  re- 
flected by  it  as  if  it  came  from  a  point  as  far  behind  the  wall  as 
that  from  which  the  wave  started  is  in  front  of  it,  and  the  reflected 
wave  will  pass  through  the  one  which  is  arriving  exactly  in  the 
same 'banner  as  any  two  waves,  which  cross  each  other,  do. 

In  Fig.  900, 1,  II  to  V,  the  phenomena,  which  are  presented 


when  a  wave  ^  B  CD  E  is  reflected  hy  a  rigid  wall  if  i^,  are  re- 
presented.   In  I  the  crest  CD  Eot%yidm  IsarriTing  at  the  ■m!i\ 
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M  JV&nd  the  reflectdon  beginfl  in  the  form  of  ft  mve  Ct  Di  B,;  in 

II  the  top  of  the  creat  D  of  the  wave  has  anived  at  the  wall  and 
has  combined  with  the  half  Di  E,  of  the  reflected  crest  of  the  wave ; 
half  a  crest  0  0  ot  almoat  double  the  height  is  thns  produced.    In 

III  the  trough  ^  £  C  of  the  wave  has  jast  reached  Uie  wall,  while 
the  reflected  crest  Ct  Di  Ex  is  passing  orer  it ;  an  interferenoe  is 
thus  produced  which  caoses  the  ware  to  disappeu  entirely.  In  IV 
the  bottom  B  of  the  trough  of  the  approaching  wave  coincides  with 
the  bottom  B,  of  the  trough  of  the  reflected  wave ;  a  trough  A  S 
of  double  the  depth  is  thua  formed.  FinaUj,  in  V  the  approaching 
wave  ABODES  reflected  completely  by  the  wall  M  N  and  thus 
changed  into  the  wave  Ai  Bt  C,  £>,  E„  which. moves  in  the  of^xt- 
dte  direction. 

PU.901. 


When  the  waves  are  reflected  by  a  wall,  the  paths  of  the  mole- 
cnles  undergo  the  same  changes  as  when  two  waves  croes  each 
other;  here  also,  in  the  neighborhood  of  the  wall,  the  horisonta] 
component  of  this  motion  is  more  and  more  balanced,  and,  on  the 
contrary,  the  vertical  one  is  increased  more  and  more,  so  that  near 
the  wall  the  path  becomes  a  vertical  line,  and  farther  from  it  an 
inclined  one.  If  the  wave  strijcea  obliquely  against  the  wall,  it  will 
be  reflected,  like  every  elastio  body,  at  the  same  angle  at  which  it 
struck.    If  a  wave  strikes  hut  partially  against  bb  obstacle,  tiie 
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phenomena  of  inflexion  ore  prodnced,  new  waves  being  formed  at 
Uie  extreme  ends  of  the  obstacle. 

Finally,  sttUionary  waves  of  water,  like  those  of  a  string  or  any 
other  solid  body,  are  formed  when  two  waves  of  the  same  length, 
which  originate  at  two  pointe  situated  at  a  distance  apart  equal  to 
I,  3,  5,  7 . . .  times  the  fourth  part  of  the  length  of  a  wave,  cross 
each  other.  Let  AB  C  J)  E  FG  ff,Fig.  902, 1  and  II,  be  one,  and 
J ,  5,  C,  V,  B,  F,  0,  J7,  the  other  wave.  At  tiie  points  K,  L,  M,  JV; 
where  the  two  systems  of  waves  are  at  the  same  distance  from,  but 
OQ  opposite  sides  of  the  middle  line,  the  motions  counteract  each 
other  and  fixed  points  of  interference  are  prodnced;  on  the  con- 
trary, above  and  below  the  points  0,  P,  Q,  R,  where  the  two  wave- 
lines  cnt  eacii  other  and  the  patiiB  are  therefore  doubled,  the  top6 
of  Uie  crests  and  the  bottoma  of  ^ba  troughs  are  alternately  formed. 


REHiKK. — TTie  moBt  complete  treatiae  upon  the  motion  of  waves  is  the 
followiiig  T  "  ■Wellenlehre  anf  Experiments  gegrundet,  eh;.,"  by  the  brothers 
G.  H.  Weber  and  W,  Weber,  Leipzig,  1823.  A  good  abetract  of  it  n  con- 
tuned  in  the  "  Lehrbnch  der  MechaniBchen  Naturlehre,"  by  Angnat  Mfll- 
ler'ii  "Lehrbnch  der  Phyrilt  nnd  Metoorolc^e,"  Vol.  I,  can  alao  be  con- 
salted.  The  treatiaeB  of  Laplaoe,  L^range,  Flangerpiea,  Gwstner  and 
PoiiKBi  are  reviewed  and  criticiBed  fai  Weber's  work.  Caucby'e  "  Wdlen- 
Tlioorie"  and  Bidone's  "  Veranclifl"  «e  discoBBed  at  length  in  "Oehler'a 
Fhynkalischea  Worterbuch,"  Art.  "  Wellen."  Emy'a  wave  theory  ha*  been 
translated  by  Wiesenfeld  and  published  under  the  title  "  Ueber  die  Bft- 
wegnng  der  Wellen  nnd  uber  den  Ban  am  Heere  und  im  Meere,"  Vienna, 
1889.  Hoged's  work  has  already  been  cited,  \  37.  The  theory  of  watei^  ' 
waves  has  been  treated  by  Aiij  in  an  article  upon  "  Tides  and  Waves,"  in 
tke  EncyclopSdia  1K«fmpoUtana. 
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Q INOE  the  last  Oerman  edition  of  the  present  yolnme  was  issued 
the  author  has  published  in  the  **Oivilingenieur^  seyeral  articles 
upon  subjects,  which  have  been  treated  in  the  foregoing  pages. 
As  they  contain  much  yaluable  information  and  give  the  results 
of  a  yery  great  number  of  yery  carefol  experimentSy  a  brief  abstract 
of  the  matter  contained  in  some  of  them  will  be  giyen  here.  Those 
which  will  first  be  noticed  are  three  articles  upon  the  efflux  of 
water,  yiz. : 

(1)  the  different  methods  of  experimenting  upon  the  efflux  of 
water  under  a  constant  head  (Die  yerschiedenen  Methoden  der 
Yersuche  uber  den  Ausfluss  des  Wassers  unter  constantem  Drucke, 

X  Band,  1  Heft) ; 

(2)  experiments  upon  the  efflux  of  water  under  a  yery  small 
head  (Yersuche  uber  den  Ausfluss  des  Wassers  unter  sehr  kleinem 
Drucke.    X  Band,  3  und  4  Heft) ; 

(3)  the  relations  of  compound  efflux,  considered  theoretically 
and  illustrated  by  experiment  (Die  zusammengesetzten  Ausfluss* 
yerhaltnisse  theoretisch  entwickelt  und  durch  Yersuche  erlauterL 

XI  Band,  2  und  3  Heft). 

Article  Ko.  1  begins  with  a  description  of  the  yarious  methods 
adopted  by  different  experimenters  to  maintain  a  constant  head  in 
the  main  or  discharging  reservoir.  Smeaton  returned  the  water, 
which  was  discharged,  to  the  reseryoir  by  a  hand-pump  and  thus 
maintained  the  water  leyel  constant  in  the  former.  Christian  em- 
ployed a  large  weighted  cask,  which  was  suspended  by  a  rope ;  as 
the  water  was  discharged  from  the  reservoir,  the  cask  was  allowed 
to  sink  so  as  to  displace  exactly  the  same  quantity  of  water  as  had 
flowed  out  of  the  reservoir.  In  Prony's  experiments  the  escaping 
water  was  caught  in  a  vessel,  which  was  connected  with  two  paral« 
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lelopipedical  cafie8*(made  of  sheet-metal).  The  latter  floated  upon 
the  water  in  the  main  reseryoiry  and  the  apparatus  was  so  arranged 
that  the  increase  in  weight  of  the  vessel  caused  the  floats  to  dis- 
place exactly  the  same  quantity  of  water  as  had  been  discharged* 
The  impulse  of  the  escapmg  water  will  interfere  with  the  working 
of  this  apparatus,  unless  proper  precautions  are  taken.  Hachette* 
(see  his  '^  Traite  616mentaire  des  Machines'')  passed  a  hollow  tube 
through  the  bottom  of  the  reservoir ;  by  sliding  the  tube  up  or 
down  the  level  of  the  water  in  the  reservoir  could  be  changed.  If 
the  volume  of  the  water,  which  entered  the  reservoir,  exceeded  th« 
discharge,  the  excess  escaped  over  the  top  of  the  tube.  A  slight 
variation  of  level,  of  course,  took  place.  The  author  tried  several 
difierent  methods  of  obtaining  the  same  result.  The  first,  which 
to  a  certain  extent  resembles  Smeaton's,  was  to  feed  the  discharge 
.  ing  reservoir  from  the  main  reservoir  by  means  of  a  pipe,  in  which 
an  oirdinary  cock  was  placed.  An  assistant  is  stationed  at  the  cock, 
by  turning  which  he  maintains  the  surface  of  the  water  in  the 
discharging  reservoir  at  a  constant  level,  which  is  marked  by  a 
fixed  pointer  in  the  reservoir.  The  second  method  he  employed 
was  Christian's.  He  used  a  hollow  float  made  of  sheet-metal ;  its 
weight  could  be  regulated  by  filling  it  partially  with  'sand.  By 
allowing  the  fioat  to  sink  as  the  water  was  discharged,  the  sur&ce 
of  the  water  was  maintained  at  a  constant  level,  which  was  indi- 
cated by  a  pointer.  The  volume  of  the  float  gives  the  discharge. 
This  method  is  not  so  accurate  as  that  last  described  (by  means  of  a 
cock),  and  it  is  not  so  simple  as  it  appears  at  first  sight ;  for  the 
size  of  the  float  must  vary  with  that  of  the  orifice.  The  floating 
syphon  gives  more  accurate  results  than  Prony's  apparatus,  de- 
scribed above.  It  consists  essentially  of  a  T-shaped  syphon  with 
two  lateral  pipes,  by  which  the  water  enters,  and  of  a  larger  central 
pipe,  by  which  it  leaves  the  apparatus.  Each  of  the  lateral  pipes 
passes  through  a  water-tight  cylinder  of  sheet-metal,  which  is  open 
on  top  and  fioats  upon  the  water.  These  two  floating  cylinders 
support  the  syphon ;  by  filling  them  partially  with  water  we  can 
immerse  the  inlet  orifices  of  the  syphon  as  deep  as  we  please,  and 
the  outlet  orifice  can  be  brought  to  any  desired  distance  below  the 
level  of  the  surface  of  the  water  in  the  reservoir.  As  the  sur&ce 
of  the  water  in  the  reservoir  sinks,  the  whole  apparatus  descends 
with  it,  and  the  head  or  distance  of  the  outlet  orifice  below  the 
level  of  the  water  remains  constant. 

The  author  has  also  applied  the  principle  of  Mariotte's  flask  to 
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maintiiiniDg  a  coDBtant  head,  or  conaiaut  yelociiy  of  efflux.  The 
discharging  reservoir  is  a  cylindrical  vessel,  which  is  provided  with 
two  orifices  or  openings,  but  which  is  in  all  other  respects  air-tight. 
One  of  these  openings  is  in  the  top  and  the  other  is  npon  the  side 
near  the  bottom.  A  tabe  or  pipe,  which  is  open  at  both  ends,  fits 
in  the  orifice  in  the  top  by  means  of  an  air-tight  ground  joini^  in 
which  it  can  slide  up  and  dowjL  The  orifice  in  the  side  was  so 
arranged  that  mouth-pieces  of  various  kinds  and  sizes  could  be 
inserted  in  it  The  vessel  is  first  filled  with  water  through  the 
upper  orifice  and  the  pipe  is  then  inserted  and  pushed  down  a  cer- 
tain distance,  depending  upon  the  head  we  wish  to  have ;  the  ori- 
fic<^  of  efflux  is  then  opened  and  the  water  in  the  tube  sinks  until 
air  begins  to  pass  under  the  bottom  of  the  tube  and  rise  to  the  top 
of  the  vessel  The  head  is  now  constant  and  is  measured  by  the 
difference  of  level  between  the  orifice  of  efflux  and  the  bottom  of 
the  tube.  In  order  to  prevent  the  air,  which  enters  through  the 
tube,  from  causing  too  much  disturbance,  the  bottom  of  the  tube 
is  surrounded  by  a  cylinder  of  wire-gauze.  A  glass  tube,  which  is 
<^n  on  top,  enters  the  vessel  at  the  bottom  and  is  turned  ver- 
tical upwards,  serves  to  measure  the  pressure.  The  same  principle 
can  be  applied  in  another  form.  An  air-tight  vessel,  which  is 
filled  with  water,  has  a  pipe  inserted  in  the  side  near  the  bottom ; 
this  pipe  passes  below  the  level  of  the  water  in  ilie  discharging 
vessel  Another  pipe,  which  is  smaller  and  is  made  principally  of 
India-rubber,  enters  the  air-tight  vessel  near  the  top,  and  the  other 
end  of  it  is  placed  so  as  just  to  touch  the  surfiEice  of  the  water  in  the . 
discharging  reservoir.  K  the  level  of  the  water  in  the  latter  sinks, 
air  enters  the  tube  and  water  is  discharged  firom  the  air-tight  ves- 
sel, in  consequence  of  which  the  surface  of  the  water  in  the  dis-* 
charging  reservoir  rises  and  seals  the  mouth  of  India-x\ibber  tube 
and  the  flow  of  water  into  the  main  reservoir  ceases.  The  objec- 
tion to  this  method  is  the  unsteadiness  of  the  sur&ce  of  the  water, 
which  renders  it  difficult  to  measure  the  head  with  accuracy.  In 
order  to  render  it  more  steady  Oeh.  Oberbauraih  Hagen  had  two 
small  holes  made  in  the  side  of  the  laige  tube  just  above  the  outlet 
and  in  addition  employed  an  intermediate  vessel. 

A  series  of  experiments,  made  with  the  aid  of  the  differont  ap- 
paratus just  described,  gave  the  following  results.  The  water  was 
discharged  through  an  orifice  in  a  thin  plate  1  centimeter  in 
diameter. 
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TABLK 


9 

'si 
Is 


2 
8 

4 
5 


Nature  of  the  heaid. 


Description  of  the  appecntaa. 


Gradually  decreasing. 


Constant 


4( 


IC 


u 


Author's  ordinary  ap- 
paratus for  experi- 
ments upon  efflux . . 

Level  maintained  by 
a  cock 

Level  maintained  by 
a  floating  body .  .  . 

Level  maintained  by 
Mariotte's  flask .  .  . 

Level  maintained  by 
apparatus  last  de- 
scribed  


Head  in  meters. 


=  0.1700 
0500 


U,=0, 
h  =  0,100 


M 


U 


u 


Average  of  the  above  flve  experiments 


Value  of  ^. 


0,6647 
0,6776 
0,6576 
0,6518 

0,6654 
0,6684 


By  the  aid  of  one  of  the  aboTe-described  apparatus,  ezpeiiments 
upon  efflux  with  constant'inflnx  can  be  made.  The  formala  to  be 
employed  (see  page  923)  ia 

The  discharging  reservoir  which  was  used  in  these  experiments 
was  the  apparatus  represented  upon  page  927 ;  by  means  of  Mari- 
etta's flask,  the  discharge  per  second  into  the  former  was  main- 
tained constant  during  each  experiment.  In  these  experiments 
the  surface  of  the  water  in  the  discharging  reservoir  either  rose  or 
fell.  By  prehminary  experiments,  the  coeffidents  of  efflux  for  the 
orifices  in  both  vessels  were  determined. 

In  the  first  experiment  the  surface  of  the  water  in  the  discharge 
ing  reservoir  rose.  The  observed  duration  of  efflux  was  t  =  170,25 
seconds ;  that  calculated  by  the  above  formula  from  the  data  given 
by  the  experiment  was  t  =  170,6  seconds. 

In  the  second  experiment  the  8ur£EK)e  of  the  water  sank ;  the 
observed  time  was  t  =  213,2  seconds,  the  calculated  was  213,9 
seconds. 

Another  case,  which  often  occurs  in  practice,  is  that  represented 
in  Fig.  776,  page  908,  when  the  reservoir  A  C  i%  very  large  com- 
pared to  6^  X.    The  water  passes  from  the  large  reseryoir  A  0 


t  = 
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through  a  pipe,  into  the  reservoir  0  L,  from  which  it  is  discharged 
through  the  orifice  F  into  the  air.  By  prolonging  the  dischaige 
pipe  of  Mariotte's  flask  so  that  it  will  reach  below  the  surface  of 
the  water  in  the  discharging  reservoir  (Fig.  792),  the  level  of  which 
surface  is  variable  during  the  experiment,  we  obtain  an  example 
of  this  case.  The  formula  for  the  duration  of  efflux,  which  must 
be  employed,  is 

in  which  G  denotes  the  cross-section  of  the  main  discharging  res- 
ervoir,  F  the  area  of  the  orifice  in  the  main  reservoir,  /*  its  coeffi- 
cient of  efflux,  Fi  the  cross-section  of  the  outlet  orifice  of  Mariotte's 
flask,  fii  its  coefflcient  of  efflux,  hi  the  height  of  the  surface  of  the 
water  in  the  main  reservoir  above  the  orifice  in  it,  h  the  height  of 
the  constant  water  level  in  Mariotte's  flask  above  the  variable  one 
in  the  main  reservoir,  x  what  h  becomes  in  the  time  t^  y  what  Ai 
becomes  in  the  time  f,,  and  A,  =  A  +  A,  =  a;  +  y;  ib  is  the  value 
of  Xy  when  the  flow  becomes  permanent,  le. 

j.  ^        (f^i  F,Y  h. 

{y^Ff +  {}i,F,r 

and 

i,  =  Ao  —  i. 

In  the  first  experiment  the  sur&ce  of  the  water  in  the  main 
reservoir  sank;  the  observed  value  of  ^  was  116,33  seconds  and  the 
calculated  value  was  116,67  seconds.  In  the  second  experiment 
the  level  of  the  water  rose ;  the  observed  time  was  t  =  157,5  seconds, 
and  the  calculated  value  of  i  was  158,18  seconds. 

No.  (2.)  Experiments  npon  the  EflElnz  of  'W'ater  imdor 
a  very  small  head. — ^From  previous  experiments  by  the  author 
and  others,  we  know  that  for  an  orifice  in  a  thin  plate  one  centi* 
meter  in  diameter, 

1,  when  the  head  is  103,578  meters,  pt  =  0,600 

2,  "  «         13,574     «        |i  =  0,632 
*  3,          **  «  0,909     «        tt  =  0,641 

4>  «  «  0,101     «       fi  =  0,666, 
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and  that  for  a  brass  tnbe  1  centimeter  in  diameter  and  2  meters 
long,  the  coefficient  of  resistance 

1,  when  the  velocity  iav  =  20,99,  is  f  =  0,01690 

2,  "  **  v=  12,32,  is  f  =  0,01784 

3,  «  «  t;  =    8,64,  is  (T  =  0,01869 

4,  **  «  t;  =    2,02,  is  f  =  0,02725 

5,  «  **  t;  =    0,57,  is  f  =  0,03646; 

but  we  have  no  experiments  which  show  how  the  coefficient  of 
efflux  increases,  when  the  head  is  very  small  (£.6.  1  to  2  centime^ 
ters).  It  is  also  important  to  know  how  <  increases,  when  the 
velocity  of  the  water  is  very  small  (e.g.  0,1  meter).  In  the  above- 
mentioned  article  the  author  gives  a  detailed  description  of  a  very 
extended  series  of  experiments,  nndertaken  for  the  purpose  of  dis- 
covering the  above  relations.  The  discharging  reservoir  was  a 
wooden  trough  2,25  meters  long,  0,45  meters  wide,  and  0,190  me- 
ters deep.  It  was  necessary  to  make  the  reservoir  as  long  and  wide 
as  possible ;  for  the  sur&ce  of  the  water  could,  of  course,  sink  but 
a  very  short  distance  during  the  experiment.  The  author  then 
gives  a  description  of  the  various  methods  and  apparatus  employed 
to  determine  with  accuracy  the  cross-section  of  the  orifices  and  the 
head  of  water.  This  portion  of  the  article,  although  of  the  greatest 
interest,  would  be  out  of  place  here. 

The  table  on  page  1098  gives  the  results  of  the  experiments 
with  orifices  in  a  thin  plate  and  with  other  mouth-pieces. 

The  temperatureof  the  water  was  between  15°  and  18°  Centigrade. 

From  the  8  experiments  with  orifices  in  a  thin  plate  (No  1  to 
No.  5),  whose  diameters  varied  from  0,405  to  2,529  centimeters,  we 
see  that  the  contraction  diminishes,  when  the  head  is  small,  as  it 
does  when  the  head  is  large,  not  only  with  the  head,  but  also  with 
the  diameter  of  the  orifice. 

From  the  data  given  in  the  table  on  page  1098  and  at  the  be- 
ginning of  the  article,  the  following  table  has  been  arranged. 


Head  A 

0,020 

0,101 

0,909 

13,574 

103,578 

Coefficient  of  efflux  ft 

0,711 

0,665 

0,641 

0,682 

0,600 

The  experiments  under  Nob.  6  and  7  Bhow  that  in  this  case  also 
the  coefficient  of  contraction  for  an  orifice  in  a  thin  conically  con- 
vergent wall  is  greater  than  that  for  an  orifice  of  the  same  size  in  a 
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-  thin  plate,  and  that  it  is  less  for  an  orifice  in  a  conically  divergent 
wall  than  for  the  latter.  In  experiment  No.  18  a  free  contracted 
stream  could  not  be  obtamed.  The  efflux  took  place  with  a  filled 
tube  and  the  stream  pulsated  quite  violently. 

It  was  also  observed  that  the  discharge  was  not  increased  as 
much  by  rounding  off  the  inlet  orifices  of  the  ajutages,  when  the 
head  was  small  as  when  it  was  great. 

The  table  on  page  1100  contains  the  results  of  experiments  with 
long  tubes  made  of  glass,  brass  and  zinc.  Preliminary  experiments 
were  made  to  determine  the  coefficients  of  resistance  of  the  inlet 
and  outlet  mouth-pieces  combined.  By  subtracting  the  coefficients 
thus  found  from  those  obtained  for  the  long  tube  and  inlet  and 
outlet  mouth-pieces  together,  the  author  deduced  the  coefficient  of 
resistance  for  the  tube  alone. 

These  experiments  showed  the  coefficient  of  resistance  C  of  the 
water  to  be  very  great,  when  the  velocity  is  small    This  coeffi- 
cient C  is  nearly  the  same  for  glass  and  brass  tubes. 
To  the  table 

for  V  =  20,99,  f  =  0,01690 
«  =  12,32,  f  =  0,01784 
"  =  8,64,  f  =  0,01869 
«    =    2,02,    f=  0,02725 

«    =    0,485,  f  =  0,03453, 
we  can  now  add 

for  V  =  0,2028,  f  =  0,0587 

«    =  0,0890,  f  =  0,1420. 

The  third  portion  of  the  article  is  devoted  to  an  account  of  a 
series  of  experiments  upon  the  flow  of  water  through  bends  and 
elbows  under  a  very  small  head.  The  coefficient  of  resistance  for 
the  inlet  and  outlet  portion  was  first  determined  as  in  the  experi- 
ments, the  results  of  which  are  given  in  the  last  table.  The  table 
on  page  1101  contains  the  coefficients  of  resistance  for  the  flow  of 
water  through  elbows  and  bends  under  small  heads. 

We  see  from  the  last  table  that  the  coefficients  of  resistance  of 
elbows  are  much  greater  than  those  for  bends  of  the  same  diameter, 
when  both  cause  the  direction  of  ilie  motion  of  the  water  to  change 
90°  and  when  the  radius  of  curvature  of  the  axis  of  the  bend  is 
equal  to  the  diameter  of  the  tube. 

The  third  article  (No.  3),  which  is  cited  above,  is  very  long, 
covering  68  columns  of  the  Givilingenieur.  As  it  would  be  impos- 
ible  to  condense  the  matter  contained  in  it  in  the  limited  space 
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which  ia  at  our  dispofial,  we  will  content  OTurselyes  with  an  entimep- 
ation  of  the  subjects  treated.    They 


(1.)  The  flimnltaneons  discharge  of  water  throng  two  oiificeSy 
when  the  head  diminishes. 

(2.)  The  yariable  discharge  of  water  from  one  yessel  into  a  sec- 
ondy  in  which  the  orifice  is  submerged,  while  a  constant  quantity 
of  water  is  continually  discharged  into  the  first  vessel 

(3.)  The  yariable  efflux  of  water  through  a  notch,  either  with  or 
without  influx. 

(4.)  Efflux  of  water  firom  a  prismatical  yessel,  with  firee  influx 
into  the  latter  from  another  prismatical  yesseL 

(5.)  Efflux  of  water  from  a  prismatical  vessel,  with  influx  under 
water  from  another  prismatical  reservoir. 

These  cases  are  treated  at  length ;  the  formulas  are  first  deduced 
and  then  tested  by  very  careful  experiments.  Any  one  interested 
in  the  subject  of  hydraulics  wiU  find  this  article  worthy  of  his 
most  attentive  perusaL 

We  would  also  call  attention  to  the  following  articles  by  the 
author  upon  subjects  connected  with  hydraulics. 

^'Hydrometric  experiments  upon  the  application  of  the  formulas 
of  Daniel  Bemouilli  (page  804)  and  Charles  Borda  (page  884),  as 
well  as  upon  the  use  of  a  new  water-meter;  also  upon  the  friction 
of  water  in  conical  pipes  and  upon  the  play  of  jets  d'eau ''  ("  Hydro- 
metrische  Versuche  uber  die  Anwendung  der  Formeln  von  Daniel 
Bemouilli  und  Charles  Borda,  so  wie  iiber  den  Gebrauch  eines 
neuen  Wassermessers  (einer  Wassemhr) ;  femer  uber  die  Beibung 
des  Wassers  in  coniseben  Rohren  und  uber  das  Spiel  von  springen- 
den  Wasserstrahlen,*'  Civilingenieur,  Band  XIH,  1  neft).  "  Com- 
parative hydrometric  measurements  by  means  of  a  tachometer,  a 
large  rectangular  orifice  of  efflux  and  a  large  overfall  extending 
across  the  whole  wall,"  ("  Vergleichende  hydrometrische  Messungen 
mittels  eines  hydrometrischen  Fltigelrades,  einer  grdsseren  rec- 
tangularen  Ausflussmiindung  und  eines  grdsseren  uber  die  ganze 
Wand  weggehenden  Uberfalls,"  Civilingenieur,  Band  XIII,  5  and  6 
Heft). 

The  latter  article  contains  an  account  of  Bahwamkrug's  water* 
divider,  mentioned  upon  page  986. 

L  ^  The  quicksilver  differential  piezometer  and  its  application 
to  the  determination  of  the  difference  of  the  pressure  of  the  water 
in  a  set  of  conduit  pipes.'' 
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n.  '^The  water  piesometer  with  a  micrometer,  as  well  as  its 
application  to  the  determination  of  the  pressure  of  gas  in  pipes, 
etc'' 

JIL  "A  snpplement  to  the  article  cited  above  upon  the  differ- 
ent methods  of  experimenting  upon  efflux  under  a  constant  head." 
("I.  Das  Quecksilber-Differentialpiezometer,  etc.  IL  Das  Wasser- 
piezometer  mit  Mikrometer,  etc.  III.  Eine  Erganzung  der  Ab- 
handlung  iiber  die  verschiedenen  Methoden  der  Ausfiussrersuche 
xmter  constantem  Drucke."    Civilingenieur,  Band  XV,  2  Heft.) 

The  translator  would  also  call  attention  to  two  articles  by  the 
author  upon  ^^experimental  mechanics,"  which  form  apart  of  a  yet 
impublished  work  upon  that  subject.  The  titles  of  the  articles  are: 

(1.)  ^^Experiments  to  accompany  lectures  upon  the  elasticity 
and  sixength  of  solid  bodies  "  {**  Versuche  bei  Vortragen  uber  Elas- 
tidtSt  und  Festigkdit  fester  Kdrper,*'  GiTilingenieur,  Band  IX, 
5  Heft),  and 

(2)  "Experiments  to  accompany  lectures  upon  Mechanics'* 
("Versuche  bei  Vortragen  iiber  Mechanik,"  Civilingenieur,  Band 
XIV,  6  Heft). 

The  first  article  contains  a  description  of  the  apparatus  used 
by  the  author  in  experimenting  before  the  students  at  Freiberg 
upon  fleocure  and  torsion.  By  means  of  this  apparatus,  which  is 
very  simple  and  easily  constructed,  the  professor  can  show  to  the  class 
almost  all  the  phenomena  of  flexure  and  torsion.  He  can  also  de- 
termine the  moduli  of  rupture  and  of  elasticity  not  only  by  observ- 
ing the  deflection  and  angle  of  torsion,  but  also  by  allowing  the 
body  to  be  experimented  upon  to  vibrate  and  counting  the  number 
of  vibrations.  The  modulus  of  resilience  and  that  of  fragility  can 
also  be  determined.  No.  (2)  contains  an  account  of  some  modifl- 
cations  of  the  above  apparatus,  by  means  of  which  experiments 
upon  the  theory  of  couples  (including  their  composition  and  de- 
composition) can  be  made.  This  is  followed  by  the  description  of 
a  simple  reversable  pendulum,  by  means  of  which  the  value  of  g 
can  be  determined  in  the  lecture-room  with  little  difficulty.  The 
author  then  takes  up  the  subject  of  the  elasticity  of  rigid  bodies. 
He  discusses  four  cases  of  double  flexure :  first,  that  of  a  prismati- 
cal  rod  of  a  rectangular  cross-section,  bent  by  a  force,  whose  direc- 
tion forms  an  angle  6  (which  is  not  90°)  with  one  of  the  sides  of 
the  cross-section ;  secondly,  that  when  the  cross-section  of  the  rod 
is  a  right-angled  triangle  and  the  direction  of  the  force  is  perpen- 
dicular to  the  base  of  the  triangle ;  thirdly,  that  when  the  rod  is 
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acted  npon  by  two  foroes^  whose  lines  of  action  do  not  lie  in  the 
same  plane ;  and  fourthly,  that  when  the  beam  is  bent  in  the  shape 
of  an  elbow  and  loaded  at  the  extreme  end  with  a  weight  (the 
crank  is  an  example  of  this  case).  The  article  closes  with  an  ac- 
count of  some  experiments  with  compound  girders. 

Those  engaged  in  teaching  will  find  the  last  two  articles  full  of 
valuable  information ;  but  a  translation  of  them  would  occupy  too 
much  space  here. 

In  conclusion,  we  would  mention  an  article  upon  '^  the  flexure 
of  a  homogeneous  prismatical  measuring  rod,  supported  in  two 
points,  as  well  as  the  shortening  of  its  length,  produced  by  it,  dis- 
cussed in  as  elementary  a  manner  as  possible"  (^'  die  Biegung  eines 
in  zwei  Punkten  unterst^tzten  homogenen  prismatischen  Mesa- 
stabes,  sowie  die  durch  dieselbe  herrorgebrachteVerkurzung  seines 
Langenmaasses,  auf  mdglichst  einfiushe  Weise  ennittelt  Ton  Julius 
Weisbach,''  Giyilingenieur,  Band  XTT,  4  Heft). 
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Aberration  of  the  stars,  153. 
AbeciflBas,  84.   * 
Acceleration,  108, 118, 124 

along  the  absciasas,  146. 
*'        '*    ordinates»  14A. 
normal,  148,  607. 
"  of  gravitj,  118,  159. 

Adhesion,  fSrace  of,  168,  762. 

plates,  762. 
Aerodynamics,  aerostatics,  165. 
Aggr^i^tion,  state  of,  162. 
A&  biUloon,  798. 
"   efflux  of,  932.  984,  039. 
heayiness  of,  795. 
layers  of,  787. 
manometer,  796. 
pressure  of  the,  777. 
pump,  790. 
Amplitude  of  an  oscillation,  649, 1048. 
Angular  acceleration,  576. 

"       velocity,  576. 
Antifriction  pivots,  849. 
Aperture  of  efflux,  800. 
Apparatus  for  hydnulio  experiments, 

926. 
Application,  i>oint  of,  168, 192. 
Arc,  length  of  an,  85. 
Archim^es,  principle  of,  757. 
Areometers,  hydrometeni,  758. 
Arithmetical  mean,  97. 
Arm  of  the  lever,  195. 
Ascension,  vertioed,  116. 
Asymptote,  49,  51,  52. 
Atmosphere,  pressure   of  the  atmo- 
sphere, 777,  787. 
Attraction,  the  law  of  magnetic^  1056. 
Atwood's  machine,  599. 
Axes,  free,  624. 
"     princioal,  624. 

neutral,  410. 
'*     of  a  couple,  205. 


Axis  of  revolution  or  rotation,  200^ 

248,  578,  629. 
Axis,  pressure  upon  the,  250^ 
Axles,  friction  on,  811, 816. 


B. 


Balance^  hydrostatic,  756. 

torsion,  1050. 
Ballistic  pendulum,  608. 
Barometer,  776. 

"  measurement    of  heighti 

with  the,  788. 
Beam,  418,  422,  427,  480. 

"      subjected  to  a  tensile  force,  559. 
Bed  of  a  river,  955. 
Bending,  iiexure,  409. 

"        rupture  by,  452. 
Bends,  curved  pipes,  896. 
Bent  lever,  256. 
Binomial  frmction,  57. 

"        series,  57. 
Bodies,  material,  154. 

of  uniform  strength,  887,  404;. 

504,  589. 
rigid,  flexible,  elastic,  280. 
Boilers,  thickness  o^  788. 
Bottom  of  the  channel,  955. 
"      pressure  on  the,  721. 
Brachystochronism,  659. 
Brittle,  872. 

Buoyant  effort,  upward   thrast,  742^. 
797.. 


a 


GbpilUrity,  762. 

Capillary  tubes,  772. 

Cataract,  876. 

Catenary,  293 ;  common  catenary,  Ml"* 

Central  impact,  667,  669. 

Centre  of  gravity,  218. 
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Centre  of  mam,  218,  674 
**      '«  oacUlation,  661. 
"      *'  paraUel  force^dOS. 
"      "  percussion,  687, 6(K3.  , 
"      "  pressore  of  water,  73S. 
Centres,  849. 
Centrifiigal  force,  606. 

"    of  water,  719, 7*). 
"  "   work  done  bj,  610. 

Centripetal  force,  608. 
Chain  bridge,  292. 

"      friction,  868,  86t 
CSnematics,  154 
Circle,  84. 
"     centre  of  gravity  of  an  arc  of 

a,  216. 
"     oscillatory,  87, 142, 416. 
dreolar  fanctionSf  70. 
Cistem  barometer,  776. 

"      manometer,  779. 
Clack  valYes,  900,  906. 
Cloistered  arch,  248. 
Cocks,  900,  008. 
Cohesion,  871,  762. 

"       force  of,  168. 
Collar  bearings,  847. 
Columns,  proof  load  of,  682. 
Combined    elasticitj   and    strength, 

878,  647. 
Communicating  pipes,  728,  761. 
Components,  129,  174, 177, 1071. 
Component  velocities,  129. 
Composed  forces,  174 

"         motions,  126. 
Composition  and  decomposition  of  ve* 

locities  and  accelerations,  131, 182. 
Composition   and    decomposition  of 

forces,  174, 177, 179, 196,  207. 
Composition    and   decomposition   of 

couples,  202. 
Compound  discharging  yessels,  907. 

"         pendulum,  661. 
Compressed  air,  work  done  by,  788, 

986. 
Compression  and  extension,  874 

"  elastic  and  permanent, 

876. 
"  strength  at,  872, 878. 

Concavity,  89,  66. 
Conduit  pipes,  874 
Conical  pivots,  847. 

"      tubes  or  pipes,  872. 
•'      valves,  906. 
Connecting  rod,  687,  67a 
Constant  factors,  41,  61. 
"        force,  166. 
"        members,  41.  61. 
quantities,  88,  41. 
Contracted  vein  or  stream  of  water, 
821,828. 


Contraction,  coeffident  of  contrmetion. 

822,944 
Contraction,  complete  and  incomplete 

or  partial,  887. 
Contraction,  perfect  and  imperfect.  B4D. 

868,887. 
Contraction,  scale  of,  886. 
Convexity,  89,  66. 
Coordinates,  84. 

"  oblique,  79. 

Cosine  and  cotangent,  lunctionB  of,  71. 
Conple,  200,  412. 

axis  of  a,  206. 
Crank,  121. 
Croes49ection,  876,  676, 801,  966. 

"  weak,  dangerous,  496. 

"  sudden  variation  of,  ^38. 

Corvature,  radius  of,  87, 142,  418. 
Curve,  elastic,  414,  417. 
Curved  surfaces,  40. 
Curves,  convex,  concave,  89,  44  64 

"       quadrature  of,  78. 

"       rectification  of,  86. 
Curvilinear  motion,  141, 146, 1S9. 
Cycloid,  cvdoidal  pendulum,  665, 656. 
Cylinder,  hollow,  443. 


D. 


Dom,  782. 

Daniel  Bemouilli,  804. 

Decomposition    and    composition    of 

couples,  202. 
Decomposition    and    composition    ci 

forces,  174  177, 179, 196,  207. 
Decomposition    and    composition    of 

velodties  and  accelerations,  181, 182. 
Density  of  bodies  (spedfic  gravity),  161. 
Dependent  variable,  83. 
Deviation,  Aiigle  of,  896. 
Difierential,  S. 

"         ratio  or  quotient,  89. 
Directive  force  of  the  magnetic  needle, 

1068. 
Discharge,  800,  988. 
Discharge-pipe  of  a  dam,  858,  922. 
Displacement,  angle  of  displacement 

680,649. 
Diving-beU,  788. 
Ductility,  872. 
DynamicBi  166,  165. 


Earth,  magnetism  of  the,  1054, 1060. 
Efflux,  coeffident  of,  for  water,  824 

"  "    air,  944 
from  moving  vessels,  817. 
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BffltcE  of  air  from  TefleelB,  982,  984, 
989  941. 
of  different  fluidfl,  805,  980. 
of  moving^  water,  842. 
''     of  water  under  water,  806. 
"     of  water  from  veasels,  800. 
**     under   variable   pressure^  910, 

952. 
'•     velocity  of,  800. 
«     with  filled  tube,  858. 
Elastic  curve,  4l4,  417,  522. 
"     extension.  875, 404. 
"     fluids,  712. 
Elasticity,  168,  871. 1045. 

limit  of,  871,  870. 
"        modulus  of,  878, 407, 1049. 
Elbows,  894. 
Elevation,  angle  of,  186L 
EUipee,  50,  284 
Ellipeoid,  594 
Elliptical  osdUation,  1081. 
Emptying  of  a  vessel,  910. 
Energy,  168. 

"       of  discharging  vrater,  801. 
Envelope,  189. 
Equality  of  forces,  156. 
Equilibrium,  155. 

kinds  of;  249,  260, 264 
indifierent,  250,  266. 
Evolute,  88. 

Expansive  force  of  steam,  85. 
Expansion  by  heat,  798. 

"         coefficient  of,  798 
of  the  air,  781. 
Exponential  function,  68. 
Extension,  elastic  and  permanent,  875, 
894. 
"       experiments  upon,  898. 


Fall  of  a  stream,  955. 

"    of  bodies,  85,  118, 689,  659. 
Filling  and  emptying  locks,  924 
Final  velocity,  108. 
Flexure,  409. 

"        strength  of,  878,  450. 

moment  of,  412,  414,  482,  486. 
Flotation,  axis  of.  plane  of,  746. 
Floating,  depth  of  floatation,  745,  749, 
756. 
"        bodies,  floating  spheres,  989. 
staff,  990. 
Fluids,  162,  712. 
Force,  direction  of  a,  168. 
Force,  living,  171, 178. 
Forces,  measure  of,  158. 

moment  of,  195,  414 
normal,  148,  607. 
tensile,  874 
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Forces,  154, 155, 163,  205. 

"      equaUty  of,  156. 
Fragility,  modulus  of,  888,  458. 
Free  axes.  624 
Freshet  or  flood,  978. 
Friction,  resistance  of  friction,  809. 
angle  of,  814 
"       bafimce,  817. 
"        coeffident  of,  818. 
"       coefficient  o^  of  air  in  pipes, 
949. 
coefficient  of,  of  water  in  pipes, 

864 
coefficient  of,  of  water  in  riv- 
ers, 965. 
cone  ot  814 

height  of  resistance  of,  864 
kiikbi  of,  810. 
laws  of;  811. 
of  axles,  811,  816. 
rolling,  858. 

upon  inclined  plane,  828. 
wheels,  886. 
work  done  by,  818,  885. 
Fulcrum,  256. 
Function  (2^),  44 
Functions,  88. 
Funicular  machine,  280. 
polygon,  S^. 


0. 


Gases,  aeriform  bodies,  776. 

Gas-meters,  1028. 

Gauging,  976. 

GayJiUBsac's  law,  798. 

Geostatics,  geodynamios,  geomecban- 

ics,  165. 
Girder,  418,  422,  427,  480,  464. 

"      hollow  and  webbed,  487,  477. 
Goblet,  hydrometric,  986. 
Gram,  kilogram,  157. 
Graphic  representation,  84  122. 
Gravity,  118, 154, 168. 

centre  of,  218. 

determination  of  the  centre  ol 
214 

plane  of,  line  of  gravity,  218. 

spedflc,  161. 
Gudgeons,  811. 
GuldinuB,  properties  of,  241. 
Gyration,  radius  of,  581,  608. 
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Hard,  872. 
Hardness,  676. 

Head  of  water,  height  of  water,  72Si 
801,809. 
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Heat»  force  of,  163. 
Heat,  work  done  by,  986. 
UeavineflS,  160. 

mean,  of  the  earth,  1051. 

of  air,  796. 

"  Bteam,  795. 

"  water,  160. 
Height  dae  to  the  velocity,  115, 809. 

*<       of  rise,  height  of  fall,  116,  878. 
Horizontal  and  vertical  presBure,  782, 

736,  742. 
Hydraulic  obeervatory,  995. 
HydraulicB,  165. 

Hydrometers,  Hydrometry,  976,  989. 
Hydrometric  goblet,  986. 

"  pendulum,  999. 

Hydrostatic  balance,  757. 
Hydrostatics,  hydrodynamics,  166. 
^rperbola,  61,  80. 


Impact,  different  kinds  of;  667, 668. 

"       direct,  667. 

"       duration  of,  668. 

«'       elastic,  668. 

"       friction  of,  685. 

"      imperfectly  elastic,  680. 

^       line  of  impact,  667 
oblique,  668,  682. 
strength  of,  702, 705. 
Impulse,  1002, 1006. 

of  air  or  wind,  1080. 
"  water,  1006, 1011, 1029. 
Incidence,  angle  of,  684. 
Inclination,  anffle  ci,  814, 689. 
Inch,  water,  9w. 
Inclined  plane,  272,  274, 639. 
Inertia,  157. 

"       force  of,  157, 168,  574. 

"     .  moment  of,  576. 
Inflexion,  1091. 

pomt  of,  55, 424 
Integral,  integral  calculus,  60. 

"        formulas,  78. 
Integration  by  parts,  76. 
Intensity  of  a  force,  164 

"  the    earth's    mafinetism, 

1060. 
Interference  of  waves,  1064, 1089. 
Interpolation,  98. 
Isochronism,  64Q,  658, 669. 


J, 

Jets  of  water,  876. 

Journals,  trunnions,  gndiFeons,  axles. 
806, 811, 846.  e  ^    — >       -, 


Eater's  pendulum,  666. 

Kilogram,  157. 

Knee  lever,  257. 

Kniie  edges  and  points,  862. 

Knots,  2bl. 
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Law  of  Gay-Lussae,  798. 

"    "  Mariotte,  87,  780. 
Laws  of  nature,  85. 
Length  of  a  wave,  1064, 1086L 
Lesbros'  experiments,  846i 
Lever,  arm^of,  195. 

"      bent,  257. 

"      kinds  o^  255, 256,  848. 
Limit  of  elasticity,  371,  876. 
Line  of  current,  mid-channel,  966L 

"     "  gravity,  213. 
"  impact,  667. 
rest,  748. 
support,  748. 
Load,  proof,  379. 

"     eccentric,  480. 
Locks,  924. 
Logarithm,  64 
Longitudinal  vibration,  1045. 
Loss  of  mechanical  effect  in  impact^ 

674  888. 


MacLaurin's  series,  57. 
Magnetic  force,  163, 1056. 

needle,  1068. 
Magnetism,  1054, 1059. 

of  the  earth,  1064 
MaUeability,  872. 
Manometer,  776,  778. 
Mariotte's  law,  87,  780.    , 
Mass,  ISa 

"     moment  of,  577. 
Material  pendulum,  661. 

point,  165. 
Matter,  156. 
Maximum  and  minimum,  68. 

**  "  ocmtraction, 

884 
"  "         tension,  615. 

Mean,  arithmetical,  97. 

'*      harmonic,  675. 
Mechanical  effect,  168, 187, 209. 

"      loss  of,  during  im- 
pact, 674  888. 
"      of  compressed  air, 
783,986. 
of  friction,  818, 886. 
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Meehanical  effect  of  heat,  986. 

•*     of  inertia,,  171,  577. 
"     of  the    eentrifugal 
force,  612. 
Mercury,  eflSux  of,  980. 
Metacentre,  751. 
Metal  spiioga  506. 
Method  of  least  Bqnares,  95. 
"  interpolation,  98. 
Mid-channel,  line  of  current,  956. 
Modulns  of  elasticitj,  878, 407, 1049. 
logarithnu,  65. 
proof   strength,  880,  457, 
529. 
**       "  resilience     and    fragility, 

888,458. 
"        **  rapture,    or    of    ultimate 
,    Btrenfth,  880,  452. 
Molecular  action,  7&. 
Mclecoles,  molecular  forces,  168, 762. 
Moment,  magnetic,  1054, 1060. 
of  a  couple,  200,  20L 
"  inertia,  577. 
"  parallel  forces,  207. 
statical,  105. 
Momentum  of  a  body,  670. 
Motion,  absolute  and  relative,  105, 149. 
"       ai^leratod,  retarded,  106. 
curvilinear,  141, 145, 180. 
in  resisting  media,  1085. 
kinds  of,  578. 
of  air  in  pipes,  950. 

water  in  channels,  955,  969. 
water  In  pipes,  869. 
«        "  tninslation,  57a 
"       phases  of,  1062. 
"       rectilinear    and    curvilinear, 

105. 
"       simple  and  composed,  126. 
nniiorm  and  variable,  106. 


H. 


Napeiian  logarithms,  64,  80. 
Natural  philosophy,  154 
Nature,  laws  of,  85. 
Neil's  parabohi,  86. 
Neutral  axis,  surface,  410. 
Nicholson's  hydrometer,  759. 
Normal,  87. 

acceleration.  143,  607. 

force,  189,  607. 
Notches,  overfalls,, weirs,  811,  914 
Numbers,  natural  seiieB  of,  59. 


« 


« 


« 


u 


« 


u 


u 


it 


Obelisk,  efflux  from  an,  919. 
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Obelisk,  centre  of  gravity  of,  284 
Oblique  coordinutes,  79. 
Observatory,  hydraulic,  995. 
Oil,  efflux  of,  980. 
Ordinates,  84. 

'*         acceleration  along  the,  146. 
"         velocity  along  tiio,  145. 
Orifices  in  a  thin  i  late,  821,  b80,  944. 
inlet  and  outlet,  875,  880. 
"       of  efflux,  800. 
"      rectangular.  812,  828, 842, 846. 
OsdUation,  649,  1042. 

amplitude  of  an,  649, 1048. 

centre  of,  661. 

period  of  an,  649, 1048, 1067. 

of  a  pendulum,  649. 

of  the   magnetic   needle, 

1055. 
of  water,  1079. 
Overfalls,  notches,  weirs,  811, 888, 844, 
849,  914 


P. 


Parabola,  8,  87, 188,  291, 
Parabolic  motion,  184, 141. 
Paraboloid,  591,  720. 
Parallel  forces,  199. 
pUtes,  770. 
Parallelogram  of  accelerations,  182. 
-  "  forces,  177. 

motions,  127. 
velocities,  128. 
Parallelopipedon  of  velocities,  182. 
Pendulum,  ballistic,  698. 
bob  of  a,  591. 
compound,  649,  661. 
hydrometric,  999. 
Boater's,  665. 
oscillation  of  a,  649. 
reversable,  665. 
rocking.  665. 

simple,  mathematical,  648^ 
661. 

Perfect  fluids,  712. 
Percussion,  centre  of.  687,  692. 

point  of,  692. 
Period,  periodic  motion,  106, 121. 
Permanency,  state  of,  of  running  wi^ 

ter,  957. 
Permanent  extension  or  set,  875,  894 
Phoronomics,  105, 154 

formulas  of,  119. 
Piezometer,  779,  881. 
Pile  driving,  698. 
Pipes,  long,  868. 

"      thickness  of.  78a 
Piston  rod,  588.  578. 
Pitot's  tube,  998. 
Pivots,  friction  of,  845. 
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Plane,  inclined,  272,  323. 

''      of  revolution,  248. 
Pneumatics,  105. 
Point  of  application,  103, 102. 

**      **  inllexioD,  54. 

"      "  suspension,  249,  664. 
Polyhedron,  centre  of  jpravity  oi,  281. 
Poncelet's  orifice  of  efflux,  82a 

"         theorem,  341. 
Position,  105,  150. 

"        relative,  relative  motion,  150. 
Pound,  157. 

Powers,  natural  series  ot,  64 
Pressure,   hydraulic,     hjdrodynamlc, 

8oa 

hydrostatic,  718,  728,  724. 
in  water,  724 

of  the  atmosphere,  777, 787. 
on  the  bottom,  721. 
vertical,  horizontal,  782. 
Principal  axes,  624. 
Principle  of  equal  pressure,  718. 
Profile,  longitudinal  and  transverse, 
055. 
"       transverse,  of  running  water, 
955. 
Projectile,  path  of  a,  1088. 
ProiectUeS)  height  attained  by,  range 
of,  136. 
"  motion  of,  in  the  air,  186. 

"  motion  of,  in  vacuo,  1088. 

Prony's  method  of  measuring  water, 

982. 
Proof  load,  proof  strength,  879,  451. 

"       "     moment  of,  451,  472. 
Proof  strength,  modulus  of,  880, 457, 
'  529. 

Propagation,  velocity  of,  1062, 1085. 
Properties  of  Guldinus,  241. 
Prosaphy  and  syna^iy,  768. 
Pull,  traction,  156,  874. 
Pulley,  fixed  and  movable,  808,  804 

868,601. 
Puppet  valve,  905. 


u 


Quadrature  of  curves,  78. 
Quantities,  constant  and  variable,  88. 
Quicksilver,  efflux  of,  930. 
Quotient  %,  98. 

differential  of  a»4& 


B. 


Badius  of  curvature,  87, 142.  418. 

<*      "  gyraUon,  681,  609. 
Bam,  69a 
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Beaction,  164 

of  effluent  water,  1002. 
wheel,  1015. 
Rectification  of  curves,  85. 
Keduction  of  a  force,  255. 
*'  mssees,  578. 
"  the   moment  of  flexuie, 

432. 
"  the  moment  of  inertia, 
680. 

Reflection,  angle  of,  684. 
Regulating  apparatus,  900. 
Reprtjsentation,  graphic,  84, 122. 
Resilience,  modulus  of,  8ta  458. 
Resistance^  coefficient  of,  856, 884 
height  of,  856. 
of  water,  1028. 
to   buckling  or  breaking 

across,  586. 
to  compression,  876,  892. 
Resistances,  155,  809. 

"  passive,  1077. 

Rest,  absolute,  relative,  105. 
Resultant,  174  177,  194 
Revolution,  axis  of,  205,  248, 678, 629. 
plane  ot|  248. 
solids  and  surfaces  of,  288, 
241,  242,  593,  626. 
Rheometer,  1001. 

Rigidity  of  cordage  and  chains,  861, 86a 
"       of  hemp  and  wire  ropes^  864 
866. 
River,  bed  of  a,  955. 
Rocking,  rocking  pendulum,  666. 
Rod,  vibration  of  a,  1072. 
Rolling  down  an  inclined  plane^  64a 
•    *'       friction,  85a 

of  Iwdies,  605. 
RotaiT  motion,  210,  211. 
Rotation,  axis  of,  206, 248, 678, 629. 
"        plane  of.  248. 
<*        time  of,  609. 
Running  water,  955. 
Rupture  by  breaking  across,  686. 
modulus  of,  881,  462. 
plane  of,  eroes-section  o(  495^. 


8. 


Scale  of  velocities  of  a  stream,  957. 
Set,  permanent  extension,  876, 894 
Sheading  force,  412,  510. 

strength  of,  878,  406. 
Shoots,  efflux  through,  848,  860. 
Short  pipes,  conical,  861,  891. 

**         **     conical  convergent,  861. 

«         "     conical  divergent  862. 

"         •'     cylindrical,  858,  888. 

efflux  through,  862,  854 
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Sbort  pipes,  incUned,  857. 
"     interior,  855. 
Simpflon's  rule,  81. 
Sine,  carve  ai,  71. 

"     ftinction  of  the,  70. 
Sliding,  310,  689. 

"       down  an  inclined  plane  when 
friction  is  coxudoered,  648. 
Slope  of  a  stream,  055. 
Soft,  872. 

Sound,  velocity  of,  1066. 
Sounding  rod,  sounding  chain,  001. 
Specific  gravity,  161,  7oli. 
Sphere,  227. 236, 588, 605, 646, 747, 018. 
Spheroid,  237,  588. 
Springs,  spring  dTnamometer,  506. 

fbroe  ot  168. 
Statics,  155, 165. 
Stability,  250,  264,  260. 

"        of  floating  bodies,  750. 
Steam,  expansive  force  of,  85. 

"      heaviness  of,  705. 
Steel  springs,  506. 

"    tempered  and  annealed,  400. 
Steieometer,  788. 
Straight  line,  40. 
Strength,  872. 

of    bncUing    or    breakinjf 

across,  585. 
ultimate,  879,  880. 
String,  vibrations  of  a  stretched,  1070. 
Subnormal,  87. 
Subtangent,  40,  66.  202. 
Surfiice,  neutral,  410. 

•*       of  water,  719. 
Surfiices,  carved,  40. 
Symmetrical  bodies,  215. 
Symmetry,  axis  of,  plane  o(  215. 
Syphon  manometer,  778. 


T. 


Tachometer,  Woltmann's,  902. 
Tangent,  tangential  angle,  80,  47, 146. 
"       function  of,  curve  of,  71. 
"       plane,  40. 
Tangential  acceleration,  144. 
force,  189. 
*'         velocity,  146. 
Tantochronism,  659. 
Temperature,  798. 
Tension,  281.  775,  776,  798. 

horiEontal  and  vertical,  287. 
Theorem,  Poncelet's,  841. 
Thickness  of  boUers  and  pipes,  788. 
Throttle-valve,  901, 008. 
Top,  610. 
Toruon,  872,  528. 

angle  of,  524. 
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Tondon  balance,  1050. 

elasticity  of,  878,  528. 

moment  of,  524. 

pendulum,  vibrations  due  to 

torsion,  1050. 
strength  of,  373,  528. 
Traction,  pull,  156,  874. 
Tractriz,  850. 

Translation,  motion  of,  578. 
Transverse  vibrations,  1048, 1070. 

"  profile  of  running  vrater, 

055,  050. 
Trigonetrical  functions,  70. 

lines,  72. 
Twisting  couple,  564. 
Tubes,  conical,  convergent,  861. 
"       divergent,  862. 
"      short,  efSux  through,  853, 864 
"      conical,  861,  801. 
"      cylindrical,  858,  88a 
"      inclined,  557. 
"      interior,  855. 
"     long  or  pipes,  868. 


Ultimate  strength,  modnluB  of,  880, 

452. 
Undents,  810. 
Umform  motion,  106. 
Uniformly  accelerated,  uniformly  re- 
tarded motion,  107,  lOOi 
112. 
"         varied  motion,  107. 
Unit  of  weight.  157. 
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iignt.  lo'i 
work,  160. 
Upward  thrust,  buoyant  efifort,  748, 
797. 


Valve-gate,  900,  OOa 
Valves,  776,  770.  904 
"      dack,  900.  005. 
"      puppet,  905. 
"      throttle,  001,  008. 
Variable,  variable  quantity,  88. 
dependent,  88. 
"      ^  independent,  88. 
motion,  106, 117. 
"  "       of   running   water. 

060. 
Velocity,  107. 

along  the  absdssas,  146. 
along  the  ordinates,  146. 
coefficient  of,  824,  044 
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final,  108. 

height  due  to  the,  115,  800. 
«< 


initial,  108. 
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Velodtj,  meaD ,  121, 124, 956. 

of  propagation,  1002, 1066. 

of  ranning  water,  956. 

of  sound,  1006. 

sudden  variation  of,  885. 

virtual,  187,  209,  212,  275. 
Vibiation  of  a  stretched  string,  1070. 

"         of  an  elastic  rod,  1072. 
Virtual  velocity,  186,  209,  212,  276. 
Vis  viva,  principle  of,  171, 174 
Volume,  156. 
Volumeter,  789. 
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Water,  apparatus  for  measuring,  976. 
^uz  of,  80a 
heaviness  of,  160. 
height  of  in  communicating 

tubes,  728.  761. 
hydraulic  pressure  of,  808. 
hydrostatic  pressure  of,  7^ 
inch,  988. 
jets  of,  188. 
meters,  1020. 
ranning,  955. 
stream  of,  801,  821. 
surface  of,  718,  766,  767. 
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Water,  waves  of,  1084 
Waves^  1062. 

crest  and  trough  of,  1066. 
height  of,  length  o^  1086. 
of  water,  1064 
Web,  478,  479. 
Wedge,  277,  829,  496. 
Weight,  absolute,  156, 159, 161. 

unit  of,  157. 
Weir,  overfall,  notch,  811,  883,  844, 

849,914 
Wheel  and  axle,  805,  567,  596. 
Work  done  by  a  force,  mechanical  ef- 
fect, 168, 187,  209. 
"     "    friction,  813, 886. 
«     "    heat,  986. 
"     "    inertia*  171,  677. 
unit  of,  169. 
Workii^  load,  880. 
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Ximenes*  experiments  on  friction,  818* 
"        water  vane,  1001. 


Zone,  698. 


Scientific  Books. 


FRANCIS'  (J.  B.)  Hydraulic  Experiments.  Lowell  Hydraulic  Ex* 
periments — ^being  a  Selection  from  Experiments  on  Hydraulic 
Motors,  on  the  Flow  of  Water  over  Weirs,  and  in  Open  Canals  of 
Uniform  Rectangular  Section,  made  at  Lowell,  Mass.  By  J.  B. 
Francis,  Civil  Engineer.  Second  edition,  revised  and  enlarged,  in- 
cluding many  New  Experiments  on  Gauging  Water  in  Open  Canals, 
and  on  the  Flow  through  Submerged  Orifices  and  Diverging  Tubes. 
With  23  copperplate^,  beautifully  engraved,  and  about  100  new 
pages  of  text,     i  vol.,  4to.     Cloth.    I15. 

Most  of  the  practical  rales  glyen  in  the  books  on  hydnnlles  haTe  been  determined  from  ex 
periments  made  in  other  «>antrles,  with  insnlllcient  i4>paratas,  and  on  sndi  a  mlnnte  scale,  that 
In  applying^  them  to  the  large  operations  arising  In  practice  In  this  conntrj,  the  engineer  cannot 
bot  donbt  their  reliable  applicability.  The  parties  controlling  the  great  water-power  ftirnlshed 
b7  the  Merrimack  Blver  at  Lowell,  Massacfaoaetts,  felt  this  so  keenly,  that  they  haTO  deemed  it 
necessary,  at  great  expense,  to  determine  anew  some  of  the  most  important  roles  tot  ganging 
the  flow  of  largo  streams  of  water,  and  for  this  purpose  haTeoaosed  to  be  made,  with  great  care, 
several  series  of  experiments  on  a  large  scale,  a  selectton  from  which  are  mlnntely  detailed  in 
thisTolame. 

The  work  is  dlrided  into  two  parts— Pabt  I.,  on  hydraulic  motors,  inelndes  ninety-two  experi- 
ments on  an  improved  Fonrnoyron  Torblne  Water- Wheel,  of  aboat  two  hundred  horse-power, 
with  rales  and  tables  for  the  constniction  of  similsr  motors  :^Thlrteen  experiments  on  a  model 
of  a  centre-vent  water-wheel  of  the  most  simple  design,  and  thirty-nine  experiments  on  a  centre 
vent  water-wheel  of  aboat  two  hnndred  and  thirty  hofse-power. 

Pabt  IL  indades  seventy-fonr  experiments  made  for  the  pnrpose  of  determining  the  form  of 
the  formola  for  computing  the  flow  of  water  over  weirs ;  nine  experiments  on  the  effect  of  back- 
water on  the  flow  over  weirs ;  eighty-eight  experiments  made  for  the  purpose  of  determining 
the  formula  for  computing  the  flow  over  weirs  of  regular  or  standard  forms,  with  several  tables 
of  comparisons  of  the  new  formula  with  the  results  obtained  by  former  experimenters ;  Ave  ex- 
periments on  the  flow  over  a  dam  in  which  the  crest  was  of  the  same  form  as  that  built  by  the 
Buex  Company  across  the  Merrimack  Blver  at  lAWience,  Massachusetts ;  twenty-one  experi- 
ments on  the  eflbct  of  observing  the  depths  of  water  on  a  weir  at  different  distances  from  the 
weir ;  an  extensive  series  of  experiments  made  for  the  purpose  of  determining  rales  for  gaug- 
ing streams  of  water  in  open  canals,  with  tr''4es  for  fodlitatlng  the  same ;  and  one  hundred  and 
one  experiments  on  the  discharge  of  water  l^roufl^  submerged  orifices  and  diverging*  tubes,  t3ie 
whole  being  foUy  illustrated  by  twenty-three  double  plates  engraved  on  copper. 

In  1866  the  proprietors  of  the  Locks  and  Canals  on  Merrimack  River,  at  whose  expense  most 
of  the  experiments  were  made,  being  willing  that  the  public  should  share  the  benefits  of  the 
sdendfic  operations  promoted  by  them,  consented  to  the  publlcatloii  of  the  first  edition  of  this 
work,  which  contained  a  selection  of  the  most  important  hydraulic  experimenta  made  at  Lowell 
up  to  that  time.  In  this  second  edition  the  principal  hydraulic  experiments  made  there,  subso* 
fuent  to  1866,  have  been  added,  includiug  the  important  series  above  mentioned,  for  detennla- 
Ing  rales  for  the  gauging  the  flow  of  water  In  open  canals,  and  the  Interesting  series  on  the  flow 
through  a  submerged  yentari*8  tube,  in  which  a  larger  flow  was  obtained  than  any  we  And  ra> 
^4orded» 

FRANCIS  (J.  E)  On  the  Strength  of  Cast-Iron  Pillars,  with  Tablet 
for  the  use  of  Engineers,  Architects,  and  Builders.    By  James  B» 
Feakcis^  Civil  Engineer,     i  vol,  8vo.    Cloth.    $2. 
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HOLLEY'S  RAILWAY  PRACTICE.  American  and  Earop^n 
Railway  Practice,  in  the  Economical  Generation  of  Steam,  in- 
cluding the  materials  and  construction  of  Coal-burning  Boiler^ 
Combustion,  the  Variable  Blast,  Vaporization,  Circulation,  Super- 
heating, Supplying  and  Heating  Feed-water,  &c. ,  and  the  adaptation 
of  Wood  and  Coke-burning  Engines  to  Coal-burning ;  and  in  Per- 
manent Way,  including  Road-bed,  Sleepers,  Rails,  Joint  Fastenings, 
Street  Railways,  &c,  &c  By  Alexander  L.  Holley,  B.  P.  Wiib 
77  lithographed  plates,     i  vol.,  folio.     Cloth.     $12. 


**  This  is  an  eUbonte  traatlie  bj  one  of  onr  ablest  dyil  engineers,  on  the  constnictton  and 
of  locomotiyes,  with  a  few  chapters  on  the  bollding  of  Ballroads.  ^  *  *  All  these  sabjecti 
are  treated  by  the  author,  who  Is  a  i&rstHdass  railroad  engineer,  in  both  an  Intelligent  and  tnteOi> 
giUe  manner.  The  (hcts  and  ideas  are  weU  arranged,  and  presented  in  a  clear  and  simple  styl0| 
aoeompanied  by  beantifhl  engravings,  and  we  presume  the  work  will  be  regarded  as  Indlspen^ 
able  by  all  who  are  interested  in  a  knowledge  of  the  construction  of  railroads  and  rolling  slocl^ 
«r  the  working  of  looomoUTes.^— r6Seisn<(^  Amtrieaiu 

HENRICI  (OLAUS).    Skeleton  Structures,  especially  in  their  Appli- 
cation to  the  Building  of  Steel  and  Iron  Bridges.     By  Olaus 
Henrici.    With  folding  pUtes  and  diagrams,     i  vol.,  8vo.    Cloth. 

♦3. 

WHILDEN  (J.  K.)   On  the  Strength  of  Materials  used  in  En- 
gineering Construction.     By  J.  K.  Whildsn.     i  vol.,  i2mo. 
Cloth.    $2. 

**We  Und  in  this  work  tables  of  the  tsosQa  strength  of  timber,  metals,  stones,  wire,  tops, 
hempen  cable,  strength  of  thin  cylinders  of  cast-iron ;  modulus  of  elasticity,  stren^gth  of  thick 
flinders,  as  cannon,  Ac,  effects  of  reheating,  Ac,  resistance  of  timber,  metals,  and  stona  tm 
cmshing;  experiments  on  brick-work;  strength  of  pillars;  collapse  of  tube;  experlmeDts  nm 
punching  and  shearing ;  the  transverse  strength  of  materials ;  beams  of  uniform  strength ;  tabic 
of  coefficients  of  timber,  stone,  and  iron;  relatire  strungth  of  weight  in  cast>iron,  tnuuTsna 
strength  of  alloys ;  experiments  on  wrought  and  cast-iron  beams:  lattice  girders,  trussed  caai* 
toon  girders ;  deflection  of  beams ;  torsional  strength  and  torsional  elastld^.**— ulflMrleaii  A/s 

AMPIN  (F.)  On  the  Construction  of  Iron  Roofs.     A  Theoretical 
and  Practical  Treatise.     By  Francis  Campin.    With  wood-cuts  and 
plates  of  Roofs  lately  executed.     Large  8vo.     Cloth.     $3. 


c 


BROOKLYN  WATER-WORKS  AND  SEWERS.  Containing  % 
Descriptive  Account  of  the  Construction  of  the  Works,  and  also 
Reports  on  the  Brooklyn,  Hartford,  Belleville,  and  "Cambridge 
Pumping  Engines.  Prepared  and  printed  by  order  of  J.e  Board  of 
Water  Commissioners.  With  illustrations,  i  vol,  folio.  Cloth. 
$15. 

ROEBLING  Q.  A.)    Long  and  Short  Span  Railway  Bridges.     By 
John  A.  Rosbuno,  C  £.     Illustrated  with  large  copperplate  en- 
gravings  of  plans  and  views.     Imperial  folio,  cloth.    $25. 

CLARKE  (T.  C. )  Description  of  the  Iron  Railway  Bridge  acitMi 
the  Mississippi  River  at  Quincy,  Illinois.  By  Thomas  Curtii 
Clarke,  Chief  Engineer.  Illustrated  with  numerous  lithographed 
plana,     i  vol..  4ta     Cloth.    17.5a 
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WILLIAMSON  (R.  S.)  On  the  Use  of  the  Barometer  on  Surveyi 
and  Reconnaissances.  F^rt  I.  Meteorology  in  its  Connection 
with  Hypsometiy.  Part  II.  Barometric  Hypsomeiiy.'  By  R.  S. 
Willi  AiiSON,  Bvt.  Lieut -Col.  U.  S.  A.,  Major  Corps  of  Engineers. 
With  Illustrative  Tables  and  Engravings.  Paper  No.  15,  Professional 
Papers,  Corps  of  Engineers,     i  vol.,  4to.     Cloth.     $15. 

**Bav  FBAVonoo,  Gill.,  Aft.  tr,  1891. 
''Gen.  A.  A.  Hviifbkiti,  Chief  of  Bnglnaen,  IT.  8.  Army: 

**  Gbnbhai<— I  hftTo  the  honor  to  submit  to  yon,  In  the  following  pages,  the  results  of  my  1» 
▼estigatloDS  In  meteorology  and  hypsometry,  made  with  the  rlew  of  ascertaining  how  flur  the 
harometer  can  be  used  as  a  reliable  instnunent  for  determining  altitudes  on  extended  lines  of 
nrvey  and  reconnaissances.  These  InTestigations  hare  occupied  the  leisure  permitted  me  th>m 
my  professional  duties  during  the  last  ten  years,  and  I  hope  the  results  will  be  deemed  of  sntt« 
•MDt  value  to  have  a  place  assigned  them  among  the  printed  professional  papers  of  the  tlnited 
States  Ooriw  of  Bnginoers.  Very  respectlhUy,  your  obedient  serront, 

''R.  8.  WILLIAMSOir, 
*« Bvt  Lt-CoL  U.  a  A.,  H%)or  Oorpe  of  U.  a  fnjlmiffi"^ 

TUNNER  (P.)  A  Treatise  on  Roll-Turning  for  the  Manufacturef  of 
Iron.  By  Peter  Tunner.  Translated  and  adapted.  By  JoaK  B. 
Pearse,  of  the  Pennsylvania  Steel  Works.  With  numerous  engrav* 
ings  and  wood-cuts,  i  vol.,  8vo.,  with  i  vol.  folio  of  plates.  Cloth.  |ia 

SHAFFNER  (T.  P.)  Telegraph  Manual.  A  Complete  History  and 
Description  of  the  Semaphoric,  Electric,  and  Magnetic  Telegraphs 
of  Europe,  Asia,  and  Africa,  with  625  illustrations.  By  Tal.  P. 
Shaffner,  of  Kentucky.  New  edition,  i  vol.,  8vo.  Cloth.  850 pp^ 
$6.50. 

MINIFIE  (WM.)  Mechanical  Drawing.  A  Text-Book  of  Geomet- 
rical Drawing  for  the  use  of  Mechanics  and  Schools,  in  which 
the  Definitions  and  Rules  of  Geometry  are  familiarly  explained ;  the 
Practical  Problems  are  arranged,  from  the  most  simple  to  the  more 
complex,  and  in  their  description  technicalities  are  avoided  as  much 
as  possible.  With  illustrations  for  Drawing  Plans,  Sections,  and 
Elevations  of  Buildings  and  Machinery ;  an  Introduction  to  Isomet- 
rical  Drawing,  and  an  Essay  on  Linear  Perspective  and  Shadows. 
Illustrated  with  over  200  diagrams  engraved  on  steel.  By  Wm 
MiNiFiB,  Architect  Seventh  edition.  With  an  Appendix  on  the 
Theory  and  Application  of  Colors,     i  vol.,  8vo.     Cloth.     $4. 

^  It  is  the  best  work  on  Drawing  that  we  have  ever  seen,  and  is  especially  a  tezt>book  of  Ge»< 
metrical  Drawing  for  the  use  of  Mechanics  and  Schools.  No  young  Mechanic,  such  as  a  Ma- 
chinist, Engineer,  Oabinet-Maker,  Millwright,  or  Carpenter  should  be  wlUiout  XV-^-admUHJU 

**  One  of  the  most  comprehenshre  works  of  the  kind  erer  pubttshed,  and  cannot  but  poaaeat 
great  yalne  to  builders.   The  style  is  at  onoe  elegant  and  substantial.**— iVfUMyfeemia  Inquk^tr. 

**  Whatever  ia  said  ia  rendered  perfectly  intelligible  by  remarkably  well-executed  diagrams  cm 
steel,  learing  nothing  fbr  mers  vague  supposition;  and  the  addition  of  aa  Introduction  to lao> 
metrical  drawing,  linear  perspectlTe,  and  the  projection  of  ahadows,  winding  up  wUh  a  naelkl 
index  to  technical  terms.**— fiVsf^me  MeehanUt'*  JaumaL 

^F"  The  British  P.»vemment  has  anthoriaed  the  nae  of  this  bodk  In  their  sehoola  oC  art  at 
Bomereet  House,  Umdon,  and  throughout  the  kingdom. 

MINIFIE  (WM.)  Geometrical  Drawing.    Abridged  from  the  octavo 
edition,  for  the  use  of  Schools.     Illustrated  with  48  steel  plates. 
Fifth  edition,  i  vol.,  12 mo.     Half  roan.     $1.50. 
**It  is  well  adapted  as  a  text-book  of  drawing  tc  be  used  in  our  Hifl^  Sehoola  and  Academlea 
frlMtethjiaseftil  brancfaof  the  line  arts  has  been  hitherto  too  much  neglected.**-"flHWm  Jiwrnfc 
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PEIRCE'S  SYSTEM  OF  ANALYTIC  MECHANICa  Physfcal 
and  Celestial  Mechanics,  by  Benjamin  Peircs,  Perkins  Professor 
of  AstroYiomy  and  Mathematics  in  Harvard  University,  and  Con- 
sulting Astronomer  of  the  American  Ephemeris  and  Nautical  Al- 
manac.  Developed  in  four  systems  of  Analytic  Mechanics,  Celestial 
Mechanics,  Potential  Physics,  and  Analytic  Morphology,  i  vol, 
4to.     Cloth.     $io. 

GILLMORE.  Practical  Treatise  on  Limes,  Hydraulic  Cements,  and 
Mortars.  Papers  on  Practical  Engineering,  U.  S.  Engineer  De- 
partment, No.  9,  containing  Reports  of  numerous  experiments  con- 
ducted in  New  York  City,  during  the  years  1858  to  1861,  inclusive. 
By  Q.  A.  GiLLMORE,  Brig. -General  U.  S.  Volunteers,  and  Major  U. 
S.  Corps  of  Engineers.  With  numerous  illustrations.  One  volume^ 
octavo.     Cloth.     $4. 

ROGERS  (H.  D.)    Geology  of  Pennsylvania.     A  complete  Scien* 
tific  Treatise  on  the  Coal  Formations.     By  Henry  D.  Rogers, 
Geologist     3  vols.,  4to.,  plates  and  maps.     Boards.     $30. oa 

BURGH  (N.  P^  Modern  Marine  Engineering,  applied  to  Paddle 
and  Screw  Propulsion.  Consisting  of  36  colored  plates,  259 
Practical  Woodcut  Illustrations,  and  403  pages  of  Descriptive  Matter, 
the  whole  being  an  exposition  of  the  present  practice  of  the  follow- 
ing firms :  Messrs.  J.  Penn  &  Sons ;  Messrs.  Maudslay,  Sons,  & 
Field  ;  Messrs.  James  Watt  &  Co.  ;  Messrs.  J.  &  G.  Rennie  ;  Messrs. 
R.  Napier  &  Sons ;  Messrs.  J.  &  W.  Dudgeon ;  Messrs.  Ravenhill 
&  Hodgson;  Messrs.  Humphreys  &  Tenant;  Mr.  J.  T.  Spencer, 
and  Messrs.  Forrester  &  Co.  By  N.  P.  Burgh,  Engineer.  In  on© 
thick  vol.,  4to.     Cloth.     $30.00.     Half  morocco.     $35.00. 

KING.  Lessons  and  Practical  Notes  on  Steam,  the  Steam-Engine, 
Propellers,  Sec,  &c.,  for  Young  Marine  Engineers,  Students, 
and  others.  By  the  late  W.  R.  King,  U.  S.  N.  Revised  by  Chief- 
Engineer  J.  W.  King,  U.  S.  Navy.  Ninth  edition,  enlarged.  Svo. 
Cloth.     $2. 

WARD.  Steam  for  the  Million.  A  Popular  Treatise  on  Steam  and 
its  Application  to  the  Useful  Arts,  especially  to  Navigation.  By 
J.  H.  Ward,  Commander  U.  S.  Navy.  New  and  revised  edition. 
I  vol.,  8vo.     Cloth.     $1. 

WALKER.     Screw  Propulsion.     'Notes  on  Screw  Propulsion,  its 
Rise  and  History.     By  Capt  W.  H.  Walker,  U.  S.  Navy,     i 
vol.,  Svo.     Cloth.     75  cents. 

THE  STEAM-ENGINE  INDICATOR,  and  the  Improved  Mano- 
meter Steam  and  Vacuum  Gauges  r  Their  Utility  and  Application. 
By  Paul  Stillman.  New  edition.  1  vol.,  i3mo.  Flexible  doth. 
$1. 

I  SHERWOOD.     Engineering  Precedents  for  Steam  Machinery.     Ar- 
ranged in  the  most  practical  and  useful  manner  for  Engineers.     By 
B.  F.  IsHSRwooD,  Civil  Engineer  U.  S.  Navy.     With  illus(Tationf 
Two  volumes  in  one.     Svo.     Cloth.     $3. 5a 
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POOR'S  METHOD  OF  COMPARING  THE  LINES  AND 
DRAUGHTING  VESSELS  PROPELLED  BY  SAIL  OR 
STEAMy  including  a  Chapter  on  Laying  off  on  the  Mould-Lofi 
Floor.  By  Samuel  M.  Pook,  Naval  Constructor,  i  vol.,  8va 
With  illustrations.     Cloth,     $5. 

SWEET  (S.  H.)  Special  Report  on  Coal ;  showing  its  Distribution, 
Classification  and  Cost  delivered  over  different  routes  to  varioni 
points  in  the  State  of  New  York,  and  the  principal  cities  on  the 
Atlantic  Coast    B7  S.  H.  Sweet.    With  maps,     i  vol.,  8vo.    Cloth. 

$3- 

ALEXANDER  (J.  H.)  Universal  Dictionary  of  Weights  and  Meas- 
ures, Ancient  and  Modem,  reduced  to  the  standards  of  the  United 
States  of  America.  By  J.  H.  Alrxander.  New  edition,  i  vol., 
8vo.    Cloth.     $3.50. 

**'As  a  ftandaid  work  of  reftrenoe  Vbl%  book  dumld  be  In  vrwj  Kbraiy;  It  it  ooe  which  m 
have  long  wanted,  and  it  will  laTO  na  much  troable  and  iwearch.**— <Sblm<^  AmtHoan. 

CRAIG  (B.  F. )  Weights  and  Measures.  An  Account  of  the  Deci- 
mal System,  with  Tables  of  Conversion  for  Commercial  and  Scien- 
tific Uses.  By  B.  F.  Craig,  M.  D.  i  vol.,  square  32mo.  Limp 
cloth.     50  cents. 

"  The  most  Incid,  accarate,  and  naeftil  of  all  the  hand-bo6kB  on  fhia  aabject  that  we  hare  y«l 
■een.  It  giyes  forty-ecTen  tables  of  oompaiieon  between  the  TfagWwh  and  French  denominatlona 
of  length,  area,  capacity,  weight,  and  the  centigiade  and  Fahrenheit  thennometers,  with  clear 
InstructionB  how  to  ase  them ;  and  to  tUa  practical  portion,  which  helpa  to  make  the  transitioii 
OB  easy  as  possible,  is  prefixed  a  sdentifle  explanation  of  the  erroni  in  the  metric  syitem,  and 
how  they  may  be  corrected  in  the  laboratory."— ifoMon. 

BAUERMAN.  Treatise  on  the  Metallurgy  of  Iron,  containing 
outlines  of  the  History  of  Iron  manufacture,  methods  of  Assay, 
and  analysis  of  Iron  Ores,  processes  of  manu&cture  of  iron  and 
Steel,  eta,  etc.  By  H.  Bausrman.  First  American  edition.  Re- 
vised and  enlarged,  with  an  appendix  on  the  Martin  Process  fot 
making  Steel,  from  the  report  of  Abram  S.  Hewitt  Illustrated 
with  numerous  wood  engravings.     i2mo.     Cloth.     $2.50. 

**  This  is  an  Important  addition  to  the  stock  of  technical  worka  published  in  thla  ooontiy.  II 
embodies  the  latest  ftcta,  disooTerlea,  and  processes  connected  with  the  mannlhctare  of  Im 
and  steel,  and  should  be  in  the  hands  of  erery  person  interested  in  the  tnlject,  as  well  as  in  all 
technical  and  sdentiflc  Ubcariea.**— Al«i<(/ld  Amtrieai^ 

HARRISON.  Mechanic's  Tool  Book,  with  practical  rules  and  sug* 
gestions,  for  the  use  of  Machinists,  Iron  Workers,  and  others. 
By  W.  B.  Harrison,  associate  editor  of  the  '*  American  Artisan." 
Illustrated  with  44  engravings.     i2mo.     Qoth.     $2.50. 

**Thia  work  is  specially  adapted  to  meet  tiie  wanta  of  Uaehiniata  and  workers  Id  Iron  gene^ 
any.  It  is  made  np  of  the  woik-day  experience  of  an  InteUlftent  and  ingeniooa  mechanic,  who 
had  the  fhcolty  of  adapting  toola  to  Tarioos  pnrpoaes.  The  practicability  of  his  plans  and  sn^ 
Cestions  are  made  apparent  eren  to  tha  unpractiiad  ^ya  by  a  seriea  of  weD-ezecated  woiii  mur 
gmTlngs.**— PmMK^AIa  /iiffiiiffw. 


D,  Van  NbslrancPs  Publicaiiona. 

PLYMPTON.  The  Blow-Rpe  :  A  System  of  Instniction  in  its  pimo* 
tical  use,  being  a  graduated  course  of  Analysis  for  the  use  of 
students,  and  all  those  engaged  in  the  Examination  of  Metallic 
Combinations.  Second  edition,  with  an  appendix  and  a  copioni 
index.  By  George  W.  Flympton,  of  the  Polytechnic  Institute, 
Brooklyn.     12  mo.     Goth.     $2. 

«  Tbls  nuuraal  ptobMj  bM  no  niperior  In  tlM  Ingliiii  iMtguga  m  a  tezfc'book  ftir  IwnlimfW, 
OT  ai  ft  galde  to  \ht  stadont  working  wltfaoat  ft  teacher.  To  tho  latter  many  illiutmtloiia  of  tlit 
tttensilt  and  apparatos  required  in  uting  the  blow-pipe,  aa  well  aa  the  fhlly  Hloatrated  deacilp» 
tlon  of  the  hlow-pipe  Hame,  will  he  especially  eerviceable.**— JITMa  Torit  Ttaehtr, 

NUGENT.  Treatise  on  Optics :  or,  Light  and  Sight,  theoretically 
and  practically  treated  ;  with  the  application  to  Fine  Art  and  In- 
dustrial Pursuits.  By  E.  Nugent.  With  one  hundred  and  three 
illustrations.     i2mo.     Cloth.     $2. 

**  This  hook  is  of  a  practical  rather  than  a  theoretical  kind,  and  is  designed  to  aflbrd  acGunto 
and  complete  inlbrmatlon  to  all  interested  in  applications  of  the  8ciettoe."~J29iifuf  Tabk. 

SILVERSMITH  (Julius).  A  Practical  Hand-Book  for  Miners,  Met- 
allurgists, and  Assayers,  comprising  the  most  recent  improvements 
in  the  disintegration,  amalgamation,  smelting,  and  parting  of  the 
Precious  Ores,  with  a  Comprehensive  Digest  of  the  Mining  Laws. 
Greatly  augmented,  revised,  and  corrected.  By  Juuus  SiLVERSMns. 
Fourth  edition.    Profusely  illustrated,     i  vol.,  i2mo.    Cloth.    $3. 

C LOUGH.    The  Contractors'  Manual  and  Builders'  Price-Book.     By 
A.  B.  Clough,  Architect     i  vol.,  i8mo.     Cloth.     75  cents. 

BRUNNOW.      Spherical   Astronomy.     By  F.    Br(^nnow,    Ph,    Dr. 
Translated  by  the  Author  from  the  Second  German  edition,     i 
vol.,  8vo.     Cloth.     $6.50. 

CHAUVENET  (Prof.  Wm.)  New  method  of  Correcting  Lunar  Dis- 
tances, and  Improved  Method  of  Finding  the  Error  and  Rate  of  a 
Chronometer,  by  equal  altitudes.  By  Wm.  Chauvsnet,  LL.D.  i 
vol.,  8vo.     ClotL     $2. 


A 


G 


SYNOPSIS  OF  BRITISH  GAS  LIGHTING,  comprising  the 
essence  of  the  "  London  Journal  of  Gas  Lighting"  from  1849  to 
1868.  Arranged  and  executed  by  James  R.  Smedbero,  C.  £.  of  the 
San  Francisco  Gas  Works.  Issued  only  to  subscribers.  -410.  Cloth. 
$15.00    In  press. 

AS  WORKS  OF  LONDON.    By  Zerah  Colburn.    i2ma    Boards. 

60  cents. 


HEWSON.     Principles  and  Practice  of  Embanking  Lands  from 
River  Floods,  as  applied  to  the  Levees  of  the  Mississippi.     By 
William  Hewson,  Civil  Engineer,     i  vol.,  8vo.     Cloth.     $2. 

**  This  is  ft  TaliiiAle  tiefttlM  on  the  prind^ee  ftDd  practice  of  emhunking  Iftods  from  itfct 
loods,  ai  Applied  to  Levees  of  Uie  MlMlseippi,  hj  a  highly  intelligent  and  experienced  engineer. 
The  aathor  saya  it  ia  a  lint  atteibpt  to  redace  to  order  and  to  rule  the  derign,  ezeeatlon,  and 
MMMoiement  of  the  Leveea  of  the  Miieiaaippi.    It  ia  a  moat  ntetul  and  neodw  oontrihntiMi  % 

lentiiic  Uteratue.''— PAIANlflffiMa  BPenbtg  JourmtO, 
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WEISBACH  (Julius).     Principles  of  the  Mechanics  of  Machinery 
and   Engineering.     By  Dr.   Julius  Weisbach,    of  Freiburg. 
Translated  from  the  last  German  edition.     Vol.  i.  8vo,  cloth.     $io. 

HUNT  (R.  M.)    Designs  for  the  Gateways  of  the  Southern  Entrances 
to  the  Central  Pftrk.     By  Richard  M.  Hunt.     With  a  descrip- 
tion  of  the  designs,     i  vol.,  4to.     Illustrated.     Cloth.     $5. 

PEET.     Manual  of  Inorganic  Chemistry  for  Students.     By  the  late 
Dudley  Peet,  M.  D.    Revised  and  enlarged  by  Isaac  Lewis  Pest, 
A.  M.     i8mo.     Cloth.     75  cents. 

WHITNEY  (J.  P^  Colorado,  in  the  United  States  of  America. 
Schedule  of  Ores  contributed  by  sundry  persons  to  the  Paria 
Universal  Exposition  of  1867,  with  some  Information  about  the 
Region  and  its  Resources.  By  }.  P.  Whitney,  of  Boston,  Com- 
missioner from  the  Territory.  Pamphlet  8vo.,  with  maps.  Lon- 
don, 1867.     25  cents. 

WHITNEY  (J.  P.)  Silver  Mining  Regions  of  Colorado,  with  some 
account  of  the  different  processes  now  being  introduced  for 
working  the  Gold  Ores  of  that  Territory.  By  J.  P.  Whitney. 
i2mo.     Paper.     25  cents. 

*^  ThtB  is  a  most  valoablo  little  book,  containing  a  vast  amoont  of  practical  InformaUon  aboot 
that  region.  It  will  be  foond  oseflil  to  men  of  a  sdentlflc  tum  of  mind,  should  they  never  co«- 
template  a  Journey  to  the  region  of  silver  and  go^^—FhU  Biver  Newt, 

SILVER   DISTRICTS  OF  NEVADA.      8vo.,   with   map.     Paper. 
35  cents. 

McCORMICK  (R.  C)      Arizona  :    Its   Resources  and   Prospects. 
By  Hon.  R.  C.  McCormick.   With  map.    8vo.    Paper.    25  cents. 

PETERS.     Notes  on  the  Origin,  Nature,  Prevention,  and  Treatment 
of  Asiatic  Cholera.     By  John  C.  Peters,  M.  D.     Second  edition. 
With  an  appendix  and  map.     i2mo.     Cloth.     $1.50. 

SEYMOUR.     Western  Incidents  connected  with  the  Union  Pacific 
Railroad.    By  Silas  Seymour.     i2mo.     Cloth.     $1. 

EULOGIES  IN  MEMORY  OF  MAJ.-GEN.  JAMES  a  WADS- 
WORTH  AND  COL.  PETER  A.  PORTER,  before  the  "  Cen- 
tury  Association."    Tinted  paper.     8vo.     Paper.     $1. 

PALMER.    Antarctic  Mariners'  Song.     By  James  Croxall  Palmer, 
U.  S.  N.     Illustrated.     Cloth,  gilt,  bevelled  boards.     $3. 

**  The  poem  la  founded  upon  and  narrates  the  episodes  of  the  exploring^  expedition  of  a  small 
•ailin;;  vesMl,  the  *  Flying  Fish,*  in  company  with  the  *  Peacock,*  in  the  South  Seas,  in  1888- 
IS.  The  *  Flying  Fish*  was  too  small  to  be  safb  or  comfortable  in  that  Antarctic  region,  al- 
thongh  we  find  in  the  poem  bat  UtUe  of  complaint  or  mnrmnring  at  the  hardships  the  sallon 
were  compelled  to  endure."— iiMAuroni. 

FRENCH'S  ETHICS.  Practical  Ethics.  By  Rev.  J.  W.  French, 
D.  D.,  Professor  of  Ethics,  U.  &  Military  Academy.  Prepared  fof 
the  Ubc  of  Students  in  the  Military  Academy,  i  vol.  8vo.  Cloth. 
$4.50. 


30  D.  Van  Kostrand^s  Publicationa. 

AUCHINCLOSS.  Application  of  the  Slide  Valve  and  Link  Motioa 
to  Stationary,  Portable,  Locomotive,  and  Marine  Engines,  with  new 
and  simple  methods  for  proportioning  the  parts.  By  William  SL 
AucHiNCLOSS,  Civil  and  Mechanical  Engineer.  Designed  as  a  hand* 
book  for  Mechanical  Engineers,  Master  Mechanics,  Draughtsmen,  and 
Students  of  Steam  Engineering.  All  dimensions  of  the  valve  aro 
found  with  the  greatest  ease  by  means  of  a  Printsd  Scalx,  and  propor- 
tions of  the  link  determined  wiihoui  the  assistance  of  a  model.  Illus- 
trated by  37  woodcuts  and  21  lithographic  plates,  together  with  a  cop- 
perplate engraving  of  the  Travel  S<»le.     i  vol.     8vo.    Cloth.    $3. 

H  UMBER'S  STRAINS  IN  GIRDERS.  A  Handy  Book  for  the 
Calculation  of  Strains  in  Girders  and  Similar  Structures,  and  their 
Strength,  consisting  of  Formulas  and  Corresponding  Diagrams,  with 
numerous  details  for  practical  application.  By  William  Humbxk. 
I  vol.     i8mo.     Fully  illustrated.     Cloth.     12.5a 

GLYNN  ON  THE  POWER  OF  WATER,  as  applied  to  drive  Flour 
Mills,  and  to  give  motion  to  Turbines  and  other  Hydrostatic  £n« 
gines.  By  Joskph  Glynn,  F.  R.  S.  Third  edition,  revised  and  en* 
larged,  with  numerous  illustrations,     iimo.     Cloth.     $1.25. 

HOW  TO  BECOME  A  SUCCESSFUL  ENGINEER  ;  being  Hints 
to   Youths   intending  to  adopt  the  Profession.     By  Bernard 
Stuart.     Fourth  edition.      i8mo.     Cloth.     75  cents. 

^  Parents  and  guardians,  with  yonths  under  thMr  charge  destined  for  the  profeesion,  ai  weU 
as  youths  themselves  who  intend  to  adopt  it,  will  do  well  to  study  and  obey  the  plain  corrica- 
lum  in  this  little  book.  Its  doctrine  will,  we  hesitate  not  to  say,  if  practised,  tend  to  lUl  tho 
ranks  of  the  profession  with  men  cqusclona  of  the  heavy  responsibilities  phiced  in  theif 
diaige.'*— i^roc^ico/  JlfecharUc*s  JoumaL 

TREATISE  ON  ORE  DEPOSITS.  By  BirnharU  Von  Cotta, 
Professor  of  Geology  in  the  Royal  School  of  Mines,  Freidbeiig, 
Saxony.  Translated  from  the  second  German  edition,  by  Frederick 
Prime,  Jr.,  Mining  Engineer,  and  revised  by  the  author,  with  numer- 
ous illustrations,     i  vol.     8vo.  Cloth,  $4. 

A  TREATISE  ON  THE  RICHARDS  STEAM-ENGINE  INDICA- 
TOR,  with  directions  for  its  use.  By  Charles  T.  Porter. 
Revised,  with  notes  and  large  additions  as  developed  by  American 
Practice,  with  an  Appendix  containing  useful  formulae  and  rules  for 
Engineers,  By  F.  W.  Bacon,  M.  E.,  member  of  the  American 
Society  of  Civil  Engineers.     i2mo.     Illustrated.     Cloth.     $1 

A  COMPENDIOUS  MANUAL  OF  QUALITATIVE  CHEMICAL 
ANALYSIS.  By  Chas.  W.  Euot,  and  Frank  H.  Storer,  Pro6. 
of  Chemistry  in  the  Massachusetts  Institute  of  Technology.  I2ma 
Illustrated.     Clo.  $1.50. 

INVESTIGATIONS  OF  FORMULAS,  for  the  Strength  of  the  Iroa 
Parts  of  Steam  Machinery.      ^  J.  D.  Van  Bursn^  Jr.^  C  £     I 
voL     Svo,    Illustrated    Cloth.     $J. 
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